
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY

Volume 227, 1977

INTERSECTION PROPERTIES OF BALLS AND
SUBSPACES IN BANACH SPACES^)

BY

ÂSVALD LIMA

Abstract. We study intersection properties of balls in Banach spaces using

a new technique. With this technique we give new and simple proofs of some

results of Lindenstrauss and others, characterizing Banach spaces with ¿, iß)

dual spaces by intersection properties of balls, and we solve some open

problems in the isometric theory of Banach spaces. We also give new proofs

of some results of Alfsen and Effros characterizing A/-ideals by intersection

properties of balls, and we improve some of their results. In the last section

we apply these results on function algebras, G-spaces and order unit spaces

and we give new and simple proofs for some representation theorems for

those Banach spaces with Lx (¡i) dual spaces whose unit ball contains extreme

points.

Introduction. A Banach space A is said to be a «éP,-space if for every Banach

space X containing A, there is a linear projection P from X onto A with

||P|| < 1. It is easy to see [11, p. 123] that a Banach space A is a ^-space if

and only if A has the following property: For every Banach space Y, for every

linear subspace X oí Y and for every bounded linear operator T: X -* A, there

exists a linear extension f: Y-* A of T with ||7l| = ||f||. An example of a

space with this property is lx(T) for some set T ¥= 0. This is shown by

application of the Hahn-Banach theorem coordinatewise.

In 1950 Nachbin [39] and Goodner [18] characterized the real ^-spaces

whose unit balls have extreme points: They are (up to isometry) the C(K)-

spaces for which the compact Hausdorff space K is extremally disconnected

(i.e. the closure of every open set is open). In 1952 Kelley [30] showed that the

assumption on the unit ball was superfluous. This was shown to hold also in

the complex case by Hasumi [21] in 1958. In 1955 Grothendieck [19] showed

that a real Banach space A is isometric to an L, (ju)-space for some measure ¡i

if and only if its dual A* is a ^-space. This result was later proved for the

complex case by Sakai [42].
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In the above mentioned paper [39] from 1950 Nachbin proved that a real

Banach space is a ^ -space if and only if its closed balls have the "binary

intersection property" (i.e. if every family of closed balls, any two members of

which intersect, has a nonvoid intersection). In 1973 Hustad [24], [25] observed

that for real spaces a family of closed balls are mutually intersecting if and

only if it has the "weak intersection property" (i.e. for every linear functional

<p with \\tp\\ = 1, the images of the balls by q> shall have a nonvoid intersec-

tion), and that it is the weak intersection property which is the relevant one in

the complex case. Thus he proved that a complex Banach space is a ^-space

if and only if every family of closed balls with the weak intersection property

has a nonvoid intersection [25].

In 1964 Lindenstrauss [35] proved that for a real Banach space A the

following properties are equivalent:

(i) A** is a % -space.

(ii) Every family of closed balls {B(a¡,r¡)}¡e¡ in A, any two members of

which intersect, and with {a¡)ie¡ relatively norm compact, has a nonempty

intersection.

(iii) Every family {B(a¡,r¡)}¡=l of 4 balls such that \\a¡ - aß < r¡ + r¡ all

i,j = 1, ..., 4, has a nonempty intersection.

(iv) For every compact operator T from a Banach space X into A and for

every Banach space Y 2 X and for every e > 0, the operator T admits a

compact extension f: Y -* A suchthat ||f|| < (1 +e)||r||. (It suffices to

have such extensions for spaces X and Y with dim Y/X = 1.)

A Banach space A is said to be a Lindenstrauss-space if A* is isometric to

an L[(/t)-space for some measure /x, which by the Grothendieck-Sakai result is

equivalent to A** being a ^-space.

In [35] Lindenstrauss showed that in the real lx every family of 3 mutually

intersecting closed balls has a nonempty intersection.

In 1969 Lazar [34] characterized those real Banach spaces which have the

following property: For every pair of Banach spaces X Q Y and for every

compact operator T: X -* A, there exists a compact extension f: Y

-* A with || :f|| = || 7l|. They are precisely the polyhedral spaces with dual

spaces isometric to Lx (/i)-space. ("Polyhedral" means that the unit ball of all

finite dimensional subspaces are polytopes.)

Hustad [24] defined a (real or complex) Banach space A to be an "almost

£(/j)-space" if for every family {5(a/,/¡)}"=1 of n closed balls in A with the

weak intersection property and for every e > 0, the corresponding balls

B(a¡,r¡ + e) have nonempty intersection; the word "almost" is omitted if one

can take e = 0 as well. By our previous remarks, condition (iii) above is

equivalent to A being an £'(4)-space. (Actually, Hustad gave another definition

of almost £(n)-spaces and the above definition is a theorem of his.) In the
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same paper Hustad proved that for a complex Banach space A the following

properties are equivalent:

(i)' A** is a iPpspace.

(ii)' For every family of closed balls {■8(a,-,'¡)},e/ in A with the weak

intersection property and with {a¡}¡£¡ relatively norm compact and for every

e > 0, the corresponding balls {B(a,-,/; + e)}/6/ have nonempty intersection.

(iii)' A is an £(7)-space.

(iv)' For an arbitrary compact operator T from a Banach space X to A and

for every Banach space Y 2 X and for every e > 0, the operator T admits an

extension f: Y-+A suchthat ||î|| < (1 + e)||r||. (It suffices to consider

spaces X and Y with dim Y/X = 1.)

In 1960 Cunningham [9] introduced the L-projections and the L-summands.

A linear projection e in a Banach space A is said to be an L-projection if

||jc|| = IK*)II + II* - «Mil all x E A. A subspace J of A is said to be an L-
ideal or an L-summand if J is the range of an L-projection. Cunningham [9]

showed that the L1(/t)-spaces have "sufficiently many" L-projections and that

this characterizes L{ (jn)-spaces. L-summands were studied further by Alfsen

and Effros in [4]. Alfsen and Effros [4] defined a closed subspace J of A to be

an "M-ideal" if J° is an L-summand. We say that a linear subspace J of A has

the n.I.P. («-ball property or «-intersection property) if given n closed balls

{B(a¡,t¡)}"=l in A such that if J n B(a¡,r¡) # 0 for all i and r(L.| Jfatf)
=£ 0, then J n n?„ j B{a¡, r¡ + e) ¥* 0 all e > 0. One of the main theorems of

of Alfsen and Effros in [4] is Theorem 5.8, by which the following statements

are equivalent:

(a) J is an M-ideal.

(b) / has the n.I.P. for all «.

(c) J has the 3.I.P.

Alfsen and Effros proved this as a theorem on dominated extension of linear

functionals.

In §1 we begin by giving necessary and sufficient conditions that a finite

family of balls and a linear subspace (or a convex cone) have nonempty

intersection. These are results that will be used several times in the work.

In §2 we consider the extreme point structure of the unit ball of the Banach

space

H,H(A\(0)) - {(/,,...,/„): allj$ s A* and ¿ jj = o}

with norm ||(/,,... ,f„)\\ - 2,1, r, \\f¡ || where r - (r,.r„) is in the positive

cone of R". In Theorem 2.10 we show that when « > k > 2 then the following

two statements are equivalent:
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(i) For every family {-8(0,-,rç)}"^ of « balls in A such that any k of them

intersect, then flf^Bfarf + e) # 0 all e > 0.
(ii) The extreme points of the unit ball of H"(A*,(0)) have at most k

nonzero components.

A similar characterization of almost £(n)-spaces is given in Theorem 2.14.

Here we show that A is an almost £(«)-space if and only if the extreme points

of the unit ball of H"(A*,(0)) are of the form {zxg,.. .,zng) where z¡ are

scalars and g G A*.

We end the section by using the separation results from §1 and the

"principle of local reflexivity" [36] to show that A and its bidual A** have

"almost" the same intersection properties.

§3 is devoted to the study of geometrical properties of the unit ball of real

Banach spaces with 3.2.I.P. (i.e. £(3)-spaces). We show in Theorem 3.2 that A

has the 3.2.I.P. if and only if A has a reminiscence of the Riesz decomposition

property, which we call the /?3-property. It is then proved that A enjoys the

-R3-property if and only if A* does. From this it follows that A has the 3.2.I.P.

if and only if A* has the 3.2.I.P. (Corollary 3.3). In Theorem 3.5 we show that

if A has the 3.2.I.P. and F is a proper maximal face of the unit ball 5(0,1) of

A, then B(0,1) = co(F U —F). (Corollary 3.3 and Theorem 3.5 generalize

results of Hanner [20] to infinite dimensional spaces.) These results are used

to show that A has the 4.2.I.P. (i.e. A is an £(4)-space) if and only if A* is

isometric to an L¡ (ju)-space (Corollary 3.11) and that A is isometric to an

L,(ju,)-space if and only if A* has the 4.2.I.P. (Theorem 3.12). These are

known results of Grothendieck [19] and Lindenstrauss [35], but the new proofs

may be of some interest.

In §4 we study Banach spaces with the 3.2.I.P. but not the 4.2.I.P. We show

in Theorem 4.3 that a real Banach space A with the 3.2.I.P. will fail to have

the 4.2.I.P. if and only if there exists an isometry from /¿ into A*. This is used

in the proof of Theorem 4.6 which states that A has the 4.2.I.P. if and only if

B(0,1) n B(x, 1) H B(y, 1) n B((x + y)/3,1/3) + 0

for all x,y G A with ||jc||, ||>»||, ||* - y\\ < 2. This generalizes a result of

Lindenstrauss [35, Lemma 6.5]. In Theorem 4.8 we show that one can not

replace B((x + y)/3,1/3) by B((x + y)/3,1) in Theorem 4.6.

In §5 we study L-projections and L-summands. These were introduced by

Cunningham [9] and studied by Alfsen and Effros in [4]. We introduce the

notion of a semi L-summand. This is a generalization of L-summand. A closed

subspace / of A is said to be a semi L-summand if \\x + y\\ = \\x\\ + \\y\\, all

x G J and all y G /'. (J' is defined by Alfsen and Effros [4].) In Theorem 5.6

we show that a subspace J of A is a semi L-summand if and only if for all

x G A, there exists a unique y G / such that ||jc -.y|| = d(x,J) and if this
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minimizing element .y enjoys the property ||jc|| = \\y\\ + \\x —y\\. In Proposi-

tion 5.9 we show that the set of semi L-summands are closed under the

operation of taking intersections, but not under the operation of taking sums.

In Theorem 5.8 we show that A is an almost L(«)-space for all n if and only if

A* has "sufficiently many" L-projections. (This is made precise in Theorem

5.8(ii).) In Theorem 5.10 and Corollary 5.11 L-summands / are characterized

by the geometry of the unit ball of H"(A,J), and in Theorem 5.12 and

Corollary 5.13 semi L-summands J are characterized by the geometry of the

unit ball of Hr2(A,J).

Following Alfsen and Effros [4] we say that a closed subspace J of A is an

M-ideal if its annihilator J° is an L-summand in A". We also say that / is a

semi M-ideal if J° is a semi L-summand. In Theorem 6.9 we give a new proof

of the above quoted result of Alfsen and Effros (Theorem 5.8 in [4]), and in

Theorem 6.10 we show that a closed subspace / of A is a semi Af-ideal if and

only if / has the 2.I.P. In both theorems we may assume that the balls have

radius 1. In Theorem 6.14 we show that if J is a closed subspace of A, the polar

J° will be a semi M-ideal if and only if J is a semi L-summand. We prove in

Theorem 6.16 that / is an L-summand if and only if 7° is an A/-ideal. This

solves Problems 1 and 2 of Alfsen and Effros [4] affirmatively. By means of

the example preceding Lemma 6.1 we also show that their Problem 3 has a

negative solution.

§7 contains applications. First we give a new proof of a representation

theorem for Banach spaces whose dual spaces are isometric to Lj (ji)-space

and whose unit balls have extreme points. The real version of this theorem was

proved by Nachbin [39], Kadison [27] and Lindenstrauss [35], and the complex

version was proved by Hirsberg and Lazar [23]. For the complex case our

proof is considerably simpler than the original one. Next we consider semi M-

ideals and semi L-summands in uniform algebras. In Theorem 7.6 we show

that the semi Af-ideals and the M-ideals will coincide in uniform algebras. In

fact they are exactly the annihilator ideals J = {a G A: a = 0 on F) of

generalized peak sets F Q X. (The connection between M-ideals and peak sets

is due to Hirsberg [22].)

A subspace A of C(X) is said to be a G-space if there exists a set

S = {(xa,ya,Xa)} CXXXX [-1,1] such that A - {/ £ C(X): f(xa)

= haf(ya), all a}. The (7-spaces were introduced by Grothedieck [19] and

characterized by Lindenstrauss and Wulbert [38] as those subspaces A of C(X)

such that for all/, g G A

max(/,g,0) + min(/,g,0) G A.

In Theorem 7.10 we present a new and simplified approach to this result and

also to Effros' characterization of the G-spaces as those spaces A such that A*
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is isometric to an L^/O-space and deA* Ç [0, l]deA*(u*-closure) [13].

In Theorem 7.18 we show that in an Archimedean order unit space a semi

M -ideal is a strongly Archimedean order ideal in the terminology of Alfsen [1].

By combining this with results of Alfsen and Effros [4] and of Stornier [44],

we can prove that in the self adjoint part of a C'-algebra with unit, the semi

A/-ideals and the M-ideals coincide: in fact they will coincide with the

self adjoint parts of closed two-sided ideals of the C'-algebra. (The connection

between M-ideals and two-sided ideals is due to Alfsen and Effros [4].)

Parts of this work were presented at a seminar at the University of Oslo in

1973 and 1974. The author wants to thank the participants and in particular

Erik Alfsen and Otte Hustad for their encouragements to the work, and for

their valuable suggestions.

Notation. A will denote a real or complex Banach space. The closed ball

in A with center a and radius r > 0 is denoted by B(a, r). The unit ball,

5(0,1) will be written Av We denote the dual space of A by A*. The following

symbols are standard:

N: the set of integers n > 1.

R: the set of real numbers.

C: the set of complex numbers.

K will denote either R or C.
If a G A and S Q A with S ¥= 0, then we write the distance from a to S

as follows

d(a,S) = M{\\a - x\\: x ES}.

Let S be a subset of A. The closure of S is denoted S, and the convex hull of

S is denoted co(S). If S is convex, then deS is the set of extreme points of S.

If S is a convex set and £ is a subset of S, then we say that £ is a face of S if

£ is convex and if y, z G £ whenever x = Xy + (\ - X)z e. F with X G <0,

1) and y, z G S. A face £ of S is proper if £ ¥= S and £ ^ 0.

A convex cone 5 is said to have the Riesz decomposition property if for all

xv ...,xn;yv ...,ym G S such that 2,"= i x¡ = 2J= i y¡, there exists r,y G S

such that
m n

x¡ = 2 z¡j,  y¡ = 2 z¡¡,      1 < / < n, i < y < m.
y=i  *     J     /=i   J

For n G N,A" will denote the direct sum A®A®--'®Aoîn copies of

A. For r = (r¡)"=l G R" with all r¡ > 0, we will organize A" to a Banach space

under each one of the two norms:

\\(av...,an)\\l<r= 2 qIM
/=!

and
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||(a,,... ,a„)|[0O   =  max (r¡  ' \\at\\).
1 ̂ /^¡rt

It is easy to see that we may identify (An, || ||, f)* and (A*n, \\ H^ r) and also

(^.HIU/and^MIIJ,,).
For a linear subspace / of A, we will consider the following spaces:

7B-{(a„...,aJ Gi4":aUfl/ E/},

A(7,«) = {(a„... ,an) E A": ax = • ■ ■ - an G /},

Hr"(A,J) = {(fl„ ... ,fl„) G U", || |y: ¿j «, G •/}•

Note that we always consider H"(A,J) as a subspace of (An, || ||, r). The space

H"(A,J) will play a fundamental role in this work. This space generalizes the

space H"(C, (0)) used by Hustad [24] in his work on intersection properties of

balls in complex Banach spaces.

1. Separating a finite family of convex sets. We shall now prove some results

which will be fundamental in the sequel. The problem of separating a finite

family of convex sets will be handled by embedding the sets into a product

space and then separating the product set from the diagonal. (This will be

made precise below.) Similar techniques have been used by various authors.

(See e.g. [36].) The following result generalizes Corollary 1.3 in [24] by O.

Hustad. In the following A shall be a real or complex Banach space.

