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ABSTRACT. We study intersection properties of balls in Banach spaces using
a new technique. With this technique we give new and simple proofs of some
results of Lindenstrauss and others, characterizing Banach spaces with L, (1)
dual spaces by intersection properties of balls, and we solve some open
problems in the isometric theory of Banach spaces. We also give new proofs
of some results of Alfsen and Effros characterizing M-ideals by intersection
properties of balls, and we improve some of their results. In the last section
we apply these results on function algebras, G-spaces and order unit spaces
and we give new and simple proofs for some representation theorems for
those Banach spaces with L; (1) dual spaces whose unit ball contains extreme
points.

Introduction. A Banach space 4 is said to be a 9-space if for every Banach
space X containing A, there is a linear projection P from X onto 4 with
IPIl < 1.1t is easy to see [11, p. 123] that a Banach space 4 is a %-space if
and only if 4 has the following property: For every Banach space Y, for every
linear subspace X of Y and for every bounded linear operator T: X — A, there
exists a linear extension T: Y — 4 of T with ||T|| = ||T}|. An example of a
space with this property is / (I') for some set ' % . This is shown by
application of the Hahn-Banach theorem coordinatewise.

In 1950 Nachbin [39] and Goodner [18] characterized the real % -spaces
whose unit balls have extreme points: They are (up to isometry) the C(K)-
spaces for which the compact Hausdorff space K is extremally disconnected
(i.e. the closure of every open set is open). In 1952 Kelley [30] showed that the
assumption on the unit ball was superfluous. This was shown to hold also in
the complex case by Hasumi [21] in 1958. In 1955 Grothendieck [19] showed
that a real Banach space 4 is isometric to an L, ()-space for some measure p
if and only if its dual 4* is a 9,-space. This result was later proved for the
complex case by Sakai [42].
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In the above mentioned paper [39] from 1950 Nachbin proved that a real
Banach space is a 9 -space if and only if its closed balls have the “binary
intersection property” (i.e. if every family of closed balls, any two members of
which intersect, has a nonvoid intersection). In 1973 Hustad [24], [25] observed
that for real spaces a family of closed balls are mutually intersecting if and
only if it has the “weak intersection property” (i.e. for every linear functional
@ with |p|| = 1, the images of the balls by ¢ shall have a nonvoid intersec-
tion), and that it is the weak intersection property which is the relevant one in
the complex case. Thus he proved that a complex Banach space is a 9;-space
if and only if every family of closed balls with the weak intersection property
has a nonvoid intersection [25].

In 1964 Lindenstrauss [35] proved that for a real Banach space 4 the
following properties are equivalent:

(i) A** is a 9-space.

(ii) Every family of closed balls {B(a;,%)};c; in 4, any two members of
which intersect, and with {g;},c, relatively norm compact, has a nonempty
intersection.

(iii) Every family {B(a,.,r,-)};.‘=I of 4 balls such that |lg; — ;|| < 7 + 5 all
i,j = 1,..., 4, has a nonempty intersection.

(iv) For every compact operator T from a Banach space X into 4 and for
every Banach space Y 2 X and for every ¢ > 0, the operator T admits a
compact extension T: Y — A such that ||T]| < (1 + ¢)||7]|. (It suffices to
have such extensions for spaces X and Y with dim Y/X = 1))

A Banach space 4 is said to be a Lindenstrauss-space if A* is isometric to
an L, (u)-space for some measure p, which by the Grothendieck-Sakai result is
equivalent to 4** being a %-space.

In [35] Lindenstrauss showed that in the real /; every family of 3 mutually
intersecting closed balls has a nonempty intersection.

In 1969 Lazar [34] characterized those real Banach spaces which have the
following property: For every pair of Banach spaces X C Y and for every
compact operator T: X — A, there exists a compact extension T: Y
— A with | T|| = ||T||. They are precisely the polyhedral spaces with dual
spaces isometric to L (1)-space. (“Polyhedral” means that the unit ball of all
finite dimensional subspaces are polytopes.)

Hustad [24] defined a (real or complex) Banach space 4 to be an “almost
E(n)-space” if for every family {B(a;, 7)), of n closed balls in 4 with the
weak intersection property and for every ¢ > 0, the corresponding balls
B(a;,r; + €) have nonempty intersection; the word “almost” is omitted if one
can take ¢ = 0 as well. By our previous remarks, condition (iii) above is
equivalent to 4 being an E(4)-space. (Actually, Hustad gave another definition
of almost E(n)-spaces and the above definition is a theorem of his.) In the
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same paper Hustad proved that for a complex Banach space A the following
properties are equivalent:

(i) 4** is a %-space.

(ii) For every family of closed balls {B(a;,%)};c; in A with the weak
intersection property and with {g;},, relatively norm compact and for every
¢ > 0, the corresponding balls {B(a;,; + ¢€)};<; have nonempty intersection.

(iiiy A4 is an E(7)-space.

(iv) For an arbitrary compact operator T from a Banach space X to A and
for every Banach space Y 2 X and for every ¢ > 0, the operator T admits an
extension T: Y — 4 such that |T]| < (1 + ¢)||T]|. (It suffices to consider
spaces X and Y with dim Y/X = 1.

In 1960 Cunningham [9] introduced the L-projections and the L-summands.
A linear projection e in a Banach space 4 is said to be an L-projection if
lxll = lle(x)ll + |lx — e(x)|| all x € 4. A subspace J of A4 is said to be an L-
ideal or an L-summand if J is the range of an L-projection. Cunningham [9]
showed that the L, (1)-spaces have “sufficiently many” L-projections and that
this characterizes L, (u)-spaces. L-summands were studied further by Alfsen
and Effros in [4]. Alfsen and Effros [4] defined a closed subspace J of 4 to be
an “M-ideal” if J is an L-summand. We say that a linear subspace J of 4 has
the n.LP. (n-ball property or n-intersection property) if given n closed balls
{B(a;, )}~ in A4 such that if J N B(a,,;) # & for all i and N, B(a;,r)
# &, thenJ N M, B(a;,r + €) # Dalle > 0. One of the main theorems of
of Alfsen and Effros in [4] is Theorem 5.8, by which the following statements
are equivalent:

(a) J is an M-ideal.

(b) J has the n.I.P. for all n.

(c) J has the 3.I.P.

Alfsen and Effros proved this as a theorem on dominated extension of linear
functionals.

In §1 we begin by giving necessary and sufficient conditions that a finite
family of balls and a linear subspace (or a convex cone) have nonempty
intersection. These are results that will be used several times in the work.

In §2 we consider the extreme point structure of the unit ball of the Banach
space

H'(4%,(0)) = {(fl,...,j;,): all f € 4" and élj; = 0}

with norm ||(f;, ... ) = 27—, 5ll£ll where r = (5, ...,) is in the positive
cone of R”. In Theorem 2.10 we show that when n > k > 2 then the following
two statements are equivalent:
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(i) For every family {B(a;,1)};_, of n balls in 4 such that any k of them
intersect, then N B(a;,r; +¢) # S alle > 0.

(ii) The extreme points of the unit ball of H'(4",(0)) have at most k
nonzero components.

A similar characterization of almost E(n)-spaces is given in Theorem 2.14.
Here we show that 4 is an almost E(n)-space if and only if the extreme points
of the unit ball of H"(4",(0)) are of the form (z;g,...,z,8) where z; are
scalars and g € 4°.

We end the section by using the separation results from §1 and the
“principle of local reflexivity” [36] to show that 4 and its bidual 4** have
“almost” the same intersection properties.

§3 is devoted to the study of geometrical properties of the unit ball of real
Banach spaces with 3.2.1.P. (i.e. E(3)-spaces). We show in Theorem 3.2 that 4
has the 3.2.1.P. if and only if 4 has a reminiscence of the Riesz decomposition
property, which we call the R;-property. It is then proved that A4 enjoys the
Ry-property if and only if 4° does. From this it follows that A4 has the 3.2.I.P.
if and only if 4* has the 3.2.1.P. (Corollary 3.3). In Theorem 3.5 we show that
if A has the 3.2.1.P. and F is a proper maximal face of the unit ball B(0, 1) of
A, then B(0,1) = co(F U —F). (Corollary 3.3 and Theorem 3.5 generalize
results of Hanner [20] to infinite dimensional spaces.) These results are used
to show that 4 has the 4.2.L.P. (i.e. 4 is an E(4)-space) if and only if 4® is
isometric to an L;(u)-space (Corollary 3.11) and that A is isometric to an
L,(p)-space if and only if 4* has the 4.2.LP. (Theorem 3.12). These are
known results of Grothendieck [19] and Lindenstrauss [35], but the new proofs
may be of some interest.

In §4 we study Banach spaces with the 3.2.1.P. but not the 4.2.1.P. We show
in Theorem 4.3 that a real Banach space 4 with the 3.2.1.P. will fail to have
the 4.2.1.P. if and only if there exists an isometry from 1; into A°. This is used
in the proof of Theorem 4.6 which states that 4 has the 4.2.1.P. if and only if

B(0,1) N B(x,1) N B(y,1) N B((x +)/3,1/3) # &

for all x,y € 4 with |lx]l, lyll, llx = yll < 2. This generalizes a result of
Lindenstrauss [35, Lemma 6.5]. In Theorem 4.8 we show that one can not
replace B((x + y)/3,1/3) by B((x + y)/3,1) in Theorem 4.6.

In §5 we study L-projections and L-summands. These were introduced by
Cunningham [9] and studied by Alfsen and Effros in [4]. We introduce the
notion of a semi L-summand. This is a generalization of L-summand. A closed
subspace J of 4 is said to be a semi L-summand if ||x + y|| = |lx|| + |[yll, all
x € Jand ally € J'. (/' is defined by Alfsen and Effros [4].) In Theorem 5.6
we show that a subspace J of 4 is a semi L-summand if and only if for all
x € A, there exists a unique y € J such that ||x — y|| = d(x,J) and if this
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minimizing element y enjoys the property ||x|| = |yl + llx — yll. In Proposi-
tion 5.9 we show that the set of semi L-summands are closed under the
operation of taking intersections, but not under the operation of taking sums.
In Theorem 5.8 we show that 4 is an almost E(n)-space for all n if and only if
A" has “sufficiently many” L-projections. (This is made precise in Theorem
5.8(ii).) In Theorem 5.10 and Corollary 5.11 L-summands J are characterized
by the geometry of the unit ball of H,"(4,J), and in Theorem 5.12 and
Corollary 5.13 semi L-summands J are characterized by the geometry of the
unit ball of H2(4,J).

Following Alfsen and Effros [4] we say that a closed subspace J of A4 is an
Me-ideal if its annihilator JO is an L-summand in 4°. We also say that J is a
semi M-ideal if JO is a semi L-summand. In Theorem 6.9 we give a new proof
of the above quoted result of Alfsen and Effros (Theorem 5.8 in [4]), and in
Theorem 6.10 we show that a closed subspace J of 4 is a semi M-ideal if and
only if J has the 2.L.P. In both theorems we may assume that the balls have
radius 1. In Theorem 6.14 we show that if J is a closed subspace of 4, the polar
JO will be a semi M-ideal if and only if J is a semi L-summand. We prove in
Theorem 6.16 that J is an L-summand if and only if J° is an M-ideal. This
solves Problems 1 and 2 of Alfsen and Effros [4] affirmatively. By means of
the example preceding Lemma 6.1 we also show that their Problem 3 has a
negative solution.

§7 contains applications. First we give a new proof of a representation
theorem for Banach spaces whose dual spaces are isometric to L,(i)-space
and whose unit balls have extreme points. The real version of this theorem was
proved by Nachbin [39], Kadison [27] and Lindenstrauss [35], and the complex
version was proved by Hirsberg and Lazar [23]. For the complex case our
proof is considerably simpler than the original one. Next we consider semi M-
ideals and semi L-summands in uniform algebras. In Theorem 7.6 we show
that the semi M-ideals and the M-ideals will coincide in uniform algebras. In
fact they are exactly the annihilator ideals J = {a € 4:a = 0 on F} of
generalized peak sets F C X. (The connection between M-ideals and peak sets
is due to Hirsberg [22].)

A subspace 4 of C(X) is said to be a G-space if there exists a set
S ={(x,nA)) € XXX X[-1,1] such that 4 ={fe€ CX): f(x,)
= A, f(%), all a}. The G-spaces were introduced by Grothedieck [19] and
characterized by Lindenstrauss and Wulbert [38] as those subspaces 4 of C(X)
such that forallf,g € 4

max(f,g,0) + min(f,g,0) € 4.

In Theorem 7.10 we present a new and simplified approach to this result and
also to Effros’ characterization of the G-spaces as those spaces 4 such that 4*
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is isometric to an L, ()-space and 3,4; C [0, 13,4} («*-closure) [13].

In Theorem 7.18 we show that in an Archimedean order unit space a semi
M-ideal is a strongly Archimedean order ideal in the terminology of Alfsen [1].
By combining this with results of Alfsen and Effros [4] and of Stermer [44],
we can prove that in the selfadjoint part of a C*-algebra with unit, the semi
M-ideals and the M-ideals coincide: in fact they will coincide with the
selfadjoint parts of closed two-sided ideals of the C*-algebra. (The connection
between M-ideals and two-sided ideals is due to Alfsen and Effros [4].)

Parts of this work were presented at a seminar at the University of Oslo in
1973 and 1974. The author wants to thank the participants and in particular
Erik Alfsen and Otte Hustad for their encouragements to the work, and for
their valuable suggestions.

NoTATION. 4 will denote a real or complex Banach space. The closed ball
in A with center a and radius r > 0 is denoted by B(a,r). The unit ball
B(0, 1) will be written 4;. We denote the dual space of A by A*. The following
symbols are standard:

N: the set of integers n > 1.

R: the set of real numbers.

C: the set of complex numbers.

K will denote either R or C.

Ifa € Aand S C 4 with S # JJ, then we write the distance from a to S

as follows

d(a,S) = inf{lla — x|: x € S}.

Let S be a subset of A. The closure of S is denoted S, and the convex hull of
S is denoted co(S). If S is convex, then 9, S is the set of extreme points of S.
If S is a convex set and F is a subset of S, then we say that Fis a face of S if
Fis convex and if y, z € F whenever x = Ay + (1 — A\)z € Fwith A € (0,
1>and y,z € S. A face Fof S is proper if F # S and F # &.

