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THE ISOMORPHISM PROBLEM FOR TWO-
GENERATOR ONE-RELATOR GROUPS WITH
TORSION IS SOLVABLE

BY
STEPHEN J. PRIDE

ABSTRACT. The theorem stated in the title is obtained by determining (in a
sense to be made precise) all the generating pairs of an arbitrary two-
generator one-relator group with torsion. As a consequence of this determi-
nation it is also deduced that every two-generator one-relator group G with
torsion is Hopfian, and that the automorphism group of G is finitely
generated.

1. Introduction. The main aim of this paper is to establish

THEOREM 1. There is an algorithm to decide for any two presentations
$xyy x93 P™), {x;, %55 Q" ), where m, n > 1, whether or not the presentations
define isomorphic groups.

This theorem is obtained as a consequence of the following lemma.

Let G be a two-generator group. Recall [9] that two generating pairs
(&, 82), (81, 83) of G are said to be Nielsen equivalent if there is an
automorphism x; = ¥ (x;, x,), x, = Y(x;, x,) of the free group F, on x;, x,
such that g} = Y/(g, g,) fori = 1, 2. Also, the pairs (g}, 8,), (8}, 83) are
said to lie in the same T-system if there is an automorphism ¢ of G such that
(g1 g3) is Nielsen equivalent to (£(g,), £(g;))-

PRINCIPAL LEMMA. Let G = {a, t; R") where R is not a true power, and where
n > 1. If R is a primitive in the free group on a, t then G has one Nielsen
equivalence class when n = 2, or Yp(n) Nielsen equivalence classes and one T-
system when n > 2. If R is not a primitive then G has one Nielsen equivalence
class.

Here ¢ denotes the Euler totient function.

To see how Theorem 1 follows from the Principal Lemma observe that by
Lemma 1 of [9] and the Principal Lemma above, two presentations {x;, x,;
P™), <x;, xy; Q"), where m, n > 1, are presentations of isomorphic groups
if and only if there is an automorphism of F, mapping P™ to Q*". Since there
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110 S. J. PRIDE

is an algorithm to decide for any two elements S and T of F, whether or not
T is equal to the image of S under an automorphism of F, (see Theorem N2
of [3]), Theorem 1 follows.

Apart from its use in proving Theorem 1, the Principal Lemma is also
helpful in obtaining other information concerning two-generator one-relator
groups with torsion.

THEOREM 2. Let G = {a, t; R") where n > 1. Then G is Hopfian.

This is an immediate consequence of the Principal Lemma and Theorem 2
of [9].

THEOREM 3. Let G = {a, t; R") where n > 1. Then the automorphism group,
Aut(G), of G is finitely generated(}).

This result is easily proved for the case when R is a power of a primitive.

Suppose on the other hand, that R is not a power of a primitive. Then G has
one Nielsen equivalence class by the Principal Lemma, so that every automor-
phism from an automorphism

a Y(at), te Ya,1),

where (Y[ (a,?), Y;(a,?)) is a generating pair of the free group F on a4, ¢ and
where R(Y{(a,?), Y;(a,1)) is equal in F to either R(a,?) or R™Y(a, 7). Now it is
shown in [4] that the group of automorphisms of F which map R to R*'is
finitely generated. Since the group of inner automorphisms of G is also finitely
generated, it follows that Aut(G) is finitely generated.

The present paper makes heavy use of results and techniques developed in
[9] and [10]. The fact that one-relator groups are HNN groups will be made
use of frequently throughout the paper, and the reader may like to consult the
expository article [5] by McCool and Schupp to see how theorems concerning
one-relator groups can be proved using the theory of HNN groups. The
standard reference for notation and background material used throughout will
be the book [3] by Magnus, Karrass and Solitar. Unexplained concepts and
notation which cannot be found in [3] will be as in [9].

It is worthwhile to give here an outline of the proof of the Principal Lemma.
The most difficult case to deal with is when R is neither freely equal to 1 nor
a primitive. To handle this case it is no loss of generality to assume that R is
cyclically reduced and involves g, ¢, and that the exponent sum of R on ¢ is
zero. Let a; (i = 0,%1,+2,...) denote the word ¢ar’, and let P be the word
obtained from R by rewriting it in terms of the 4. Let m and M be,
respectively, the least and greatest integers i for which g; occurs in P. Then, as

(1) J. McCool and I have recently established that Aut(G) is finitely presented.
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observed by Moldavanskii [6], G can be presented as an HNN group as
follows:

G={Aay,....ap,  P", 1 @it =, (i = m, ..., M = 1))

Now the associated subgroups K_; = sgp{a,,...,ay_;} and K

= sgp {@,,41s-..,d)} are malnormal in the base H = {a,,...,ay; P"),
and so it follows from Theorem 6 of [9] that every generating pair of G is
Nielsen equivalent to a pair of the form (th, k) where h and k belong to H, and
where k is a nonempty cyclically reduced word in the generators of K_;.
Moreover hkh™! ¢ K.

Let k0 (i = 0,1,...) denote the element (th) ' k(th). Then there is an
integer A with 0 < }\ < M-m+1 such that k%) € H if and only if
0 < i < A Moreover A\ = M — m + 1 only if k is a power of a,,. The main
part of the (proof is involved with showing that if (th, k) generates G then
k(o) generate H. For then, since H cannot be generated by less than
M-m + 1 elements, it follows that k = a for some integer /. It can then be
established without too much difficulty that (th a ) generates G if and only if
[l] = 1and th = a%taP for suitable integers a, B. Thus (¢h, k) is Nielsen
equivalent to (7, ao) Y] that G has one Nielsen equivalence class.

In order to show that k(o) k( ) generate H whenever rh, k generate G,
it must be established that a word Win th, k@, ..., k™ which defines an
element of H is equal to a word in k(o), cees k(") alone. This is easily proved
using Britton’s lemma and induction on the z-length of W once the following
formulae have been established:

Sgp {k(o), coe ’kO‘)} ﬂ K_l = sgp {k(o)’ e ’k(x—l)}’
h sgp {k(o), ves ,k(")}h‘1 N K, = hsgp {k(‘), . ’k(h)}h—l.

These formulae follow from Theorem 3 of [10] when A > 1. Forif A > 1 then
h € K_, and (hkOn1,. hko‘)h_') is (a,,, aps)-admissible. However, when
A=1, Theorem 3 of [10] is not necessanly applicable. All one knows in
general in this case is that k© e K_,,k M € K_,, hk©@p! € K, hkWp=1
€ K;. Consequently it is necessary to establish that ifu €K, (lel = 1) and
v & K, then sgp {u,v} N K, = sgp {u}. In actual fact, it becomes necessary to
prove a more general result than this so that the usual inductive techniques for
dealing with one-relator groups can be used.

Let B = (xj (€J);S,T,...)andforj € J define L; to be the subgroup
of B generated by those generators of B other than x;. Then B (or more
precisely this presentation of B) will be said to have property-I provided the
following holds: for each j in J, if » € L; and v & L; then sgp {w,v} N L;

= sgp {u}. It will be shown below that
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*) every one-relator group with torsion has property-I.

The remainder of the paper is divided into three sections. In §2 various
concepts and definitions are introduced and several useful lemmas, mainly
concerning HNN groups, are obtained. In §3 a proof of (*) is given. §4
investigates the generating pairs of an arbitrary two-generator one-relator
group with torsion, culminating in a proof of the Principal Lemma. Each of
§§2, 3, 4 is subdivided and has an introduction explaining its contents more
fully.

The techniques developed in this paper will be used in a future article to
describe the two-generator subgroups of an arbitrary one-relator group with
torsion.

2. Preliminaries. In §2.1 the basic notation and definitions needed for the
rest of the paper are introduced. It is shown how to present a one-relator

group, whose defining relator has zero sum-exponent on some generator, as an
HNN group, the base H of which is another one-relator group. Several
lemmas concerning such an HNN group are then obtained. In §2.2 the
definition is given of standard H-elements (of which the k% in the previous
section are examples). These elements are then analysed in some detail.

2.1. Definitions, notation, and some lemmas. Throughout the paper & (or some
variation such as ¢, ¢, &) will denote an integer of modulus 1. The set of
integers will be denoted by Z. If » is a real number [v] will denote the greatest
integer less than or equal to ».

If G is a group and u, v € G then the element u”'vu of G will be denoted
by ’, and will be called the conjugate of u by v. If A is a subset of G then the
subgroup of G generated by A4 will be denoted by sgp 4. By convention, if 4
is empty then sgp 4 is the trivial subgroup 1.

Let G = {a,c,d,...,t; R*) where n > 1, R is a cyclically reduced word
which involves 4, 6,(R) = 0. Let a be the maximum of the set

{r: 7 is the exponent sum on 7 of an initial segment

of R which precedes an a-symbol}.

Then clearly G = <a,c,d,...,t; ' *R"1*). For i € Zleta;, ¢;, d;, ... de-
note the words +~ar', t™'cd', 1™'dl’, ... respectively. Then ¢ *Rt* can be
rewritten as a cyclically reduced word P in the g;, ¢;, d;, ... as follows.
Replace a symbol x°, where x is one of a,c,d, ..., which appears in
t""Rt” by x°,, where i is the exponent sum on ¢ of the initial segment of
t"%Rt” preceding x°. Then clearly a, appears in P. The largest integer i for
which a; appears in P will be denoted by M. Notice that P involves at least

one generator having a nonzero subscript if and only if R involves ¢. Notice
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also that if R involves ¢ then the length of P is less than the length of R.
Now it is not difficult to show using Tietze transformations that

G = {ag,...,ay¢; (i € Z),d; (i € Z),...,t; P",
tlagt = ay,... .17 ay t = ay,
rlgt=ce€z),dt=d, (i €2)...)
Let
H={ay,...,ap,c;(i €EZ),d;(i € Z),...;P"),
K_, = sgplay,....ay_,¢; (i € Z),d;(i € Z),...}
and

K, =sgplay,...,ay,c;(i €Z),d,(i € Z),...}.