Theorem 1.1. Let J be a linear subspace of A. Let « E N, let at.an

E A and let r = (/¡)"= 1 G R" with all r¡ > 0. Then the following statements are

equivalent:

(i) J (1  n;=15(a,,/;. + e) # 0 all e > 0,

(ii) 12?., f,(a,)\ < 2?=, M all(/„•..,/„) G Hr"(A\J°).

Proof, (i) => (ii). Let e > 0 and let a E J n n£\B(a¡,r¡ + e). Then for

(/„...,/„) G Hrn(A*,J°)

Î/M)
n

.2 fMi - a) < 2 in + e
;=1

Since e > 0 is arbitrary, (ii) follows.

Suppose next that (i) is false. Then for some e > 0

A(/,«) D fi((fl1,...,aJI),l + e) = 0

in {A", || lb,). Hence A(/,«) and B = B((av.. .,a„), 1) can be strongly sepa-

rated. Let (/,.fn) E (A'", || II,,) be such that with b = (£,,... ,bn):
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(1.1) sup Re( 2 Mb,)) < inf Re( 2 jÇ(xA

Since Re(2,"=i f¡) = 0 on /, we also have 2?=i f¡ - 0 on /, so (/,,... ,/„) is

in the polar H"(A*,J°) of A(J,n). Clearly the right-hand side of (1.1) is zero.

On the left-hand side of (1.1) we write b¡ = a¡ + y¡ where |Lvj|| < r¡, and we

get

sup Re ( 2 Mb,)) =   sup   Re[ 2 /Mi) + 2 M*)]
(12) bSB M<n '*'

= Re(2^,))+ ¿ M-
\/=i        /     /=i

Now (1.1) and (1.2) yield

2 M\<-Rc(iM<*i))< lijSfo).
i'=i \<=i        /      l/=i

This contradicts (ii), and the proof is complete.

If J is a closed subspace of A, then the polar of H"{A,J) is à(J°,n)

£ (A*", II lloo^)- An argument similar to the argument used to prove Theorem

1.1 now gives

Theorem 1.2. Let J be a closed subspace of A. Let n GN,letfv...,fn

G A" and let r = (i)"=l G R" with all r¡ > 0. Then the following statements are

equivalent:

0)/°n n?_,5(jj,J5)#0.
GO 12,-ijM < 2;=, flM a//(«„...,a„) G #;04,/).

Corollary 1.3. Lei J be a linear subspace of A. Let n G N, let ax, ..., an

G ^ ö/k/ to r = (/•),"=! G R" w/7/i a// r¡ > 0. 77ien the following statements are

equivalent:

(0 ̂  n n;=1£(a,,/¡ + e) * 0 a// e > 0 in A.

(ii) y00 n rymlB(a„r,) # 0 /« ¿**.

Remark. Corollary 1.3 generalizes Lemma 5.8 in [35]. See also Klee [31].

If we replace the subspace J by a convex cone in Theorem 1.1, then we get

the following result:

Theorem 1.4. Let A be a real Banach space and let C be a convex cone in A.

Let n G N, let av ..., an G A and let r = (r¡)"=l G R" with all r¡>0. Then

the following statements are equivalent:

(i) C D  nf.i Biß,,r¡ + e)*0alle>O.

(H) - SJli/M) < 2f=, null m (/..••• ./J e A*"with
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2j5>o
1=1

on C.

2. Characterizations of almost £(«)-spaces. In this section we will show how

various intersection properties of a Banach space A are reflected in the

structure of the set of the extreme points of the unit ball

H"{A*,J°\ of Hr"(A*,J°). First we need some definitions and some prelimi-

nary results. Unless otherwise is stated, A is allowed to be either a real or a

complex Banach space, and the field of scalars will be denoted by K.

Definition. A family {B(a¡,r¡)}¡eI of balls in A is said to have the weak

intersection property if for any/ G A\,

ns(/(a,.),^0   inCorR.

Theorem 1.1 (with A = C (or R) and J = A) gives immediately the

following result of Hustad [24].

Proposition 2.1. Let {B(a¡, >¡)}"=1 be a finite family of balls in a Banach space

A. Then the following statements are equivalent:

(i) {B(ai,ri))"=J¡l has the weak intersection property.

(ii) I2?_i z,f(fl,)\ < 2?-i I'M for all fEA\ and all z - (*„... ,zn)
G //7(K,(0)).

Helly's theorem [47] implies the following results.

Proposition 2.2. Let {B(a¡,r¡)}"=¡¡l be a finite family of balls in a real Banach

space A. Then the following statements are equivalent:

(i) {B(a¡,r¡)}"=l has the weak intersection property.

(ii) The balls {Bia^r^)}"^ are mutually intersecting.

(iii) ||a,. - a,|| < r¡ + r} all i,j = 1, 2.n.

Proposition 2.3. Let {B(a¡,r¡)}"=l be a finite family of balls in a complex

Banach space A. Then the following statements are equivalent:

(i) {B(a¡,r¡)}"=l has the weak intersection property.

(ii) Every subfamily of 3 balls has the weak intersection property.

In [24] Hustad defined the notion of an almost £(«)-space. He gave a

characterization of almost £(«)-spaces in terms of intersection properties of

balls [24, Proposition 1.13]. Since we will be mainly concerned with intersec-

tion properties of balls, we will take this characterization as our definition.

Definition. We say that A is an almost E(n)-space if for every family

{B(aj,ri)}"s,l of « balls in A with the weak intersection property we have
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(2.1) fj B(ai,r¡ + e) * 0   all e > 0.

We say that A is an E(n)-space if we can take e = 0 in (2.1).

The following result was proved by Lindenstrauss [35] for the real case, and

by Hustad [24] for the complex case.

Lemma 2.4. Let n > 3. Let e > 0, and assume {B(a¡,r¡)}"=l are n balls in A

such that f)"=, B(a¡,r¡ + e) = 0. Then there exist R> 0 andbx, ...,bn G A

such that

B(a,,i¡) C B(b,,R)   and   Q B{b,,R + e/2) = 0.

Definition. Let n, k E N with n > k ¡> 2. We say that A has the almost

n.k. intersection property (almost n.k.I.P.) if for every family {B(a¡,r¡))"=l of n

balls in A such that for any k of them

we have

H £(a,.,>- + e) *0   alle>0.

We say that A has the restricted almost n.k. intersection property (almost

R.n.k.I.P.) if for every family {B(a¡tr)}"=] of n balls in A with common radius

r such that for any k of them

y=i    ;

we have

nB(a¡,r + E) =¿0   all e > 0.

The word almost is omitted if we can take e = 0 as well.

Corollary 2.5. The statements below are related as follows: (i) => (ii) <=> (iii).

(i) A is an almost E(n)-space.

(ii) A has the almost n.3.I.P.

(iii) A has the almost R.n.3.I.P.

Corollary 2.6. A has the almost n.k.I.P. if and only if A has the almost

R.n.k.I.P.
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Remark. In case A is a real Banach space, then it follows from Proposition

2.2 that (almost) £(«) is the same as (almost) n.2.I.P.

Lindenstrauss [35] has proved

Theorem 2.7. Let A be a real Banach space and let « > 3. Then the following

statements are equivalent:

(i) A has the n.2.I.P.

(ii) A has the almost nl.l.P.

(iii) A has the R.n.2.I.P.

(iv) A has the almost R.n.2.I.P.

We now come to the new results of this section. First an important lemma.

Lemma 2.8. Let «, k G N with n > & > 2,letJ be a linear subspace of A, let

r = 0j)"_, G R" with all r¡ > 0, and let S be a compact (<o*) circled subset of

H"(A*,J°\. Then the following statements are equivalent:

(Oa^v^cs.
(ii) co(S) = Hr"{A*,J°\ (w*-closure).

(iii) If av...,anEA are such that |2,"= i f¡(a¡)\ < 1 for all (/,,... ,fn)

G S, then J n n,"=1 £(a;-,^ + e) # 0 for all e > 0.

Proof. The equivalence of (i) and (ii) follows from Milmans' theorem [11].

(ii) -> (iii) Let a,, ..., aR G A be such that

Sif'(a,)< 1   for all (/,,...,/„) G S.

Then, since (/,,... ,f„) -* 2,"=i/(a,) is a «'-continuous linear functional, we

have 12,-1^(^)1 < 1 for all (/„ ... ,fn) G H?{A*,J% so

.2 /(a,-)
/=i

< .2. ijlUHi=i
for all (/,,... ,/„) G Hr"(A',J°), and (iii) follows from Theorem 1.1.

(iii) => (ii). Here assume that (ii) is false. Then there exists

(/,./„) eHf"(A\J°\\ñ(S),

and by Hahn-Banach (/,.fn) and co (S) can be strongly separated by a

«'-continuous linear functional. Thus there exists (a,,... ,an) E A" such that

ifg = (&,...,£„) then:

Re(2/(«,))>l>supRe(2g,(a,)).
\<=l        / geS     \(=1 /

Hence
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2 Ma,)  > 1 >
1=1

By Theorem 1.1 it follows that

.2 g,(a,)
i=i

all (ft,...,ft,) G S.

J D .n5(a(.,í¡ + e) = 0

for some e > 0, and this concludes the proof of the lemma.

Lemma 2.9. Let n > k > 2, and let r = (r,)"=l G R" with all r, > 0. Let S

be the subset of H"(A*,(0)\ consisting of those elements which have at most k

coordinates different from zero. Then S is circled and a*-compact.

Proof. Let 1 < ix < i2 <"• <ik < n. Then the subset of Hrn(A*,(0)\

consisting of all / = (/,,... ,fn) such that f, — 0 if / # i,,j ■» 1,..., k, will
be circled and « '-compact, and since S is a finite union of such sets, S is also

circled and «'-compact. This completes the proof of the lemma.

Theorem 2.10. Let n,k EN with n > k > 2. Then the following statements
are equivalent:

(i) A has the almost n.k.I.P.

(ii) A has the almost R.n.k.I.P.

(iii) //"r = (rX., G R" w/rt all r,> 0 and if (fv...,/„) G 3e/7;U',(0))„
rtevj ai most k coordinates of (f{,... ,fn) are different from zero.

(iv) // r = (1,1,..., 1) G R" and //(/,,... ,/„) G 9tH;(A*,(0)\, then at

most k coordinates of ' (/,,... ,fn) are different from zero.

Proof, (iii) => (iv) is trivial, and (i) *=» (ii) is just Corollary 2.6.

(iv) => (ii). Let {B(a¡, \)}"=] be n balls in A such that any k of them have a

nonempty intersection. Then by Lemma 2.9, Lemma 2.8 and Theorem 1.1

ñ B(a¡, 1 + e) # 0   all e > 0,

and this shows that (ii) is a consequence of (iv).

(i) => (iii). Let r = (/;)£_, G R" with all r¡ > 0, and let S be as in Lemma

2.9. Let a,,..., an G A be such that |2í=i f¡(a,)\ < 1 all (/,,... ,f„) G S. By
Theorem 1.1 for 1 < ij < /2 < • • • < i¿ < «:

n 5(fl,,Jî+ e) # 0   alle>0.

But then by (i)

QB(ai,ri + 2e)¥=0   all £ > 0,
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and by Lemma 2 the desired result follows. The proof is complete.

For 1 </<&<« we define the following sets (r = (1,...., 1)

G R" and/ =(/„...,/„) G Atn):

SJk = {/ G Hrn(A*,(0)): fi - 0 if / #/ and i * k

(2.2)
and |Lp + 14 B< 1}.

With this notation we get

Corollary 2.11. Let « > 3. Then the following statements are equivalent for

a real Banach space A :

(i) A has the n.2.I.P.

(ii) For r = (1,..., 1) G R" we have

H,><SM\ - •»(,<&<>}

(iii) For r - (1,..., 1) G R" we have

deHrn(A*,(0)\ Q      U     SJk.

Proof. This result follows from Theorem 2.7, Theorem 2.10 and Lemma

2.8. We should only remark that all S¡k are convex and «""-compact, so we do

not need to take the closure in (ii).

Using Corollary 2.11, one can easily prove the following theorem of

Lindenstrauss [35] and Hanner [20].

Theorem 2.12. If a real Banach space has the 4.2.I.P. then it has the n.2.I.P.

for all natural numbers n.

Proof. Let n > 4 and let r = (1,..., 1) denote (1,..., 1) in R" and also

the corresponding point (1,..., 1) in Rn+1. By Corollary 2.11 it is enough to

prove that

Hrn(A*,(0)\ = cof     U     S¡)

implies that deHr"+l(A*,(0)\ = UK,.<y<n+15i/. Assume

(/l...../fl+l) G 3e/rV,(0))A      U       5,.

Let a = 112,-Ull + 2;:! IUII. Since (/„...,/„+,) € Sn{n+[), we have a
>0, so
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¡(A.*---&) E «W-W —(|«ÜK.^)

Let 1 < i <j < n. Then

n-l

-(/p...,/n_p- .2^j

= X(0,. ...g,.. .,-g,.. .,0) + (1 - X)(A„ .. .,/»„),

where X G [0,1], (0,... ,g,... ,-g,... ,0) G Sy and

From this it follows that

,-i«"MUH = IM + ||(1 -\)h,II,   a"1 Iii« - Ml + ||(1 -X)A,||.

Now we may write

(/i> • • • >fn+\) = (0. • • • .«Aft ■ • •.-aXft... ,0)

+(/l> • • • >ft ~ «Xft ...,fj + aXg,... ,fn+l).

This gives a convex combination in H"+x(A',(0)\. Since (/p ... ,J^+i) is an

extreme point of H"+l(A*,(0)\ we must have Xg = 0. Hence

71-1

¿(/„..../„-p-g^Gco^US,,).

Now we have

¿(/i.-.-^-..-2j5) = "2x,(o,...,ft,...,-ft,...,o)

where 2||ft|| < 1, X,- > 0, 2,C{ X,- = 1, and where X,. > 0 if f, * 0. In partic-
ular aXjgj = f¡, and we have

n-l

1= 2
i=i
«-i

u +

= .2 IKftll +i=i

"i—1 rll   _  v"1-'

Si«
n-l

.2 \fti=i < 2 2 X,. lift || = 1.
1=1

Hence ||2;:Ull = 2;:îlUI|. But then
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2(II/J + !!/„+, II) > ll/„ +/„+ill + ll/JI + lU+ill
n-l

+ ll/JI + IU.1 II - SlUII-i-
i'=l

Similarly we get

20UII + IL$II) > 1   all/,/;/#/.

This is impossible if n > 4, so we must have

deHrn+l(A*,(0)\ ç       U      Su
e    r ' l</<y<«+l    ,J

and the proof is complete.

Our next lemma is valid for complex as well as real spaces.

Lemma 2.13. Letn>2, let r - (/,)"_, G R" w/rt a// r¡ > 0.

T«e« f«<? set S," = {(/,,... ,/„) G Hr"(A*, (0)), : ̂  - z,g, g G A*, (z,.

Z„) G ¿//'(K.ÍO^ww'-cow/wcf.

Proof. Observe that we may take ||g|| = 1. Use compactness of A\ and of

Hr"(K,{0)\> and the result will follow.

Theorem 2.14. Let « > 2. Then the following statements are equivalent:

(i) A is an almost E(n)-space.

(ii)///- = Oj)JL, G R" withallr, > 0, and if(/„... ,/„) G deHrn(A',(0)\,
then / = Zjgfor some g G deA\ and some (zl,...,zn) G deHr"(K, (0)),.

(iii) // r = (1,..., 1) G R", and //(/,,... ,/„) G deHrn(A\(0)\, thenf,

= z¡gfor some g E deA\ and some (z,,.. .,zn) G deH"(K,(0)\.

Proof. Let (5(0,,^)}^! be « balls in /I. By Proposition 2.1 these balls have

the weak intersection property if and only if |2"=i f¡(fl¡)\ < 1 for all

(/l> • • >Jn) G s?> wnere s" is defined as in Lemma 2.13. The theorem now

follows from Lemmas 2.8, 2.13 and 2.4. The proof is complete.