A convex cone S is said to have the Riesz decomposition property if for all
XjseeesXps Vs oees Yy € Ssuchthat 37, x; = Ej";, ¥j» there exists z; € §
such that

i=

m n
x,.=_Elzg~,yj=le,-j, 1<i<nl<j<m
Jj=
For n € N, 4" will denote the direct sum A @ 4 @ --- & A of n copies of

A.Forr = (5)'_, € R" with all , > 0, we will organize 4" to a Banach space
under each one of the two norms:

n
(@, ... a)lh, = En rla;ll

and
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”(al seee ’an)lLo,r = lrgiaén(’;_] "al“)

It is easy to see that we may identify (4", || Ill,,)' and (4™, || ) and also
A" |l llo,)" and (4™, 1} ,)-

For a linear subspace J of A, we will consider the following spaces:
J"={(a,...,a,) € A": allg; € J),
AW,n) ={(a),...,a,) EA":qy =+ =qa, €J)},

n
H'(4,) = {(a,, ) €AY S g€ J}.

Note that we always consider H,"(4,J) as a subspace of (4", || [} ,). The space
H;(4,J) will play a fundamental role in this work. This space generalizes the
space H"(C,(0)) used by Hustad [24] in his work on intersection properties of
balls in complex Banach spaces.

1. Separating a finite family of convex sets. We shall now prove some results
which will be fundamental in the sequel. The problem of separating a finite
family of convex sets will be handled by embedding the sets into a product
space and then separating the product set from the diagonal. (This will be
made precise below.) Similar techniques have been used by various authors.
(See e.g. [36].) The following result generalizes Corollary 1.3 in [24] by O.
Hustad. In the following A shall be a real or complex Banach space.

THEOREM 1.1. Let J be a linear subspace of A. Let n € N, leta,, ..., a,
€ A and let r = (5);—, € R"withall r, > 0. Then the following statements are
equivalent:

@J N N Bla;,r+e) #Jalle >0,

@) == f@)l < Zi_ynlfll all (... f) € H(4,J°).

PrOOF. (i) = (ii). Let e > 0 and let a € J N N2, B(a;, + ¢€). Then for
(fire-oof,) € HI(4*,J°)

ié:l CY

< 2 G+l

Since € > 0 is arbitrary, (ii) follows.
Suppose next that (i) is false. Then for some ¢ > 0

A(,n) N B((ay,...,a,),1+e) =&

in (4", || |l,, ,)- Hence A(J,n) and B = B((a,...,a,),1) can be strongly sepa-
rated. Let (f},...,f) € (4™, || ”l,r) be such that with b = (4,,...,5,):
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o pmre(Fae) <mre(F10)

Since Re(T_, f) = 0 on J, we also have 3|, f = 0 on J, so (f;,....f,) is
in the polar H"(4°,J %) of A(J, n). Clearly the right-hand side of (1.1) is zero.
On the left-hand side of (1.1) we write b; = a; + y, where ||y,|| < 5, and we
get

:gg Re(é:l f,.(b,-)) = sup Re [élf}(a,-) + él f}()’i)]

lyill<n

- Re(é}lf,-(a,-)) * ié:l Mgl

(12)

Now (1.1) and (1.2) yield

éx Al < —Re(élfi(a,.)) < Iiélf;(ai)

This contradicts (i), and the proof is complete.

If J is a closed subspace of A4, then the polar of H(4,J)is A(J 0. n)
€ (4™, |l llo,)- An argument similar to the argument used to prove Theorem
1.1 now gives

THEOREM 1.2. Let J be a closed subspace of A. Let n € N, letf,, ..., f,
€ A" and let r = (5);—; € R"withall, > 0. Then the following statements are
equivalent:

) JI° N N\ B(fr) + @.

(i) 12/ £@)l < 2y rlgll all (ay, ... . ,a,) € H'(4.T).

COROLLARY 1.3. Let J be a linear subspace of A. Let n € N, let a, ..., a,
€ Aandletr = (5);-, € R" with all , > 0. Then the following statements are
equivalent:

@D J N N_,Bla;,r,+¢) * Salle > 0in A.

(i) J® N N, Ba;,r) # B in A**.

RemARK. Corollary 1.3 generalizes Lemma 5.8 in [35]. See also Klee [31].

If we replace the subspace J by a convex cone in Theorem 1.1, then we get
the following result:

THEOREM 1.4. Let A be a real Banach space and let C be a convex cone in A.
Letn €N, leta,...,a, € Aandletr = (5);_, € R" withall . > 0. Then
the following statements are equivalent:

(i) C N N Bla;,r+¢) # Dalle > 0.

() = 1 fla) < Zio plfll all (... .0) € A with



INTERSECTION PROPERTIES OF BALLS 9

n
35> 0

on C.

2. Characterizations of almost E(n)-spaces. In this section we will show how
various intersection properties of a Banach space 4 are reflected in the
structure of the set of the extreme points of the wunit ball
HM(4*,J 0)1 of H'(4*,J 0). First we need some definitions and some prelimi-
nary results. Unless otherwise is stated, A is allowed to be either a real or a
complex Banach space, and the field of scalars will be denoted by K.

DErFINITION. A family {B(a;,1)};c; of balls in 4 is said to have the weak
intersection property if for any f € A4,

.QIB(f(a;),ri) # @& inCorR.
1]

Theorem 1.1 (with 4 = C (or R) and J = A) gives immediately the
following result of Hustad [24].

PROPOSITION 2.1. Let {B(a;, )}, be a finite family of balls in a Banach space
A. Then the following statements are equivalent:

(i) {B(a;, )i has the weak intersection property.

(@) 1Ziay zf @) < Zi=y lzln for all f € A} and all z = (z,...,z,)
e H'(K©)).

Helly’s theorem [47] implies the following results.

PROPOSITION 2.2. Let {B(a;, )}, be a finite family of balls in a real Banach
space A. Then the following statements are equivalent:

() {B(a;, )} has the weak intersection property.

(ii) The balls {B(a;, 5)};., are mutually intersecting.

(iii) lla; — a;ll < r+ralij=12...,n

PROPOSITION 2.3. Let {B(a;,1)};..; be a finite family of balls in a complex
Banach space A. Then the following statements are equivalent:

(i) {B(a;,5));; has the weak intersection property.

(ii) Every subfamily of 3 balls has the weak intersection property.

In [24] Hustad defined the notion of an almost E(n)-space. He gave a
characterization of almost E(n)-spaces in terms of intersection properties of
balls [24, Proposition 1.13]. Since we will be mainly concerned with intersec-
tion properties of balls, we will take this characterization as our definition.

DEerFINITION. We say that A is an almost E(n)-space if for every family
{B(a;, 1)}, of n balls in A with the weak intersection property we have
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n
2.1 igl B(a;,r+¢) #J alle > 0.

We say that 4 is an E(n)-space if we can take ¢ = 0 in (2.1).
The following result was proved by Lindenstrauss [35] for the real case, and
by Hustad [24] for the complex case.

LEMMA 2.4. Let n > 3. Let ¢ > 0, and assume {B(a;, 1;)};_., are n balls in A
such that N_, B(a;,r, + €) = . Then there exist R> 0andb,,..., b, € A
such that

Ba;r) C Bb,R) and 0 B(,R+¢/2) = .

DEFINITION. Let n, k € N with n > k > 2. We say that 4 has the almost
n.k. intersection property (almost n.k.IP.) if for every family {B(a;, 7)};_, of n
balls in 4 such that for any & of them

k
le B(ai}, '}J) # O,

we have

D=

lB(ai”;+ e #J alle>0.

i
We say that A has the restricted almost n.k. intersection property (almost

R.nk.LP.) if for every family {B(a;,r)};_, of n balls in A with common radius
r such that for any & of them

k
jgl B(a,-j, r) # g,

we have

0 Ba,r+9 # @ alle>0.
’=
The word almost is omitted if we can take ¢ = 0 as well.

COROLLARY 2.5. The statements below are related as follows: (i) = (ii) > (iii).
(i) A4 is an almost E(n)-space.

(ii) A has the almost n.3.1.P.

(iii) 4 has the almost R.n.3.1.P.

COROLLARY 2.6. A has the almost n.k.I.P. if and only if A has the almost
Rank.IP.
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REMARK. In case 4 is a real Banach space, then it follows from Proposition
2.2 that (almost) E(n) is the same as (almost) n.2.1.P.
Lindenstrauss [35] has proved

THEOREM 2.7. Let A be a real Banach space and let n > 3. Then the following
statements are equivalent:

(i) A has the n.2.I.P.

(ii) A has the almost n.2.1.P.

(iii) A has the R.n.2.1.P.

(iv) A has the almost R.n.2.1.P.

We now come to the new results of this section. First an important lemma.

LeEMMA 2.8. Let n, k € N withn > k > 2, let J be a linear subspace of A, let
r=(p)i-, € R" with all , > 0, and let S be a compact (") circled subset of
H'A,J 0)1 . Then the following statements are equivalent:

() 3, H(4",J%, C S.

(i) co(S) = HM(4*,J 0)l (w*-closure).

(iii) If ay, ..., a, € A are such that |Z_, f(a)| < 1 for all (fi,....f,)
€ S, thenJ N N_, Bla;, 5+ ¢) # & foralle > 0.

Proor. The equivalence of (i) and (ii) follows from Milmans’ theorem [11].
(i) = (iii) Let gy, ..., a, € 4 be such that

<1 forall (f;,....f,) €S.

Then, since (f,,...,f,) = =i, f(a;) is a w*-continuous linear functional, we
have |3, fi(a,)| < 1forall (fi,....f,) € HMA",J%),, so

n

< 2l

i=1

forall (f;,....f,) € H'(4",J 9), and (iii) follows from Theorem 1.1.
(iii) = (ii). Here assume that (ii) is false. Then there exists

(fl ye0e ’f;l) € Iirn(A"Jo)l\5 (S )’

and by Hahn-Banach (f,,...,f,) and co (S) can be strongly separated by a
w*-continuous linear functional. Thus there exists (4, ...,a,) € 4" such that

ifg=1(g,...,g,) then:

(£ s00) > 1> mpre( 2 n60))

i

Hence
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all (g;,...,8,) €S.

|i§lj;(ai) >12 Iéx LACY

By Theorem 1.1 it follows that

JNn ﬁlB(ai,);. +e)=0g
i=

for some ¢ > 0, and this concludes the proof of the lemma.

LEMMA 29. Letn > k > 2, and let r = ();_, € R" withall > 0. Let S
be the subset of H'(4°,(0)), consisting of those elements which have at most k
coordinates different from zero. Then S is circled and «"-compact.

PrOOF. Let 1 < i) < iy < +++ < i < n. Then the subset of H(4",(0)),
consisting of all f = (f,...,f,) such that f, = 0if i # inj=1,...,k wil
be circled and w*-compact, and since S is a finite union of such sets, S is also
circled and w*-compact. This completes the proof of the lemma.

THEOREM 2.10. Let n, k € N with n > k > 2. Then the following statements
are equivalent:

(i) A has the almost n.k.1.P.

(ii) A has the almost R.n.k.1.P.

(iii) If r = (r)/—, € R" withall . > 0 and if (f,,....f,) € 3,H"(4",(0)),,
then at most k coordinates of (f,, ... .f,) are different from zero.

() If r=(1,1,...,1) € R"and if (f;,....f,) € 3,H(4",(0)),, then at
most k coordinates of (f,, . ...f,) are different from zero.

Proor. (iii) = (iv) is trivial, and (i) « (ii) is just Corollary 2.6.
(iv) = (ii). Let {B(a;,1)};_, be n balls in 4 such that any k of them have a
nonempty intersection. Then by Lemma 2.9, Lemma 2.8 and Theorem 1.1

.f’alB(a,-,l +e)#J alle>0,
i=

and this shows that (ii) is a consequence of (iv).

(i) = (iii). Let » = (5)/=, € R" with all > 0, and let S be as in Lemma
29.Leta,, ..., a, € Abesuchthat |3, fi(a,)| < 1all (f,....f,) € S.By
Theorem L.1for1 < §§i < i < <ip < m

k
N B(a;,r. +¢) # alle >0.
J=| M
But then by (i)

n
,D] B(ai";' + 26) #* Q all € > 0,
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and by Lemma 2 the desired result follows. The proof is complete.
For 1<j<k<n we define the following sets (r=(l,...,1)
€R"andf = (f,....f,) € 4™):

Sp={f€ HA',00):£,=0ifi #jandi # k

22)
and 51 + 4] < 1.

With this notation we get

COROLLARY 2.11. Let n > 3. Then the following statements are equivalent for
a real Banach space A:

(i) A has the n.2.1.P.

@ii) Forr = (1,...,1) € R" we have

ne % —
HA O = c°(1<jgk<n‘s}")'

(iii) For r = (1,...,1) € R" we have

ng %
Cc g
O H (4, (0)), € l<jL<Jk<nS/k
Proor. This result follows from Theorem 2.7, Theorem 2.10 and Lemma
2.8. We should only remark that all S S are convex and *.compact, so we do
not need to take the closure in (ii).
Using Corollary 2.11, one can easily prove the following theorem of

Lindenstrauss [35] and Hanner [20].

THEOREM 2.12. If a real Banach space has the 4.2.1.P. then it has the n.2.I.P.
Sor all natural numbers n.

PrOOF. Let n > 4 and letr = (1,...,1) denote (1,...,1) in R” and also
the corresponding point (1,...,1) in R**!, By Corollary 2.11 it is enough to
prove that

ny 4% —

implies that 3, H""'(4*,(0)), C U <;ic j<n+1S;- Assume
n+ly ;%
Gieeoohr) € RHA O _ Y,

Let a = "E,:]f” + 2 =] "f" Slnce (.fl9 [N ”+]) e (IH'])’ we have a
>0,s0
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—1

Yhoroshorrm 2 1) € 2O = oo, Y S, )

i= 1<i<j<n Y

Let1 < i <j < n. Then

1 n-1
=X0,...,8...,=8...,0) + (1 =AN)(hy,...,h,),
where A € 0,1}, 0,...,8,...,~8,...,0) € S;and
(Bysnorhy) € cof U sk,,,).

ktim#j
From this it follows that

o AL = gl + 10 = DAL« = Al + 1 = Nl

Now we may write

(fiseeosfys1) =0,...,a0g,...,—aAg,...,0)
F(fisvresf = OAGy oo oo+ AN e fyry):

This gives a convex combination in H"*'(4°,(0)),. Since (f;, .. .,f4;) is an
extreme point of H,"“(A',(O))l we must have Ag = 0. Hence

1 n-1 n-l
E(fl’ ceisho— El fi) € co(iglsm).
Now we have
1 n-1 n—1
a(-fl""’f;l_l’- "glf;) = ‘gl A‘-(O,...,gi,...,-'gi,...,O)

where 2llg;,[| < 1, A, > 0, S77] A, = 1, and where A, > 0 if £, # 0. In partic-
ular a);g; = f, and we have

n—1 1 n-ll
l=i§l | i§|5‘

n-1 n—1 n—1
=S sl + | e <23 Mt =1

Hence |21 £l = 31 4]l But then
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2041+ Wfarl) = 16 + fad I+ TAL+ W

n—1 ) n+l1
=[5 4]| + 1+ Ut =5 0l = 1

Similarly we get

201 + 15 > 1 alli,js i #

This is impossible if n > 4, so we must have

g C "
o B A0 € l<i<LjJ<n+lS'-’

and the proof is complete.
Our next lemma is valid for complex as well as real spaces.