Then K_, and K| are free on the given generators (by the Freiheitssatz), and
so G is presented above as an HNN group with base H, stable letter ¢, and
associated subgroups K_; and K| . This HNN presentation of G will be called
the HNN presentation of G with stable letter t and fixed generator a.

It should be noted that P, M, H, K_,, K are all dependent on R, g, ¢, but
to avoid cumbersome notation (such as P(R, a,1), M(R, a, 1), etc.) this depend-
ence will not be made explicit. This should cause no confusion.

It was first observed by Moldavanskii [6] that if 4 is a one-relator group
whose defining relator Q is cyclically reduced and has exponent sum zero on
some generator occuring in it, then 4 is an HNN extension of another one-
relator group whose defining relator is shorter than Q. This observation was
taken up by McCool and Schupp [5] and others to give rather elegant
induction proofs of the basic results on one-relator groups. Such induction
techniques will be employed here. However, it is not always necessary to use
induction to obtain results about one-relator groups. In some cases it suffices
to know that the group is a nontrivial HNN extension of another one-relator
group B and that the associated subgroups lie “suitably” in B. This was the
approach adopted in [11] for example, and such an approach will also be used
here.

Basic facts concerning HNN groups which will be needed in the sequel can
be found in [9, §§1.2, 2.1]. Additional results will be obtained below.

It is worthwhile to make some comments concerning t-reducing in the HNN
group G above. Suppose w is a word in the generators of K_,. Then the ¢-
reduced form w’ of #~®wr® is obtained from w by replacing each occurrence of
a generator x;, where x isone of g, ¢, 4, ..., by x;,, (such a procedure is called
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“shifting subscnpts” in [5]). Now clearly we® = ¢*w’. It follows that if Wis a
word wy*tw; - - - tw, where the w; are words in ¢; (i €2), d(ie€l),.
then the r-symbols can be “pulled through” either all to the left or all to the
right, so that there are words u and vin ¢; (i € Z),d; (i € Z), ... such that
W =t'u=ut’,wheres = 3_, ¢.

Several results relevant to the HNN group G above will now be obtained.
The first lemma is required since the associated subgroups K_,; and K are

free. The lemma is easily proved.

LEMMA 1. Let X be a set and let °C be a subset of X. Let F and F’ be the free
groups on % and X respectively. Suppose A C F’ and v € F\F'. Then:

G) F' NnsgpA U {v} = sgp 4;

(ii) if sgp A is free on A then sgp A U {v} is free on A U {v}.

ExaMpPLE. Let k be a nonempty freely reduced word in ¢, (i € Z),
d(i €Z),...,and for i € Zlet k) denote the r-reduced form of +~kr'.
Let g and s be respectively the lowest and highest integers j for which x; (where
x is one of ¢, d, ...) occurs in k, and for /, m > 0, let X, = {c;,d;,...: ¢
—-1< i< s+ m}and let F,,, be the free group on %, ,,. Then

RoCh)CH CRCchC

Moreover, if p > 0 then
ARNAO N1 kB g ury By

whereas k®) € E_1\E

—Lu-1> and

{k(o),k('),k(-'), . ,k(“‘l),k(_““),k(“)} CE.,,

whereas k" € F \F . Thus by repeated use of Lemma 1(ii) it is
deduced that the ky(b @ E Z) freely generate a subgroup of sgp{c; (i € Z),
die€z)...}.

As well as being free, the groups K_; and K have several other useful
properties, which for convenience are listed here.

(2.1) K_, and K, are malnormal in H.

See Lemma 2.1 of [8]. Recall that a subgroup B of a group 4 is said to be
malnormal in A if, for all g € 4, g"'Bg N B # 1 implies g € B.

(2.2) A freely reduced (respectively, cyclically reduced) word in the generators
of K_, which involves ay is not equal (resp. conjugate in H) to an element of K|,
and a freely reduced (resp. cyclically reduced) word in the generators of K| which
involves ay, is not equal (resp. conjugate in H) to an element of K_; .
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The result for freely reduced words follows from Newman’s Spelling
Theorem (Theorem 3 of [7]). The result for cyclically reduced words is obtained
as follows. Suppose for definiteness that k is a cyclically reduced word in the
generators of K_; and that k involves a; (notice that this implies M > 0). It
must be established that an equation h~'kh = u, where u is a cyclically
reduced word in the generators of K; and where h € H, is impossible. This
follows from Lemma 2.1 of [8] if u involves a,,. On the other hand, if u does
not involve a,, then u € K_;, so that h € K_; by (2.1). Thus the equation
takes place in the free group K_;, which once again is impossible.

Let u, w; (i € I), v be elements of H and let (u,w; (i € I),v) denote an
(1] + 2)-tuple with u in the first position, v in the last position, and the w;
listed in some order. The tuple will be called weakly (ay,a,)-admissible if
u € K_\K,v € K\K_jandw; € K_; N K, fori € I.1f in addition the w,
freely generate a subgroup of K_; N K; then the tuple will be called
(ag, aps)-admissible. The concept of an (ay, a),)-admissible tuple of words in
the generators of H was introduced in [10]. It is easily seen using (2.2) that if
the tuple (u,w; (i € I),v) is (ay, a),)-admissible in the sense just defined, and
if u,w; (i € I), v are expressed as words in the generators of K_, or K,
(Whichever is appropriate) then the resulting tuple is (a,, a,,)-admissible in the
sense of [10]. Conversely an (ay, a),)-admissible tuple in the sense of [10] is
(ag, aps)-admissible in the sense just defined, by (2.2).

(2.3) If (u,w, (i € I),v) is weakly (ay, ay,)-admissible then

sgp {ww, (i € I),v} N K_; = sgp {u,w; (i € I)}
and
sgp{u,w; (i € I),u} N K| = sgp{w; (i € I),4}

This follows immediately from Theorem 3 of [10] (taking account of the
previous discussion) in the case when (u,w, (i € I),v) is (ay, a)s)-admissible.
But obviously the fact that the w; freely generate a subgroup of K_; N K is
immaterial.

LEMMA 2. Let Z be a t-reduced word and let h be a t-free word. Suppose there
is an integer my such that k™ # 1 and Z~'h™2Z is not t-reduced. Then Z 'h" Z
is not t-reduced for any integer m.

This is simply a special case of Lemma 9 of [9], taking account of (2.1).

LEMMA 3. Let k be a freely reduced word in the generators of K, and assume
t™"kt" defines an element of H.

(i) Suppose k involves an a-symbol and let q and s be respectively the least and
greatest integers i for which a; occurs in k. Then —q < r < M —s.
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(ii) The t-reduced form of t™"kt" is obtained from k by replacing each generator
x; (where x is one of a, ¢, d, ...) appearing in k by x;,.

PrOOF. (i) Suppose r < —g. Let k* be the word obtained from k by
replacing each generator x; (where x is one of g, ¢, d, .. .) appearing in k by
X;_g- Then k* is the r-reduced form of t7kr"? and t™"kt" = A pr e
Now k* is a word in the generators of K_; which involves g, and so it follows
from (2.2) that £~ *9 k* 9 is s-reduced. Consequently r"k¢" does not define
an element of H, contrary to assumption.

In a similar way, if » > M — s then the t-reduced form of 1~ k¢" involves ¢
and therefore does not define an element of H.

(ii) The result is immediate if k does not involve an a-symbol. Otherwise the
result follows from (i).

LEMMA 4. Let r be an integer.

Iflr| > MthentH " N H=sgp{c; i €Z).4; (i € Z),...}.

If 0Sr<M thenm Ht™ N H=sgplay,...,ay_,.c;(i € Z),4;(i
€2Z),...}.

If =M <r<0 then H™" N H=sgpla_,,...,ay,c; (i € Z),4; (i
€Z),...}.

ProoF. The result is trivial if r = 0. .

Suppose r > 0, and let A € {"Ht™" N H. Then it follows from Britton’s
lemma that there is a freely reduced word k in the generators of K such that
Ukt™" = h.If k does not involve an a;-symbol then clearly k € sgp{c; (i € Z),
d;(i € Z),...}. Suppose k involves an a;-symbol and let ¢ be the least integer
i for which a; occurs in k. Then r < g by Lemma 3(ii), and the t-reduced form
of 'kt™" is a word in ay, ..., ap_,, ¢; (i € Z),d; (i € Z), .... This shows
that " Ht™" N H is contained in sgp{ay, ...,ay_,.¢;(( € Z),d,(i € Z),...}
if r < ¢, and is contained in sgp{c; (( € Z),4; (i € Z),...} otherwise. The
reverse inclusions are obvious.

The case when r < 0 is handled similarly.

LEMMA 5. Let Z € G and let k be a nonempty cyclically reduced word in the
generators of K,. If Z ~1kZ € H then Z = {"h for some integer r and some
element h of H.

PrOOF. Let V be an element of minimal z-length from the set

{U: Uis a t-reduced word equal to #'Z for some integer /}.

Then Z = ¢V for some integer r, and ¢V is t-reduced. It will be shown that
V is t-free. Suppose not, and let V = vV’ where v is t-free and 8 = 1. It
suffices to establish that v € K_;. For then 18010 is equal to a t-free word u
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and +~*9) Z =y, which contradicts the minimality of V. Now r"kt"
defines an element of H, and so it follows from Lemma 3(ii) that the ¢-reduced
form k* of ¢~ k¢" is a nonempty cyclically reduced word in the generators of
one of K_,, K;. Moreover since Z~'kZ € H,v"'k*v € K_5. Thus k*
€ K_g by (2.2), and sov € K_s by (2.1).