Remark. From Helly's theorem and Theorem 2.10 it follows that if

(zj,...,*,) G deH"(R,(0)\, then z¡ # 0 for exactly two indices and if

(z,,...,zn) G deHrn(C,(0)\, thenz,- =£ 0 for at most three indices. In [24,

Theorem 3.6] Hustad has characterized the extreme points of the unit ball of

W(o)).
Example. Let A = C2 with ||(z,w)|| = |z| + |w|. Let x = (3~1,3~1),.y

= (3-le2^3,3-xe-2^3) and z = (T1 e~2^3,3~le2^3). Using Theorem

3.6 in [24], we can show that (x,y,z) G deH3(A',(0)\ where r = (1,1,1). By

Theorem 2.14 A is not an £(3)-space.
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Theorem 2.15. A has the almost n.k.I.P. if and only if A" has the n.k.I.P.

Proof. Assume A** has the n.k.I.P. Let {B(ai,ri)}"s.x be n balls in A such

that any k of them have nonempty intersection. Then C\f^xB(ai,ri)

# 0 in A". By Corollary 1.3

H B{a:,r + i)^0   in A, all e > 0,
i=l

so A has the almost n.k.I.P.
Assume next that A has the almost n.k.I.P. and assume that A" does not

have the n.k.I.P. Then there exist balls {B(a¡, jj)}"= , in A** such that any k of

them have nonempty intersection and r\"=xB(a¡,r¡) = 0. Choose bx, ..., bm

E A** such that if 1 < ix < ••- < ik < n, then bp G DJL, Bfy, n) for some
b„. Then by Theorem 1.2 there exist fx,...,fn G A' such that 2jLiJ5

= 0 and 121=1 M°¡)\ > 2f=i tUl Choose 0 > 0 such that

2U(«i)i=i >(i + 0)2^11.

Let Í/ = span(a,,.. ,,an,bx,...,bm) and let £ = span(/,,... ,fn). By the

"principle of local reflexivity" (see [36] or [12]) there exists a linear operator

T: U-+A such that:
(i) T(a) = a if a E U D A,

(ii)/(T(a)) = a(f) for a G í/and/ G £,

(iii) (1 - 9)\\a\\ < ||n«)ll < (1 + 9)\\4 all a G U.
Now the balls {B(T(a¡),(l + 0>¿)}?=1 have the property that any k of them

have a nonempty intersection. In fact, if  1 < /j < • • • < ik < n and bp

E rtfmlB(a,jtr,p then

r^e nB(r(fl/i),(i + %).
7=1

Since .4 has the almost n.k.I.P.

fj 5(r(a,),(l + B)r, + c) * 0   all e > 0.

By Theorem 1.1 and by the choice of 9 we have

(l+9)2r,UW< 2J(«,)
i=l

2 MT{a¡))
i=i

<(i + «)2iílUH-i=i

This contradiction completes the proof.

A similar proof gives
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Theorem 2.16. A is an almost E(n)-space if and only if A*' is an E{n)-space.

Remark. The argument used to prove Theorem 2.15 can also be used to

prove a conjecture of Lindenstrauss (see [35, p. 56]). Later on we shall give

another proof of this conjecture (Corollary 4.7).

By the compactness of the balls in A" it follows from Theorems 2.14 and

2.6 that A is an almost £(«)-space for all « if and only if every family of balls

in A" with the weak intersection property has a nonempty intersection. By the

characterizations of Nachbin [39] and Hustad [24], we conclude that A is an

almost £(«)-space for all « if and only if A** is a ^-space.

Theorem 2.17 summarizes some of the most important results on spaces

having ̂ -biduals.

Theorem 2.17. Let A be a real or complex Banach space. The following

statements are equivalent:

(i) A is an E(n)-space for all n.

(ii) A* is isometric to an L, (p.)-space for some measure ¡i.

(iii) A** is a 9x-space.
(iv) For every Banach space B such that A Q B, there exists a projection P in

B' such that P(B*) = A0 and \\I - P\\ < 1.

Proof, (i) => (iii) follows from Theorem 2.16 and from results of Nachbin

[39] and Hustad [24].

(iii) => (ii) is proved by Grothendieck [19] and Sakai [42]. (See also Corollary

3.11 and Theorem 3.12.)

(ii) => (iv) is proved in Lacey [32, Lemma 22.3]. That this lemma is valid in

the complex case follows from results of Sakai [42], See also [24], [8] and [14].

(iv) => (i). For some set T we may imbed A isometrically into B = l^iT).

Let P be a projection as in (iv). Let {B(a¡,r¡)}"=l be a family of « balls in A

with the weak intersection property. Then since £ is a ÍP,-space: D"=lB(a,¡ ,r¡)

¥• 0. Let/,, ...,/„ G B' be such that 2?-iJ/ G A0. Let a G rX.,^a,,/j).
Since 2f=, (/-£)(/) = Owe get

2/(0,) < 2 PifM)i=\
+ 2 (i-PXJM)i=i

2 (/-?)(#(*,-a)
i=i

; 2 w-nwfa-4*í=i
n

2i=i

By Theorem 1.1 njl x B(a¡, r¡ + e) # 0 in A, all e > 0, so A is an almost £(«)-

space. An induction argument similar to the argument in the proof of
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Proposition 6.5 now gives that A is an E(n - l)-space. This completes the

proof.

Remark. The equivalence of the statements in Theorem 2.17 is well known,

but the proofs of some of the implications seem to be new. Among these is the

proof of the implication (iv) => (i), which gives a nice application of Theorem

1.1.

3. Banach spaces with the 3.2.I.P. In this section A will be a real Banach

space. We shall study Banach spaces A with the 3.2.I.P., and the main tool will

be the following notion.

Definition. A real Banach space A is said to have the Ryproperty if for all

x, y E A, there exists z, u, v E A such that:

(i) x = z + u and ||x|| = ||¿|| + ||w||,

(iï)y = z + v and IWI HMI + Ml,
(iii) ||jc — y\\ = \\u — v\\ = \\u\\ + \\v\\.

Theorem 3.1. Let r = (1,1,1) G R.  Then the following statements are

equivalent:

(i) A has the 3.2.I.P.

(ii) /lV,(0)), = co(S12 U SX3 U S23).

(iii) A* has the Ryproperty.

Proof, (i) <=> (ii) is just Corollary 2.11.

(ii) -* (iii). Let/1,/2 G A\ Then (fx,-f2,f2 -/,) G Hr3(A\(0)) and we
may assume ||/J + ||/2|| + 11/! -/2|| = 1. By (ii) there exist X¡,X2,X3

> 0 and ft, g2, g3 E A* such that ||ft || < 2~\ 2,3=i X,- = 1 and

(/1.-/2./2 -/1) = ^i(ft.-ft.O) + X2(ft,,0,-ft,) + X3(0,-g3,g3).

From this it follows that

/, = X,ft + X2g2,      ||/, || = Ha, g, || + ||X2g2||,

h - À,ft + X3ft3,       ||/2|| = ||X,ft II + 11X3*3H,

ll/l "AU = l|A2g2 - ^3ft» = ll^fcll + l|A3g3H.

so A* has the £3-property.

(iii) =» (ii). Let (/!,/2,/3) G Hr3(A",(0))x. By the tf3-property, we can find

g, h, k E A* such that

fl=g + h,       \\fx\\ = \\g\\ + \\h\\,

-A-g + k,    R/2|| - iwi + n*n,

U/3II-II/i+äII-B*-*II-IIäII+II*II.

Now
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(/1J2./3) - (*-*.0) + («,0,-«) + (0,-*,*) G co(S,2 U 5U U S23).

This completes the proof.

Theorem 3.2. A real Banach space A has the 3.2.1.P. if and only if it has the

Ryproperty.

Proof. Assume A has the 3.2.I.P. and let x, y E A. Define r0, rx, r2 > 0 by

2r0 = \\x\\ + \\y\\-\\x-y\\,

2rx = \\x\\-\\y\\ + \\x-y\\,

2r2 = -\\x\\ + \\y\\ + \\x-y\\.

Then     ||*|| = rQ + rx, \\y\\ = r0 + r2  and   \\x -y\\ = rx + r2,   so   £(0,r0),

B(x,rx) and B(y,r2) are mutually intersecting. Let

z G £(0,r0) n B(x,rx) n B(y,r2)

and let « = x — z and v = y - z. Then

x - z + u,       ||x|| < IHI + ||u|| <rQ + rx = \\x\\,

y = z + v,       |H|< NI + IHK r0 + r2 = \\y\\,

II* -y\\ - II« - v\\< Hull + IHK r, + r2 = ||* ->>||,

so ̂ 4 has the /?3-property.

Suppose next that A has the £3-property, and assume that three mutually

intersecting balls in A are given. By translating and considering balls with

smaller radii we may (as in [35, Theorem 4.6]) assume that these balls are

£(0,r0), £(*,/,) and B(y,r2), where ||*|| = r0 + rx, \\y\\ = r0 + r2 and \\x -y\\

< r, + r2. Let z, u, v G A be as in the definition of the £3-property. Then we

have 0 < r, - ||w|| = ||z|| - r0 = r2 — \v\. Define w = ||z||~ rQz (w = 0 if z

= 0). Then

w G £(0,r0) n £(*,/,) D £(7,r2),

and the proof is complete.

110 - w|| = r0,

||* - w|| - ||« + (||z||-r0)z/||z|| || < ||«|| + (||z|| - r0)

\\y - w\\ = ||V + (||z||-r0)z/||z|| || < ||V|| + (||z|| - rQ)
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Corollary 3.3. A has the 3.2.1.P. if and only if A* has the 3.2.1.P.

Remark. Hanner [20] proved Corollary 3.3 for finite-dimensional spaces.

The general case was an open problem.

It is easy to see that a real L, (/t)-space has the £3-property, so Theorem 3.2

gives a new proof of Lindenstrauss' result [35] that every real L^/O-space has

the 3.2.I.P.
The following notion was introduced by Fullerton [17].

A Banach space A is called a CL-space if for every maximal proper face £

of Ax, Ax « co(£U -£).
It is easy to see that the maximal proper faces of Ax coincide with the

maximal convex subsets of the boundary of Ax. Note also that every maximal

proper face of Ax is normclosed. (See [4] or [17].)

We now want to show that every Banach space with the 3.2.I.P. is a CL-

space. Before we can do so, we need some more terminology.

A nonempty subset C Q A is a cone if XC Q C all X > 0. A cone C is

proper if C n -C = (0) and convex if C + C C C. If S is a subset of A, then

cone S = (J^XS1 *s tne smallest cone containing S. We say that a cone C is

a facial cone if C = (0) or C = cone £ for some proper face £ of Ax. If

x E A and x # 0, then

C(x) = cone (face(*/IMD)

is the smallest facial cone containing x. We note that face (x/ll*ll), the

smallest face of Ax containing x/\\x\\, is well defined for every x # 0, and that

y E face(x/ll*ll) if and only if x/\\x\\ = Xy + (1 - X)z for some X G <0,1]
and some z E Ax. (See [2].) We define C(0) = (0).

Our terminology here coincides with that of Alfsen and Effros [4]. In [4] they

also defined the complementary cone C of a given cone C in A, to be the set

C = {x E A: C n C(x) = (0)).

We say that a cone C is hereditary if x E C and ||x|| = ||x - y\\ + \\y\\

implies that v G C. Alfsen and Effros showed [4, Lemma 2.7] that a cone C is

hereditary if and only if C is a union of facial cones. Further, Alfsen and

Effros [4] showed that the norm is additive on a facial cone, and they proved

the following result [4, Theorem 2.9] which we will use several times:

Theorem 3.4. Suppose C is a norm-closed convex cone in a Banach space A.

Then every p G A admits a decomposition p = q + r, \\p\\ = \\q\\ + ||r||,
where q E C and r E C.

We can now state

Theorem 3.5. Every Banach space with the Ryproperty is a CL-space.
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Proof. Let £ be a maximal proper face of Ax, and let C = öXsi0XF. Then

C is a norm-closed convex cone in A. Let x E A. By Theorem 3.4 there exists

y G C and z G C such that x = v + z, ||x|| = |[y|| + ||z||. Now it clearly

suffices to show that C = -C. Since £ is a proper face, we have —C ç C.

Now let w E C and r G C. By the £3-property, there exists s, u, v E A such

that

t = s + u,      IMI - Hill + ||u||,

„ = , + „,     HI = y + IMI,

11/-w||-Hif-v||-Ml* IMI.

Since both C and C are unions of facial cones, they are hereditary, so we have

s E C D C = (0). Hence s = 0. (See [4, Lemma 2.7].) But then we have

II' - w|| = IMI + |M|. Assume / ¥* 0, and define Ft = co(£ U {-r/||r||}).
Then we just showed that Ft is a convex subset of the boundary of y4j, and that

F C Fr Since £ is maximal, we have £ = Ft, so -//||/|| G £, i.e. / G -C.

Hence C C -C. This completes the proof.

Corollary 3.6. Let A be a Banach space with the 3.2.I.P. Then both A and

A* are CL-spaces.

Remark. Corollary 3.6 improves a result of Lindenstrauss [35, Theorem 4.8].

For finite dimensional spaces the corollary was proved in the works of

Fullerton [17], Hanner [20] and Lindenstrauss [35].

Proposition 3.7. Let A be a real Banach space with the 3.2.I.P. Let F be a

maximal proper face of Ax and let C = Ux>0X£. We order A by writing

x > y if x — y E C, and we write [y,x] = {z G A: y < z < x). If x,y

G Candw E [0,x] D [0,y], then there exists an element z G [0,x] n [0,y]

such that w < z and

2||z|| = ||x+y||-|U-^||.

Proof. Assume w E [0,x] n [0,.y]. Define u = x - w and v = y - w.

Then u,vEC. By Theorem 3.2 we can find a,b,c E A such that

« - a + b,      M = Ml + II6II,

v - a + c,       IMI = ||a|| + Hell,

||„-v||-||6-c||-||6|| + |H|.

Define z = a + w. Since C is a facial cone, we have a, b, c G C, so z E C. It

is clear that 0 < w < z < x, y, and we have
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2||z|| = 2(||a|| + Ik!)

= Ml + l|w|| + \\v\\ + M - (\\b\\ + Ikll)

= \\x\\ + \\y\\-\\u-v\\ = \\x+y\\-\\x-yl

The proof is complete.

A real Banach space A with a closed convex cone C such that

ll*+*ll = 11*11 + IMI   for all*,, 6 C

and such that for all z G A, there exist x,y E C with

(3.1) z-x-y,       \\z\\ - ||*|| + ||,||

is called an A-space [4]. We say that an .¿-space A is uniquely generated if the

elements * and, in the decomposition (3.1) are unique.

Corollary 3.8. Let A be a real Banach space. Then A is isometric to an

Lx(ß)-space for some measure ¡i if and only if A is a uniquely generated A-space

with the 3.2.I.P.

Proof. It is well known that an L,(/i)-space is a uniquely generated A-

space, and Lindenstrauss has shown that an L,(/i)-space has the 3.2.I.P. (See

also the remark after Corollary 3.3.)

Assume that A is a uniquely generated yl-space with the 3.2.I.P. Let C be

the positive cone in A. Then C is a facial cone generated by a maximal proper

face of Ax. Let *, y G C. Let 0 < z, w < *, y be such that

2||z|| = 2||w|| = ||* +,||-||je-,11.

Then we have

II* -dl = II* +y\\ - 2||z|| = (11*11 - ||z||) + (11,11 - ||z||)
= ||* - z|| + ||, - z|| = ||* - w|| + ||, - w||.

Since A is uniquely generated, * - z = * - w and z = w. Hence [0,*]

n [0,,] = [0,z], and we have shown that C generates a lattice-ordering in A.

By a theorem of Kakutani [28] A is isometric to an L, (/i)-space, and the proof

is complete.

In analogy with the £3-property we define

Definition. A real Banach spaced is said tohavethe/?4-properr, if for all

*,, *2,*3 G A, there exist Un G A, 1 < / </ < 4, such that

(i) *, = uX2 + H,3 + HI4 and ||*,|| = ||«,2|| + ||ti13|| + ||w,4||,

(ii) *2 = -w12 + «23 + w24 and ||*2|| = ||w,2|| + ||w23|| + ||«24||,

(iii) *3 = -«,3 - M23 + «34 and ||*3|| - ||w13|| + ||«23ll + IIU34IL

(iv) H*, + *2 + JC3II = ||«14 + M24 + M341|  = ||«i4|| + IIM24II + II^H-
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A proof similar to the proof of Theorem 3.1 gives

Theorem 3.9. Let r — (1,1,1,1) G R4. The following statements are equiva-

lent:

(i) A has the 4.2.I.P.

(iï)Hr4(A*,(0))x = co(Ux<i<j<4Sy).
(iii) A* has the R4-property.