LEMMA 2.13. Let n > 2, let r = (5);—,; € R" withall , > 0.
Then the set S* = {(f;,-...f,) € H'A",0)),: =288 € 4, (z,...,
z,) € H'(K,(0))} is w'-compact.

PROOF. Observe that we may take |g]| = 1. Use compactness of A and of
H!(K,(0)),, and the result will follow.

THEOREM 2.14. Let n > 2. Then the following statements are equivalent:

(i) A is an almost E(n)-space.

Gi) If r = (5)i= € R"withall ;> 0, and if (f,,....£,) € 3, H'(4",(0)),,
then f, = z,g for some g € 3,A] and some (z,,...,2,) € 3, H(K,(0)),.

@) If r=(,...,1) € R, andif (f;,....f,) € 3,H(4](0)),, then f;
= 2,8 for some g € 3,4 and some (z,,...,z,) € 3, H'(K,(0)),.

ProOF. Let {B(a;,7)}}—; be n balls in 4. By Proposition 2.1 these balls have
the weak intersection property if and only if |3\, f(a,)] <1 for all
(fi»...>f) € S, where S is defined as in Lemma 2.13. The theorem now
follows from Lemmas 2.8, 2.13 and 2.4. The proof is complete.

ReMARK. From Helly’s theorem and Theorem 2.10 it follows that if
(215...,2,) € 3,H"(R,(0)),, then z; # 0 for exactly two indices and if
(25...,2,) € 8,H"(C,(0)),, then z; # 0 for at most three indices. In [24,
Theorem 3.6] Hustad has characterized the extreme points of the unit ball of
H(C,0)).

ExampLe. Let A4 = C?with ||(z,w)l| = |z] + [w]. Let x = (37%,37!),y
= (3'le2"i/ 3 371 2ni/3 ) and z = (3_1e'2"i/ 3,371 g2mif3), Using Theorem
3.6 in [24], we can show that (x,y,2) € 3,H>(4",(0)), where r = (1,1,1). By
Theorem 2.14 A is not an E(3)-space.
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THEOREM 2.15. A has the almost n.k.I.P. if and only if A°* has the n.k.I.P.

PROOF. Assume A"* has the nk.LP. Let {B(a;,7)};.., be n balls in 4 such
that any k of them have nonempty intersection. Then M}'.,B(a;,%)
# @ in A**. By Corollary 1.3

n
.ﬂlB(a,.,r; +e) #J ind,alle >0,
i=

s0 A has the almost n.k.I.P.

Assume next that A has the almost nk.I.P. and assume that 4** does not
have the n.k.I.P. Then there exist balls {B(a;, %)}, in 4** such that any k of
them have nonempty intersection and ﬂ,=,B(a,,r) &. Choose by, ..., b,

€ A" such thatif 1 < <+++ <i, < n,thenb, € ﬂ,,B( 1) for some
b, Then by Theorem 1.2 there exist fi, ..., f € A‘l such ' that i1 f;
= 0and |3}, £(a,)| > =i, rll£]l. Choose 8 > 0 such that

igl f(@)

Let U = span(ay,...,a,b,...,b,) and let F = span(f,...,f,). By the
“principle of local reflexivity” (see [36] or [12]) there exists a linear operator
T: U — A such that:

() T(@@) =aifac UN 4,

(i) f(T(a)) = a(f) fora € Uand f € F,

(iii) (1 = O) llall < TGl < (1 + 6)llall alla € U.
Now the balls {B(T(a,),(1 + 8);)};.., have the property that any k of them
have a nonempty intersection. In fact, if 1 < <:--<i < nandb,
€ ﬂ" 1B(a;,1,) then

>(1+6) 3 slfl

k
T(®,) € ,Qn B(T(a;),(1 + 0)r).
Since A4 has the almost n.k.I.P.
ABTE),1+0+9 %2 alle>0.

By Theorem 1.1 and by the choice of 8 we have

a+9 2 alill < | 2 1@

= |2 ar@n| < a+o £

This contradiction completes the proof.
A similar proof gives
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THEOREM 2.16. A is an almost E(n)-space if and only if A™* is an E(n)-space.

REMARK. The argument used to prove Theorem 2.15 can also be used to
prove a conjecture of Lindenstrauss (see [35, p. 56]). Later on we shall give
another proof of this conjecture (Corollary 4.7).

By the compactness of the balls in A** it follows from Theorems 2.14 and
2.6 that 4 is an almost E(n)-space for all n if and only if every family of balls
in A** with the weak intersection property has a nonempty intersection. By the
characterizations of Nachbin [39] and Hustad [24], we conclude that 4 is an
almost E(n)-space for all n if and only if A** is a %-space.

Theorem 2.17 summarizes some of the most important results on spaces
having 9 -biduals.

THEOREM 2.17. Let A be a real or complex Banach space. The following
statements are equivalent:

(i) A is an E(n)-space for all n.

(ii) A* is isometric to an L, (p.)-space for some measure p.

(iii) A** is a 9-space.

(iv) For every Banach space B such that A C B, there exists a projection P in
B® such that P(B*) = A’ and ||I - P|| < 1.

PrOOF. (i) = (iii) follows from Theorem 2.16 and from results of Nachbin
[39] and Hustad [24].

(iii) = (ii) is proved by Grothendieck [19] and Sakai [42]. (See also Corollary
3.11 and Theorem 3.12.)

(i) = (iv) is proved in Lacey [32, Lemma 22.3]. That this lemma is valid in
the complex case follows from results of Sakai [42]. See also [24], [8] and [14].

(iv) = (i). For some set ' we may imbed 4 isometrically into B = /_(T’).
Let P be a projection as in (iv). Let {B(a;, )}/, be a family of n balls in 4
with the weak intersection property. Then since B is a §-space: N[, B(a,; , ;)
# @. Letf,,...,f, € B"besuch that 3, £ € 4. Leta € N, B(a;, 7).
Since 3., (I — P)(f) = 0 we get

| él H@)

<|2 r@)|+|E ¢- @

~|S u-P)DG-a

1

< 2 10-PY g, - all < 2 gl

By Theorem 1.1 N[_,B(a;,;; + €) # D in A4, all e > 0, 50 4 is an almost E(n)-
space. An induction argument similar to the argument in the proof of
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Proposition 6.5 now gives that 4 is an E(n — 1)-space. This completes the
proof.

REMARK. The equivalence of the statements in Theorem 2.17 is well known,
but the proofs of some of the implications seem to be new. Among these is the
proof of the implication (iv) = (i), which gives a nice application of Theorem
L1

3. Banach spaces with the 3.2.I.P. In this section 4 will be a real Banach
space. We shall study Banach spaces 4 with the 3.2.1.P., and the main tool will
be the following notion.

DEFINITION. A real Banach space 4 is said to have the Ry-property if for all
X,y € A, there exists z, u, v € A such that:

() x = z+uand x| = [lz]| + |lull,
i)y =z +vand |y = [l + [lo,
(i) [lx = yll = llu = oll = llull + ]l

THEOREM 3.1. Let r = (1,1,1) € R>. Then the Jollowing statements are
equivalent:

(i) A has the 3.2.1.P.

(i) H>(4*,(0)), = co(S;, U Sj3 U Sy3).

(iif) A° has the Ry-property.

Proor. (i) « (ii) is just Corollary 2.11.

(i) = (iii). Let f;, f, € A". Then (fi,—fp.f, —f) € H,3(A‘,(0)) and we
may assume ||fill + ]l + [Ifi = f2ll = 1. By (i) there exist A, Ay, A
> 0and g, g,, g3 € 4" such that ||g;|| < 271, 2;, A\, = land

(fla‘fz,fz -fl) = }\1(81’_81,0) + }\2(82,0, "gz) + >\3(0, "83a83)-

From this it follows that
h=Ng + N8, A = 1A g1 + A8,

H=Ng + A8, A1 = 1INg Il + A gsll,
A -hll = N8, = M85l = N g1l + 1A3851l,

so A" has the Ry-property.
(i) = (i). Let (f;,f2.f3) € H,3 (4%,(0)),. By the Ry-property, we can find
g h, k € A® such that

fi=g+h Al = lgll + Al
“Hh=g+k Al =l + Ikl
IAl1=14 +£lI=lr = Kl =]All+Kl.

Now
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(fi’fZ)f3) = (g’ _g’O) + (hyo,_h) + (0’ _kak) € CO(Slz Y S]3 9 SZ3)'
This completes the proof.

THEOREM 3.2. 4 real Banach space A has the 3.2.1.P. if and only if it has the
Ry-property.

PROOF. Assume A has the 3.2.1.P. and let x, y € 4. Define ry, n,, , 2> 0 by

= llxll + Iyl = llx = i,
2n = lixll = Iyl + llx = i,
2r, = —lxll + Iyl + lIx =yl

Then |Ixll =r+n,lyl=r+r and lx—y| =n+n, so BOxr)
B(x,n) and B(y,r,) are mutually intersecting. Let

z € B(0,r) N B(x,n) N B(y,n)
andletu = x —zand v = y — z. Then
x=z+u x|l <llzll + llull < ry+ 5 =[xl
y=z+v |yl <lzll + vl <r+r =1yl
llox = yll = llu—vll < llull + vl <7 +r=Ilx-yl

s0 A has the R,-property.

Suppose next that 4 has the R,-property, and assume that three mutually
intersecting balls in A are given. By translating and considering balls with
smaller radii we may (as in [35, Theorem 4.6]) assume that these balls are
B(0,ry), B(x,n) and B(y,n,), where ||x|| = ry + 1, llyll = ry + ry and [lx — y||
< n+n.Letz,u, v € A be as in the definition of the R3-property Then we

have 0 < r, — [lull = llzll = ry = r, — |lvll. Define w = 2] rz(w=0ifz
= 0). Then

10— wll = r,

lx = wll = llu + (lzll=rp)z/llzll | < llull + (llzll = %) = 7,

<
Iy = wll = llv + (lzli=rp)2/llzll | < llell + (llzll = r0) = m,
SO

wE B(O, ro) N B(x,r]) n B(}’,"z),

and the proof is complete.
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COROLLARY 3.3. 4 has the 3.2.1.P. if and only if A* has the 3.2.1.P.

REMARK. Hanner [20] proved Corollary 3.3 for finite-dimensional spaces.
The general case was an open problem.

It is easy to see that a real L; (u)-space has the Ry-property, so Theorem 3.2
gives a new proof of Lindenstrauss’ result [35] that every real L, (u)-space has
the 3.2.1.P.

The following notion was introduced by Fullerton [17].

A Banach space A4 is called a CL-space if for every maximal proper face F
of A, A, = co(F U —F).

It is easy to see that the maximal proper faces of A, coincide with the
maximal convex subsets of the boundary of 4,. Note also that every maximal
proper face of 4, is normclosed. (See [4] or [17].)

We now want to show that every Banach space with the 3.2..P. is a CL-
space. Before we can do so, we need some more terminology.

A nonempty subset C C 4 is a cone if AC C CallA > 0. A cone C is
proper if C N —C = (0) and convex if C + C C C. If S is a subset of 4, then
cone § = U,;oAS is the smallest cone containing S. We say that a cone C is
a facial cone if C = (0) or C = cone F for some proper face F of A,. If
x € 4 and x # 0, then

C(x) = cone (face (x/||x|l))

is the smallest facial cone containing x. We note that face (x/|x||), the
smallest face of 4; containing x/||x||, is well defined for every x # 0, and that
y € face(x/||x|) if and only if x/||x|| = Ay + (1 — A)z for some A € <0, 1]
and some z € 4. (See [2].) We define C(0) = (0).

Our terminology here coincides with that of Alfsen and Effros [4]. In [4] they
also defined the complementary cone C' of a given cone C in 4, to be the set

C'={x€Ad:Cn C(x) = (0)}.

We say that a cone C is hereditary if x € Cand ||x|| = [x — y|| + ||yl
implies that y € C. Alfsen and Effros showed [4, Lemma 2.7] that a cone C is
hereditary if and only if C is a union of facial cones. Further, Alfsen and
Effros [4] showed that the norm is additive on a facial cone, and they proved
the following result [4, Theorem 2.9] which we will use several times:

THEOREM 3.4. Suppose C is a norm-closed convex cone in a Banach space A.
Then every p € A admits a decomposition p = q +r, ||pll = |iqll + |I|l,
whereq € Candr € C'.

We can now state

THEOREM 3.5. Every Banach space with the Ry-property is a CL-space.
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PrOOF. Let F be a maximal proper face of 4, and let C = U, (oA F. Then
C is a norm-closed convex cone in 4. Let x € 4. By Theorem 3.4 there exists
y € Cand z € C’ such that x =y + z, ||x|| = |lyll + ||zll. Now it clearly
suffices to show that C’ = —C. Since F is a proper face, we have —C C C".
Now let w € C and ¢t € C'. By the R;-property, there exists s, u, v € 4 such
that

t=s+u |l =lislh + llull,
w=s+uv  |wl=lsl+ Il
lle = wll = llu = ol = llull + o]l

Since both C and C’ are unions of facial cones, they are hereditary, so we have
s € CN C’" = (0). Hence s = 0. (See [4, Lemma 2.7].) But then we have
lt = wll = ||zl + [|w|l. Assume ¢ # 0, and define F, = co(F U {—t/||f|[}).
Then we just showed that F is a convex subset of the boundary of 4;, and that
F C F. Since F is maximal, we have F = F, so —t/||f|| € F,ie.t € —C.
Hence C’ C —C. This completes the proof.

COROLLARY 3.6. Let A be a Banach space with the 3.2.1.P. Then both A and
A"® are CL-spaces.