LeEMMA 6. Suppose R involves t and M = 0. Let k be a cyclically reduced word
in ay, ¢y, d‘{’ ... which involves ay, and let Z be a t-reduced word which involves
t.Then Z7 k™Z (m # 0) is t-reduced.

ProoF. It suffices, by Lemma 2, to show that Z~'kZ is t-reduced. Suppose
Z has initial segment z¢°, where z is t-free, and assume by way of contradiction
that

27z € sgplc; (i € 2),d,(i € Z),...} (=K_, =K).

Then ¢z~ kzt* is equal to a word in ;i €Z),d(i €Z),....Passingback
to the one-relator presentation of G it is thus concluded that there is a
cyclically reduced word in g, ¢, d, . .. involving a which is conjugate to a word
which does not involve a. But an argument similar to that used to establish
(2.2) shows that this is impossible.

2.2. Standard H-elements. Throughout this subsection G, H, K_;, K etc.,
will be as in §2.1.

Let p be a positive integer and let u, v € H. Fori € Z let v denote the
element (¢7u) 'v(tPu)’ of G. Those elements v) which belong to H will be
called the standard H-elements associated with (¢ Pu,v) (or simply the standard
H-elements if (¢7u,v) is understood). Where necessary (for instance when
using Britton’s lemma) it will be assumed that the standard H-elements are

written in terms of the generators of H. )
It is clear from Britton’s lemma that if ) € H for some i >0 @

< 0) then vU) € H whenever 0 <j<Ki(i<j<g0)

The standard H-elements can be thought of as the “obvious” elements of H
which can be obtained from 7 ?u, v. The reason for considering these elements
stems from their importance in calculating the intersection of sgp {t ?u, v} with
H. The determination of such an intersection is a key step in the proof of the
Principal Lemma.

There are two main situations where standard H-elements arise in the
sequel.

(A) Let v be a nonempty cyclically reduced word in the generators of K_;
and let ¥ be a tfree word. Suppose that not both of u, v belong to
sgp{c; | € Z),d,(i € Z),...} and consider the pair (1”u,v), p > 0.

Now up to conjugation by a power of ¢ it can be assumed that uvu™! ¢ K.
Indeed, suppose wu~' € K. Then it follows from (2.2) that v does not
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involve ay, so that v € K;. Thus u € K, by (2.1). Assume that u is written as
a freely reduced word in the generators of K, and let g be the least integer i
for which a; occurs in one of u, v. Let % 7 be the t-reduced forms of
t%ut™, 177 respectively. Then t9¢Put™¥ = tPu. Moreover 7 is cyclically
reduced. Now wn~! ¢ K, . For since 7 is cyclically reduced and @, 7 are freely
reduced words in the generators of K_j, it follows that the freely reduced form
of uvu~! involves ay, and therefore does not define an element of K; by (2.2).

Assume from now on that wu™! & K.

Suppose v®) € H for some positive 1nteger . Then it follows from Lemma
5 that r™*?(¢Pu)* € H. Consequently u, u”’, ..., u'*™” € H and

(2'4) (y) — u-] —-tP u_;(»-l)p thp ,Ot-l)p . u,pu.

This implies that there is an mteger A such that v%) € H if and only if
0 < i < A For if v"’ and u'® belonged to H for infinitely many values of
p then v and u would both belong to sgp {c; (i € Z),4,(i € Z),...} by
Lemma 4, contrary to assumption.

Now since v*” € H, it follows from Lemma 3(i) that Ap < M, and so for
j=0,1,...,A one can consider the subgroup FY) of H generated by
ag, .v o) aM_ 0=j)p € i € Z),d; (i € Z),.... It will be shown that if 1 < p
<A then AN F(“)\F("")

Now u € (A Drg=O-0r  f and

(A2 ODP B = sgp {ag, ..., ay o1y ¢ (0 € 2),4,( € 2),...)
by Lemma 4. Thus:

(2.5) " e F*Y 1=0,1,...,A- 1L

In a similar way:

(2.6) " e FO,  1=0,1,...,A

It then follows from (2.4)-(2.6) that v e Fi),
It is clear from the definition of A that v® @ F*-1, Suppose b{ way of
contradiction that for some integer p, with 1 < p <A, v® e F-) Now

o® = (¢2) OB W) ( Py An

- —t(A=p=1) A-p)p  J(A-p—1)
=l TP YT Ly

Observe that u' Q-F—Z:;) ..y € F&#) by (2.5). Moreover, since v® € F&= D jt
follows that (v(“))' "€ FO, Thus v® € F®D, which is a contradic-
tion.



TWO-GENERATOR ONE-RELATOR GROUPS 119

(B) Let z be a freely reduced word in the generators of one of K_,, K| and
suppose z involves an a;-symbol. Let {kj j € J} be a set of elements of the
subgroup F(1 of H generated by ;i €Z),d (i €Z),...,andsuppose the
k freely generate a subgroup of FED, Suppose further that there is a
permutauon Y of J such that, for eachjin J, ¢~ k t= W) (in other words,
{kl j € J} is closed under conjugation by 7). Cons1der the collection ¢, z,

k; (j € J). As in (A), up to conjugation by a power of 4 it can be assumed
that z € K_)\K;. Let 29, ..., 2™ be the standard H-elements associated
with (¢,z). Then clearly (z (l) LY k(e ), L ) is weakly (aq,
ay,)-admissible. Moreover, (0), z('), . ("")( k; (j € J) freely generate a
subgroup of K_;, so that in particular (z(o) (') 20D k(G € V), W) is
(ag, aps)-admissible. To see that PLONPLO (>\ ) ki U e J) freely gener-
ate a subgroup of K_; let

F® = sgp{dgs - - +» Apg—(r-p)? i (€2)d(ieZ),...}

forp=0,1,..., A Then 9,.. P NATA J)} ¢ F®)_ whereas z®)
€ F(")\F )| (see (A)). Then the result follows by repeated use of Lemma

1(ii).
Now
sgp{z®,20,...,z0 = 0,k G €7),28) n K,
7 = sgp(z®,20), ... ,zo‘"),kj (G eJ)
and
) sgp(z®,20,...,28 0k, (j € 1),2¥) n K

= sgp{z('), . ,z()"l),kj (e J),z(")},
by (2.3). Using these formulae it will be deduced that

(29) sep{t,z,k; (G €J)} N H =sgp 9, ..., W, ki (j €J)}

To prove (2.9) it suffices to show that a word Win ¢, 20, .. ()‘) k(G EJ)
which defines an element of H is equal to a word in PO k (GeJ)
alone. The proof is by induction on the number of occurrences of t in W.

If there are none the result holds.

Suppose then that W involves ¢ and that W defines an element of H. Then
it follows from Britton’s lemma that W has a subword r~*Qr®, where Q is a
word in z(o) 2z ®, k (j € J) and Q defines an element of K_,. Now by
(2.7) and (2. 8) Qis equal to another word Q' in 2, ..., M, k GelJ)
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where Q' does not involve either z("), Z© according as e is 1, —~1. Thus Q¢
is equal to a word S in 2@, ..., :®, k; (j € J), where S does not involve
either ), according as ¢ is 1, —1. Replacing ¢ Q¢® by S then gives a word
wint, 29, ..., W, k; (j € J) equal to W in G but having less occurrences
of ¢ The inductive hypothesis can now be applied to give the desired
conclusion. This completes the verification of (2.9).

It is possible to generalize (2.9). Indeed, for p = —1,0, ..., A:

2.10)  sgpltz,k; G € 1)) N F® = sgpl®,...., ¥,k (j € 1))

To prove this, note that for i = 0,...,A =1, @, ..,z(i"),kj(j eJ)}

¢ FU1 whereas ) € F¢ )\F(i'l) (see (A)), so it follows from Lemma 1(i)
that

sgp(z?, ..., 2070,:0 k. (j € J)} 0 FEY

= sgp{z9,... ,z(i'l),kj G eJ).

This formula is also valid for i = A, being in that case merely a restatement
of (2.7). Combining (2.11) and (2.9) establishes that (2.10) holds.

Finally, a presentation of sgp {£,z,k; (j € J)} associated with the generators
, 29, ..., 2% k. (j € J) is obtained as follows. By Theorem 1 of [10] every

J
relation between 29, ..., z®, k; (j € J)is a consequence of a single relation
(2.12) 0" =1

say, where Q is either empty or is a cyclically reduced word involving z® and
z™. Then an argument similar to that used to derive (2.9) from (2.7) and (2.8)
can be employed to show that every relation between 7,2z, ..., :®,
k; (j € J) is a consequence of (2.12) and the additional relations:

(2.11)

120 =0, O =0 =k (e

3. Intersections. The main aim of this section is to establish the following
theorem.

THEOREM 4. Let B = {x,y,b,...; R") where n > 1. Then B has property-1.

This theorem will be proved by induction on the length of R, making use of
the fact that if the cyclically reduced form of R involves at least two generators
then B can be embedded into an HNN group whose base is a one-relator
group, the relator of which has length less than L(R). The following two results
will therefore be useful.

Let
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3.1) L={ay,...,ay,¢c;(i €2),d;(i €Z),...;0"),

where N > 0, n > 1, Q is a cyclically reduced word which involves a, and ay,.
Let G be the HNN group given by

G={ay....an,c; ( €E2),d, (i €Z),...,1;Q",
(3.2) Hlat=a,,6=0..N=10lqt=c, (i €Z),

rldt=d,,G€e€Z),..)