Theorem 3.10. A real Banach space A is isometric to an Lx{p)-space if and

only if A has the R4-property.

Proof. That every L¡ (jti)-space has the £4-property follows easily by

taking three functions and their sum, decomposing them into positive and

negative parts, and then using the Riesz decomposition property.

Assume that A has the £4-property. Let £ be a maximal proper face of Ax

and let C = (Jx>q\F. Let x,yEC, and let z be such that 0 < z < * + ,.

Since C is a facial cone, the £4-property implies that there exist «2, «3, «4, w5

G C such that * = «2 + «3,, = «4 + «5 and z = «2 + w4 (use R4 on *, ,

and -z). But then C has the Riesz decomposition property, so if 0 < z, w

< *,, and 2||z|| = 2||h>|| = ||* + ,|| - ||* - ,||, then z, w < « < *,, for

some « G C. But then z = u = w, so [0,*] n [0,,] = [0,z]. Hence C defines

a lattice-ordering in A. By a theorem of Kakutani [28] A is isometric to an

Lj (ju)-space, and the proof is complete.

Corollary 3.11. A real Banach space A has the 4.2.7.P. if and only if A* is

isometric to an Lx(ß)-space.

Remark. Corollary 3.11 is a well-known result of Lindenstrauss [35].

Theorem 3.12. A real Banach space A is isometric to an LxQi)-space if and

only if A* has the 4.2.1.P.

Proof. Assume A is isometric to an Li (ju)-space. Then A has the R4-

property, and it easily follows from Theorem 1.2 that A* has the 4.2.I.P.

Assume next that A" has the 4.2.I.P. Let £ be a maximal proper face of Ax

and let C = Ua>0a£. By Theorem 3.2 and Corollary 3.3 A has the Ry

property, and A is a CL-space by Theorem 3.5. As in the proof of Theorem

3.10 it is enough to show that C has the Riesz decomposition property. Let

e E deA\ be such that e(x) = 1 all * G £. Then the dual cone of C is

C* = {/ G A':f(x) > 0 all * G C)

= {fEAt:f=X(e + g),\ > 0 and g E A\}.

By Theorem 6.1 in Lindenstrauss [35], C* has the Riesz decomposition

property. By a result of Andô [5] C also has the Riesz decomposition property.

This completes the proof.
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Remark. Theorem 3.12 is a well-known result of Grothendieck [19] and

Lindenstrauss [35].

We remark here, that the above mentioned result of Andô, as well as its

converse, can be proved by the separation technique used in the proof of

Theorem 1.1.

4. Intersection properties and extreme points of H"{A',(0))x. In this section

as in the preceding section we will study real Banach spaces with the 3.2.I.P.

The J?3-property will now be used to obtain information on the set

deH"(A',(0))x of extreme points of H"(A*,(0))x, and we will then translate

this into information about intersection properties of A.

Lemma 4.1. Let A be a real Banach space with the 3.2.1.P. and let n > 4. Let

r = (1,..., 1) G R" and assume

(xx,...,xn) E ^V,(0)),\K.U <nS,*.

Then \\x, ± xj\\ = \\x,\\ + \\Xj\\ for all i, j; i #/.

Proof. Let 1 < / </ < n. By Theorem 3.1 A* has the /?3-property. Hence

we can write

x,-z + u,       \\x,\\ = IMI + »till,

Xj = z + v,       \\xj\\ = ||z|| + IMI,

Ik, - ^|| - II«-HI» NI + IMI.

Then we have

\\x, + z\\ + \\xj - z\\ = ||2z + u|| + IMI = 2||z|| + ||u|| + IMI

-||* + -B + IU + »||-IM + M«

and

||x,-z|| + ||*,. + z|| = |WI + IM.

We can now write

{Xx, . . . , Xn) = 2(^1, . . • ,X¡ + Z, . . .,Xj — z,..., xn)

+ \(XX, . . . ,X¡ - Z, . . . ,Xj + z,...,xn).

This is a convex combination of elements in ///"(/T.iO)),. Since (xx,... ,xn)

is an extreme point, we must have z = 0, so
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Ik-^H-lk-ull-INI + NI-ll^ll + ll*,!.

Applying the £3-property once more, we have

*,. = z + »,       ||*(.|| = ||z|| + ||«||,

-Xj = Z + V, \\Xj\\ = \\z\\ + \\v\\,

||*, + *,||HI«-«'II = IMI + IM|.

We can now write

(*!,...,*„) = (0, ...,z, ...,-z, ...,0) + (*,,...,«, ...,-v,...,xn),

which gives a convex combination of elements in H"(A*,(0))x. Since

(*,,...,*„) is an extreme point of H"(A*,(0))x and (*,,...,xH) £ Sy, we

must have z = 0, so H*,- + *.|| = ||*(-|| + ||*.||. This completes the proof of

the lemma.

Lemma 4.2. Assume A is a real Banach space with the 3.2.I.P. and let

r = (1,..., 1) G R . Assume

(*„...,*4) g ae//,V,(o)),\, u   sr

Then \\x¡\\ = 4-1 for alii, andif£¡ = ±1 (i = 1,... ,4) with 2,4=i e, = 0, then
He,*, + ••• + e4*4|| = 1.

Proof. By Lemma 4.1 we have H*,- ± *.|| = ||*(|| + ||*-|| for all /,/; i ¥=j.

Since 2,4=i */ = 0» we get

Ik, II + 11*2 II = ll*l+*2ll = ll*3 + *4H = 11*3» + 11*4 H»

11*1 II + 11*3 II - 11*1 + «3II « 11*2 + *4H = 11*2 II + 11*4 II»

II*, H+ll*4ll«ll*,+*4lHI*2 + *311-11*2ll+H*3II-

Hence

11*1 II - 11*4 II "11*3 II "11*2 » = 11*2 II "11*3 II

and

II*, II -11*2 II -11*4 II "11*3 II -11*3 » "11*4 II-

This gives ||*, || = 4"1 for all / since 2,11 II*,-II - l.Lete, - ±1 with 2,4=i e¡
= 0. We may assume e, - ^ - 1 and e3 = e4 = -1. Then ||e,*, + •••

+ «4*41| = ||2*, + 2*21| = 1. The proof is complete.
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/^ will denote R" with maximum norm, and /," will denote R" with the norm

ii(*„...,x,,)ii-2;LiI*,i.

Theorem 4.3. Assume A is a real Banach space with the 3.2.I.P. Then the

following statements are equivalent:

(i) A does not have the A.2.I.P.

(ii) There exists an isometry T: ¡^ -* A*.

Proof. If A does not have the 4.2.I.P., then by Corollary 2.11 there exists

an element

(*,.*4) e a,tf,V,(o)U  u   s9

where r = (1,...,1) G R4.

Define a linear operator T: lx -» A* by

r(l,l,l) = 4x„   £(-1,1,-1) = 4x2,   £(1,-1,-1) = 4x3.

Then

£(-1,-1,1) = -£((1,1,1)+ (-1,1,-1)+ (1,-1,-1))

= —4(xx + x2 + x3) = 4x4.

Let x E ¡l with \\x\\ = 1. Then there exist a, b, c, d E R with |a| + \b\ + \c\

+ \d\ = 1 such that

x = a{\, 1,1) + b{-\,\,-\) + c(l,-l,-l) + ¿(-1,-1,1)

and such that two of the elements a, b, c, d are > 0 and two of them are < 0.

By Lemma 4.2 we have

||£(x)|| = ||4«x, + 4bx2 + 4cx3 + 4dx4\\

-4|a|||x,|| + 4|6|||*2||+4Mlk3||+4|rf|||x4||

= \a\ + |¿| + |c| + \d\ = 1.

Hence T is an isometry.

Conversely assume £: /¿ -» A* is an isometry. Define xx,..., x4 E A* by

4x, -7(1,1,1), 4x2= £(-1,1,-1),

4x3 = £(1,-1,-1),       4x4 = £(-1,-1,1).

Then 2?=i x, = 0 and Sf-j II*,II = 1. We also have \\x,±Xj\\ = ||x,.||
+ ll^ll for all i,j; i + j. Let a E <0,1> and let (yx,...,yA),(zx,.. .,z4)
E Hr4(A*(0)); besuchthat
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(*,,...,*4) = o(,,,...,,4) + (l -a)(zi,...,z4).

1= 2 II*,-11= 2 ||a,, + (l-a)z,|
i=l i'=l

<« 2 WI + 0-«) 2 IM< l
1=1 1=1

so

ll*,ll=a|b,ll + (l-a)lkll   all/.

Hence for i =/= j

II*,- + Xj\\ < oil,, +,,|| + (1 - a)||^- + z,.||

<«IW + -llj)ll + (i-«)IM + (i-a)M

- IM + ll*,ll,

so

Li+Jjl-Ibil + M.        I*|+ 'y|- I'll+ l*yl-

From this it follows that

(*„...,*4)^co(K|U<4Stf).

Now it follows by Corollary 2.11 that A does not have the 4.2.I.P.

Corollary 4.4. A space A with the 3.2.1.P. will fail to have the 4.2.1.P. if and

only if it admits a quotient space A/J isometric to I3.

Corollary 4.5. Assume that A has the 3.2.I.P. but not the 4.2.I.P. Let e > 0.

Then there exists a linear operator S: I3 -* A such that

||*IK IISMIK 0 + *) 11*11

for all x E I3  and there  exists  a projection  P  in A   such  that  P(A)

= 5(/i3) and \\P\\ < 1 + e.

Proof. By Corollary 4.4 there exist a subspace J of A and an isometry

B: I3 -* A/J. Let Q: A -* A/J be the quotient map. A lifting gives the

existence of S (see [32, Theorem 18.9]), and P is given by P = S o £_1 o Q,

This concludes the proof.
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Remark. We can show that (ii) <=> (iii) in Theorem 3.9 holds if we replace

A* by A. Then using Theorem 3.10 and modifying the arguments in Lemmas

4.1 and 4.2 (see the proof of Theorem 5.14), we find that a real Banach space

A with the 3.2.I.P. is nonisometric to an L, (/i)-space if and only if there exists

an isometry £: /w -* A.

Alfsen and Effros [4] observed that in lx we have

£((o,o,o), l) n £((i,-i,0), i) n £((i,o,-i),i) = {(1,0,0)}.

Theorem 4.6. A has the 4.2.I.P. if and only if for all x, y G A with \\x\\, \\y\\,

\\x — y\\ < 2, we have

5(0,1) n B(x, 1) n B(y, 1) D B((x + y)/3,1/3) # 0.

Proof. To prove the nontrivial part of the theorem we assume that

£(0,1) n B(x, 1) n B(y, 1) n ((* + v)/3,1/3) # 0,

for all x, y E A with ||jc||, |Lv||, ||jc - y\\ < 2. Then clearly A has the 3.2.I.P. If

A does not have the 4.2.I.P., let 1 > e > 0 and let S and £ be as in Corollary

4.5. Let x = 5(1,-1,0) and y = 5(1,0,-1), and let

z G B(0,1 + e) D B(x, 1 + e) n B(y, 1 + e) n B((x + y)/3,1/3 + e).

Then we have

£(z) G B(0,1 + 3e) n B(x, 1 + 3e) n B(y, 1 + 3e)

n B((x + y)/3,1/3 + 3e).

Since the balls in lx are compact and e > 0 is arbitrary, we have

0=É£((O,O,O),l)n £((1,-1,0), 1)

n £((1,0,-1), 1) n £((2/3,-1/3,-1/3), 1/3).

This contradiction completes the proof.

Remark. The proof of Theorem 4.6 shows that in Theorem 4.6 it suffices to

require that

£(0,1 + e) n B{x, 1 + e) n B(y, 1 + e) n B((x + y)/3,r + e) * 0

for all e > 0 and some r G [1/3,1>.

Corollary 4.7. A real Banach space A has the 4.2.1.P. if and only if for every

family of four mutually intersecting balls {£(«,, rç)}/-i in A with

dim span(i7[,... ,a4) < 2 we have



intersection properties of balls 29

4
n B(a,,/; + £)# 0   all £>0.

Remark. Corollary 4.7 was proved by Lindenstruass [35, Lemma 6.5] for the

case when the unit ball of A contains extreme points. The general case was an

open problem. (See also the remark after Theorem 2.16.) Independently, J.

Stern [49] has given a proof of Corollary 4.7 using ultraproducts, "the principle

of local reflexivity" and Lindenstrauss' result that Corollary 4.7 holds if the

unit ball of A contains an extreme point.

At this point the following result may seem a little surprising.

Theorem 4.8. Let A be a real Banach space. Then the following statements are

equivalent:

(i) A has the 3.2.I.P.

(ii)   If {B(a¡, l)},=i   are four   mutually   intersecting   balls   in   A   with

dim span/tfj,...,a4) < 2, then

4
H £(a,, 1 + e) * 0   for all e > 0.

i=i

Proof. One implication is trivial. So assume {B(a¡,r¡)}¡=x are four mutually

intersecting balls in A with dim span^,... ,a4) < 2.

Case 1. co(alt... ,a4) has less than 4 extreme points. In this case we may

assume (by renumbering if necessary) that a4 = aax + ßa2 + ya3, where

a, ß, y > 0 and a + ßy = 1. Let x G nf,xB(a¡, 1). Then clearly also x
E B(a4,1).

Case 2. co(ax •••,a4) has 4 extreme points. Then (by renumbering if

necessary) the line between a, and a2 and the line between a3 and a4 intersect

in a point x. By translating we may assume x = 0. Now choose a, b E A with

||a|| = ||è|| = 1 and/?, q, s, t > 0 such that a, = sa, a2 = -ta, a3 = pb, a4

= -qb. Let (*,,... ,x4) G deHr4(A*,(0))x where r = (1,1,1,1). If (xx,...,

x4) E S¡j for some i,j, then since ||a(. - a|| < 2,

.2 x,(a,) < 1.
l/=i

If (jc, ,..., x4) G U( <,<y<4'S'i/- then by Lemma 4.2, \\x, || = 4"1 for all /. Hence

2 x,(a,)   < \ 2 Ha,. || - Us + 0 + Up + q)< 1.
i=l n /= i ^ ^

Now Theorem 1.1 gives
4
fj B(a,, 1 + e) * 0

for all e > 0. The proof is complete.
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Remark. Let A = I3, and let r = (1,1,1,1) and

(*„...,*4) g ae//rV,(o)),\   u   Sy.

From Lemmas 4.1 and 4.2 it follows that if *,- = [*/i»*/2'*/3l>tnen f°r each/,

|*« | = 1/4 for at least three indices /. But then since 2,=i *,- — 0, we have

\xy\ = 1/4 for all /,/, so 4x¡ E 6e(/¿)i. Now the unit ball of /¿, has 8 extreme

points, and we can write down the different extreme points of H*(A*,(Q)\

with more than two nonzero components. A typical element is

([l,l,l],[l,-l,-l],[-l,l,-l],[-l,-l,l])/4.

More generally, if « > 3 and r = (1,..., 1) G Rn+1 then (*,,... ,*„+i)

Gae//;+1(£,(0))iwhere

*Ä = (-l,...,-l,l,-l,...,-l)/(2«-2),       Â:= 1, ...,«,

and

*„+, =(«-2)(l,...,l)/(2«-2).

This shows that /" does not have the (« + 1).«.I.P.

In [26] Hustad gave a characterization of the extreme points of H?{1™, (0)),.

He then showed that for 3 < « < m + 1, lxm does not have the «.(« - 1).I.P.

by proving the existence of suitable extreme points.

The following lemma is an easy consequence of Theorem 4.6.

Lemma 4.9. Let A be a real Banach space, let r = (1,1,1,1/3) G R4, let Y

= ¿L4(R, (0)) and let Z = (R4, || ||,>r). // every linear operator T: Y -» A has,

for every e > 0, an extension f:Z^*A with \\f\\ < (1 + e) ||r||, then A has the

4.2.I.P.

Proof. Let *,, G A with ||*||, ||,||, ||* - ,|| < 2. Define T: Y -> A by

7/(zi,Z2,Z3,z4) = z2* + z3, + z4((* +,)/3).

Since the balls £(0,1), £(*, 1), £(,, 1), £((* + ,)/3,1/3) have the weak inter-

section property, it follows that ||£|| < 1. (See [24, Corollary 1.4].) Hence, by

Lemma 1.1 of Hustad [24],

f(l,0,0,0) G £(0,1 + e) n £(*, 1 + e) n £(,, 1 + e)

n £((*+,)/3,(l+e)/3).