REMARK. Corollary 3.6 improves a result of Lindenstrauss [35, Theorem 4.8].
For finite dimensional spaces the corollary was proved in the works of
Fullerton [17], Hanner [20] and Lindenstrauss [35].

PROPOSITION 3.7. Let A be a real Banach space with the 3.2.1.P. Let F be a
maximal proper face of Ay and let C = U\5oAF. We order A by writing
x2yifx—y€C, and we write [p,x]={z€ A:y<z<x}. If x,y
€ Candw € [0,x] N [0,y], then there exists an element z € [0,x] N [0,y]
such that w < z and

2llzll = llx + ¥l = lIx = ¥ll.
PrOOF. Assume w € [0,x] N [0,y]. Define u=x-wandv=y—w.
Then u, v € C. By Theorem 3.2 we can find a, b, ¢ € A such that
u=a+b, |ul=lall + [l
v=a+c, |l = llall + el
lu—=vll =[5 = cll = llall + llell.

Define z = a + w. Since C is a facial cone, we have a, b,c € C,so0z € C. It
is clear that 0 < w € z < x, y, and we have
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2|lzll = 2(llall + i)
= [lull + llwll + lofl + liwll = (ol + llell)
= llxll + Iyl = llu = oll = llx + ¥l = llx = ¥l

The proof is complete.
A real Banach space A with a closed convex cone C such that

Ix +yll = lIxll + llyll forallx,y € C

and such that for all z € A, there exist x, y € C with

3.1) z=x=y, |l = lixll + Iyl

is called an A-space [4]. We say that an A-space A is uniquely generated if the
elements x and y in the decomposition (3.1) are unique.

COROLLARY 3.8. Let A be a real Banach space. Then A is isometric to an
L, (n)-space for some measure . if and only if A is a uniquely generated A-space
with the 3.2.1.P.

PrROOF. It is well known that an L,(p)-space is a uniquely generated A-
space, and Lindenstrauss has shown that an L, (i)-space has the 3.2.1.P. (See
also the remark after Corollary 3.3.)

Assume that A is a uniquely generated A-space with the 3.2.I.P. Let C be
the positive cone in A. Then C is a facial cone generated by a maximal proper
face of 4. Let x, y € C. Let 0 < z, w < x, y be such that

2|zl = 2lwll = llx + yll = llx = yll.
Then we have
Ix =yl = llx +yll = 2llzll = (lxll = llzI) + (llyll = llz[])
= llx =zl + lly — zll = llx = wll + lly — wl.
Since A is uniquely generated, x —z = x — w and z = w. Hence [0, x]
N [0,y] = [0,z], and we have shown that C generates a lattice-ordering in 4.
By a theorem of Kakutani [28] 4 is isometric to an L; (x)-space, and the proof
is complete.
In analogy with the R;-property we define

DEFINITION. A real Banach space 4 is said to have the R,4-property if for all
x|, X5,%3 € A, there exist u; € A,1 < i<j < 4,such that

@) x; = up + uj3 + uyq and 1l = [l |l + llu5 1| + lloayq ll,
(i) x, = —u;y + uy3 + uyy and | = llugp I + Negs Il + lluagg ll,
(i) x3 = —wy3 — up3 + uzq and 31l = llgsll + llugs |+ llugglls

(iv) llx; + x5 + x5 | = lluyy + upy + uyll = g Il + llugall + lleasg I
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A proof similar to the proof of Theorem 3.1 gives

THEOREM 3.9. Let r = (1,1,1,1) € R*. The following statements are equiva-
lent:

() 4 has the 4.2.LP.

(i) H(4*,(0)), = co(Uy¢ic j<a Sy)-

(iii) A® has the R -property.

THEOREM 3.10. 4 real Banach space A is isometric to an L, (u)-space if and
only if A has the Ry-property.

Proor. That every L,(n)-space has the R,-property follows easily by
taking three functions and their sum, decomposing them into positive and
negative parts, and then using the Riesz decomposition property.

Assume that 4 has the R -property. Let F be a maximal proper face of 4,
and let C = Uy50AF. Let x,y € C, and let z be such that 0 < z < x + y.
Since C is a facial cone, the R -property implies that there exist u,, u;, uy, us
€ Csuch that x =wu) + u3,y = 4+ usand z = u, + u, (use R, on x, y
and —z). But then C has the Riesz decomposition property, so if 0 < z, w
< x,yand 2z|| = 2|wl| = llx + yll = lIx = yll, thenz,w S u < x,»  for
some ¥ € C. But thenz = u = w, 50 [0,x] N [0,y] = [0,z]. Hence C defines
a lattice-ordering in 4. By a theorem of Kakutani [28] 4 is isometric to an
L, (n)-space, and the proof is complete.

COROLLARY 3.11. 4 real Banach space A has the 4.2.1.P. if and only if A® is
isometric to an L, (u)-space.

REeMARK. Corollary 3.11 is a well-known result of Lindenstrauss [35].

THEOREM 3.12. A real Banach space A is isometric to an L,(u)-space if and
only if A* has the 4.2.1.P.

PROOF. Assume A is isometric to an L (u)-space. Then A4 has the R,
property, and it easily follows from Theorem 1.2 that 4* has the 4.2.1.P.

Assume next that 4" has the 4.2.1P. Let F be a maximal proper face of 4,
and let C = U,,oAF. By Theorem 3.2 and Corollary 3.3 4 has the R;-
property, and 4 is a CL-space by Theorem 3.5. As in the proof of Theorem
3.10 it is enough to show that C has the Riesz decomposition property. Let
e € 9,4] be such that e(x) = 1 all x € F. Then the dual cone of C is

C'=(fed: f(x)>0alx e C)
={f€A:f=MNe+g)A>0andg € 4]).
By Theorem 6.1 in Lindenstrauss [35], C* has the Riesz decomposition

property. By a result of Andd [5] C also has the Riesz decomposition property.
This completes the proof.
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REMARK. Theorem 3.12 is a well-known result of Grothendieck [19] and
Lindenstrauss [35].

We remark here, that the above mentioned result of Andd, as well as its
converse, can be proved by the separation technique used in the proof of
Theorem 1.1.

4. Intersection properties and extreme points of H,"(4",(0)),. In this section
as in the preceding section we will study real Banach spaces with the 3.2.L.P.
The Ry-property will now be used to obtain information on the set
3,H(4°,(0)), of extreme points of H,"(4",(0)),, and we will then translate
this into information about intersection properties of 4.

LEMMA 4.1. Let A be a real Banach space with the 3.2.1.P. and let n > 4. Let
r=(1,...,1) € R" and assume

(xl, e ,xn) S ae Hrn(A*, (0))l\l<1L<Jk<nSJk‘
Then ||x; £ x;|| = ||l + llx; || for all i, j; i # j.

PrOOF. Let 1 < i <j < n. By Theorem 3.1 4* has the Ry-property. Hence
we can write

xi=z+u,  |xll =zl + lul,
x;i=z+v, xl =zl + o],
llx; = ;1 = llu = oll = llull + llo]l.
Then we have
lx; + 2l + llx; = 2ll = 112z + all + lloll = 2llzll + [lal] + [l
= llz +ull + llz + oll = lix; ]l + llx;ll,
and
lbx; = 2l + s + 2l =[xl + gl

We can now write

(epseeesXy) =305 sxi + 2000,% = 2,000, %,)

]
F3X e X =2 X F 200, X,)
] n

This is a convex combination of elements in H,"(4°,(0)),. Since (x,...,x,)
is an extreme point, we must have z = 0, so
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e = 0l = llu = ol = Jlull + Noll = llx; 1| + [1x;1l.

Applying the R;-property once more, we have

xi=z+u,  xll = llzll + [lull,
—x=z+v,  lxl =zl + ol
i + x| = llu = wll = llull + [lvll

We can now write
(pseeesX) =000 002,00 =2, 0,0) + (X, ooyt = 0,000, X,),

which gives a convex combination of elements in H'(4",(0)),. Since
(xq»...,x,) is an extreme point of H'(4*,(0)), and (x,...,x,) & Sjj» we
must have z = 0, so ||x; + Xl = llx |l + ||xj|l. This completes the proof of

the lemma.

LeEMMA 4.2. Assume A is a real Banach space with the 3.2.1.P. and let
r=(,...,1) € R* Assume

4, %
(c1s000xg) € B HIAT, O\ Y _ Sy

Then ||x;|| = 47 foralli,and ife; = +1 (i = 1,...,4) with S}_, &, = 0, then
"elxl + oo 4 e4x4" = l.

PROO!;. By Lemma 4.1 we have [lx; = x;[| = |lx;[| + [lx;]| for all i, j; i + j.
Since X, x; = 0, we get
eIl + NIl = llxy + %l = llxy + xgll = llxs I + llx4 I,
e Il + llxs Il = llxg + x5l = llx, + x4/l = llxy |l + llxgll,

lloeg 11+ l1xg 1= 1lx; + xgll=1lx5 + x5l =llx; 1 +[lx3 .
Hence

i ll = Nxgll = loesll = llxall = llepll = llxs
and
"xl = Il ll = llxgll = eIl = lleslf = [lx4l-
This gives ||x;|| = 47! for all i since > Il = 1. Lete; = =1 with S, ¢,

=0. We may assume ¢ =¢, = lande; = ¢, = —1. Then [lgx + -+
+ &4x4]l = 2%, + 2x,|| = 1. The proof is complete.
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I% will denote R” with maximum norm, and /" will denote R” with the norm
"(xl’ soe ,x")ll = ?=1 |xi|'

THEOREM 4.3. Assume A is a real Banach space with the 3.2.1.P. Then the
Jollowing statements are equivalent:

(i) A does not have the 4.2.1.P.

(ii) There exists an isometry T: I3 — A°.

ProoF. If 4 does not have the 4.2.1.P., then by Corollary 2.11 there exists
an element

40 o*
(o) € LHNAT O\, Y S,

where r = (1,...,1) € R%.
Define a linear operator T: I; — A" by

T(1,1,1) = 4x,, T(=1,1,-1) = 4x,, T(1,-1,—1) = 4x;.
Then
T(-1,-11) = =T((1,,1) + (-1,1,=1) + (1,-1,-1))
= —4(x; + x; + x3) = 4x,.

Let x € /3 with [|x|| = 1. Then there exist a, b, ¢, d € R with |a] + [b] + c|
+ |d| = 1 such that

x = a(1,1,1) + b(=1,1,—1) + ¢(1,=1,—1) + d(-1,-1,1)

and such that two of the elements q, b, ¢, d are > 0 and two of them are < 0.
By Lemma 4.2 we have

T = |ldax; + 4bx, + dexy + 4dxy|
= 4la| llx; | + 41b| llx, | + 4lel llxs || + 4ld] llx, I
= la| + |B] + |c| + ld| =

Hence T is an isometry.
Conversely assume T 13; — A’ is an isometry. Define x;, ..., x, € 4° by

4x, = T(1,1,1), dx, = T(~1,1,-1),
4X3 = T(l,"l,-l), 4X4 = T(—l,—l, l).

Then 2, 1 X; =0 and E,=, x|l = 1. We also have [lx; + x;|| = lIx; I
+ |lx;|| for all i,j;i #j. Let a € €0,1) and let (Ppseeesda) (@5 eeerzg)
€EH 4(A (0)), be such that
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(Xl, PR ,x4) = a(yl, coe ,y4) + (1 - a)(zl, .o .,24).
Then

4 4
L= 3 Ikl = 3 lay + (1= )z

4 4
a El Iyl +Q - a) igl llz:ll < 1
50

lx; ]l = ally;l + (1 = o)llz;]| alli.

Hence for i # j

llx; + x5l < ally; + 31l + (1 = @)llz; + 2|
< allyll + allyll + (1 = allzll + (1 = 2zl
= llx; ]l + N,
SO
Iy + 3l =yl + 1yl Nz + zl = llzl + izl

From this it follows that
(xpseenrxy) €& co(Kigj«Sij).
Now it follows by Corollary 2.11 that 4 does not have the 4.2.1.P.

COROLLARY 4.4. A space A with the 3.2.1.P. will fail to have the 4.2.1.P. if and
only if it admits a quotient space A/J isometric to 113 .

COROLLARY 4.5. Assume that A has the 3.2.1.P. but not the 4.2.1.P. Let ¢ > 0.
Then there exists a linear operator S: I,3 — A such that

Il < ISE < (1 + &) llxl

Jor all x € 113 and there exists a projection P in A such that P(A)
=S(@)and |P| < 1 +e.

PrOOE. By Corollary 4.4 there exist a subspace J of 4 and an isometry
B: 113 — A/J. Let Q: A > A/J be the quotient map. A lifting gives the
existence of S (see [32, Theorem 18.9]), and P is given by P = S o B'e Q.
This concludes the proof.



28 ASVALD LIMA

REMARK. We can show that (ii) < (iii) in Theorem 3.9 holds if we replace
A’ by A. Then using Theorem 3.10 and modifying the arguments in Lemmas
4.1 and 4.2 (see the proof of Theorem 5.14), we find that a real Banach space
A with the 3.2.1.P. is nonisometric to an L; (1)-space if and only if there exists
an isometry T: 130 - A.

Alfsen and Effros [4] observed that in 113 we have

B((0,0,0),1) n B((1,-1,0),1) n B((1,0,—1),1) = {(1,0,0)}.

THEOREM 4.6. A has the 4.2.1.P. if and only if for all x, y € A with ||x||, ||yl
Ix = yll < 2, we have

B(0,1) N B(x,1) N B(»,1) N B((x +)/3,1/3) # .
Proor. To prove the nontrivial part of the theorem we assume that

B(0,1) N B(x,1) N B(»,1) N ((x + y)/3,1/3) # &,

forallx, y € A4 with ||x||, lyll, llx — yll < 2. Then clearly 4 has the 3.2.1.P. If
A does not have the 4.2.1.P., let 1 > ¢ > 0 and let S and P be as in Corollary
4.5 Let x = S(1,-1,0) and y = S(1,0,-1), and let

z € B(0,1+¢ N B(x,1 +¢) N B(y,1 +¢) N B((x+y)/3,1/3 +¢).
Then we have
P(z) € B(0,1 + 3¢) N B(x,1 + 3¢) N B(y,1 + 3e¢)
N B((x + y)/3,1/3 + 3¢).
Since the balls in Il3 are compact and € > 0 is arbitrary, we have
g # B((0,0,0),1) N B((1,-1,0),1)
N B((1,0,-1),1) N B((2/3,-1/3,-1/3),1/3).