Suppose that L has property-I.

(1) If u is a cyclically reduced word in ay, cgy, dy, ... which involves ay, and if
v & sgp {ag, g, dy, - - . } then sgp {u,v} N sgp {ag, cg, dys - .. } = sgp {u}.

(See Proposition 2.)

(X) If u is a nonempty freely reduced word in t, cy, dy, ... and if v
& sgp {t,¢o,dy, - - - } then sgp {u,v} N sgp {t,cq.dp, ...} = sgp {u}.

(See Proposition 3.)

Making use of (1) and (}) it will now be shown how to prove Theorem 4 by
induction on L(R). It can be assumed without loss of generality that R is
cyclically reduced.

If L(R) = 0 then B is freely generated by x, y, b, ... and the result is easily
established.

Now suppose that L(R) > 0. Let u be a freely reduced word in y, b, ...,
and suppose v & sgp {y,b,...}. It will be shown that sgp {u,v} N sgp {y,
b,...} = sgp {u}. It suffices to consider the situation where u is a cyclically
reduced word in y, b, ....

Case 1: x does not occur in R.

Then B is the free product of the free group on x and the one-relator group
generated by the remaining generators. The result thus follows easily using the
theory of free products.

Case 2: No generator occurring in u also occurs in R.

Let F denote the free group on those generators which occur in u, and let
B’ be the one-relator group generated by the remaining generators of B. Then
B is the free product of F and B'. Suppose v = fyg,f; - * - g,f; where I > 0,
the g; are nontrivial elements of B', the f; are elements of F, nontrivial except
possibly for f, and f. By assumption, at least one of the g; is equal to an
element g not belonging to sgp { »,b,...}.

Now the result is easily established if fju?f, # 1 for all integers p. Suppose
on the other hand that fu”fy = 1 for some integer p. Then it will be shown
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that f;! sgp {u, vu?) fo N sgp {».b,...} = f37V sgp () fo» from which it fol-
lows immediately that sgp {u,v} N sgp {»,b,...} = sgp {u}.

Now there is an integer j with 0 < j < / — 1 such that if 1 < i < then
the ith term of g, f; - - - g, is the inverse of the (2/ — i)th term, but the (j + 1)st
term is not the inverse of the (2/ — (j + 1))st term if j < / — 1. Let T be the
product of the first j terms of g, f, - - - g, (taken in order) and let S be the
product of the next 2(/ — j) — 1 terms, so that g, f; -++g,and TST ! are the
same normal form. Now it is clear that the normal form of a product

TSOT (f7 uf) P TSAT™ - o - (f  uf )P TSO T

-where r > 0, the |g;| are nonzero and less than the order of S, the |p,| are
nonzero and less than the order of u-has g as one of its terms (and therefore
does not define an element of sgp { y,b, . .. }) except possibly if g is not one of
the terms of T and S = g. To see that the product does not define an element
of sgp{y,b,...} in this case, observe that since sgp{y,b,...} N B is
malnormal in B’ (see [8, Lemma 2.1]), if g7 # 1 for some integer g then
g? & sgp {»,b,...}. Thus the above product is in normal form and each of
its terms S lies outside sgp { »,5,...}.

Case 3: x occurs in R with zero-sum exponent; one of the generators occurs in
both u and R.

Suppose for definiteness that y occurs in ¥ and R. Consider the HNN
presentation of B with stable letter x and fixed generator y. By the inductive
hypothesis the base of B has property-1, so it follows from (}) that sgp {u, v}
N sgp {y,b,...} = sgp {u}.

Case 4: x occurs in R; one of the generators which occurs in u occurs in R with
zero-sum exponent.

Suppose y occurs in u and R, and o,(R) = 0. Consider the HNN presenta-
tion of B with stable letter y and fixed generator x. Then the base has property-
I by the inductive hypothesis, so that the result follows from (}).

Case 5: x occurs in R; 6,(R) # 0; one of the generators which occurs in u
occurs in R with non zero-sum exponent.

Suppose for definiteness that y occurs in # and R, and oy(R) # 0. Let
a =0,(R), B = o,(R). Let B; =<t,a,b,...;R), where R, is the word
obtained from R by replacing each occurrence of x by ar® and each

occurrence of y by ¢% and then cyclically reducing. Then B is embedded into
B, by the homomorphism ¥ defined by

xa®,  yo i, bbb, ....

Moreover:

(3.3) sgp {t,b,...} N ¥(B) = sgp {1*,b,...}.
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Now R, certainly involves a, and moreover 6,(R;) = 0. Thus one can
consider the HNN presentation of B, with stable letter ¢ and fixed generator
a. The base of B, is another one-relator group, the relator of which has length
less than L(R). Consequently the base has property I by the inductive
hypothesis. Now ¥(v) & sgp {t,b, ...} by (3.3), and so it follows from (}) that
sgp {¥(u), ¥(v)} N sgp {t,b,...} = sgp {¥(u)}. Thus

sgp {u,v} N sgp {»,b,...} = sgp {u}.

The above cases cover all possibilities and so the induction step is proved.

In the following subsections statements () and (}) will be verified, and other
results of a similar nature will also be obtained. For the remainder of this section
L and G will be as in (3.1), (3.2). The associated subgroups sgp {ay, . . . ay_;,
¢;(i€Z)d(i€Z),..}andsgp{a,...,ay,c;(i €Z)d(i €Z),...} of
G will be denoted by A_, and A, respectively. It will be assumed throughout that
L has property-1.

3.1 Intersections of certain subgroups (1).

PROPOSITION 1. Let p be a positive integer, let k be a nonempty cyclically
reduced word in the generators of A_,, and let h be a t-free word. Assume that
hkh™' & A,, and let kO, ..., k® be the standard L-elements. Then:

@) sgp k9, ..., kM) N 2L P = sgp (KO, ... kO-Dy;

(i) A sgp (K@, .. kWA 14y = hsgp (KO, ... kWY AT,

(iii) sgp {?h, k) N L = sgp (K@, ..., k™).

Consider (i). Suppose first that @, ..., k™ all belong to A_; and let
F = tPLt"? N L. Then it follows from Lemma 4 that F is freely generated by
a subset of the generators of A_;. Now kO, ..., k®D e F whereas k™
€ A_,\F, so it follows from Lemma 1(i) that sgp (k©,... KM n F
= sgp (k©@,. .. kDY a5 required.

Now suppose that k¥ ¢ A_, (note then that A > 0). IfA > 1thenh €
A_, (see §2.2(A)) so that (A N 1 (}‘)h'l) is weakly (ap, ay)-admissi-
ble. Consequently

hsgp kO, k™l A = hsgp (O, kO Dy
by (2.3). Conjugating this equation by 4 then gives

(34 sgp k@, .., k™} n 4_, = sgp (KO, ... k*D),

Observe that (3.4) is also valid if A = 1, since L has property-I. Now
t?Lt™? N L C A_, and sgp *9,... LADY C ¢PLP 0 L so that (i) fol-
lows by intersecting both sides of (3.4) with t?L:™? N L.

Now consider (ii). If A = 0 the result follows from (2.1). If A = 1 the result
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follows from the fact that L has property-I, for hAk@r~! & 4, whereas
rkWr~! € A,. Suppose A > 1. Then h € A_, so that kkOr™' € 4_\4,
and kOr' € A_, 0 A fori=1,...,A— 1. Thus if k®r~! € 4 \A_
the result follows from (2.3). Suppose on the other hand that hkb\ h'l
€ A_; N A,;. Then no element of & sgp {k(o), ces ,ko‘)}h'l can be equal to a
freely reduced word in the generators of 4; which involves ay, by (2.2).
Consequently

hsgp (K@, . k™At 04 = hsgp (KO, ... kW5
N sgpfay,....,ay_1,c; (i € 2),d,(i € Z),...}.
But it follows from Lemma 1(i) that
hsgp K@, .., k™A™ N sgp {ay,...,ay_p,c; (i € Z),d, (i € Z),...)
= hsgp {(kD,..., kW51,

To prove (iii) it must be established that if W is a word in ¢7h, k©, ...,
k® which defines an element of L then W is equal to a word in k@ yeees k™
alone. The proof is by induction on the number of occurrences of ¢7h in W.

If there are none the result holds.

Suppose that W involves ¢?h and that W defines an element of L. Now if
W has subword tPhTh™' 7 where T is a word in k), ..., k® and where
hTh' € A, then it follows from (ii) that T is equal to a word in k(l), ceey
kW, Consequently the subword tPhTh™' P can be replaced by a word in
k(o), cens kA= 1o give a word W’ equal to W in G and where W’ has less
occurrences of ¢ ?h. The inductive hypothesis can then be applied. Suppose on
the other hand that W does not have any subword ¢ ?hTh~'¢~P as above. Then
it follows from Britton’s lemma that W must have at least one subword of the
form h~'¢"PStPh where S is a word in k(o), cees k¥ and s € A_,. More-
over, for at least one such subword, S must belong to ¢?Lt~?. For if this were
not the case then the r-reduced form of every subword h~'¢™?St?h would
involve ¢, so that the r-reduced form of W would involve 7, contrary to the fact
that W defines an element of L. Suppose then that k™'t "7St”h is a subword
of W, where S is a word in AL k™ which defines an element of ¢?L¢~?.
Then it follows from (i) that S is equal to a word in kO ... k® Vo that
h~'¢"PStPh can be replaced by a word in kKO, k™ and the inductive
hypothesis can be applied to the resulting word.

This completes the proof of the proposition.

The following corollary to the proof of (iii) will be needed later.