By Theorem 4.6 (see also the remark following Theorem 4.6), we get that A

has the 4.2.I.P. The proof is complete.
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A real Banach space is called polyhedral if the unit balls of all its finite

dimensional subspaces are polytopes.

The following theorem improves Theorem 3 of Lazar [34]. Its proof is an

obvious modification of the proof of Theorem 3 in [34] using Lemma 4.9.

Theorem 4.10. Let A be a real Banach space. Then the following statements

are equivalent.

(i) A is polyhedral and A* is isometric to an Lx(¡i)-space.

(ii) For every pair of Banach spaces Y Q Z and every operator T: Y

-* A with dim T(Y) < 2 there is a compact extension f: Z -+ A such that \\f\\

= in.
A modification of the proof of Theorem 5.4 of Lindenstrauss [35] using

Theorem 4.6 gives the following result.

Theorem 4.11. Let A be a real Banach space. Then the following statements

are equivalent:

(i) A has the 4.2.1.P.

(ii) For every pair of Banach spaces Y Q Z with dim Y < 2 and dim Z/Y

= 1 and every operator T: Y ^* A, there is, for every e > 0, an extension

f:Z-*A such that \\f\\ < (1 + e)||£||.

5. Semi L-summands and L-summands. In this section A will be a real or a

complex Banach space and J will be a closed linear subspace of A.

We say that a linear projection P in A is an L-projection if

||x|| = llPxll + ||jc - £c||   all x EA.

A linear subspace J oí A is called an L-summand if / is the range of an L-

projection.

The "model" of L-projections is given by the following example. Let x be

the characteristic function of a measurable set in a measure space (X, /*). Then

/ -* fx is an L-projection in Lx (X, ¡i).

The L-projections were first studied by Cunningham [9] and later by Alfsen

and Effros ([4] or [9]).

The first two results below are due to Cunningham. The proofs can be found

in [4].

Theorem 5.1. Let P and Q be two L-projections in A. Then P and Q commute,

and PQ is an L-projection.

Corollary 5.2. Let J be an L-summand in A. Then J is the range of a unique

L-projection, and J is closed.

In §3 the complementary cone J' of J was defined to be
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J' = {* G A: x = 0 or J n face(*/||*||) = 0}.

This cone is also well defined in complex spaces, and we remark that Theorem

3.4 holds also in the complex case.

The next result was proved in the real case by Alfsen and Effros [4,

Proposition 3.1], and extended to the complex case by Hirsberg [22, Theorem

1.2].

Theorem 5.3. Let A be a real or complex Banach space and let J be a closed

subspace. Then the following statements are equivalent:

(i) J is an L-summand.

(ii) /' is a convex cone.

Moreover, if J is an L-summand and P is the unique L-projection onto J, then

J' = (I-P){A).

We will generalize the notion of an L-summand in the following way. We

say that a closed subspace J of A is a semi L-summand if

\\x+y\\ = 11*11 +W   all* G J,y E J'.

It is easy to see that every L-summand is a semi L-summand. The converse

is not true, as will be shown later on. However in Lx (/i)-space the L-summands

and the semi L-summands will coincide.

Lemma 5.4. Let J be a closed subspace of A. Then we have

{, G A: ||* +,|| = ||*|| + ||,|| allx EJ}Q J',

and

{, G A: d(y,J) = ||,||} Ç /'.

Proof. Suppose , G A and that ||,|| = d(y,J). By Theorem 3.4 we can

write

y=yx+y2,     Ibll - lb, II + lb2ll

where yx E J, y2 E J'. But then

d{y,J) = Ibll = lb,II + \\y-yx\\ > lb,II + d(y,J)

so , = ,2 G J', and the proof is complete.

Theorem 5.5. Let A be a real or complex Lx (n)-space and let J be a semi L-

summand in A. Then J is an L-summand.

Proof. By Theorem 5.3 it is enough to show that J' is convex. Let

g, h E J' and let/ G J.    Then    ||/± g|| = ||/|| + ||g|| and ||/± h\\ = ||/||
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+ ||A||. From this a straightforward calculation gives ||/+g + A|| = ||/||

+ ||g + A||, so by Lemma 5.4, g + A E J'. This completes the proof.

Remarks. (1) We have seen that every L-summand / is a semi L-summand.

(2) Every semi L-summand J is a hereditary subspace.

In fact, if x G / and .y G A are such that \\x\\ = ||.y|| + ||jc - y\\, then by

Theorem 3.4 we can write y = yx + y2 where yx E J and y2 E J'. So

IMI - hi + M + II* -*l + M > 11*11 + 2IW.
and this shows that y = yx G J.

(3) If A has the £3-property and J is a closed hereditary subspace of A, then

y is a semi L-summand. In fact, if * G / and y E J' then we can write

* = z + u,     ||*|| = M + IMI,

-*-* + *     b\\ - IUII + IMI,

||* + ̂ || - II«-HI-||«| + IMI.
Since both / and £ are hereditary, we have z E J n J' = (0), so ||* + .y||
- NI + IMI.

(4) If A has the £4-property and / is a closed hereditary subspace of A, then

J is an L-summand. This follows from Theorems 5.5 and 3.9, or by a direct

argument using Theorem 3.4 and the £4-property to prove that /' is convex.

We have the following characterization of semi L-summands.

Theorem 5.6. Let J be a closed subspace of a real or complex Banach space A.

Then the following statements are equivalent:

(i) J is a semi L-summand.

(ii) Every element in A has a unique decomposition w.r. to J andJ'.

(iii) For every x G A, there exists a unique y E J such that ||* — y\\ =

d(x,J), and moreover this unique y satisfies ||*|| = ||y|| + ||* -_y||.

Proof, (i) =* (ii). Let * G A and write x = y, + z, (/ = 1,2) where y, G J

and z, G /'. We may assume ||z, || > ||z2||. Now (yx — y2) + zx «- z2, so

IM > IM = Ibi -^2 II + Hzill- Hence ^, =^2andz, = z2.
(ii) => (i) is an easy consequence of Theorem 3.4.

(ii) => (iii). Let * G A. By Theorem 3.4 there exists a y G J such that

x-y EJ' and ||*|| = \y\ + ||* - y\. Now if >z E J and ||* - z|| =

d(x,J), then by Theorem 3.4 we can write for some u E J and v E J': x - z

-« + v,||*-z||-|H| + |M|.so

d(x,j) = ||* - z\\ = ||«|| + y

~||«|| + ||*-z-k||> Ml+</(*,/).

Hence * - z = v G /'.
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By (ii) it now follows that, = z.

(iii) =* (i). Let, G J and z E J' and write x — y + z. Now let u G J be

such that ||* - «II = d(x,J) and

||*|| = ||u|| + ||* - «||.

Using (iii) on z gives ||z|| = d(z,J), so

\\x-u\\ = \\y + z-u\\>d(z,J) = \\z\\ = \\x-y\\

> d(x,J) = ||* - «||.

By the uniqueness of u, we have u = ,. Hence ||, + z|| = ||,|| + ||z||, and the

proof is complete.

We will now characterize dual L,(/x)-spaces using L-projections.

Lemma 5.7. Let n > 2, let r = (/j,.. ,,rn) G R" with all r¡ > 0, let (*,,...,

*„) G 3e/L"(^*,(0))1, and let P be an L-projection in A*. Then we have

P(Xi) = xjor all i or £(*,) = Ofor all i.

Proof. Since 2,"=i *,• = 0, we get £(2,"=i *,) = 0. Thus

i = ll(*i,...,*„)ll = S*IMj=i

- 2 ^l|£(*,)ll + 2 ^||(/-£)(*,.)||i=i j=i

= ||(/»*,.£*„)|| + ||(*, -£*,,...,*„- Pxn)\\,

so if (£*,, ...,£*„) and (*,-£*,,... ,xn - Pxn) both are different from 0,

then we may write (*,,... ,*„) as a proper convex combination of elements in

H"(A*,{0)\, and we obtain a contradiction. Hence all Px¡ = *,. or all Px¡
= 0.

For each L-projection P in A* we define

NP - {* G A\ : £(*) = * or £(*) = 0},

and generally we define

N = D {NP: P is an L-projection in A*}.

Since * G J U 7' for every * G deAx and for every hereditary subspace /

of A it follows that [0, l]deA\ Q N. We also see that if A* = R3 with the norm

||(*,,,z)|| = |*| + v7+^

then [0, l]deA\ = N.
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Theorem 5.8. Let A be a real or complex Banach space. Then the following

statements are equivalent:

(i) A* is isometric to an Lx (p)-space.

(ii) [0, l]9e-^* = N and span(x) is an L-summand for every x G deA*.

(iii) If n > 2, ifr = (rx,...,rn) E R" with all r¡>0,andif(xx,...,xn)

EdeHrn(A*,(0))x, then there exists (z,, ...,z„) G deHr"(K,(0))x and y

E üeÄ[ such that (xx,...,xn) = (zxy,... ,zny).

(iv) A is an almost E(n)-space for all n.

(v) Every family of closed balls in A** with the weak intersection property has

a nonempty intersection.

Proof, (i) ■* (ii). [0, l]deA*x Q N is always true. Let A* be isometric to an

L1(Ar,/i)-space. Let x G Lx(X,(i) be the characteristic function of a measura-

ble set. Then/-»/x is an L-projection in Lx(X,n). Now (ii) follows since the

extreme points of the unit ball of L,^,^) are exactly the functions

zjti(£)~ Xb where z G K with |z| = 1 and £ is an atom.

(ii) => (iii). Let « > 2, let r = (rx,... ,rn) E R" with all r, > 0,

and let (*,,...,*„) G ^eH"{A*,{0))x. By Lemma 5.7 we have £(*,)

= *,- or £(*,) = 0 for all i and every L-projection P in A*. By (ii) xx, ...,xn

E [0, oo>ae/if. Let y¡ G deA* and let z¡ G K be such that *,. = z,y,. If P, is

the L-projection onto span(.y(.), then by Lemma 5.7, z¡ = 0, or z, ¥= 0 and

P¡()j) " y, *= sPan(^() for all /. Hence we may assume y\ =*'••= y„ = y.

Clearly (z,,...,z„) G deHr"(K,(0)\.

(iii) => (iv) is part of Theorem 2.14.

(iv) =* (v) follows from Theorem 2.16 and from the fact that the closed balls

in A** are compact in the <o*-topology.

(v) => (i). In the real case Theorem 3.12 or Corollary 2.12 implies that A" is

isometric to an Lj(ju)-space. In the complex case A** is isometric to a C(K)-

space for some compact Hausdorff space K, by the theorem in [25] and

Theorem 7.20 in [8]. Hence by Proposition 1.18.1 and Corollary 1.13.3 in [42],

A* is isometric to an L¡ (jn)-space.

Remark. In the real case (i) <=> (v) was first proved by Nachbin [39],

Goodner [18] and Grothendieck [19] while (i) <=* (iv) was first proved by

Lindenstrauss [35]. In the complex case (i) «=» (iv) <=> (v) was first proved by

Hustad [24].

In [4] and [9] it is proved that the collection of L-summands is closed under

the operations of taking sums and intersections. For semi L-summands we

have

Proposition 5.9. Let Jx andJ2 be two semi L-summands in a Banach space A.

Then

(i) Jx n J2 is a semi L-summand with complementary cone {Jx n J2)'
= (JX DJ'2) + J'X.
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(ii) /, + J2 need not be a semi L-summand.

(iii) IfJx is an L-summand, then Jx + J2 is a semi L-summand with complemen-

tary cone (Jx + J2)' = J\ n J2.

Proof, (i) Let * G A. By Theorem 3.4 we may write * = *, + *2 where *,

G /, and *2 G F\. Again Theorem 3.4 gives *,=,,+ ,2 where,, G J2 and

,2 G J'2. Since semi L-summands are hereditary, we get

* = y\ + y2 + *2 e (A n h) + (Ji n J'i) + J\ •

Hence

l*IKIb,ll + lb2 + *2ll<lb,ll + lb2ll + ll*2ll
-II*, II + II*2II-II*II,

S0||*|| = lblll + lb2 + *2ll-
Assuming that * G (/, n J2)', we get,, = 0. Hence

(/, n J2)' c (jj n j'2) + /',.

Assuming that * G /, n J2 and z = z, + z2 G (7, n 72) + 7',, we get

||* + z|| = ||* + z,|| + ||z2||

-11*11 + IM + IM-IWI + NI,

since Jx and J2 are semi L-summands. Hence by Lemma 5.4

(/, Cl J'2) + /', Ç (/, n J2)'

and (i) is proved.

(ii) follows from Theorem 7.8.

(iii) From Theorem 3.4 we get Jx + J2 = Jx + (J\ n J2). To show that

/, + J2 is closed, we argue as follows. Let (*„)^Li be a Cauchy sequence in

/, + J2. Then we can write

*„-* + *,, eji + cr, n;2).

Using that Jx is an L-summand, we get

II*« - *«H -  lb„ -7mII + H*» - zml

so both (^,)^=i and (zn)™=x are Cauchy sequences. Since both /, and J2 are

closed, it follows that the sequence (*„)^L, converges to an element in Jx + J2.

Let * G A. Using Theorem 3.4 we can split * w.r. to Jx and J\, and then

split the /', component w.r. to J2 and J'2. Thus we get
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a = jx + (j\ n j2) + (J\ n J'2) = (Jx + y2) + (/', n J'2).

Let * G /, + J2, write * = y + « G 7, + (J\ n 72), and let z E J\ C\ J'2.

Using that JJ and J2 are semi L-summands and that J\ is convex, we get

H* + z||-|Lv + « + z||-|Lv|| + ||u + z||

- Ibll + IMI + 11*11 = lb + «II + Ml = 11*11 + hi
By Lemma 5.4 J\ D J2 Q (Jx + J2)'. Let f G (Jx + 72)' and write v = * + z

G (•/, + J2) + (J\ n /2). Then we have * = 0, since (/, + J2)' is hereditary.

Hence (Jx + J2)' Q J\ n J2. The proof is complete.

We shall close this section by giving some new characterizations of L-

summands and semi L-summands.

Theorem 5.10. Let J be a closed subspace of A. Then the following statements

are equivalent:

(i) J is an L-summand.

(ii) For all n > 2 and all r - (rx • • • ,rn) E R" with r¡ > 0, the unit ball of

H"{A,J) is the convex hull of the unit ball of H"(A,(0)) and the unit ball of

(/MIIU
(iii) For r = (1,1,1) G RJ, the unit ball Hri{A,J\ is the convex hull of the

unit balls Hr3(A,(0))x and (J3, || ||1>r),.

Proof, (i) =* (ii). Let £ be the L-projection onto J. Let n > 2 and let r

- (r,.rH) E E" with all r¡ > 0. Let (*,,...,*„) G Hr"(A,J). Then

(*!,... ,*„) = (£*,,.. .,£*„) + (*,-£*!,... ,*„ - £x„)

gives us the desired convex combination.

(ii) =* (iii) is trivial.

(iii) => (i). By Theorem 5.3 it suffices to show that J' is convex. Let

*,, *2 G J'. Using Theorem 3.4 we may write *, + *2 = y - x3, where y

G 7and*3 G J'. We may assume ||*,|| + ||*2|| + ||x3|| = 1. Since (xx,x2,

*3) G H?{A,J)X, we may write

(*1,*2,*3) = a(yx,y2,y3) + (1 - a)(zx,z2,z3)

where a G [0,1], (yx,y2,y3) E (J3,\\ H,,), and (z,,z2,z3) G Hr3(A,(p))x.
Then we get

*, = ay, + (1 - a)z„   ||*,|| = a|Lv,|| + (1 - a)||z,.||,       / = 1, 2, 3.

Since *,■ G 7'and J' is hereditary, we get ay, = 0 all /, so (*j,*2,*3)

G H3(A,(0))x. Hence y = 2¿=i x, = 0, and the proof is complete.
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Corollary 5.11. Let J be a closed subspace of A. Then the following

statements are equivalent:

(i) J° is an L-summand.

(ii) Ifn > 2 endtfr - (r,,.. .,rn) G R" with all r¡ > 0, then

deHr"(A',J°)x Q 9,(7°-,|| ||,)r), U ae/W,(0)),.