This contradiction completes the proof.
REMARK. The proof of Theorem 4.6 shows that in Theorem 4.6 it suffices to
require that

B(0,1+¢) N B(x,1 +¢&) N B(y,1 +¢) N B((x +y)/3,r+e) +

for all e > 0 and some r € [1/3,1).

COROLLARY 4.7. 4 real Banach space A has the 4.2.1.P. if and only if for every
family of four mutually intersecting balls {B(a;, r;)}:-'_=l in A with
dim span(a,, . ..,a;) < 2 we have
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4
.ﬂlB(a,-,t; +e)#J alle>0.
i=

REMARK. Corollary 4.7 was proved by Lindenstruass [35, Lemma 6.5] for the
case when the unit ball of 4 contains extreme points. The general case was an
open problem. (See also the remark after Theorem 2.16.) Independently, J.
Stern [49] has given a proof of Corollary 4.7 using ultraproducts, “the principle
of local reflexivity” and Lindenstrauss’ result that Corollary 4.7 holds if the
unit ball of 4 contains an extreme point.

At this point the following result may seem a little surprising.

THEOREM 4.8. Let A be a real Banach space. Then the following statements are
equivalent:

(i) A has the 3.2.1.P.

@) If {B(a, l)}?___, are four mutually intersecting balls in A with
dim span(a,, ...,a,) < 2, then

4
ﬂlB(a,-,l +¢e)#= I foralle > 0.
i=

PROOF. One implication is trivial. So assume {B(g;, r;.)}:.‘_l are four mutually
intersecting balls in 4 with dim span(q, ...,q,;) < 2.

Case 1. co(ay, . . .,a,) has less than 4 extreme points. In this case we may
assume (by renumbering if necessary) that a, = aq, + Ba, + ya;, where
a,B,vy>0and a+By=1. Let x € ﬂ?,_lB(a,-, 1). Then clearly also x
€ B(ay, ).

Case 2. co(a; -++,a,) has 4 extreme points. Then (by renumbering if
necessary) the line between g, and a, and the line between a; and a, intersect
in a point x. By translating we may assume x = 0. Now choose a, b € A4 with
lall = ll6ll = 1 and p, g, 5, > O such that a, = sa, a, = —ta, a; = pb, a,
= —gb. Let (x;,...,x,) € 3, H(4*,(0)), where r = (1, 1,1,1). If (x;,...,
x4) € S;; for some i, j, then since [la; — gl <2,

4
.21 x(a)| < 1.

If(x,...,%) € Ugic j<4S;thenbyLemma 4.2, [|x;|| = 4" for all i. Hence

4

14 1 1
i§| Xi(ai) < Zigl ”al" = Z(s + I) + Z(p + q) < 1.

Now Theorem 1.1 gives
4
iﬂlB(a,.,l +e)# QD

for all ¢ > 0. The proof is complete.
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ReMARK. Let 4 = 3, and let r = (1,1,1,1) and

4, %
(xg,...,x4) € 3, H,'(A (O))l\|<< <4S',j.

From Lemmas 4.1 and 4.2 it follows that if x; = [x;;, x;5, X;3], then for each j,
|x;;| = 1/4 for at least three indices i. But then since ;_; x; = 0, we have

|x;| = 1/4 for alli, j, so 4x; € 8,(I>),. Now the unit ball of 1'}‘ has 8 extreme
y 1

points, and we can write down the different extreme points of H,“(A"‘,(O))l
with more than two nonzero components. A typical element is

Q1,101 -1, -1}, [-1,1, -1, [-1, =1, 1]) /4.
More generally, if n > 3andr = (1,...,1) € R*! then (xps e e esXper)
€ 9, H"1 (1, (0)), where
x,=CL...,-LL,-1,...,-1)/2n=2), k=1...,n

and

Xpe1 = (n=2)(1,...,1)/@2n - 2).

This shows that /|’ does not have the (n + 1).n.LP,

In [26] Hustad gave a characterization of the extreme points of H"(I)7,(0)), .
He then showed that for 3 < n < m + 1, " does not have the n.(n — 1).I.P.
by proving the existence of suitable extreme points.

The following lemma is an easy consequence of Theorem 4.6.

LEMMA 4.9. Let A be a real Banach space, let r = (1,1,1,1/3) € R*, let Y
= H'R,(0)) and let Z = ®R4 |l ). If every linear operator T: Y — A has,
for every e > 0, an extension T: Z — A with || T|| < (1 + €)||T1|, then A has the
4.2.1.P.

PrOOF. Let x, y € A with ||x|,, [|ly]l, lx — yll < 2. Define T: Y — 4 by

T(z),25,23,24) = 23%x + 239 + 24((x + »)/3).
Since the balls B(0, 1), B(x, 1), B(»,1), B((x + y)/3,1/3) have the weak inter-
section property, it follows that ||7]| < 1. (See [24, Corollary 1.4].) Hence, by
Lemma 1.1 of Hustad [24],
7(1,0,0,0) € B(0,1 + €) N B(x,1 +¢) N B(y,1 +¢)
N B((x + y)/3,(1 + ¢)/3).

By Theorem 4.6 (see also the remark following Theorem 4.6), we get that 4
has the 4.2.1.P. The proof is complete.
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A real Banach space is called polyhedral if the unit balls of all its finite
dimensional subspaces are polytopes.

The following theorem improves Theorem 3 of Lazar [34]. Its proof is an
obvious modification of the proof of Theorem 3 in [34] using Lemma 4.9.

THEOREM 4.10. Let A be a real Banach space. Then the following statements
are equivalent.

(i) A is polyhedral and A* is isometric to an L,(u)-space.

(i) For every pair of Banach spaces Y C Z and every operator T: Y
— A with dim T(Y) < 2 there is a compact extension T: Z — A such that ||T}|

= |7

A modification of the proof of Theorem 5.4 of Lindenstrauss [35] using
Theorem 4.6 gives the following result.

THEOREM 4.11. Let A be a real Banach space. Then the following statements
are equivalent:

(i) A has the 4.2.1.P.

(ii) For every pair of Banach spaces Y C Z withdim Y < 2 and dim Z/Y
= 1 and every operator T: Y — A, there is, for every ¢ > 0, an extension
T: Z — A such that |T|| < (1 + &)||T.

5. Semi L-summands and L-summands. In this section 4 will be a real or a
complex Banach space and J will be a closed linear subspace of 4.
We say that a linear projection P in A4 is an L-projection if

lx|| = IIPx|| + ||x — Px|| allx € 4.

A linear subspace J of 4 is called an L-summand if J is the range of an L-
projection.

The “model” of L-projections is given by the following example. Let x be
the characteristic function of a measurable set in a measure space (X, p). Then
f = fx is an L-projection in L; (X, p).

The L-projections were first studied by Cunningham [9] and later by Alfsen
and Effros ([4] or [9]).

The first two results below are due to Cunningham. The proofs can be found
in [4].

THEOREM 5.1. Let P and Q be two L-projections in A. Then P and Q commute,
and PQ is an L-projection.

COROLLARY 5.2. Let J be an L-summand in A. Then J is the range of a unique
L-projection, and J is closed.

In §3 the complementary cone J' of J was defined to be
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J' ' ={x € 4: x = 0orJ N face(x/||x]|) = T}.

This cone is also well defined in complex spaces, and we remark that Theorem
3.4 holds also in the complex case.

The next result was proved in the real case by Alfsen and Effros [4,
Proposition 3.1], and extended to the complex case by Hirsberg [22, Theorem
1.2].

THEOREM 5.3. Let A be a real or complex Banach space and let J be a closed
subspace. Then the following statements are equivalent:

(i) J is an L-summand.

(i) J’ is a convex cone.
Moreover, if J is an L-summand and P is the unique L-projection onto J, then
J' = (- P)A).

We will generalize the notion of an L-summand in the following way. We
say that a closed subspace J of 4 is a semi L-summand if

lx +yll = lIxll + llyll allx €J,y €J".

It is easy to see that every L-summand is a semi L-summand. The converse
is not true, as will be shown later on. However in L; ()-space the L-summands
and the semi L-summands will coincide.

LeMMA 5.4. Let J be a closed subspace of A. Then we have
{yealx+yl=Ixl+lylalxes}cJ,

and

{yed:dyJ) =1y} cJ.

ProoF. Suppose y € 4 and that ||y|| = d(y,J). By Theorem 3.4 we can
write
y=n+yy Ayl =Ilnl+lyl
where y; € J, y, € J'. But then

d(y.J) =yl = lnll + Iy =x»ll > Inl +d(»J)
soy =y, € J’, and the proof is complete.

THEOREM 5.5. Let A be a real or complex L,(p)-space and let J be a semi L-
summand in A. Then J is an L-summand.

Proor. By Theorem 5.3 it is enough to show that J’ is convex. Let
ghE€J andletf€J. Then |fxgll =Ifl+lgllandf=hl]=Ifl
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+ ||#||l. From this a straightforward calculation gives ||f + g + Al = ||fll
+ |lg + All, so by Lemma 5.4, g + h € J’. This completes the proof.
REMARKS. (1) We have seen that every L-summand J is a semi L-summand.
(2) Every semi L-summand J is a hereditary subspace.
In fact, if x € J and y € A4 are such that ||x|| = ||y]| + llx — y|l, then by
Theorem 3.4 we can write y = y; + y, where y; € Jand y, € J'. So

Il = Ayl + Iyl + e =yl + lyall > lixll + 2l 1,

and this shows thaty = y; € J.
(3) If A has the Ry-property and J is a closed hereditary subspace of 4, then
J is a semi L-summand. In fact, if x € J and y € J’ then we can write

x=z+u x| =llzll + llul,
v=z+u |yl =l + lloll,

e + pll = llu = vll = llull + lloll.
Since both J and J’ are hereditary, we have z € J N J’ = (0), so ||x + y||
= [lxll + lIyll.
(4) If 4 has the Ry-property and J is a closed hereditary subspace of 4, then
J is an L-summand. This follows from Theorems 5.5 and 3.9, or by a direct
argument using Theorem 3.4 and the R-property to prove that J’ is convex.
We have the following characterization of semi L-summands.

THEOREM 5.6. Let J be a closed subspace of a real or complex Banach space A.
Then the following statements are equivalent:

(i) J is a semi L-summand.

(ii) Every element in A has a unique decomposition w.r. to J and J'.

(iii) For every x € A, there exists a unique y € J such that ||x — y|| =
d(x,J ), and moreover this unique y satisfies ||x|| = ||y|| + llx — y||.

ProOF. (i) = (ii). Let x € A4 and write x = y, + z; (i = 1,2) where y, € J
and z; € J'. We may assume ||z)]| > [lz,]]. Now (p; — »,) + z; = 2, s0
izl > llzyll = llyy = 2|l + ||z, [l Hence y; = y, and z; = z,.

(ii) = (i) is an easy consequence of Theorem 3.4.

(ii) = (ii)). Let x € A. By Theorem 3.4 there exists a y € J such that
x—y€J and x| = |lyl + Ix —y|. Now if.z€J and |x —z|| =
d(x,J ), then by Theorem 3.4 we can write forsomeu € Jandv € J': x — z
=u+y, |x =2 = [« + [v]l. So

dxJ) = lIx =zl = [lull + [l
= llull + llx =z = ull > |lull + d(x,J).

Hencex -z =v € J'.
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By (ii) it now follows that y = z.
(iii) = (i). Let y € Jand z € J’ and write x = y + z. Now let u € J be
such that ||x — u|| = d(x,J) and

llxll = lull + llx = ull.
Using (iii) on z gives ||z|| = d(z,J), so
llx=ull = lly +z=ul >d@J) =zl = lx -yl
> d(x,J) = [x - ul.

By the uniqueness of u, we have u = y. Hence ||y + z|| = ||y|| + ||z|, and the
proof is complete.
We will now characterize dual L, (1)-spaces using L-projections.

LEMMA 5.7. Letn > 2, letr = (1;,...,1,) € R" withall , > 0, let (x;,...,
x,) € 8,H(4°,(0)),, and let P be an L-projection in A*. Then we have
P(x;) = x; for all i or P(x;) = O for all i.

Proor. Since 37_, x; = 0, we get P(Z_, x;) = 0. Thus
n
L= lGx, -zl = 2 gl

= 2 el + 2 410 - P
= I(Px;, ..., Px)ll + [|( — Pxy,...,x, — Px,)|,

so if (Pxy,...,Px,) and (x; — Px,...,x, — Px,) both are different from 0,
then we may write (x;, ...,x,) as a proper convex combination of elements in
H'(4,(0));, and we obtain a contradiction. Hence all Px; = x; or all Px;
= 0.

For each L-projection P in A* we define

Np = {x € 4]: P(x) = x or P(x) = 0},
and generally we define
N = N{Np: Pis an L-projection in 4*}.

Since x € J U J' for every x € 3,4, and for every hereditary subspace J
of A it follows that [0,1]3,4] C N. We also see that if 4* = R with the norm

eyl = |x| +\/y* + 2%,

then [0,1]9,4] = N.
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THEOREM 5.8. Let A be a real or complex Banach space. Then the following
Statements are equivalent:

(i) A* is isometric to an L,(p)-space.

(ii) [0, 113,47 = N and span(x) is an L-summand for every x € 9, A} .

(i) If n > 2,ifr=(n,...,1,) € R" with all 1> 0, and if (x;,...,x,)
€ 3,H(4°,(0)),, then there exists (z,...,2,) € 3,H"(K,(0)), and y
€ 8,4] such that (x,,...,x,) = (z;y,...,2,)).

(iv) 4 is an almost E(n)-space for all n.

(v) Every family of closed balls in A** with the weak intersection property has
a nonempty intersection.

Proor. (i) = (ii). [0,1]3,4] C N is always true. Let A" be isometric to an
L,(X,p)-space. Let x € L;(X, p) be the characteristic function of a measura-
ble set. Then f — fx is an L-projection in L, (X, p). Now (ii) follows since the
extreme points of the unit ball of L;(X,pn) are exactly the functions
zp.(B)-lx g Where z € K with |z| = 1 and B is an atom.

@) = (i). Let n>2/letr=(,...,5,) ER" with all >0,
and let (x;,...,x,) € 3,H,'(4°,(0)),. By Lemma 57 we have P(x;)
= x; or P(x;) = O for all i and every L-projection P in 4*. By (ii) x;, ..., x,
€ [0,009,4] . Let y, € 3,4} and let z; € K be such that x; = z,y,. If P is
the L-projection onto span(y;), then by Lemma 5.7, z; = 0, or z; # 0 and
F(y) = y; € span(y,) for all . Hence we may assume y; = -+ =y, = y.
Clearly (z,,...,2,) € 3,H"(K,(0)),.