COROLLARY. Let W be a word in tPh, k@, ..., k™. Then either W is equal
to a word W in t?h, k(o), cees k™ where W has less occurrences of tPh than
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W, or else in t-reducing W at least one t-symbol from each subword (t? h):l
remains.

3.2. Intersections of certain subgroups (2).

PROPOSITION 2. Let u be a cyclically reduced word in ay, ¢y, dy, ... which
involves ay, and let v be an element of G which does not belong to sgp {ay, ¢,

dy, ...} Then sgp {u,v} N sgp {ay,cq,dp, ...} = sgp {u}.

If Q does not involve any generator having a nonzero subscript then
G = {ay,¢q,dy, ...; Q") * 1), and the result is easily established using the
theory of free products. From now on therefore, it will be assumed that Q
involves at least one generator having a nonzero subscript.

Let Z be an element of minimal ¢-length from the set

{V: V is the cyclically r-reduced form of vu' for some integer /}.

Then there is an integer m and a z-reduced word T such that vu™ = TZT",
and TZT " is t-reduced. It suffices to show that sgp {TZT ', u} N sgp {ay, ¢y,
dy, ...} = sgp {u}.

If for every integer s, Tu*T~! has t-reduced form of t-length greater than
zero then sgp {TZT ™', u} N L = sgp {u}, so the result is clear.

Suppose on the other hand that 77! u* T defines an element of L for some
nonzero integer s. Then it follows from Lemmas 5, 6 and 3(i) that T = {'g
where 0 < r < N and g is r-free. Replacing Z by gZg ™! if necessary it can be
supposed that g is empty. It thus suffices to show that sgp {Z,u,} N sgp {a,,
¢,,d,,...} = sgp {u,}. Here u, is the t-reduced form of r~"us" (that is, u, is the
word obtained from u by replacing a, by a,, ¢y by ¢,, dy by d,, ...).

If Z is t-free then the result follows from the fact that L has property-I, for
Z ¢ sgpfa,,c,.d,...}.

Suppose Z involves . Then it follows from the definition of Z that ZulZ is
t-reduced for all integers /. It is necessary to investigate the t-reductions of
words Z ™! Z and Zuf Z~ ' where /, j are nonzero integers. By Lemma 2 itis
enough to 1nvest1gate the t-reductlons of Z~ u Z and Zu, z! . Suppose that
neither of Z~! u, Z Zu Z” lis t-reduced. Let Z have 1mt1a1 segment z¢* and
terminal segment Bw. Here 8 = *1 and z, w are t-free. Then it follows from
Lemmas 5 and 6 that N > 0 and there are t-free words z;, w, such that

z* = ¢’z and fw= ) 2. Consequently € = & since Z is cyclically t-re-
duced. However & # 4. ThlS is clearif » > Oand £'Z¢™" is t-reduced. On the
other hand, if r = 0 then since by assumption ¢~*u,s* and I u, 178 both define
elements of L, equality of & and § would 1mply u, € A, contrary to (2.2).

It has now been established that one of Z ™ uZ, Zu, Z is t-reduced. By
inverting Z if necessary it can be supposed that Zu, Z is t-reduced. Then
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Zu’ Z~Vis t-reduced for all nonzero mtegcrs J, by Lemma 2. It is thus easy to
see that if the s-reduced form of Z~ u ! Z involves ¢ for every nonzero integer
! then a freely reduced word in Z, u, which involves Z has t-reduced form of
t-length greater than zero. Consequently sgp {Z,u,} N L = sgp {u,}, so that
sgp (Z,u,} N sgp {a,,c,,d,,...} = sgp {u,} as required.

Now suppose that Z lu Z defines an element of L for some nonzero
integer /. Then it follows from Lemmas 5, 6 and 3(i) that N > 0 and Z = ¢?h,
where h is t-free and 0 < p < N — r (p cannot be negative since " Zt™" is ¢-
reduced). Let u£°) . uo‘) be the standard L-elements associated with
(t?h,u,). Forj=0,. }\ let FU) denote the subgroup of L generated by
gy v Ay_(r—j)p> Ci (x e 2),d,(i€Z),.... Then

(3.5) sgp {t?h,u,} N F® = sgp {ufo), cee uf}‘)}
by Proposition 1(iii). Also:
e G, ..., 400} 1 FUD — sgp GO, D)

G=1...,N.

This follows from Proposition 1(i) if j = A (making use of Lemma 4). On the
other hand if j < A then it follows from Lemma 1(i) since uf’) € FU )\F G-1
(see §2.2(A)). Now

sgp {a,,¢,.d,, .}QF(O)CF(‘)C.-.CFW,

(3.6)

and this together thh (3.5) and (3.6) shows that sgp {t”h,u,} N sgp {a,,
..} =sgp {u )}, as required.
Thxs completes the proof of Proposition 2.
The following corollary of the proof will be needed in §4.

COROLLARY. Suppose that L does not have any generators c;(i € Z),
d (i €Z),...,and that N > 0. If (v,af) generates G then |q| = 1 and v or
its inverse is expressible in the form th*, where h* is t-free. Moreover, if
N =1 then (ao,h"lal h*) generates L, whereas if N > 1 there are integers a, 8
such that h* = al'af.

Suppose (v,af) generates G. Then g # 0 since G is not cyclic. Taking
u = af and following through the proof of Proposition 2 it can be seen that
there are integers m and r, with r > 0, such that " (vag?)*t" = tPh where 0
< p < N—r his tfree, ha, e A;, and the standard L-elements (a")

(a")( ) generate L. By consxdermg the factor group of G by the normal
subgroup generated by L it is easily established that p = 1. Also, since L
cannot be generated by less than N + 1 elements, A = N,r =0and h

€ sgp {ag,a;} (see §2.2(A)).
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Clearly if N =1 then a9 and h™'a;h must generate L. Also sgp {af,
h~'a?h} N A_, = sgp {a§} since L has property-1, so that |q|

Suppose on the other hand that N > 1. Then (ha{ hl, af, h agh’
P h’N "o ') is weakly (ap> f’) -admissible and generates L
Thus (see [10, Corollary 3.1]) hafh™! = wadw’ where w, w' € sgp {a,,...,
ay_;}and & = 1. Using the fact that A_, 1s freely generated by ay, ...
ay_, it follows easily that g = § and & = a al for suitable integers «, 6.

It now suffices to take h* = hay?™if e = 1 and i* = af"hife = —1.

3.3. A null-intersection lemma. Let B = (x et S T,...)> and for
J € J define L; to be the subgroup of B generated by those generators of B
other than x;. Then B (or more precisely this presentation of B) will be said to

have property-NI provided the followmg holds: for each j in J, if u, v
€ Liandz & L; then z sgp {u,z~ vz} N L; is empty.
The following lemma is needed for the proof of Proposition 3 in §3.4.

LEMMA 7. Let B = {x,y,b,...; R") where R is cyclically reduced and n > 1.
Then B has property-N1.

The proof is by induction on the length of R.

If R is empty then B is freely generated by x, y, b, ... and the result is
easily established.

Now suppose that L(R) > 0. Let u, v be freely reduced words in y, b, ...,
and suppose z & sgp{y,b,...}. It will be shown that zsgp {u,z"'vz)
N sgp {»,b,...} is empty. This is trivial if either u or v is equal to 1, so it
suffices to consider the case when # # 1, v # 1 and show that it is impossible
for an equation

(3.7) Mz My Y =
where s > 0, the [m;| (i = 1,2,...,s) are greater than zero and less than the
order of u, the |n;| i = 1,2,...,s) are greater than zero and less than the

order of vy, wis a word in y, b, ... - to take place in B. It can be assumed that
u and v are cyclically reduced. For suppose u = gy g landv = p! v h,
where » and v, are cyclically reduced. Let z; = hzg. Then (3.7) is equivalent to

ulz oMz e uMz = hw.

Case 1: x does not occur in R.

Then B is the free product of the free group on x and the one-relator group
generated by the remaining generators. The result is thus easily established
using the theory of free products.

Case 2: No generator occurring in u or v also occurs in R.

Then B is the free product of the free group F on those generators occurring
in one of u, v with the one-relator group B’ generated by the remaining
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generators. Now z = fyg,f ---g,f, where / > 0, the f, are elements of F,
nontrivial except possibly for f; and f, the g; are nontrivial elements of B’
Moreover, since z & sgp { »,b,...} at least one of the g; does not belong to
sgp {»,b,...}. Now the left-hand side of (3.7) is equal to

fosify g™ et A7 e S e g e
g T T T Y e e s

and this latter is a normal form apart from trivial complications caused at the
ends if f; or f is equal to 1. Since all terms of the normal form of w belong to
sgp {»,b,...} it thus follows that (3.7) is impossible.

Case 3: x occurs in R with zero-sum exponent; one of u, v involves a generator
which occurs in R.

Suppose for definiteness that y occurs in » and R. Calculations will be done
relative to the HNN presentation of B with stable letter x and fixed generator
».

Let Z denote the x-reduced form of z. Then substituting into (3.7) gives

(3.8) Zumz Wz oz ez =,

Now in order for this equation to take place, the x-reduced form of the left-
hand side must be x-free. In particular 6,(Z) = 0. Now by Lemmas 5 and 6
if S is an initial segment of Z such that S'l "i§ x-reduces to an x-free word,
then S = xPh, for some integer p and some x-free word hy. Also, if T is a
terminal segment of Z such that Tu™ T~! x-reduces to an x-free word then it
follows from Lemmas 5, 6 and 3(i) that T = h,r™? for some integer g with
0 < ¢ < M, and some x-free word A,. Consequently the only way (3.8) can
hold is if Z = "ht™" where 0 < r < M and h is x-free. But then (3.8) is
equivalent to

m =1, n mep—1,nep _
hu "Wy b uhT Y h = w,.