(iii)//r = (1,1,1) G R3/«e«

a,//,V,/°), £ 3e(703,|| ||1>r), U deH3(A\(0)\-

Theorem 5.12. Let J be a closed subspace of A. Then the following statements

are equivalent:

(i) J is a semi L-summand.

(ii) For r = (rx,r2) with r¡ > 0 we have

H2(A,J)X = co{H2(A,(0))x U (72,|| H,,),).

(iii) For r = (1,1) we have

H2(A,J\ = co(H2(A,(0))x U (/2,|| II,,),).

Proof, (i) =* (ii). Let r = (rx,r2) with jj > 0 and let *,, *2 G A with *,

+ *2 G 7. Using Theorem 3.4 we may write x¡ = ,( + z¡ where ,,- G J and z¡

G /'. Then *,=,,+ z, = (*, + *2) - *2 = (*, + x2— y2) - z2 E J + /'.

By Theorem 5.6 (ii) we get z, = —z2. Hence the equation (*,,*2) = (>"i,72)

+ (z,,-z,) gives us the desired convex combination.

(ii) => (iii) is trivial.

(iii) =* (i). Let *, G J and *2 G /'. We may assume ||*2|| + ||*, — *2||

= 1, so (*2,*i - *2) G H2(A,J)X. Hence

(*2,*, - *2) = a(,,,,2) + (1 - a)(z,,z2)

where a G [0,1], (,,,,2) G (/2,|| II,,), and (zx,z2) G //r2(/J,(0)),. Then

*2 = a,, + (1 - o)z,,       ||*21| = a||,, || + (1 - o)||z, ||,

*1 - *2 - Wl + 0 - a)z2'        11*1 - *2Ü = alb2H + 0 - o)||z2||.

Since /' is hereditary, we get a,, G / n J' = (0). Hence *2 = (1 - a)z,

= -(1 - a)z2, so*, = a,2. This implies ||*, - *2|| = ||*,|| + ||*2||. The

proof is complete.
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Corollary 5.13. Let Jbe a closed subspace of A. The following statements are

equivalent:

(i) J  is a semi L-summand.

(ii) If r = (rx,r2) with r¡ > 0, then

deH2(A\j°)x c ae(y°2,|| ||„), u ae/LV,(o)),.

(iii)//r = (l,l),f«<?«

deH2(A*,J°)x C ae(/02,|| ||„), U deH2(A\(0)\.

Theorem 5.14. Let A be a real Banach space with the 3.2.I.P. A semi L-

summand J Q A will fail to be an L-summand if and only if there exists an

isometry T: /¿ -+ A such that £(1,1,1) G J and £(-1,1,1), £(1,-1,1),

£(1,1,-1) EJ'.

Proof. Assume first that there exists an isometry with the properties stated

in the theorem. Then it is easily verified that J' is not convex, so by Theorem

5.3 J is not an L-summand.

Next assume that A is not an L-summand. Let r = (1,1,1). By Theorem

5.10 there exists an element

(*,,*2,*3) G H3(A,J)x\co(H3(A,0))x U (73,|| ||,,),).

By Theorem 3.4 we can write each *,- = y¡ + z, where ,, G J and z¡ G J': But

then (*,,*2,*3) = (_y,,.y2,,3) + (zx,z2,z3) gives rise to a convex combination

in H3{A,J\. Hence we may assume *(. = z¡ E J' for all /.

Since A has the 3.2.I.P., Theorem 3.2 gives

*, = z + «,        ||*, || = ||z|| + ||«||,

-X2 = Z + V, ||*21| =  ||z|| + IHI,

||*1 + *2|| = ||«-I/|| = ||«|| + IHI.

Hence the decomposition

(*,,*2,*3) = (2,-z,0) + (u,-v,x3)

gives rise to a convex combination in H3(A,J)X. Thus we may assume

z = 0and||*, +*2|| = lUJ + IM-
In the same manner, we get that we may assume

ll*i + *3II - ll*i II + 11*3 II   and   ||*2 + *3|| = ||*2 II + ||*31|.
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Let * = 2,=i */• By assumption * ¥= 0 and * G J. We may also assume

ll*i II ̂  11*2 II ̂  H*3 II- Then using that J is a semi L-ideal, we get

II*, II + 11*2 II = 11*1 +*2» - II* - *3H - H*ll + H*3 II < H*ll + H*2 II

and

11*2 II + 11*3 II = H*2 + *3H = II* - *lll « H*ll + H*l II > N + H*2 II.
SO

11*11 >IUi II >  11*2 II >  11*3 II > W-

Multiplying by a scalar, we may assume

Ml = 11*1 II = 11*2 II = H*3 H = l.

Now the map  £: /¿ -> A  defined by  £(1,1,1) = *, £(-1,1,1) = *,,

£(1,-1,1) = *2 and £(1,1,-1) = *3, is an isometry. The proof is complete.

6. Semi M-ideals and M-ideals. Following Alfsen and Effros [4], we say that

a closed linear subspace J of A is an M-ideal if 7° is an L-summand.

We salso say that a closed linear subspace / of A is a semi M-ideal if J° is

a semi L-summand.

Definition. We say that a closed subspace J oî A has the n-intersection

property («./.£.) if for every family {B(a,,r,))"_x of balls in A with the

properties

(i)/n B(a„r¡) ¥> 0, for i = 1,...,«,

(ii)n;=1£(fl,.,^)#0,

we have

(iii) / n n?=xB(a,,r, + e) * 0 all e > 0.
We say that 7 has the restricted n-intersection property (R.n.I.P.) if (i) and (ii)

imply (iii) for every family {B(a,,r,))"=x where all r, = I.

If we can take e = 0 in (iii), then we say that J has the strong n.I.P.

Remark. It is clear that the strong n.I.P. implies the n.I.P. The converse is

false. In fact, there exist a Banach space A with a closed subspace J such that

/ has the n.I.P. for all n but not the strong 2.I.P. The example is as follows.

Let H be a separable Hubert space, let A be the ordered Banach space of all

self adjoint operators on A and let J be the compact operators in A. Then J has

the n.I.P. for all n (see [4, p. 126]). In [43] Stefánsson constructed an element

k in J such that — I < k < I, and a projection p on H such that k + p is a

noncompact projection on H, and k + p is the least upper bound for 0 and A:.

Then

k E B(k + \I, \)C\J,      0 G B{\I, \) n 7,

and
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i(* + /) EB(k + \l,¡)n B{\I,\).

Assume v E B(k + \l,\) n £(][/, 1) n £ Then

-¿/ < k + j1/ - v < J/   and   -J/ < \l - v < \l,

and this implies 0, k < i/. Hence 0, k < A: + /> < v. Since i; is compact and

k + /> is noncompact, we get a contradiction by using that J+ is a facial cone.

This example solves Problem 3 of Alfsen and Effros [4] to the negative.

Lemma 6.1. Let J be a closed subspace of A with the R.2.I.P. and let e > 0. If

x E J with ||*|| = 1 and a E Ax, then there exists z E J such that

||* + a - z||< 1 + «,       ||* - a + z||< 1 + «•

Proof. We have

a E B(a + *, 1) n B(a - x, 1)   and   ±* G J n B(a ± x, 1).

Now every element

z G J n B(a + x, 1 + e) n B{a - *, 1 + e)

fulfills the requirements.

Corollary 6.2. Let J be a closed subspace of A with the strong 2.I.P. Let

x G J with ||*|| = 1 and let a E Ax. Then there exists z E J such that

\\x + a- z\\ < 1,       ||* - a + z\\ < 1.

Corollary 6.3. Let J be a proper closed subspace of A with the strong 2.1.P.

Ifx G /, then * g deAx.

Proof. Let * G J with ||*|| = 1. Choose a E Ax such that a g /. Let z be

as in Corollary 6.2. Then the element

x = \(x + a — z) + \{x — a + z)

is a proper convex combination in Ax.

The next lemma was first proved by Hustad [24]. We will give a simplified

proof below.

Lemma 6.4. Let Abe a complex Banach space and let e > 0. Let {B(ai,ri)}"sli

be n balls in A with the weak intersection property. If a G A satisfies

\\a -a¡\\  < r¡2 + e2,       i = 1.n,

then {£(a,-,);)}"_i U {B(a,E)} has the weak intersection property.
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Proof. Using Proposition 2.3 we see that it suffices to show that if

ax, a2, a E C are such that ||a, - a2\\ < r, + r2, \\a, - a\f < ij2 + e2 (/' = 1,

2) then

B(ax,rx) n B(a2,r2) n B(a,e) #0   in C.

If B(a,,rx) C £(o2,r2) (or vice versa), then there is nothing to prove since

r? + e < (r, + e) . Hence we may assume that the boundaries of

B(ax,rx) and B(a2,r2) intersect in two different points e and/. Let Sx be the

cone of C containing ax and determined by the lines from a2 through e and/.

Let S2 be the cone of C containing a2 and determined by the lines from ax

through e and/. If a E Sx U S2, then

B(ax,rx) n B(a2,r2) n B(a,e) # 0,

since r, + e2 < (r, + e) , / = 1, 2. The rest of C consists of two sectors Tx and

T2. Let £j be the sector with vertex e, and T2 the sector with vertex/. Suppose

a E Tx. Then an inspection of the triangles axea and a2ea shows that for at

least one of these triangles, the angle at e is between tt/2 and -n. Hence the

distance from e to a is less than e, so

e E B(ax,rx) n B(a2,r2) n £(a,e).

The case a E T2 is treated similarly, and this completes the proof.

Proposition 6.5. Let n > 1 and let J be a closed subspace of a real or complex

Banach space A with the (n + 1 )./.£. If A is an almost E(n + \)-space, then J

has the strong n.I.P.

Proof. Let {B(a¡, /;)}"= x be n balls in A such that

J n B(a,,r¡) ¥= 0   alii

and

¿£(fl„i}) # 0.

Let e > 0, let em = e • 2~m and let

0 < Bm < min{\//;-2 + e2 - ^: i = 1,...,«},       m = 1,2,-

Now if a G A with ||a - a,|| < r, + 6>m all /, then {£(a,-,/;)}"=1 U {£(a,em)}

has the weak intersection property.

The conclusion will now follow from an induction argument similar to the

one used by Aronszajn and Panitchpakdi [6, p. 418].

Suppose we have found (xk)£=x in A such that for k = 1, ..., p - 1
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**+, e J n B(xk,Ek + ek+x) n .n £(*„>; + ek+x).

Then {£(a,-,/j)}"=1 U {B(xp,ep)} has the weak intersection property. Since A is

an almost £(« + l)-space, we have

.n £(«,,>; + \ep+x) n £(*,,£, + \ep+x) + 0.

Using that J has the (« + 1).I.P., we find

xp+x G J n £(*,,£„ + 0,) n .n £(«,-,/; + 0,).

Now (*jt)£L, is a Cauchy sequence converging to some element

* G J n   n B{a¡,r¡).

The proof is complete.

Corollary 6.6. Let J be a closed subspace of A with the 2.1.P. If a E A, then

there exists x E J with \\a - x\\ = d{a,J).

Proof. Every Banach space is an £(2)-space.

Lemma 6.7. Let J be a closed subspace of A with the strong 2.1.P. Let F be a

face ofAx with F n J = 0 and let a G £. Then d(a,J) - 1.

Proof. Let r = d(a,J) > 0. Suppose r < 1. Then

(1 - r)a G B(a,r) D £(0,1 - r),       0 G / n £(0,1 - r),

and

y n B(a,r) # 0

by Corollary 6.6. Let * G / n B(a,r) O £(0,1 - r). Then

1 = ||a|| < ||a - *|| + ||*|| < r + (1 - r) - 1,

so ||*|| = 1 — r. But then the element

fl= 11*11 (*/ll*ll) + 0 - ll*ll)((fl - *)/lk - *ll)

is a proper convex combination, so */||*|| G £ n /. This contradiction shows

that/- = 1.

Corollary 6.8. Let J be a proper closed subspace of A with the strong 2.I.P.

If a E deAx, then d(a,J) = 1.
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In the next theorem (i) <=> (ii) <=> (iii) was proved by Alfsen and Effros [4] by

different methods, (iv) and (v) are new characterizations of M-ideals.

Theorem 6.9. Let J be a closed subspace of A. Then the following statements

are equivalent:

(i) / is an M-ideal.

(ii) J has the n.I.P. for all n.

(iii) J has the 3.I.P.

(iv) / has the Rm.I.P. for all n.

(v) / has the R.3.I.P.

Proof, (ii) => (iii) => (v) and (ii) =» (iv) => (v) are trivial,

(i) => (ii). Let {B(a,,r,)}"=x be n balls in A such that J n B(a,,r¡) ¥= 0 all /,

and nf=1 B(a,,r¡) # 0. Let r = (rx,...,rn) E R" and let

Since

if and only if

and

if and only if

5 = //;(^,(0))1u(y°MI||1/)1.

J n B(a,,r, + e) # 0   all /, all e > 0

2J(«,)i=i
< 2 r,||j5||    all /„...,/„ G J°,

/=l

ftfa)

nB(a,,r, + e)*0   all e > 0

< 2 fîllJîll   all (/„...,/„) G Hrn(A*,(0)),
;'=1

Theorem 5.10 and Lemma 2.8 will imply

J n  r\B(a,,r, + e) ¥= 0   alle > 0.
i=i

(v) => (i) also follows from Theorem 5.10 and Lemma 2.8. The proof is

complete.

Similarly we get from Theorem 5.12 and Lemma 2.8:

Theorem 6.10. Let J be a closed subspace of A. Then the following statements

are equivalent:
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(i) J is a semi M-ideal.

(ii) / has the 2.I.P.

(iii) / has the R.2.I.P.

Combining Theorems 5.10 and 5.12 with Theorem 1.2 we get:

Theorem 6.11. Let Jbe a closed subspace of A. IfJ is an L-summand, then J°

has the n.I.P. for all n, and if J is a semi L-summand then J° has the 2.I.P.

We will now show that the word if can be replaced by if and only if in

Theorem 6.11. This will solve Problems 1 and 2 of Alfsen and Effros [4] to the

affirmative.

Lemma 6.12. Let J be a closed subspace of A and assume that for all

x G J° with ||*|| = 1 and all y E A\, there exists z E J° such that

||*+,-z|| < 1,       ||*-, + z|| < 1.

Let a E A and let e > 0. Suppose b, c E J and

\\a - ¿|| < d(a,J) + e,       \\a - c\\ < d(a,J) + e.

Then

\\b - c\\ < 4s + 2e(e + d{a,J)).

Proof. Since 7° is isometric to the dual space of A/J, we can find

x EJ° with ||*|| = 1 such that d(a,J) > x(a) = *(a - b) > ||a - ¿|| - e.

We can also find y E A* with ||,|| = 1 and y(b - c) > \\b - c|| - e. Now

choose z E J° such that ||* + , - z|| < 1 + e, ||* -, + z|| < 1 + e. We

have

*(a - c) = *(a - b) + x(b - c) = *(a - b) > ||a - b\\ - e,

(* +, - z){b - c) ~ y(b -c)> \\b - c\\ - e,

\\a - b\\ > d(a,J) > ||a - c|| - e,

Re(* +, - z)(a - c)< ||* +, - z|| ||a - c|| < (1 + e)||a - c||

and

||a - ¿|| - e < *(a - ¿)

= i(* +y - ¿){a - b) + !(* -, + z){a - b)

= |Re(* + , - z)(a - b) + |Re(* - , + z)(a - b)

< 2-Re(* + y - z)(a -b) + \{\ + e)||a - ¿||.

Hence
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Re(* + y - z)(o - b) >(1 - e) ||a - ¿|| - 2e.

Hence also

(l-£)||a-è||-2£-(l+e)||a-c||

< Re(* + y - z)(a - b) - Re(* +y- z){a - c)

= Re(* +y-z)(c-6)

= (x+y- z)(c -b)=y(c-b)<e- \\b - c\\,

so

\b - c\\ < 3e + (1 + e) ||a - c|| - (1 - e)||a - b\\

<3e+ \\a - c\\ + e\\a - c\\ + (1 - e)(e - ||a - c\[

= 3e + 2e||a — c|| + e(l - e)

< 4e + 2e(d(a,J) + e),

and the lemma is proved.

oLemma 6.13. Let J be a closed subspace of A and assume that for all x E J

with ||*|| = 1 and all y E A*, there exists z E J  such that \\x + y — z\\ < 1,

||* — y + z\\ < 1. Then A is a semi L-summand.