(iif) = (iv) is part of Theorem 2.14.

(iv) = (v) follows from Theorem 2.16 and from the fact that the closed balls
in A** are compact in the w*-topology.

(v) = (i). In the real case Theorem 3.12 or Corollary 2.12 implies that 4* is
isometric to an L, (u)-space. In the complex case A** is isometric to a C(K)-
space for some compact Hausdorff space K, by the theorem in [25] and
Theorem 7.20 in [8]. Hence by Proposition 1.18.1 and Corollary 1.13.3 in [42],
A* is isometric to an L, (u)-space.

REMARK. In the real case (i) © (v) was first proved by Nachbin [39],
Goodner [18] and Grothendieck [19] while (i) ¢ (iv) was first proved by
Lindenstrauss [35]. In the complex case (i) < (iv) ¢ (v) was first proved by
Hustad [24].

In [4] and [9] it is proved that the collection of L-summands is closed under
the operations of taking sums and intersections. For semi L-summands we
have

PROPOSITION 5.9. Let J; and J, be two semi L-summands in a Banach space A.
Then

(@) 4 NJ, is a semi L-summand with complementary cone (J; N Jy)
= (h NI+ 5.
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(i) J; + J, need not be a semi L-summand.
(iii) If J, is an L-summand, then J; + J, is a semi L-summand with complemen-
tary cone (Jy + J,) = Jy N J;.

ProoF. (i) Let x € A. By Theorem 3.4 we may write x = x; + x, where x,
€ J, and x, € Fj. Again Theorem 3.4 gives x; = y, + y, where y; € J, and
¥, € J5. Since semi L-summands are hereditary, we get

x=y+y+x €U NH+U NI+
Hence
el < g+ llyz + 3l <l + llyall + el
=[x |l + llxyll = llxll,

so [lxl| = [ly |l + lly2 + x,l.
Assuming that x € (J; N J,), we get y, = 0. Hence

(N BY €N Ty + T
Assuming thatx € J; N Jyand z = 2 + 2, € (J; N J3) + J|, we get
Ix + 2l = llx + 2 [[ + llz,l
= llxll + iz Il + llzzll = lixll + [lz1],
since J; and J, are semi L-summands. Hence by Lemma 5.4
GNnJY+Ji S ng)

and (i) is proved.

(ii) follows from Theorem 7.8.

(iii) From Theorem 3.4 we get Jy +J, = J; + (J] N J;). To show that
J; + J, is closed, we argue as follows. Let (x,),~; be a Cauchy sequence in
Ji + J,. Then we can write

X, =yp+z, €L+ NAH)

Using that J; is an L-summand, we get

1%y = Xl = 3 = 331l + Nz, = 2,51,

so both ()5, and (z,);=, are Cauchy sequences. Since both J; and J, are
closed, it follows that the sequence (x,);-, converges to an element in J; + Jj.

Let x € A. Using Theorem 3.4 we can split x w.r. to J; and J{, and then
split the J| component w.r. to J, and J. Thus we get
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A=L+{UiNKH)+U1NJy) = +h)+ ] NI

Letx €+, writex =y+u €Jy+(J} N ), andletz € J) N J5.
Using that J; and J, are semi L-summands and that J is convex, we get

lx +zll = lly +u+zll = Iyl + llu + 2
= Iyl + lull + llzll = lly + ull + llzll = lixll + lzl.

By Lemma 54J1 N Jy; C ( + ). Letv € (J; + J,) and write v = x + z
€ (J; +J,) + (J] N J}). Then we have x = 0, since (J; + J,)’ is hereditary.
Hence (J; +J,) € J} N J5. The proof is complete.

We shall close this section by giving some new characterizations of L-
summands and semi L-summands.

THEOREM $5.10. Let J be a closed subspace of A. Then the following statements
are equivalent:

(i) J is an L-summand.

(i) Foralln > 2 and all r = (1 -+ +,1,) € R" with . > 0, the unit ball of
H'(A,J) is the convex hull of the unit ball of H'(A,(0)) and the unit ball of
AN} )

(iii) 117'¢r;r r=(1,1,1) € R?, the unit ball H,3 (4,J), is the convex hull of the
unit balls H?(4,(0)), and (I3, || )

PROOF. (i) = (ii). Let P be the L-projection onto J. Let n > 2 and let r
= (n,...,) € R"with all , > 0. Let (x;,...,x,) € H"(4,J). Then

(xpseeesx,) = (Px;, ..., Px,) + (x, = Pxy,...,x, — Px,)

gives us the desired convex combination.

(i) = (iii) is trivial.

(iii) => (i). By Theorem 5.3 it suffices to show that J’ is convex. Let
X, X, € J'. Using Theorem 3.4 we may write x, + x, = y — x;, where y
€ Jand x3 € J'. We may assume ||x;|| + |lx,]| + ||Ix;]| = 1. Since (xy x5,
x;) € H,’(A,J)l, we may write

(xl’xzax:;) = a()’p}’z,y3) +(1- a)(zl,zz,z3)

where a € [0, l], (yl ,yz,y3) € (J3, ” "1,)1 and (ZI,ZZ, 23) € I{rs(A,(O))l.
Then we get

y=ay+(1-az, lxl=ayl+0-alzl, =123

Since x; € J'and J’ is hereditary, we get ay, = 0 all i, so (1, X3, x3)
€ H,3 (4,(0)),. Hence y = 2,.3=, x; = 0, and the proof is complete.
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COROLLARY 5.11. Let J be a closed subspace of A. Then the following
statements are equivalent:

(i) JO is an L-summand.

(i) Ifn > 2andifr =(n,...,r,) € R" withall , > 0, then

aeHrn(A"Jo)l g ae(Jon’" "[,r)l U aeI{r"(A.9(0))l‘
(iii) If r = (1,1,1) € R then

ael{rs(A"Jo)l g ae(J03’|| ||l,)l U ael-Ir?'(A.’(o))l‘

THEOREM 5.12. Let J be a closed subspace of A. Then the following statements
are equivalent:

(i) J is a semi L-summand.

(ii) For r = () with r, > 0 we have

HX(4,J), = co(H2(4,(0)), U U1 Iy, ))-
(iii) For r = (1,1) we have

HX(A4,J), = co(H(4,(0)), U U341 ).

ProoF. (i) = (ii). Let r = (5,r,) with 5 > 0 and let x|, x, € 4 with x,
+ x, € J. Using Theorem 3.4 we may write x; = y; + z; where y; € J and z;
EJ.Thenx; =y +z1=(x+x)—X=0+x-y)—2,€J+J.
By Theorem 5.6 (ii) we get z; = —z,. Hence the equation (x;,x;) = (;,,)
+ (2;,—2,) gives us the desired convex combination.

(ii) = (iii) is trivial.

(iii) = (). Let x, € Jand x, € J'. We may assume [|x,|| + |lx; — x, /|
= 1,50 (x5,% — x;) € H*(A4,J),. Hence

(X9, %) = x3) = a(y;,y,) + (1 = 0)(z,2,)
where a € [0’ 1]’ (yl,h) € (Jz’” ”1;)] and (z[,zz) € 1{;-2(‘4)(0))1' Then

xy=ay+ (1 -0z, gl =dpyl+0-alzl,
xx=xy=an+(-0dz, |x-xl=aynl+d-alzl

Since J’ is hereditary, we get ay; € J N J' = (0). Hence x, = (1 — a)z;
= —(1 — @)z, s0 x; = ay,. This implies [lx; — x5 || = lix;|| + lix;|l. The
proof is complete.
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COROLLARY 5.13. Let J be a closed subspace of A. The following statements are
equivalent:

() JO is a semi L-summand.

(i) If r = (n,ny) with ;> 0, then

aeI{rz(A‘QJO)[ g ae(‘loz’" "l,r)l U aefIrz(A.’(O))]‘

(iii) If r = (1,1), then
9, H* (A", 0%, C 3,0 %Il Iy, U 3, H(4,(0)),.

THEOREM 5.14. Let A be a real Banach space with the 3.2.1.P. A semi L-
summand J C A will fail to be an L-summand if and only if there exists an
isometry T: I:, —> A such that T(1,1,1) € J and T(-1,1,1), T(1,—-1,1),
T(1,1,-1) € J"

PrOOF. Assume first that there exists an isometry with the properties stated
in the theorem. Then it is easily verified that J’ is not convex, so by Theorem
5.3 J is not an L-summand.

Next assume that 4 is not an L-summand. Let r = (1,1,1). By Theorem
5.10 there exists an element

(xyyxp5%3) € H2(4,0)\co(H(4,0)), U U2, 1l ll,),)-

By Theorem 3.4 we can write each x; = y, + z, where y; € J and z; € J': But
then (x;,x5,%3) = (1,¥2,3) + (2,2,,23) gives rise to a convex combination
in H,3 (4,7),. Hence we may assume x; = z; € J' for all i.

Since A4 has the 3.2.1.P., Theorem 3.2 gives

s=ztu lxl =l + lul,
—x=ztu gl =l + o,
Iy + xgll = = oll = fhull + [

Hence the decomposition
(X, x2,%3) = (2,—2,0) + (u,—v,x3)
gives rise to a convex combination in H,3 (4,7);. Thus we may assume

z=0and |lx; + x|l = lIx || + lIx,]l.
In the same manner, we get that we may assume

I + x3ll =l I + llxs )l and ey + x50l =l ]l + [lxs]l.
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Let x = 2,.3=1 x;. By assumption x #* 0 and x € J. We may also assume
llX, I > llxyll > llx;ll. Then using that J is a semi L-ideal, we get

e I+ xall = llxg + xpll = llx = %3]l = llxll + llxsll < llxll + llx, [l
and

loea Il + llxsll = llxy + x50l = llx = x| = lIxll + I}l > llxll + {lx, ]I,
SO

Il > N ll > el > llxsll > flxll.

Multiplying by a scalar, we may assume
lxll = Nyl = llxall = lloxsll = 1.

Now the map T: I3 — A defined by T(1,1,1) = x, T(~1,1,1) = x;,
T(1,-1,1) = x; and T(1,1,-1) = x3, is an isometry. The proof is complete.

6. Semi M-ideals and M-ideals. Following Alfsen and Effros [4], we say that
a closed linear subspace J of 4 is an M-ideal if JC is an L-summand.

We salso say that a closed linear subspace J of 4 is a semi M-ideal if JO is
a semi L-summand.

DErFINITION. We say that a closed subspace J of A has the n-intersection
property (n.I.P.) if for every family {B(a;,7)}i.,; of balls in 4 with the
properties

(@) J N B(a;,n) # D, fori=1,...,n,

(i) Ni=,B(a;, 1) #* B,
we have

(i) J N N, Bla;,r+¢) # Salle>0.

We say that J has the restricted n-intersection property (R.n.I.P.) if (i) and (ii)
imply (iii) for every family {B(a;, 5)};.., where all , = 1.

If we can take ¢ = 0 in (iii), then we say that J has the strong n.I.P.

REMARK. It is clear that the strong n.I.P. implies the n.I.P. The converse is
false. In fact, there exist a Banach space 4 with a closed subspace J such that
J has the n.I.P. for all n but not the strong 2.I.P. The example is as follows.
Let H be a separable Hilbert space, let A be the ordered Banach space of all
selfadjoint operators on 4 and let J be the compact operators in 4. Then J has
the n.LP. for all n (see [4, p. 126]). In [43] Stefansson constructed an element
k in J such that —I € k < I, and a projection p on H such that k + pis a
noncompact projection on H, and k + p is the least upper bound for 0 and k.
Then

ke Bk+irLhnJts, o0eBlLdhny,

and
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ik +I) € Bk +11}) n B3LY).
Assume v € B(k + 31,}) N B(31,4) N J. Then
I <k+4-v <yl and -lI<iI-v<y,

and this implies 0, k < v. Hence 0, kK < k + p < v. Since v is compact and
k + p is noncompact, we get a contradiction by using that J* is a facial cone.
This example solves Problem 3 of Alfsen and Effros [4] to the negative.

LEMMA 6.1. Let J be a closed subspace of A with the R2.1.P. and let ¢ > 0. If
x € Jwith ||x|| = 1and a € A,, then there exists z € J such that

Ix+a-zl| <1+e |x—a+z] <1+e

ProoF. We have

a€Ba+x,1)NBla-x1) and tx €J N Ba+x,1).

Now every element

ze€JNBla+x,1+¢ N Bla—x,1+¢)
fulfills the requirements.

COROLLARY 6.2. Let J be a closed subspace of A with the strong 2.1.P. Let
x € Jwith ||x|| = 1 andlet a € A,. Then there exists z € J such that

Ix+a-zl <1, |x—-a+:z]| <1

COROLLARY 6.3. Let J be a proper closed subspace of A with the strong 2.I.P.
Ifx € J,thenx & 0,4,.

Proor. Let x € J with ||x|| = 1. Choose a € 4, such that a & J. Let z be
as in Corollary 6.2. Then the element

x=4x+a-2)+ix—-a+2)

is a proper convex combination in 4;.
The next lemma was first proved by Hustad [24]. We will give a simplified
proof below.

n
i=1

LemMA 6.4. Let A be a complex Banach space and let € > 0. Let {B(a;, r;)}
be n balls in A with the weak intersection property. If a € A satisfies

2 .
lla — a;li <r;2+ez, i=1...,n

then {B(a;,5)};.; U {B(a,¢)} has the weak intersection property.
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PrOOF. Using Proposition 2.3 we see that it suffices to show that if
a;, ay, a € C are such that [la, — a,|| < 1 + 1, [lg; - alf € 2+ei=1,
2) then

B(a),n) N B(ay,r,) N B(a,e) # & inC.

If B(ai,r,) c B(a},rz) (or vice versa), then there is nothing to prove since
1;.2 +¢& < (;+¢°. Hence we may assume that the boundaries of
B(a;,n) and B(a,,r,) intersect in two different points e and f. Let S, be the
cone of C containing 4; and determined by the lines from a, through e and f.
Let S, be the cone of C containing a, and determined by the lines from g,
througheand f. If a € §; U S,, then

B(a;,n) N B(ay,n) N B(a,e) # O,

since ,;_2 +6 < (n+ e)z, i = 1, 2. The rest of C consists of two sectors 7 and
T,. Let T; be the sector with vertex e, and T, the sector with vertex f. Suppose
a € T,. Then an inspection of the triangles a, ea and a, ea shows that for at
least one of these triangles, the angle at e is between 7/2 and 7. Hence the
distance from e to a is less than ¢, so

e € B(a;,n) N B(ay,n) N B(a,e).
The case a € T, is treated similarly, and this completes the proof.