Here u,, v, w, are the words obtained from u, v, w respectively by replacing
Yo by y., by by b,, .... However since h & sgp {y,,b,,...} this equation is
impossible, for the base of B has property-NI by the inductive hypothesis.

Case 4: x occurs in R; one of u, v involves a generator which occurs in R with
zero-sum exponent.

Suppose for definiteness that y occurs in u and R, and g,(R) = 0.
Calculations will be done relative to the HNN presentation of B thh stable
letter y and fixed generator x.

Now z can be expressed in the form yaky” where yoky" is y-reduced and
where k is such that ky*!, yilk are all y-reduced. Then there are integers
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P g, rand words @, 7, W in b, (i € Z), ... such that yPuy™ = y?g, y~'uy’
= y75, y Pwy™ = y'w. Clearly (3.7) is equivalent to

39)  YTROPR™ETI D) k- (PR KT (V0) k= W

Now in order for (3.9) to hold, the y-reduced form of the left-hand side must
be y-free. This implies that k is y-free. For suppose by way of contradiction
that k involves y. Then k(y?#)™ k™! is y-reduced for each i. This is clear if
p # 0. Suppose on the other hand that p = 0, and let k have initial segment
gyt where g is y-free. If g ~la™g € K_, then g € K_, by (2.1) so that y"*k is
not y-reduced contrary to the definition of k. In a similar way k ~'(y95)"k is
y-reduced for each i. Thus the left-hand side of (3.9) is y-reduced and involves
¥, which is a contradiction.

Suppose that k € K_; U K. Conjugating (3.9) by a power of y if neces-
sary, it can be supposed that k € K_\K; (note that k & sgp {b,(i
€ Z),...}). Now the set {b; (i € Z),...}is closed under conjugation by y, so
it follows from §2.2(B) that sgp { »,k,b,...} has presentation {y,k,b,...;

T"(y,k,b,...)) where T is cyclically reduced and is either empty or involves
» k.
Let W denote an arbitrary word in the symbols y, k, b, ... of the form

(3.10) wokw k™ wok -+ owy, 1 k™ wy, k,

where the w; are freely reduced words in y, b, . ... In order to show that (3.9)
is impossible it suffices to establish that W # 1. The proof is by induction on
p. If p = 0 the result follows from Newman’s Spelling Theorem. Suppose
p > 0. The only case requiring attention is when all of wy, wy, ..., wy,_1, Wy,
are nonempty. Then if W = 1, T must be nonempty and W must have a
subword (k®S)" "' k* where k°S is a cyclic permutation of T*! (see Statement
1, p. 1439 of [2]). Replacing this subword of W by S~ and freely reducing the
k-free subwords of the resulting word gives a word W’ of the form (3.10) which
is equal to W and to which the inductive hypothesis applies. Thus W’
# 1 so that W # 1.

Now suppose that k € K_; U K;. Then the left-hand side of (3.9) is y-
reduced. This is clear except in the case when one of p, g is nonzero and the
other is zero. To deal with this case it suffices to observe that if @™
# lthen ku™k™' & K_, U K;, and if 7™ # 1 then k™'6™k & K_; U K,
(this follows from (2.1)). Now since the y-reduced form of the the left-hand
side of (3.9) must be y-free, r = p = ¢ = 0. But then equation (3.9) takes
place in the base of B. However this is impossible since the base of B has
property-NI by the inductive hypothesis.

Case 5: x occurs in R; 6,(R) # 0; one of u, v involves a generator which occurs
in R with non zero-sum exponent.
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Suppose for definiteness that y occurs in ¥ and R and oy(R) # 0. Leta
= 6,(R), B = 0,(R). Let B, = (X,7,b,...; R[') where R, is obtained from R
by replacing each occurrence of x by Xy P and each occurrence of y by ¥%,
and cyclically reducing. Then B is embedded into B; by the homomorphism
¥ defined by

xP B, ye3, bbb, ....

Moreover:

¥(B) N sgp {»,b,...} = sgp {7%,b,...}.

Consequently ¥(z) & sgp {7.b,...}.

Now if R, involves both X andy then it follows as in Case 4 that
¥(z sgp {u,z"'vz}) N sgp (7,b,...} is empty. On the other hand if R, does
not involve y then L(R;) < L(R) so it follows from the inductive hypothesis
that ¥(z sgp {u,z"'vz}) N sgp {7,b,...} is empty. Thus in either situation it
is easily seen that z sgp {u,z" vz} N sgp {1,b,...} is empty.

The above cases cover all possibilities and the induction step is proved.

3.4. Intersections of certain subgroups (3).

PROPOSITION 3. Let u be a nonempty freely reduced word in t, ¢y, dy, ... and
let v be an element of G which does not belong to sgp {t,cq,dy,...}. Then

sgp {u,v} N sgp {t,cq,dy, ...} = sgp {u).

In order to prove this proposition it is of course necessary to determine
which elements of sgp {u,v} are also elements of sgp {1,¢,,dp, . .. }. Now an
element of sgp {t,¢(,dp, ...} can be expressed in the form #~*w where w is a
wordinc; (i € Z),d; (i € Z), ... (or alternatively in the form w'f~* where w’
is a word in ¢; (i € Z),d; (i € Z), ...). Consequently, a good deal of the
proof of Proposition 3 will be concerned with determining whether for a given
element W of sgp{u,v} there is an integer s such that
t*W (or Wt') belongs to sgp {¢; (i € Z),d; (i € Z),...}.

Let V be an element of minimal #-length from the set

{U: Uis a r-reduced word equal to ¢~ *u”vu"¢* for integers &, v,1}.

Then there are integers , B8, w such that ¥ = ™ uPuwu®¢*. Moreover, it is not
difficult to establish that there are integers 4, p such that V = Oze°,
where 192 is r-reduced and where each of the words #*'z, zr*! is t-reduced.
Now 1 ®Py~ is equal in G to a word "k where k is a word in
;i €Z),d(i€Z),.... Let p=p+0. Then it suffices to show that
sgp (tPz, "k} N sgp {1, ¢, dyy, ...} = sgp {t"k)}.
Case 1: z involves t, p # 0.
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Let W denote a fixed but arbitrary word of the form

(3.11) P2 k) (1P 2)" -+ - (1, k) (P27,

where r > 0, and where the q,, I; are nonzero integers. It suffices to establish
that for no integer s does ¢*W define an element of L. To prove this it is
enough to show that in r-reducing #* W no t-symbol from any subword z*! is
removed. This is easily deduced from the following remarks.

First note that the minimality of V' 1mphes that in t-reducing (t’"k)‘ tPzno
more than [|m|/2] t-symbols from (#"k)*" are used up, and the definition of z
implies that no ¢-symbols from z are used up. Also, the definition of z implies
that t?zt™k and t"z(t'"k) are both t-reduced It thus follows that if m # 0
then in z-reducing a word of the form t"z(t"'k) tPz (I # 0) no t-symbols from
either copy of z are used up. This is also easily seen to be true if either
m = 0 or / = 0 by the definition of z.

Secondly, observe that a word of the form t’z(t'"k)[z"t"' (I # 0) is ¢-
reduced. This follows immediately from the definition of z if m # 0. On the
other hand suppose m = 0, and let z have terminal segment #°h, where 4 is ¢-
free. Now if hk'n~! € A, then h € A, by (2.1). Consequently z¢~° is not ¢-
reduced, which contradicts the definition of z.

Finally, consider z~'P(¢"k) t7z (1 # 0). Now "P{™kt? = {"k’, where
Kisawordinc, (i € Z),d;(i € Z), . Then an argument similar to that
in the previous paragraph shows that z ’(t'" k' ) z is t-reduced.

Case 2: z involves t, p = 0.

It follows as in Case 1 that if / is a nonzero integer then

27N (" k)'z and z(¢"k)'z ™" are r-reduced.

Suppose that for every integer j, z(t'"k)’ z is t-reduced. If W is a word as in
(3.11) and s is an arbitrary integer then it is easily seen that ¢* W is t-reduced
and therefore does not define an element of sgp {c; i € Z),4;(i € Z),...}.
Thus sgp {z,#"k} N sgp {t,cody, ...} = sgp {"}, as required.

Suppose on the other hand that for some integer j, z(¢" k)’ z is not t-reduced.
Notice that, by the definition of z, this implies either j = 0 or m = 0. Let Y
be the cyclically z-reduced form of z(t"k)’. Then there is an mmal segment T
of z, where T has positive t-length, such that z("k)’ = TYT™' and TYT ™!
t-reduced. Since for every nonzero integer I, 2! (¢ k) z is t-reduced, it follows
that T"l(t'"k) T is t-reduced. It is thus easy to see that if X is a word of the
form

TYOT Y (k) TYA T - - (k) Y% T,

where r > 0, the lg;| are nonzero and less than the order of Y, the l; are
nonzero, then for every integer s, ¢°X is t-reduced and therefore does not
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define an element of sgp {c; (i € Z),d; (i € Z),...}. Thus sgp {z(:"k)’, 1"k}
N sgp {t,cq,dy, ...} = sgp {{™k)}, as required.

Case 3: z is t-free and defines an element of A_, U A,.

Conjugating the pair (17z,t™k) by a power of ¢ if necessary, it can be
supposed that z € A_;\4,. Let W denote an element of sgp {t?z,"k}, let s
be an integer, and let wbe aword in¢; (i € Z),d; (i € Z), ....Itis required
to determine when an equality

(.12) CW=w

can take place in G. To do this it is convenient to analyse sgp {1, k, z}.