Proof. Let a E A. Choose a sequence {bn)™=x in J such that ||a — bn\\

< d(a,J) + 2~". From Lemma 6.12 it follows that (bn)™=x is a Cauchy

sequence. Hence {bn)^=x converges to an element b E J and

||a - ¿|| = d(a,J).

It follows from Lemma 6.12 that b is unique with these properties. By Theorem

5.6 it is enough to prove that ||a|| = ||6|| + ||a - ¿||. Put c = a - b. Then

IMI = Ik - b\\ = d(a,J) = d(a - b,J) = d(c,J).

We can now choose sequences (*„)^L¡ Q ^°and(^I)^=1 ç A* such that

ll*J = 1 = Wl all « and

Hell > *„(c) > IMI - \/n,       \\b\\ > yn(b) > IMI - 1/«.

Then there exists a sequence (z„)^L] Q J° such that \\xn + yn — zn\\, \\xn — yn

+ zn || < 1 + \/n. Clearly

K*„ +Jfc - zn){c)\ < (1 + l/«)||c||,       |(*„ -yn + z„)(c)\ < (1 + l/n)\\c\\.

Going to a subsequence if necessary, we may assume
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(*« + yn - zn)(c) ~* « G c   as « -* 00,

(xn -yn + zn)(c) -» " G C    as « -> 00,

and |«|, \v\ < ||c||. Furthermore we have

H=lim*„(c)

= timifoi + x - zn){c) + \{xn -yn + zn)(c))

- i(« + ») - il« + »l< JM + iM < 114
Hence « = i> = ||c||. But then

||¿|| + ||c|| = |lim(*„ +,„ - zn)(c) + lim,„(¿)|

= |lim(*„ + ,„ - zn)(c) + lim(*„ + yn - z„)(¿)|

= lim|(*„+,n-zj(a)|

<lim(l + l/«)||a|| = ||a|K||¿|| + ||c||.

This completes the proof.

We now have:

Theorem 6.14. Let J be a closed subspace of A. Then the following properties

are equivalent:

(i) J is a semi L-summand.

(ii) J  is a semi M-ideal.

(iii) For all x E J° with \\x\\ < 1 and ally E A\ we have J° n £(, + *, 1)

fi £(, - *, 1) * 0.
(iv) For all x E J° with ||*|| = 1 and all y E A\, there exists z G J°

such that

||* + , - z|| = 1 = ||* - , + z||.

Proof, (i) => (ii) => (iii) follows from Theorems 6.10 and 6.11.

(iii) => (iv) is Corollary 6.2.

(iv) =* (i) is Lemma 6.13.

The arguments in Lemmas 6.12 and 6.13 can be dualized, and we get

Theorem 6.15. Let J be a closed subspace of A. Then the following statements

are equivalent:

(i) J is a semi M-ideal.

(ii) For all e > 0, all x E Jx and all y E Ax, we have J f~l £(, + *, 1 + e)

n £(,-*, 1 + e) ¥> 0.

(iii) For all e > 0, all x E J with ||*|| = 1 and all y G Ax, there exists
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z G / such that \\x + y - z||, ||* - y + z|| < 1 + e.

For M-ideals we have

Theorem 6.16. Let J be a closed subspace of A. Then the following statements

are equivalent:

(i) J is an L-summand.

(ii) J  is an M-ideal.

(iii) J° n C\]=xB(y + *,-, 1) # 0wheneverx, E J°with\\x¡\\ < l(i = 1,2,

3) and y E A\.

Proof, (i) => (ii) => (iii) follows from Theorems 6.11 and 6.9.

(iii) => (i). By Theorem 5.3 it is enough to show that J' is convex. Let

ax,a2 E J'. By Theorem 3.4 we have ax + a2 = b - a3, where b E J and a3

G J'. By Theorem 6.14 we have \\a¡\\ = d(a¡,J). Let e > 0 and let *,

G J° with ||*,|| = 1 and x,(a,) > \\a,\\ - e for / = 1, 2, 3. Let y G A\ be

such that y(b) > ||6|| - e. Now we can find an element

;£/°nn £(y + *,, 1 + e).

Hence

11*11-6+ 2 (h\\-e)<y(b)+ Íx,(a¡)
i=1 1=1

= y( 2 a,) + 2 x,(a,) = 2 (7 + *,)(fl,)
\/=i   /    i=i (=i

= 2 (y + x,){a,) - z{b) - 2 (y + *,- - ^)(«,)
1= 1 i= 1

< 2 (l+e)||a,||.
i=i

Hence

Il¿||<4e + e2 ||a,.||.
i=i

Since e > 0 is arbitrary, we get b = 0, so ax + a2 = -a3 G /', and the

theorem is proved.

Dually we get

Theorem 6.17. Let J be a closed subspace of A. Then the following statements

are equivalent:

(i) J is an M-ideal.

(ii) For all t > 0, all x, E J with \\x,\\ < 1 (i = 1,2,3) and ally E Ax,
we have J n C\]=xB{y + *,, 1 + e) # 0.
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Let £ be a linear projection in A. We say that £ is an M-projection if

||*|| = max{||£*||, ||* - Px\\)   all * G A.

In [4] Alfsen and Effros proved that a linear projection £ in A is an M-

projection if and only if its adjoint projection £* in A* is an L-projection, and

that £ is an L-projection if and only if £* is an M-projection.

We say that a closed subspace J of A is an M-summand if / is the range of

an M-projection, and that J is an L-ideal if J  is an M-summand.

It follows that every M-summand is an M-ideal. From the results in [8] it

follows that c0 is an M-ideal in /M, but not an M-summand. Clearly every L-

summand is an L-ideal. In [48] Perdrizet showed that in certain spaces all L-

ideals are L-summands and later Cunningham, Effros and Roy [10] proved

that in general the L-ideals and the L-summands coincide. In Theorem 6.16

we showed that a closed subspace / of A is an L-summand if and only if 7° is

an M-ideal. Hence every «'-closed M-ideal in A" is an M-summand. Evans

[46] has characterized the M-summands by intersection properties of balls and

he has proved that every «'-closed M-ideal in A* is an M-summand.

Lemma 6.18. Let Jx and J2 be two semi M-ideals in A. Then Jx° + J2 is «*-

closed in A*.

Proof. By definition Jx° and J2 are semi L-summands. Let * G Jx° + J2 .

Using Theorem 3.4 we find * = *, + *2 G Jx° + (7,°' n J2) so ||*|| = ||*,||

+ ||*21|. By «'-compactness of ^4* this immediately gives that/4| n (Jx° + J2)

is «'-closed. By the Krein-Smulian theorem [11], it follows that 7, + J2 is «*-

closed.

In [4] Alfsen and Effros proved that finite sums of M-ideals are M-ideals.

Corollary 6.19. Let Jx andJ2 be two semi M-ideals in A. Then Jx + J2 is a

semi M-ideal. IfJx andJ2 are M-ideals, then Jx + J2 is an M-ideal.

Proof. By Lemma 6.18 and a theorem of Reiter [41], it follows that /, + J2

is closed and that (/, + J2)° = Jx° n J2°. Now Proposition 5.9 gives that

Jx + J2 is a semi M-ideal.

Proposition 6.20. Let (Ja) be a family of closed subspaces of A. Let

J = (2a -4) (norm-closure).

(i) // every Ja is a semi M-ideal, then J is a semi M-ideal.

(ii) If every Ja is an M-ideal, then J is an M-ideal.

Proof, (i) Let a,, a2 E A and let rx, r2 > 0 be such that ||a, - a2|| < rx

+r2 and d(a¡,J) < r¡(i = 1,2). Let e > 0. Then there exist JX,J2E (Ja) such

that í%>4) < r¡ + e (i = 1,2). By Corollary 6.19
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2

(Jx + J2) n  H B(ai,ri + 2e) # 0,

so also

2
/ n  n £(a„/; + 2e) 9t 0.

By Theorem 6.10 / is a semi M-ideal.

The proof of (ii) is similar.

Remarks. From Proposition 5.9 it follows that the intersection of two semi

M-ideals need not be a semi M-ideal, whereas the intersection of an M-ideal

and a semi M-ideal will be a semi M-ideal.

Statement (ii) in Proposition 6.20 is proved by Alfsen and Effros in [4]. Here

they also proved that finite intersections of M-ideals are M-ideals.

For/? G <1,00> there is a natural definition of L^-projection, L^-summand

and L -ideal. As is the case with L = Lpideals, one can verify that the Lp-

ideals and the L-summands coincide. This was first proved by H. Fakhoury

[50].

7. Applications.

A. The Hirsberg-Lazar theorem.

Theorem 7.1. Let A be a {real or complex) almost E(3)-space and suppose Ax

contains an externe point e. Suppose that span(p) is an L-summand for all

p G deA\. Define S = {fEAt: ||/|| = 1 =/(e)} and define $: A
-* C(S) by $(*)(/) = /(*). Then $ is an isometry into C(S) and $(e) = 1.

Proof. Clearly $(<?) = 1 and ||4(*)|| < ||*|| for all * G A. Let * G A. We

only have to prove that ||*|| < ||$(*)||. Let/? G deA* be such that ||*|| = /?(*).

Define Jp = {y E A: p(y) = 0}. Then Jp° = span(/>), so Jp is an M-ideal. By

Theorem 6.9, Proposition 6.5 and Corollary 6.8 it follows that d(e,J) = 1.

Since the dual space of A/Jp is isometric to J = span(p), we get that

\p(e)\ = 1. Hence for some z with |z| = 1, we have zp G S, so ||*|| = \zp(x)\

< ||$(*)||, and the proof is complete.

Corollary 7.2. Let A be a (real or complex) Banach space whose dual space

is isometric to an LxQi)-space. Assume that the unit ball Ax contains an extreme

point e. Let S and $ be as in Theorem 7.1. Then $> is a linear isometry of A onto

the u'-continuous affine (real or complex valued) functions on S and $(e) = 1.

Proof. It follows from Theorems 5.8 and 7.1 that $ is a linear isometry,

and the surjectivity follows by an argument from [1, p. 74] or [40].

Remarks. For the complex case Corollary 7.2 was first proved by Hirsberg

and Lazar in [23]. For the real case, Theorem 7.1 can be sharpened so we get
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the following result of Nachbin [39], Kadison [27] and Lindenstrauss [35] (see

Theorem 4.7 in [35]):

Theorem 7.3. Let A be a real Banach space and suppose Ax contains an

extreme point e. Let S and $ be defined as in Theorem 7.1. Suppose that for every

family {B(a¡,/■)},-=, of three mutually intersecting balls in A such that B(ax,rx)

D B(a2,r2) = {e}, we have e E £(a3,r3). Then span(e) is a semi L-summand,

<p(e) — 1, and $ is an isometry of A onto the «''-continuous affine real-valued

functions on S.

Proof. First we will show that span(e) is a semi L-summand. Let *

G A\span(e) and let r = d(x, span(e)) > 0. Suppose a, b G span(e)

n £(*,r) and 2s = ||a - ¿|| > 0. Choose c such that j > e > 0 and r > e

> 0. Then the balls {B(x,r - E),B(a,s),B(b,s)} can be translated by an

element, in span(e) such that B(a - y,s) n £(¿ - ,, s) = {e} and the balls

£(* - y,r - e), B(a - y,s), B(b - y,s) are mutually intersecting. In fact, ,

= a — e will do. But then by the assumption, e G £(* — ,, r — e), so

d(x, span(e)) < r- e. This is a contradiction, so span(e) n £(*,/•) must consist

of one point z. Then ||*|| < ||z|| + ||* - z||.

Suppose ||*|| < ||z|| + ||* - z||. Then ||* - z|| < ||*||, since ||*|| = ||* - z||

= r implies z = 0 and ||*|| = ||z|| + ||* — z||. From the assumption it fol-

lows that

span(e) n £(0, ||*|| ||* - z||)

n B(z, M + II* - *ll - 11*11) n £(*, ||* - z||) + 0.

Since span(e) D £(*, ||* - z||) = {z} we have z G £(0, ||*|| - ||* - z||), so

||z|| + ||* - z|| < ||*||. This contradiction shows that ||*|| = ||z|| + ||* - z||.

By Theorem 5.6 span(e) is a semi L-summand.

Let J = (span(e))°. Then/ is a «'-closed semi M-ideal in A* and for all

p E deA*x, d(p,J) = 1 by virtue of Theorem 6.10 and Corollary 6.8. Since

span(e)* is isometric to A*/J, we get \p{e)\ = 1, so p E S or -p E S. But

then $ is an isometry of A into the «'-continuous affine real-valued functions

on 5 and $(e) = 1. The surjectivity argument can be found in [1, Corollary

1.1.5]. The proof is complete.

Corollary 7.4. Let A be a real Banach space and let e G deAx. Then the

following statements are equivalent:

(i) For every family {B(a¡,r¡)}¡=x of three mutually intersecting balls in A such

that B(ax,rx) D B(a2,r2) = (e), we have e E £(a3,f3).

(ii) There is a linear isometry O of A onto the space of continuous affine

functions on a compact convex set, with 4>(e) = 1.

(iii) span(e) is a semi L-summand.
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Proof, (i) =» (iii) =* (ii) follows from Theorem 7.3.

(ii) => (i) is proved in [35, Theorem 4.7].

B. M-ideals and L-summands in spaces of continuous functions and uniform

algebras. Let X be a compact Hausdorff space and let A be a Banach space of

continuous real- or complex-valued functions on X containing the constants.

We say that a subset £ of X is a peak set for A if there exists an element / G A

such that/(*) = 1 for all * G £and |/(*)| < 1 for all * G X\F. We say

that £ is a generalized peak set for A if £ is an intersection of peak sets. It is

easily verified that the notions of peak set and generalized peak set will

coincide for Gô-sets.

Theorem 7.5. Let A be as above and let J be a semi M-ideal in A. Then there

exists a generalized peak set F C X for A such that J = {/ G A:f(x)

= 0 for all x E £}.

Proof. Define £ = {* G X: /(*) = 0 for all/ G J}. Let q be an extreme

point of the unit ball of J° in A*. Since J° is a semi L-ideal, q E deA*x. Let

$: X -* A\ be the natural map. Then there exist Â G C with |X| = 1 and *

G X such that q = X$(x). Clearly * G £and £(*) = 0 for all/ G J. As-

sume g E A and g(y) = 0 for all y E F. Then q(g) = 0, so by the Krein-

Milman theorem [11] p(g) = 0 for all/> G J°. Hence g E /and/ = {/

G A:f(x) = 0 for all* G £}.

Let * G X\F, and let/ G J with ||/|| = 1 and/(*) = 2e > 0. Then 1

G £(1 +/, 1) n £(1 -/, 1) and ±f E J n £(1 ±f, 1). From the proof of
Proposition 6.5 it follows that there exists an element g E J n £(1 -/, 1)

n £(1 +/, 1 + e). But then ||1 -/- g|| = 1 and

0 ~f-g)(y)- 1    forall.yG£.

We have

1 + e > ||1 +/- g\\ > Re(l +/(*) - g(x)) = 1 + 2e - Re g(x),

so Re g(x) > e. Hence

Re(l -/(*) - g(x)) < 1 - 2e - e = 1 - 3e < 1.

Let Fx = {y G X: 1 - f(y) - g(y) = 1}. Then Fx is a peak set, £

C Fx and * G Fx. Hence £ is the intersection of a family of peak sets. The

proof is complete.

Theorem 7.6. Assume A is a Banach algebra of continuous complex- (or real-)

valued functions on X containing the constants and separating points. Let J be a
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closed subspace of A. Then the following statements are equivalent:

(i) / « an M-ideal.

(ii) J is a semi M-ideal.

(iii) There exists a generalized peak set F for A such that J = {/ G A:

f{x) = 0 for all x E £}.

Proof, (i) => (ii) is trivial and (ii) => (iii) is proved in Theorem 7.5.

(iii) =» (i). Let /,,/2,/3 G Jx, let g G Ax and let £ > 0. Let G = {* G X:

2,=i UMI ~> e}- Then G is a compact set disjoint from F. Hence there exists

an h E Ax such that «(*) = 1 for all * G £and |«(*)| < 1 for all * G G. For

some m, we have \hm{x)\ < e for all * G G. Then we get

g(l-hm) EJ D  n£(g+/,l+£).

By Theorem 6.17 it follows that / is an M-ideal. The proof is complete.