PROPOSITION 6.5. Let n > 1 and let J be a closed subspace of a real or complex
Banach space A with the (n + 1).L.P. If A is an almost E(n + 1)-space, then J
has the strong n.I.P.

PrOOF. Let {B(a;, 5)};—, be n balls in 4 such that
JN Bla,r)# alli
and
iél B(a;,n) # 2.

Lete > 0, lete, = ¢+ 27" and let

0< 8, <min{\/i2+e&—rii=1...,m m=12....

Now if a € A with |la — a;|| < 7+ §,, all i, then {B(a;,7)}_, U {B(a.¢e,)}
has the weak intersection property.

The conclusion will now follow from an induction argument similar to the
one used by Aronszajn and Panitchpakdi [6, p. 418].

Suppose we have found (x; )¢, in 4 such thatfork = 1,...,p — 1
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n
Xp1 € J N Blxy,g + ) 0 0O Bag, 5+ Gyy).

Then {B(a;, 7)), U {B(x,,¢,)} has the weak intersection property. Since 4 is
an almost E(n + 1)-space, we have

iélB(ai,r; +16,11) N B(x,.¢, + 30,,1) # 2.
Using that J has the (n + 1).1.P., we find
Xp41 €J N Blx,e,+6) N iélB(a,-,t; +4,).
Now (x)p=, is a Cauchy sequence converging to some element
n
xeJn iQ]B(a,.,r;-).

The proof is complete.

COROLLARY 6.6. Let J be a closed subspace of A with the 2.1.P. Ifa € A, then
there exists x € J with |la — x| = d(a,J).

Proor. Every Banach space is an E(2)-space.

LeEMMA 6.7. Let J be a closed subspace of A with the strong 2.1.P. Let F be a
face of Aywith FNJ = B andleta € F. Thend(a,J) = 1.

ProOOF. Let r = d(a,J) > 0. Suppose r < 1. Then
(1 =r)a € Bla,r) n BO,1-r), 0€Jn BO,1-7),
and
J N Bla,r) #3
by Corollary 6.6. Let x € J N B(a,r) N B(0,1 — r). Then
1= lal < la=xl+ el < r+(1-7) =1,
so ||x]| = 1 — r. But then the element

a =[x Ge/lixll) + (1 = lIxI)((a = x)/lla - xIl)

is a proper convex combination, so x/||x|| € F N J. This contradiction shows
that r = 1.

COROLLARY 6.8. Let J be a proper closed subspace of A with the strong 2.I.P.
Ifa €9,4,,thend(aJ) = 1.
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In the next theorem (i) < (ii) > (iii) was proved by Alfsen and Effros [4] by
different methods. (iv) and (v) are new characterizations of M-ideals.

THEOREM 6.9. Let J be a closed subspace of A. Then the following statements
are equivalent:

(i) J is an M-ideal.

(i) J has the n.I.P. for all n.

(iii) J has the 3.1.P.

(iv) J has the R.n.I.P. for all n.

(v) J has the R3.1.P.

PrOOF. (ii) = (iii) = (v) and (ii) = (iv) = (v) are trivial.
(i) = (ii). Let {B(a;, )} be n balls in 4 such that J N B(a,, ;) # S all i,
and N'_, B(a;,5) # . Letr = (,...,r,) € R"and let

i

S = H'4",©0)) U "I )

Since
J N Bla,r+e)#Q allialle >0
if and only if
n n 0
iglj;(ai) < igl ';”f;" allf]a ”‘71;, € J ’
and
fn}lB(a,.,r;- +e AP alle >0
=
if and only if

|2 0@ < Z il al oot € B,

Theorem 5.10 and Lemma 2.8 will imply
70 O\Bay+d # @ alle>0.
'B

(v) = (i) also follows from Theorem 5.10 and Lemma 2.8. The proof is
complete.
Similarly we get from Theorem 5.12 and Lemma 2.8:

THEOREM 6.10. Let J be a closed subspace of A. Then the following statements
are equivalent:
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(i) J is a semi M-ideal.
(i) J has the 2.1.P.
(iii) J has the R.2.1.P.

Combining Theorems 5.10 and 5.12 with Theorem 1.2 we get:

THEOREM 6.11. Let J be a closed subspace of A. If J is an L-summand, then J 0
has the n.1.P. for all n, and if J is a semi L-summand then J 0 has the 2.1.P.

We will now show that the word if can be replaced by if and only if in
Theorem 6.11. This will solve Problems 1 and 2 of Alfsen and Effros [4] to the
affirmative.

LEMMA 6.12. Let J be a closed subspace of A and assume that for all
x € JOwith ||x| = 1and ally € A}, there exists z € J° such that

Ix+y-z <1, lx-y+zl <L
Leta € A and let ¢ > 0. Suppose b, ¢ € J and

la—bll <d(@J)+e lla—cl <d(aJ)+e
Then
lb = cll < 4e+ 2e(e + d(a,J)).

PrOOF. Since JO is isometric to the dual space of A/J, we can find
x € JOwith ||x|] = 1 such that d(a,J) > x@) =x(a—b)> |la-b| -«
We can also find y € 4* with ||y = 1 and y(b —¢) > ||b — ¢|| — &. Now
choose z € JO such that |x+y—z]| K 1+¢[x—y+z| < 1+e We
have

x@=c¢c)=x(@a—b)+x(b—c)=x(@a—b)> |la-b|| —¢
c+y=2)b-)=yb-c)>|b—cll -

la =8l > d(a,J) > lla-cll—e

Re(x +y-2a-c) <lx+y—zllla-cl < (1+e)lla~c|

and
la - 5l — e < x(a - b)

=lx+y-2)a-b)+i(x—y+2)(a-b)
= JRe(x +y — z)(a — b) + {Re(x — y + z)(a - b)
< dRe(x +y —2)(a—b) + 3(1 + &) ]|la - b]|.

Hence



46 ASVALD LIMA
Re(x +y—2z)(a—b) > (1 —¢)|la— b|| — 2e.
Hence also
(1=¢lla—bll —2—(1+e¢)lla—c
<Re(x+y—-z)(@a-b)—Re(x+y—2z)(a——c)
= Re(x +y — z)(c — b)
=@x+y-2)c—-b)=yc-b)<e—|b-cl,
$O
16 —cll <3e+(1+ella—cll-(1-ela- b
<3e+lla-cll +ella—cll + (1 =e)e~lla—cl)
=3e+ 2lla—c| + (1 —¢)
< 4e + 2¢(d(a,J ) + ¢),
and the lemma is proved.

LEMMA 6.13. Let J be a closed subspace of A and assume that for all x € J°
with ||x|| = 1 and all y € A}, there exists z € JO such that |x +y — z|| < 1,
lx =y + z|| < 1. Then A is a semi L-summand.

PROOF. Let a € 4. Choose a sequence (b,);—; in J such that |la — b,||
< d(a,J) +27". From Lemma 6.12 it follows that (b,);—, is a Cauchy
sequence. Hence (b, )., converges to an element b € J and

lla — bl = d(a,J).

It follows from Lemma 6.12 that b is unique with these properties. By Theorem
5.6 it is enough to prove that ||a|| = ||b]| + |la — b||. Put ¢ = a — b. Then

llell = lla = bl = d(a,J) = d(a - b,J) = d(c,J).

We can now choose sequences (x,)>>, C J°and ( Whhey € A such that
lx, | =1 =yl all n and

llell > x,() > llell = 1/n, 116l > %) > l16ll = Vn.

Then there exists a sequence (z,),—; C J 0 such that lx, + 3 = z,ll, lIx, = x

+z,|| < 1+ 1/n. Clearly

s + 2 = ) < (X + Un)lell, 106, = 3 + 2,) (] < (1 + Yn)le]l.

Going to a subsequence if necessary, we may assume
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x,+3-2,)c)>u€C asn— oo,
x,=p+2z)c)>veEC asn— oo,

and |u), [v| < ||c||. Furthermore we have
llell = lim x,(c)

= lim(§(x, + 3, — z,)(©) + }(x, — 3 + 2,) ()
= Y+ 0) = Y+ o] <l + ol < el
Hence u = v = ||c||. But then
8] + llell = [tim(x, + 3, — z,)(c) + lim 3,(8)]
= |lim(x, +  — 2,)(c) + lim(x, + y, — z,) ()|
= lim|(x, + y, — z,)(a)|
< lim(1 + Yn)llall = llall < [I5]l + lle]l

This completes the proof.
We now have:

THEOREM 6.14. Let J be a closed subspace of A. Then the following properties
are equivalent:

(i) J is a semi L-summand.

(i) 79 is a semi M-ideal.

(iii) For all x € J® with ||x|| < 1 and all y € A} we have J° N B(y + x,1)
N B(y —x,1) # &.

(iv) For all x €J® with ||x| =1 and all y € A}, there exists z € JO
such that

Ix+y—zll =1=x-y+

PrOOF. (i) = (ii) = (iii) follows from Theorems 6.10 and 6.11.

(iii) = (iv) is Corollary 6.2.

(iv) = (i) is Lemma 6.13.

The arguments in Lemmas 6.12 and 6.13 can be dualized, and we get

THEOREM 6.15. Let J be a closed subspace of A. Then the following statements
are equivalent:

(i) J is a semi M-ideal.

(i) For all e > 0,all x € J; and all y € A, we have J N B(y + x,1 + ¢)
N B(y—x,1+¢ # 3.

(iii) For all ¢ > 0,all x € Jwith ||x|| = 1 and all y € A,, there exists
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zE€Jsuchthat||x+y—z|,|x-y+z]| <1+e
For M-ideals we have

THEOREM 6.16. Let J be a closed subspace of A. Then the following statements
are equivalent:

(i) J is an L-summand.

(i) JO is an M-ideal.

(i) JO N M2, B(y + x;, 1) # & whenever x; € JOwith|x;|| < 1( = 1,2,
3)andy € A].

ProoF. (i) = (ii) = (iii) follows from Theorems 6.11 and 6.9.

(iii) = (i). By Theorem 5.3 it is enough to show that J’ is convex. Let
a;, a, € J'. By Theorem 3.4 we have q; + a, = b — a;, where b € J and a4
€ J’. By Theorem 6.14 we have |a|| = d(a;,J). Let ¢ > 0and let x;
€ JOwith |lx;|| = 1 and x,(a;) > llg;| —efori = 1,2,3. Let y € 4] be
such that y(b) > [|b|| — e. Now we can find an element

3
zeJ'n ﬂlB(y + x;,1 + ¢).
i=

Hence
3 3
el = e+ 5 (lall - 9 <>®) + 2 x(a)
3 3 3
- y(igl ai) t 2@ = Z 0+ x)a)
3
= 3 0+ R)@) -0 = 2 O+ x- @)
< 3 A+ 9l
Hence

: 3
el < 4+ e 2l

Since ¢ > 0 is arbitrary, we get b = 0,504, + a, = —a; € J', and the
theorem is proved.
Dually we get

THEOREM 6.17. Let J be a closed subspace of A. Then the following statements
are equivalent:

(i) J is an M-ideal.

(ii) For all € >0, all x; € Jwith | x| < 1(i = 1,2,3) and all y € 4,
we have J N (. B(y + x;,1 +¢) # @.
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Let P be a linear projection in 4. We say that P is an M-projection if
x|l = max{|Px|,||x — Px|[} allx € 4.

In [4] Alfsen and Effros proved that a linear projection P in 4 is an M-
projection if and only if its adjoint projection P* in A" is an L-projection, and
that P is an L-projection if and only if P* is an M-projection.

We say that a closed subspace J of 4 is an M-summand if J is the range of
an M-projection, and that J is an L-ideal if J 0 is an M-summand.

It follows that every M-summand is an M-ideal. From the results in [8] it
follows that ¢, is an M-ideal in /,, but not an M-summand. Clearly every L-
summand is an L-ideal. In [48] Perdrizet showed that in certain spaces all L-
ideals are L-summands and later Cunningham, Effros and Roy [10] proved
that in general the L-ideals and the L-summands coincide. In Theorem 6.16
we showed that a closed subspace J of 4 is an L-summand if and only if J Ojs
an M-ideal. Hence every w'-closed M-ideal in A° is an M-summand. Evans
[46] has characterized the M-summands by intersection properties of balls and
he has proved that every w*-closed M-ideal in A* is an M-summand.

LEMMA 6.18. Let J; and J, be two semi M-ideals in A. Then R+ Jzo is w*-
closed in A°.

PrOOF. By definition J and JY are semi L-summands Let x € J? + JJ.
Using Theorem 3.4 we find x = x; + x, € .Il + Y NI sollxll = IIx,oll
+ ||l ||. By w*-compactness of 4] this immediately gives that A ﬂ (Jl +J5)
is w*-closed. By the Krein-Smulian theorem [11], it follows that Jl + J2 is w*-
closed.

In [4] Alfsen and Effros proved that finite sums of M-ideals are M-ideals.

COROLLARY 6.19. Let J; and J, be two semi M-ideals in A. Then J; + J, is a
semi M-ideal. If J; and J, are M-ideals, then J; + J, is an M-ideal.

ProOF. By Lemma 6.18 and a theorem of Reiter [41], it follows that J; + J,
is closed and that (J; + Jz) = J, n J2 Now Proposition 5.9 gives that
J + J, is a semi M-ideal.

ProPOSITION 6.20. Let (J,) be a family of closed subspaces of A. Let
J = S, &) (norm-closure).

() If every J, is a semi M-ideal, then J is a semi M-ideal.

(ii) If every J, is an M-ideal, then J is an M-ideal.

PROOF. (i) Let a},a, € A and let i, , > 0 be such that [la, — a,|| < 5
+rand d(a;,J) < 1 (i = 1,2). Lete > 0. Then there exist J;, J, € (J,) such
that d(a;,J;) < r + ¢ (i = 1,2). By Corollary 6.19
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2
@G +HN ,ﬂl B(a;,r + 2¢) # O,
=

so also

2
J N .ﬂlB(a,.,ri + 2¢) # .
‘=

By Theorem 6.10 J is a semi M-ideal.

The proof of (ii) is similar.