First suppose that k # 1, and let K denote the set of standard L-elements
associated with (¢, k). Then % is closed under conjugation by ¢ and the
elements of ¥ freely generate a subgroup of sgp {c; (i € Z),4;(i € Z),...}
(see the example of p. ). It therefore follows from (2.10) (with p = —1) that
sgp{c,(i € Z),d;(i € Z),...} N sgp{t,z} U K = sgp K. Consequently if
(3.12) holds then w € sgp X. Thus

sgp {7z, "k} N sgp {t,cq,dy, ...} = sgp {tPz, ™k} N sgp {t,k}
= sgp {t?z, ™k} N sgp {t,I"k}.

(3.13)

Now it follows from §2.2(B) that sgp {r, z, k} has presentation {t,z,k; T"),
where T is either empty or is cyclically reduced and involves ¢ and z. Let

= tPz and y = k. Then on the generators ¢, x, y, sgp {t,2, k} has presen-
tation

(3.14) Xy, T

where T is obtained from T by replacing each occurrence of z by r~?x and
each occurrence of k by ™™y, and cyclically reducing. Now using Newman’s
Spelling Theorem for the presentation (3.14) it can easily be shown that
sgp {x,y} N sgp {t,y} = sgp {y}. It therefore follows from (3.13) that sgp {x,
y} 0 osgp {t,cp.dy, ...} = sgp {y}, as required.

There remains the situation when k = 1. To deal with this situation proceed
similarly as above, but take ¥ to be empty. The equation (3.13) is readily
established. Moreover sgp {t, z}, when presented on ¢ and x (= ¢?2), is a one-
relator group where the relator when cyclically reduced is either empty or is
an nth power which involves x. Consequently sgp {#",x} N sgp {t} = sgp {{""}
by Newman’s Spelling Theorem. It thus follows from (3.13) that sgp {¢"", x}
N sgp {t,co,dp, . . . } = sgp {t™}, as required.

Cased: zis t-free,z & A_; U A,.
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Subcase 4.1: p = m = 0. Since L has property-I it follows that sgp {z, k}
N A_; = sgp{k}. Thus sgp{z,k} Nsgp{c;,(i € Z),d,(i € Z), ...} = sgp{k}.
Consequently sgp{z,k} N sgp{t, ¢y, dp, . ..} = sgp{k}, for it is clear that sgpfz,
k} N sgpt,eq,dy, ...} = sgplz, k) N sgp{c; (i € Z),4,(i € Z),...}.

Subcase 42: p = 0, m # 0. It follows from (2.1) that if ¢ is an integer such
that z7 # 1 then z? € A_; U 4,. Consequently, if W is a word of the form

200 k) 20 ()2 2% - (k)2

where r > 0,2% % 1 (i =0,1,...,n,; #0( = 1,2,...,r), then for every
integer s, £°W is t-reduced. Thus W & sgp {t,¢y,d, ...} so that sgp {z,"k}
N sgp {t,cy,dy, ...} = sgp {t"k}, as required.

Subcase 4.3: p # 0, m = 0. It can be assumed that p > 0. For sgp {t?z,k}
=tPsgp {7271, k"}77, and sgp {tPz,k} N sgp {t,cq. dp, ...} = sgp {k} if
and only if sgp {r Pz7,k""} N sgp {t,cq. dp, - ..} = sgp {k*’}.

The result is easily established if k = 1, so assume k # 1. Then zkz7}
& A, by (2.1). Moreover if k* is the t-reduced form of ~7kt? then
7k e A_,, again by (2.1). Consequently (see §2.2(A)), there are just two
standard L-elements, namely k and z™'k*z.

Suppose that °w is an element of sgp {z, ¢y, d, . . . } which is equal to a word
in Pz, k, z7'k*z. Here s is an integer and w is a word in ¢, (i € Z),
d;(i €EZ),....Let Wbe an element of minimal -length from the set

(Z: Zisaword in t?z,k,z”'k*z, and Z = t°w}.

Now by Britton’s lemma the t-reduced form W of W involves |s| t-symbols
and all the exponents to which ¢ occurs in W have the same sign. It therefore
follows from Proposition 1, Corollary that

W= X" B2y - Y P2)° Y,

where r > 0, erp = s, the Y, are words in k, z7'k* 2.
Now if r = 0 then ¥ = w, so that w is equal to a power of k. For

(3.15) sgp {k,z7'k*z} N A_; = sgp {k),
1

since L has property-I.

In order to complete the proof that sgp {t”z,k} N sgp {t,co.dy, ...}
= sgp {k}, it suffices to establish that r 3> 0. Suppose by way of contradiction
that » > 0, and assume for definiteness thate = 1. Then Y| € 4_,, so that
Y, is equal to an element k* of sgp {k}, by (3.15). Thus k*zY, € A_, (even if
r = 1). But this implies z¥; € A_,;, which contradicts the fact that L has
property-NI (see Lemma 7).
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Subcase 4.4: p # 0, m # 0. Replacing 1™k by t~"k’ if necessary, where k'
is the r-reduced form of ™k ~'s™™, it can be supposed that m and p have the
same sign. Now the minimality of ¥ implies that in r-reducing z~!f?¢"k at
most [|m|/2] t-symbols from ¢"k are used up. Thus if / = m — p then / is
nonzero and has the same sign as m. Consider the pair 1z, z~!/'k. Then all
four of the products tP2z7 e 1Pk 2, 2 P R 2 PR T 2 are
t-reduced, so it follows that a freely reduced word W in t?z, z7 ik is t-
reduced. It must be ascertained whether W can be equal to an element of
sgp {t,¢g,d, . . . }. It will be shown by induction on the length of W (as a word
in t7z, z7'{'k) that if W defines an element of sgp {t, C»dp, ...} then Wisa
power of 1?2z 'k (= "k).

The result is clear if W is empty. Suppose W is nonempty and that
W = t'wwherew € sgp{c;(i € Z),d; (i € Z),...}. Then W must ¢-
reduce to a r-free word so that W must have initial segment ¢z or k™' 7z.
Suppose for example that W = t?zW’. Then W’ is nonempty, for t”z
# t'wsince z & A_, U 4;. Thus W’ can start with 17z, k't 2z or 271 /k.
In the former two cases however, t~*?z W’ is t-reduced and therefore cannot
be equal to w. In the latter case W = tPzz7 V¢ kW”, and W” has shorter
length than W and defines an element of sgp {t,¢q,dy,...}. Using the
inductive hypothesis it is now concluded that W is a power of t?zz~' 'k, as
required. The situation when W has k~'r”/z as initial segment is handled
similarly.

The above cases cover all possibilities and the proof of Proposition 3 is now
complete.

4. Proof of the Principal Lemma. In this section a proof of the Principal
Lemma will be given (see §4.2). Before doing this, however, it is nrecessary to
solve the following problem: given a group B with presentation {x,y; Q") (n
> 1), for which elements u do x and u together generate B? This problem is
solved in §4.1.

4.1. Certain generating pairs of one-relator groups with torsion.

LEMMA 8. Let B = {x,y; Q") where Q is cyclically reduced and involves x, and
n > 1. If x is conjugate to xy”® then p = 0. If x is conjugate to x7! y? then either
p = 0or Q" is a cyclic permutation of (xy’)ﬂ, where p = =2l

ProoF. The proof requires three case distinctions. Throughout the proof
frequent use (without mention) will be made of Collins’ lemma characterizing
conjugacy in HNN groups (see [1, General Lemma 3]).

Case 1: 0,(Q) = 0.

Then every relator must have zero-sum exponent on y. Thus if
W lxWy~Px~% is a relator for some word W then p = 0.

Case 2:0,(Q) = 0.
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Then Q involves both x and y. Calculations will be done relative to the
HNN presentation of B with stable letter x and fixed generator y.

Now if x is conjugate to x°y{ then ¢ = 1 and there is a freely reduced word
u in the generators of the associated subgroup K_; of B such that uxu™!
= xy§. Let u* be the word obtained from u by replacing y; by y; &y for each
generator y; appearing in u. Then u* is the x-reduced form of x™ ux and u*
= y{u. Now if u is nonempty then u* is a word in the generators of K, and
u* involves a generator of the base of B which does not occur in y§ u. Thus
u* # y§ u by Newman’s Spelling Theorem. Consequently  must be empty, so
that p = 0 as required.

Case 3: 0,(Q) # 0, 0,(Q) # 0.

Let o (Q) TR (Q) = n, and let B, = {c,d; Q' ), where Q, is obtained
from Q by replacmg each occurrence of x by ¢cd™" and each occurrence of y
by d*, and cyclically reducing. Then B is embedded into B, by the homomor-
phism defined by x = ¢d™", y > d*.

Consider first the situation when Q, involves both ¢ and d. Suppose that
cd™" and (cd™")°d”* are conjugate in B;. If ¢ = 1 then p = O since g f,(QI
= 0. Suppose ¢ = —1. Then 7 + pp = —7n and cd~" is conjugate to ¢
It can be assumed without loss of generality that p is negative. The calcula-
tions in the next three paragraphs will be done with respect to the HNN
presentation of B, with stable letter 4 and fixed generator c.

Now if ¢d™™ and ¢~'d ™" are conjugate then there is a freely reduced word
u in the generators of the associated subgroup K_; of B, such that

d"cgdo = u‘ldpcb'sd’u,

where k,p > 0,0, 7 > 0,8 = %1, n+0—p+7 —n. Moreover, it is no
loss of generality to assume that k > p (so that T > 0).