Corollary 7.7. Assume A = C(X) (= the Banach space of all real- or

complex-valued continuous functions on X). Then a closed subspace J of A is an

M-ideal if and only if J = {/ G A:f(x) = 0 all x G F) for some closed subset

FofX.

Remark. The equivalence of (i) and (iii) in Theorem 7.6 was proved by

Hirsberg in [22].

A Banach space A always contains the two trivial L-summands (0) and A.

The next result shows that there need not be any other L-summands in A.

Theorem 7.8. Let A = C(X) (= the Banach space of all real-valued contin-

uous functions on a compact Hausdorff space X). Let J be a closed subspace of A.

Then J is a semi L-summand in A if and only if J = A, J = (0) or J

= span(/) for some f G deAx.

It follows from Corollary 7.4 that span(/) is a semi L-summand for all

/ G deAx. That there is no other nontrivial semi L-summand in A, follows

from the following observation: Assume J is a closed hereditary subspace of

CÍA') and that/ G J is such that ||/|| # |/(*)| for some * G X, then every

g E C(X) with g(y) = 0 for |/(,)| - ||/|| will belong to J.

The complementary cones £ of the semi L-ideals J = span(/) in Theorem

7.8 are clearly not convex. Hence we get:

Corollary 7.9. The only L-summands in C(X) is (0) and C{X).

Remark. Since real CiA'J-spaces have the 4.2.I.P. their dual spaces are

isometric to L, (ju)-spaces. The projections of norm 1 in L, (/x)-spaces (1 < p

< oo) are completely described by several authors (see [37]). It follows that



54 ÂSVALD LIMA

L] (/x)-spaces do not contain any nontrivial M-projections. Hence C(X) do not

contain any nontrivial L-projections.

C. G-spaces. A real Banach space A is said to be a G-space if there exists a

compact Hausdorff space X and a set S = {(xa,ya,Xa)) £ A' X A" X [-1,1]

such that ¿ is isometric to Y = {/ G C(*):/(*a) = AJÍj/J all (xa,ya,Xa)

ES). The G-spaces were intoduced by Grothendieck [19] and they have been

been studied by various authors, notably by Lindenstrauss [35], Lindenstrauss

and Wulbert [38] and Effros [13].

We will here give new proofs of some results of Lindenstrauss, Wulbert and

Effros.

Theorem 7.10. Let A be a real Banach space. Then the following statements

are equivalent:

(i) A is a G-space.

(ii) There exist a compact Hausdorff space X and a subspace Y of C(X)

isometric to A such that max(/,g,0) + min(/g,0) G Y for allf, g E Y.

(iii) If x,y E A, then there exists z G A such that

p(z) = max(p(x),p(y),0) + mm(p(x),p(y), 0)

for all p G deA\. _

(iv) A" is isometric to an Lx(p.)-space and deA*x Q [0, l]deA\ (u*-closure).

Proof, (i) => (ii) is a verification. (See [35, Lemma 6.7].)

(ii) => (iii) is straightforward,

(iv) =* (i) is proved in Effros [13, Theorem 6.3].

(iii) =* (iv). Let *, y E A be such that ||*||, ||.y||, ||* - y\\ < 2. Let z G A be

such that

2p(z) = max(p(x),p(y),0) + min(p(x),p(y),0)

for all p E deA*x. An easy verification (see [35, Theorem 6.9]) shows that

z G £(0,1) n £(*, 1) n B(y, 1). Let/? G deA\. If 0 < p(y) < />(*), then

6p(z) - 2p(x) - 2p(y)

= 3p(x) + 0 - 2p(x) - 2p(y) = /?(*) - 2p(y),

so -p(y) < p(6z - 2* - 2y) < /?(*). Hence

-max(||*||, IWI) < p(6z - 2* - 2y) < max(||*||, |b||).

Similarly we treat the cases />(*) > 0 > p(y), 0 > p(x) > p(y), 0 > p(y)

> P(x), p(y) > 0 > /?(*), and p(y) > /?(*) > 0. Then we get

||z - (* +^)/3|| < max(||*||,|H|)/6 < 1/3.
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By Theorem 4.6 and Corollary 3.11 we get that A' is isometric to an

L,(/i)-space. _
Suppose now that/» G deA\ («'-closure). Then clearly/? satisfies the equal-

ity in (iii). We may assume \\p\\ = 1. In order to show that p E àeA\, it

suffices to show that if q E A* and \\p\\ = \\q\\ + \\p - q\\, then q

G span(/>). Define J = {* G A: p(x) = 0}. Then J° = span(p). Let e > 0.

Let * G / with ||*|| = 1 and choose y E A with ||,ll = 1 such that />(,)

> Ibll - e = 1 - e. Let z G yi be such that

/(z) = max(/(, + *),/(, - *),0) + min(/(, + *),/(, - *),0)

for all/G 3^. Then

/>(z) = max(/j(, + *),/?(, - *),0) + min(/j(, + x),p(y - *),0)

= max(/?(,),0) + min (/>(,), 0),

so/j(z) = />(,). Hence z - , E J. Define u = z - ,. If / G deA\, then

/CO = 2}(y) + max(/(*),-/(*),-/(,)) + min (/(*), -/(*), -/(,)).

Verification gives

f(y)-f(x) iff(y)>f(x)>0,

/(,)+/(*) if /(,) >-/(*)> 0,

f(y - «) - 2/(^) -/(z) - { o if |/(,)| < |/(*)|,
/(,)-/(*) if/(,)</(*)<o,
/(,)+/(*) if /(,)<-/(*)< o.

Hence we get

and

so

Now

||*+,-«|| <max(||*||,Ibll) =1

||,-*-"IKmax(||*||,||,||)=l,

« g / n £(, + *, l) n £(, - *, 1).

* = ̂ (* + , - «) +1(* -, + «).
Since /;(* +,-«)> 1 - e, p(x -, + «)< -1 + e   and   1 = Ibll — Hill
+ Ib - ill we get <?(*+,-«)> ||a|| - £ and q(x - y + «) < -||a|| + e, so



56 ASVALD LIMA

\q(x)\ < e.   Since  e > 0  is  arbitrary,  we  get  q(x) = 0.   Hence  q E J°

= span(/?), the proof is complete.

Remarks. (1) In [35] Lindenstrauss proved that the dual space of a G-space

is isometric to an L[(/i)-space. In [38] Lindenstrauss and Wulbert gave a

direct proof of the implication (ii) => (i) in Theorem 7.11. Their proof is rather

technical.

(2) In [13] Effros proved (iv) => (i) and for separable spaces also (i) => (iv)

of Theorem 7.11. The assumption of separability was later removed by

Fakhoury [16] and Taylor [45]. Effros [13] also proved that A is a G-space if

and only if A* is isometric to an Lx (fi)-space and has Hausdorff structure

topology on deA*. (See Effros' paper [13] for the definition of the structure

topology.) Uttersrud [51] has proved (using Theorem 5.8) that if the structure

topology on deA* is Hausdorff, the A* is isometric to an Lj(/i)-space and

hence A is isometric to a G-space.

(3) A real Banach space A is said to be an M-space if A is a G-space such

that all 0 < Xa < 1 for all a (Xa as in the definition of G-space). Arguments

similar to those used in the proof of Theorem 7.11 can be used to prove the

equivalence of the following statements:

(i) A is an M-space.

(ii) A is isometric to a sublattice of a C^-space.

(iii) A* is isometric to an L, (ju)-space and there exists a maximal proper

face £of A\ such that 8e£ C [0, l]3e£ (w'-closure). The equivalence of (i) and

(ii) is a result of Kakutani [29].

(4) By the method of proof used in Theorem 7.11, we can obtain character-

izations similar to (iv) in Theorem 7.11 and (3)(iii) above for C(K)-,C0(LK)-,

C2- and C0-spaces. (See Lindenstrauss and Wulbert [38], Fakhoury [16], Ka

Sing Lau [33] and Olsen [40].)

(5) In the proof of Theorem 7.11 we proved that / is a semi M-ideal. By

Theorem 5.5 we then get that span(/>) is an L-summand for all p E deA\ (en-

closure).

D. Semi M-ideals in order unit spaces. Let A = A(K) be the Banach space

of all continuous affine real-valued functions on a convex compact subset K

of a locally convex Hausdorff space. As in Theorem 7.1 we define S

= {fEA*: U/H = /(l) = 1}. It is proved in Alfsen [1] that

A* = co(S U -S)

and that K is homeomorphic to 5 under the map * -* * where x(a) — a(x).

Hence we can and shall identify K and S. A and A* are partially ordered with

positive cones A+ = {/ G A: f > 0} and A*+ = UX>QXK respectively.

Proposition 7.11. Let J be a semi M-ideal in A. Then J° is positively

generated.
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Proof. Let * G J°. Then since A* = co(K U -K), we can write *

= , - z where,, z G A*+ and ||*|| = |j,|| + ||z||. Since J° is a semi L-sum-

mand, J° is hereditary (see the remarks after Theorem 5.5). Hence ,, z

Ej°n a'+.
Let / be a subspace of A, and let q>: A -* ^4// be the canonical map. (p(A+)

is a (possibly improper) convex cone in A/J. We say that J is an oroer ioea/ in

A if a, ¿ G J, c G j4, a < c < ¿, implies c G £ In [1, Proposition II. 1.1] it is

proved that J is an order ideal if and only if y(A+)i is a proper (convex cone,

i.e. (p{A+) n -<p(A+) = (0). Clearly, if / is a semi M-ideal in A, then by

Proposition 7.11 / is an order ideal in A.

Proposition 7.12. Let J be a semi M-ideal in A. Then <p(A+) is closed in the

quotient topology.

Proof. Let £ = £° n K. Then by Proposition 7.11, Jx  = co(£ U -£).

Let * G A be such that <p(x) G <p(A+). By Hahn-Banach cp(*) G <p(/í+) if

and only if/(*) > 0 for all/ G £. Without loss of generality, we may assume

0 < /(*) < 2 for all/ G £. But then -1 < /(* - 1) < 1 for all

/ G co(£ U -£).

Since the dual space of A/J is isometric to J°, we get ||(p(* - 1)|| < 1, so

d(x - 1,/) < 1.
By Corollary 6.6 there exists an element, G J n £(* - 1,1). But then

— 1 < * - 1 — , < 1, so 0 < * — , < 2. Hence <p(*) = <p(* - ,) G <p(A+).

This completes the proof.

Propositions 7.11 and 7.12 imply: (i) if <p(*) G A/J, then -«<p(l) < ç>(*)

< nq>(l) for some «, and (ii) if n<p(y) < (¡o(l) for all « = 1, 2, .. .then <p(,)

< 0. Hence if / is a semi M-ideal, the A/J with positive cone (p(A+) will be an

Archimedean ordered vector space (with terminology of [1]).

We now want to prove that if J is a semi M-ideal in A, then J is positively

generated. We write J+ — J D A+.

Lemma 7.13. Let J be a semi M-ideal in A. Then

A\ n (J° + At+) C At+ + (7° n 4).

Proof. Let * G A\ n (7° + -4*+). Then we can write * = , + z where,

G J° and z G y4*+. By Theorem 3.4 we may write z = zx + z2, \\z\\ = ||z, ||

+ ||z2|| where z, G J° and z2 G J0'. Since z G /4*+ we get

Ik,II + NI - NI - *0) = ̂ (i) + ̂ 2(i) < Ik,II + ||z2||.

Hence z2(l) = ||z2||, so z2 G A*+. But then
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X = (y + Zx) + Z2EJ° + U'+ H J0'),

and since J° is a semi L-summand

1 > NI = ILv + *, 11 + lk2 II > \\y + zx ||.

Hence * G J*+ + (7° n ^J). The proof is complete.

Taking polars in the formula in Lemma 7.13 (see [7, Proposition 1.1]), we get

Corollary 7.14. If J is a semi M-ideal in A, then

A+ n (J + Ax) QJ+ + AX.

Lemma 7.15. Let J be a semi M-ideal in A. Then J  + A*+ is a*-closed and

-(J n A+)° = J° + A*+.

Proof. Let (*a) be a net in A\ n (J° + A*+). In the proof of Lemma 7.13

we showed that we could write *„ = ya + za, ||*J| = \\ya\\ + ||zj| < 1,

where ya E J° and za E A'+. Since A\ n J° and A*+ n ^ both are «'-com-

pact, we may assume, passing to subnets if necessary, that* -» y G / and za

-» z G .4*+(«'-convergence). Using that the norm is co'-lower semicontin-

uous, we get

ILv + z|| < \\y\\ + IUII < Hm infill|| + lim inf ||zj|

< lim inf fly + llzjl) < lim inf ||*J| < 1.

Hence a subnet of (*a) converges to y + z G A* n (J° + A*+). By the

Krein-Smulian theorem, J° + A*+ is *-closed.

The formula -(/ n A+) = J° + A*+ now follows from Asimow [7, Prop-

osition 1.1]. The proof is complete.

Corollary 7.16. Let J be a semi M-ideal in A and let a E A+. Then

d(a,J) = d(a,J+).

Proof. Suppose r = d(a,J) > 0. Let f E A* be such that / > 0 on /

n A+. Then/ G -(/ D A+)° = J° + A*+. Hence we may write/ = g + A,

11/11 = llgll + IMI, where g G J° and A G ,4*+. Let * G / n £(a,r). Then

-f(a) = -g(o) - A(fl) < -g(a) = -g(a - *)< r\\g\\ < r\\f\\.

By Theorem 1.4 we get d(a,J fl A+) < r. The proof is complete.

Proposition 7.17. Lei J be a semi M-ideal in A. For all 8 E [0,1> we have

j n £(0,5) ç (j+ n ax) - (j+ n ax).
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Proof. Let * G J with ||*|| = 1 and let £ > 0. By Theorem 6.10 and the

proof of Proposition 6.5 there exists an element

, G / n £(1 - *, 1) n £(1 + *, 1 + e).

Since, G £(1 - *, 1) we have 0 <*+>>< 2. Since, G £(1 + *, 1 + e) we

have -(2 + s) < * - , < £. Hence by Corollary 7.14

,-* + £G,4+n(./ + £(0,e)) ç (J n A+) + B(0,e)

C (J n A+) + B(0,2e).

Now choose z G J n A+ and u E £(0, 2e) such that ,-* + £ = z + «.

Then ||z|| < 2 + 3e and, - * = z + (u - e). But then

* = 2-1(* +,) - 2~l(y - *) - 2_1(* +,) - 2_,z - 2_1(« - «)

= 2_I(* +,) - (2 + 3e)_1z - 2_1(« - e) + ((2 + 3e)-1 - 2"')z.

We have

||2-,(«-£) + (2-1-(2 + 3e)-1)z||

< 2_13e + (2 + 3e)(2_1 - (2 + 3e)_1) = 3e.

Hence * G (/+ n Ax) - (J+ n Ax) + £(0,3e), so

j n Ax c (j+ n ^1,) - (j+ n Ax).

The Tukey-Klee-Ellis theorem (see [15, Lemma 7]) now gives that for

8 E [0,1>, we have

J n £(0,5) ç (/+ n Ax) - (j+ n Ax).

The proof is complete.

Following [1] we say that a closed subspace / of A is a strongly Archimedean

order ideal if

(i) A/J is an Archimedean ordered vector space.

(ii) / is positively generated.

(iii) y  is positively generated.

Propositions 7.11, 7.12 and 7.17 show that:

Theorem 7.18. /// is a semi M-ideal in A, then J is a strongly Archimedean

order ideal.

By Theorem 7.18, [44, Theorem 5.2] and [4, Proposition 6.18, part II] we get:
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Corollary 7.19. If J is a closed subspace of the selfadjoint part of a C*-

algebra with unit, then the following statements are equivalent:

(i) J is a semi M-ideal.

(ii) / is an M-ideal.

(iii) J is the selfadjoint part of a two-sided ideal of the algebra.

Proof, (ii) o (Hi) is due to Alfsen and Effros [4].

(ii) => (i) is trivial.

(i) =* (iii) follows from Theorems 7.18 and 5.2 in Stornier [44].

Remark. Let ,4 = lx and let e = (1,0,0). From Corollary 7.4 and Theorem

7.8 it follows that A is isometric to an A(K)-spa.ce, and that / = {(x,y,z): x

+ y + z = 0} is a semi M-ideal in A which is not an M-ideal.

This example was first used by Alfsen and Effros in the proof of Theorem

5.8 in [4]. There they proved that J has the 2.I.P. but not the 3.I.P. by an

elementary but somewhat technical geometric argument.
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