Suppose first that u is nonempty and let g and s be respectively the least and
greatest integers i for which ¢; occurs in u. Let u; (~g <j < M-5)be the
word obtained from u by replacmg each generator c; appearinginu by ¢;; (so
that u; is the d-reduced form of dud’). Now if exactly 2r d-symbols are used
up in d—reducmg d"ud ™ then it follows from Lemma 3 that r < g and d"ud~?
=d""u_,d~ ", Thus

d*u"'dPeyd ™ u_,d 0 = 8.

In order for this equation to hold all of 4° must be used up in d-reducing
d™*u"'d?. Consequently 0<p< M-sandd™*u"d? = d= &Py "'
again by Lemma 3. Thus

4.1) d~ Pyt gty a0 = .
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Now if r were less than @ then 1 — r > x — p so that the d-reduced form of
the left-hand side of (4.1) would involve d, contrary to Britton’s lemma. Thus
r=0and k — p = 7 — r. Moreover d'(“"’)u;' ¢;%d™™" must belong to the
base. Now if k — p > 0 then d‘(“"")u",'l ¢ 847" can belong to the base only
if u;] belongs to the associated subgroup K_,, and so p +s < M by (2.2).
Consequently k—p < M — (p + s) and d'("“’)u;‘c; 847" = u;lc;fp by
Lemma 3. It therefore follows from (4.1) that if x — p > 0 then
- 8

(42) U, = cx—p U_g "6 .

This is also clearly valid if k — p = 0. But u,_is a freely reduced word in the
generators of K; and u, involves a generator which does not occur in
c"_sp u_gcy 8 Thus (4.2) is impossible by Newman’s Spelling Theorem.

Now suppose that u is empty. Then d*‘ch =cp 4%, However this is
impossible. For if k > p it would require cg to belong to K, contrary to (2.2),
whereas if k = p, it would assert that cf, = 1, when in fact ¢ has infinite
order.

It has now been established that if @, involves both ¢ and d then
cd™" and (cd~")°d?* are conjugate only if e = 1 and p = 0.

There remains the situation when Q; does not involve 4. This can happen
only if n = Iu for some integer /, and Q is a cyclic permutation of (xy’)". Let
b = xy'. Then B = {b,y; b**). Suppose by’ and (by™')°y? conjugate in B.
Clearly if ¢ = 1 then p = 0. On the other hand, if ¢ = —1 then it follows from
the solution to the conjugacy problem for free products that b? ="1and 4

= =2l

LEMMA 9. Let B = {x,y; Q") where Q is cyclically reduced and involves x, and
n> 1. If g" xg = x°y? then there are integers a, B such that g = xyP.

PrROOF. If p = 0 then g € sgp {x} since sgp {x} is malnormal in B (see [8,
Lemma 2.1]).

Su?pose p # 0. Then it follows from Lemma 8 that ¢ = -1, B = {x,y;
(x')* and p = =21 Thus

ylg7lxgy! = yx7) = x.
Consequently gy’ € sgp {x} by malnormality.

LemMA 10. Let B = {x,y; Q") where n > 1, and where Q is a nonempty
cyclically reduced word which is not a true power. If (x,u) generates B then u is
expressible in the form x®y*xP for certain integers a, B, unless some cyclic
permutation of Q%' has the form yx'.

PrROOF. Perhaps somewhat surprisingly, the proof is by induction on the
length of Q.
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If Q has length 1 then B is the free product of its cyclic subgroups
sgp {x} and sgp { »}, and the result follows easily using the theory of free
products.

Now assume that Q has length greater than 1 (so that Q involves x and y),
and suppose (x, u) generates B. There are several cases to consider.

Case 1: 0,(Q) = O.

Calculations will be done relative to the HNN presentation of B with stable
letter x and fixed generator y. Notice that the base of B has property-I by
Theorem 4, and so the results of §§3.1, 3.2 apply.

Now there are integers 6, p and an x-reduced word w such that u = x"wx?,
where x?wx? is x-reduced and where each of the words x*'w, wx®! is x-
reduced. Since (x, w) generates B it is clear that w # 1. Also, w must be x-free,
for if w involved x then sgp {x,w} would intersect the base H of B trivially.
Moreover w € K_; U K, forif w &€ K_; U K then using the fact that K_,;
and K, are malnormal in H it is not difficult to show that sgp {x,w} N H
= sgp {w}, which is a contradiction since H is not cyclic. Conjugating the pair
(x, w) by a power of x if necessary it can be supposed thatw € K_,\K;. Then
the standard H-elements w(®, ..., w® generate H by Proposition 1(iii), so
that A = M. Thus w = y§ for some integer ¢ by Lemma 3, and |g| = 1 by
Proposition 2, Corollary.

Case 2: 0,(Q) = 0.

Calculations will be done relative to the HNN presentation of B with stable
letter y and fixed generator x. Notice that the base of B has property-I by
Theorem 4, and so the results of §3.2 apply.

If the number of generators of the base H of B is more than 2 then it follows
from Proposition 2, Corollary that u = x; y‘xg for suitable integers a, B.

Suppose, on the other hand, that H is generated by x; and x,. Then again
by Proposition 2, Corollary either u or its inverse is expressible in the form yh,
where h € H and (xo,h x, h) generates H. Consequently by the inductive
hypothesis either 4~ xl h = x§x}xb for certain integers x, 8, p with § = =1,
or H = {xp,x; (x xo) > for some nonzero integer /. In the former situation
it follows from Lemma 9 that there are integers p, r such that & = x{ x3. This
is also true in the latter situation (see [9, p. ]). Thus in either situation u is
expressible in the form xgy xg

Case 3: 0,(Q) # 0, 0,(Q) # 0.

Let 0,(Q) = 1, 6,(Q) = p and let B) = {c,d; Qf'), where Q, is obtained
from Q by replacing each occurrence of x by d* and each occurrence of y by
cd™" and cyclically reducing. Then B is embedded into B, by the homomorphism
¥ defined by x > d*, y > ¢d™". Let ' = ¥(u). Then (d,u’) generates B,.
For ¢d™" can be obtained from d* and «’, so that ¢ can be obtained from d
and «'. Now if Q, involves ¢ and d then it follows as in Case 1 that #’ or its

9
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inverse is expressible in the form d*cd™"d". Since v’ € ¥(B), p must divide
k and p so that u is expressible in the form x*y*x?, as required.

Suppose that Q; does not involve d. Then 7 = Iu for some integer /, and
either Q or its inverse is a cyclic permutation of (yx')" (thus || = 1).

This completes the proof of the lemma.

4.2. Proof of the Principal Lemma. Let G = {a,t; R") where R is cyclically
reduced and not a true power, and n > 1. Now it follows from Lemma 4.1 of
[11] that there is an automorphism ¥ of the free group F on g, ¢ such that ¥(R)
has zero-sum exponent on ¢, and it is easily seen that G = {a,1; ¥(R)").
Moroever, it follows from Corollary N4 of [3] that the cyclically reduced form
of ¥(R) is a nontrivial power of a (in which case it is a*') if and only if R is
a primitive. In order to determine the Nielsen equivalence classes of G it can
be assumed without loss of generality that ¥ is the identity, so that ¥(R) = R.

First note that if R is empty then trivially G has one Nielsen equivalence
class.

Next suppose that R = a*!. Then it follows from the Grushko-Neumann
Theorem that every generating pair of G is Nielsen equivalent to a pair of the
form (a%,f) where a is coprime to n. Consequently G has one Nielsen
equivalence class if # = 2. On the other hand, suppose n > 2. Then two pairs
(@™,1), (@™, 1), where & and a, are coprime to n, are Nielsen equivalent if and
only if a® = a**, For it follows from Theorem 3.9 of [3] that (a™, ¢) and (a®,
1) are Nielsen equivalent only if a~*r 'a%/ is conjugate to (a'“’t”'a“’t)ﬂ.
Such a conjugacy can only take place if a* = a** by Theorem 4.2 of [3]. This
establishes that G has jp(n) Nielsen equivalence classes. The fact that it has
one T-system follows from the observation that the mapping a > a%, t > ¢,
where a is coprime to n, defines an automorphism of G.

Now suppose that R involves a and ¢. By assumption ¢,(R) = 0. Calcula-
tions will mainly be done with reference to the HNN presentation of G with
stable letter ¢ and fixed generator a.

It follows from Theorem 6 of [9] that every generating pair of G is Nielsen
equivalent to a pair of the form (¢h, k) where h belongs to the base H of G and
k is a nontrivial element of the associated subgroup K_;. Conjugating the pair
(th, k) by an element of K_, if necessary it can be supposed that k is a
nonempty cyclically reduced word in the generators of K_;. Moreover,
conjugating the pair (th, k) by a power of ¢ if necessary, it can be assume that
hkh™' & K, (see §2.2 (A)).

Let k@, ..., k™ be the standard H-elements associated with (th, k). Now
H has property I by Theorem 4, and so it follows from Proposition 1(iii) that
if th and k generate G then k(o), o kW generate H. But H cannot be
generated by less than M + 1 elements so that A = M. Thus r ¥k!™ € H
(see §2.2 (A)) and so k = af for some integer g, by Lemma 3. Moreover, it
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follows from Proposition 2, Corollary that |g| = 1. Finally, the fact that
(th,ay) generates G implies that there are integers @, 8 such that th = ag ta(',g .
This follows from Lemma 10 by reverting back to the one-relator presentation
of G.

It has now been established that every generating pair of G is Nielsen
equivalent to a pair of the form (a%ta”,4®). Since such a pair (a*1a”,4%) is
obviously Nielsen equivalent to (¢, a) it follows that G has one Nielsen
equivalence class, as required.

This completes the proof of the Principal Lemma.
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