REMARKS. From Proposition 5.9 it follows that the intersection of two semi
M-ideals need not be a semi M-ideal, whereas the intersection of an M-ideal
and a semi M-ideal will be a semi M-ideal.

Statement (ii) in Proposition 6.20 is proved by Alfsen and Effros in [4]. Here
they also proved that finite intersections of M-ideals are M-ideals.

For p € (1, 00) there is a natural definition of Lp-projection, Lp-summand
and Lj-ideal. As is the case with L = Lj-ideals, one can verify that the L,
ideals and the L -summands coincide. This was first proved by H. Fakhoury
[50].

7. Applications.
A. The Hirsberg-Lazar theorem.

THEOREM 7.1. Let A be a (real or complex) almost E(3)-space and suppose A,
contains an exteme point e. Suppose that span(p) is an L-summand for all
p € 3,4]. Define ={fed:|fl =1=f()} and define <I> A
- C(S) by ®(x)(f) = f (x). Then ® is an isometry into C(S) and ®(e) =

Proor. Clearly ®(e) = 1 and ||®(x)|| < |lx]| forall x € 4. Letx € 4. We
only have to prove that ||x|| < ||®(x)]|. Let p € 9,4} be such that ||x|| = p(x).
Define J, = {y € 4: p(y) = 0}. Then J span( p) 50 J, is an M-ideal. By
Theorem 6.9, Proposition 6.5 and Corollary 6.8 it follows that d(e,J )=1
Since the dual space of A/J is isometric to = span(p), we get that
| p(e)] = 1. Hence for some z wnh |z] = 1, we have zp € §, so ||x|| = |zp(x)|
< ||®(x)]|, and the proof is complete.

COROLLARY 7.2. Let A be a (real or complex) Banach space whose dual space
is isometric to an L,(u)-space. Assume that the unit ball A, contains an extreme
point e. Let S and ® be as in Theorem 7.1. Then ® is a linear isometry of A onto
the w*-continuous affine (real or complex valued) functions on S and ®(e) =

PrOOF. It follows from Theorems 5.8 and 7.1 that ® is a linear isometry,
and the surjectivity follows by an argument from [1, p. 74] or [40].

REMARKS. For the complex case Corollary 7.2 was first proved by Hirsberg
and Lazar in [23]. For the real case, Theorem 7.1 can be sharpened so we get
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the following result of Nachbin [39], Kadison [27] and Lindenstrauss [35] (see
Theorem 4.7 in [35]):

THEOREM 7.3. Let A be a real Banach space and suppose A, contains an
extreme point e. Let S and ® be defined as in Theorem 1.1. Suppose that for every
family {B(a,.,r;-)}?=l of three mutually intersecting balls in A such that B(a,,n)
N B(a,,r,) = {e}, we have e € B(ay,r;). Then span(e) is a semi L-summand,
o(e) = 1, and ® is an isometry of A onto the w*-continuous affine real-valued
Sunctions on S.

Proor. First we will show that span(e) is a semi L-summand. Let x
€ A\span(e) and let r = d(x, span(e)) > 0. Suppose a, b € span(e)
N B(x,r) and 2s = ||la — b|| > 0. Choose & such that s > e > 0andr > ¢
> 0. Then the balls {B(x,r — ¢), B(a,s), B(b,s)} can be translated by an
element y in span(e) such that B(a — y,s) N B(b — y,s) = {e} and the balls
B(x — y,r — ¢), B(a — y,s), B(b — y,s) are mutually intersecting. In fact, y
= qg—e¢ will do. But then by the assumption, e € B(x — y,r — €), soO
d(x, span(e)) < r — e This is a contradiction, sospan(e) N B(x,r)must consist
of one point z. Then ||x| < ||z + [|x — z||.

Suppose [|x|| < [|zIl + [lx = z||. Then [lx — z[| < |lxl, since [|x]| = [lx — ]|
= rimplies z = 0 and ||x|| = ||z]| + |lx — z||. From the assumption it fol-
lows that

span(e) N B(0, [|x]|[lx — zI})
N Bz, llzll + llx = zll = llxl) n Blx, [lx - 2l)) # @.

Since span(e) N B(x, [lx — z||) = {z} we have z € B(0, ||x|]| — [Ix — z]|), so
llz]l + llx = z|| < lIx||. This contradiction shows that ||x|| = |iz|| + ||x = z]|.
By Theorem 5.6 span(e) is a semi L-summand.

Let J = (span(e))®. Then J is a w*-closed semi M-ideal in A* and for all
p € 9,4],d(p,J) = 1 by virtue of Theorem 6.10 and Corollary 6.8. Since
span(e) is isometric to 4°/J, we get |p(e)l = 1, sop € Sor —p € S. But
then ® is an isometry of 4 into the w*-continuous affine real-valued functions
on S and ®(e) = 1. The surjectivity argument can be found in [1, Corollary
1.1.5]. The proof is complete.

COROLLARY 7.4. Let A be a real Banach space and let e € 3,4,. Then the
Sollowing statements are equivalent:

(i) For every family {B(a;, r;)};;l of three mutually intersecting balls in A such
that B(a;,r) N B(ay,r,) = {e}, we have e € B(ay,ry).

(ii) There is a linear isometry ® of A onto the space of continuous affine
functions on a compact convex set, with ®(e) = 1.

(iii) span(e) is a semi L-summand.
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ProoOF. (i) = (iii) = (ii) follows from Theorem 7.3.

(ii) = (i) is proved in [35, Theorem 4.7).

B. M-ideals and L-summands in spaces of continuous functions and uniform
algebras. Let X be a compact Hausdorff space and let 4 be a Banach space of
continuous real- or complex-valued functions on X containing the constants.
We say that a subset F of X is a peak set for A if there exists an element f € 4
such that f(x) = 1 for all x € Fand |f(x)| < 1 for all x € X\F. We say
that F is a generalized peak set for A if F is an intersection of peak sets. It is
easily verified that the notions of peak set and generalized peak set will
coincide for G-sets.

THEOREM 7.5. Let A be as above and let J be a semi M-ideal in A. Then there
exists a generalized peak set F C X for A such that J = {f € A: f(x)
= 0forall x € F}.

ProoF. Define F = {x € X: f(x) = 0 for all f € J}. Let q be an extreme
point of the unit ball of J® in 4°. Since J is a semi L-ideal, ¢ € 3,4;. Let
®: X — A] be the natural map. Then there exist A\ € C with |A\| = 1 and x
€ X such that ¢ = A®(x). Clearly x € Fand F(x) = Ofor all f € J. As-
sume g € 4 and g(y) = Oforally € F. Then g(g) = 0, so by the Krein-
Milman theorem [11] p(g) = Oforallp € J°. Hence g € JandJ = {f
€ A: f(x) =0forallx € F}.

Let x € X\F,and letf € Jwith ||f]| = 1and f(x) = 2¢ > 0. Then 1
€ B1+f,1)Nn B(1-f1)and +f € J N B(1 + f,1). From the proof of
Proposition 6.5 it follows that there exists an element g € J N B(1 — £, 1)
N B(1+f,1+e¢.Butthen ||l -—f—g|| =1and

(1-f-g)() =1 forally € F.
We have

1+e> [[1+f-gll > Re(l +f(x) — g(x)) = 1+ 2e — Re g(x),
so Re g(x) > e Hence

Re(l —f(x) —g(x)) <1 -2e—e=1-3<1.

Let E={yeX:1-f(y)—g(y)=1). Then F, is a peak set, F
C F and x &€ F,. Hence F is the intersection of a family of peak sets. The
proof is complete.

THEOREM 7.6. Assume A is a Banach algebra of continuous complex- (or real-)
valued functions on X containing the constants and separating points. Let J be a
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closed subspace of A. Then the following statements are equivalent:

(i) J is an M-ideal.

(i) J is a semi M-ideal.

(iii) There exists a generalized peak set F for A such that J = {f € 4:
f(x) = 0forall x € F}.

Proor. (i) = (ii) is trivial and (i) = (iii) is proved in Theorem 7.5.

(iii) = (i). Let fy, f,,f; € Jj, letg € A, and lete > 0. Let G = {x € X:
2,.3,1 | fi(x)] > ¢}. Then G is a compact set disjoint from F. Hence there exists
anh € A, such that h(x) = 1 forallx € Fand |h(x)| < 1forall x € G. For
some m, we have |h™(x)| < ¢ for all x € G. Then we get

3
gl-myeJn ﬂlB(g +f,1 +e).
i=

By Theorem 6.17 it follows that J is an M-ideal. The proof is complete.

COROLLARY 7.7. Assume A = C(X) (= the Banach space of all real- or
complex-valued continuous functions on X). Then a closed subspace J of A is an
M-ideal if and only if J = {f € A: f(x) = 0 all x € F} for some closed subset
F of X.

REMARK. The equivalence of (i) and (iii) in Theorem 7.6 was proved by
Hirsberg in [22].

A Banach space 4 always contains the two trivial L-summands (0) and 4.
The next result shows that there need not be any other L-summands in 4.

THEOREM 7.8. Let A = C(X) (= the Banach space of all real-valued contin-
uous functions on a compact Hausdor[f space X). Let J be a closed subspace of A.
Then J is a semi L-summand in A if and only if J = A,J = (0)orJ
= span(f) for some f € 93,4,.

It follows from Corollary 7.4 that span(f) is a semi L-summand for all
f € 9,4,. That there is no other nontrivial semi L-summand in 4, follows
from the following observation: Assume J is a closed hereditary subspace of
C(X) and that f € J is such that ||f]| # |f(x)| for some x € X, then every
g € C(X) with g(y) = 0 for |f(»)| = |If|| will belong to J.

The complementary cones J’ of the semi L-ideals J = span(f) in Theorem
7.8 are clearly not convex. Hence we get:

COROLLARY 7.9. The only L-summands in C(X ) is (0) and C(X).

REMARK. Since real C(X)-spaces have the 4.2.1.P. their dual spaces are
isometric to L, (u)-spaces. The projections of norm 1 in L, (u)-spaces (1 < p
< o) are completely described by several authors (see [37]). It follows that
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L, (n)-spaces do not contain any nontrivial M-projections. Hence C(X ) do not
contain any nontrivial L-projections.

C. G-spaces. A real Banach space 4 is said to be a G-space if there exists a
compact Hausdorff space X and a set S = {(x,,5,A,)} € X XX X [-1,1]
such that 4 is isometric to Y = {f € C(X): f(x,) = A, f(3,) all (x,,%,A,)
€ S}. The G-spaces were intoduced by Grothendieck [19] and they have been
been studied by various authors, notably by Lindenstrauss [35], Lindenstrauss
and Wulbert [38] and Effros [13].

We will here give new proofs of some results of Lindenstrauss, Wulbert and
Effros.

THEOREM 7.10. Let A be a real Banach space. Then the following statements
are equivalent:

(i) 4 is a G-space.

(ii) There exist a compact Hausdorff space X and a subspace Y of C(X)
isometric to A such that max(f,g,0) + min(f,g,0) € Y forallf,g € Y.

(iii) If x, y € A, then there exists z € A such that

p(z) = max(p(x),p(y),0) + min(p(x), p(y),0)

forallp € 9,4;.
(iv) 4® is isometric to an L,(n)-space and 3,4; C [0, 119, 4} (w°-closure).

Prookr. (i) = (ii) is a verification. (See [35, Lemma 6.7].)

(i) = (iii) is straightforward.

(iv) = (i) is proved in Effros [13, Theorem 6.3].

(i) = (iv). Let x, y € 4 be such that ||x]|, [|ly]l, |x = yl| < 2.Letz € 4 be
such that

2p(z) = max(p(x),p(y),0) + min(p(x),p(y),0)

for all p € 3,4]. An easy verification (see [35, Theorem 6.9]) shows that
z € B(0,1) N B(x,1) N B(y,1). Letp € 8,4;.1f 0 < p(y) < p(x), then

6p(z) — 2p(x) — 2p(y)
= 3p(x) + 0 = 2p(x) = 2p(y) = p(x) = 2p(»),
so —p(y) < p(6z — 2x — 2y) < p(x). Hence
—max(||x[|, I¥l) < p(6z — 2x — 2y) < max(|lx], yl)-

Similarly we treat the cases p(x) > 0 > p(»), 0 > p(x) > p(»), 0 > p(»)
> p(x), p(¥) > 0 > p(x), and p(y) > p(x) > 0. Then we get

llz = G +»)/3Il < max(lx]l, ly]l)/6 < 1/3.



INTERSECTION PROPERTIES OF BALLS 55

By Theorem 4.6 and Corollary 3.11 we get that A" is isometric to an
L, (n)-space. L

Suppose now that p € 9,4] (w*-closure). Then clearly p satisfies the equal-
ity in (iii). We may assume |/p|| = 1. In order to show that p € 3,4;, it
suffices to show that if g € 4" and|pll = llgll + llp — 4l|, then ¢
€ span(p). Define J = {x € 4: p(x) = 0}. Then J® = span(p). Let ¢ > 0.
Let x € J with ||x|| = 1 and choose y € A with ||y|| = 1 such that p(y)
> |lpll —e =1—¢ Let z € 4 be such that

f@) = max(f(y + x).f(y = x),0) + min(f(y + x),f(y = x),0)
for all f € 3,4). Then

P(2) = max(p(y + x),p(y — x),0) + min(p(y + x),p(y - x),0)
= max(p(y),0) + min(p(y),0),
s0 p(z) = p(y). Hence z — y € J. Defineu = z — y. If f € 9,4], then

f@ = 2f(y) + max(f(x), =f(x), =f(»)) + min(f(x), =f (x), = (»)).

Verification gives

fO)=fx)  iff(y) > fx) >0,
fO)+fx) i f(y) > —flx) >0,
fo-w=20)-f= {0 if [f()) < £,
f)-fx)  iff(»)<fx) <0,
fO)+fx) i f(y) < —f(x) <O

Hence we get

llx +y — ull < max(llx[l, [lyll) =1

and

ly = x = ull < max(llx[l, [lyl) = 1,
s0

ueJnB(y+x1)n B(y—-x1).
Now

x=%(x+y—u)+%(x—y+u).

Since px +y—u)>1—¢gplx—y+u)<-1+¢ and 1= |p| = |ql
+lp—qll, wegetg(x +y —u) > llgll —eand g(x — y + u) < —[lql| +¢,s0
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lg(x)] < e Since ¢ >0 is arbitrary, we get g(x) = 0. Hence g € J°
= span(p), the proof is complete.

REeMARKs. (1) In [35] Lindenstrauss proved that the dual space of a G-space
is isometric to an L,(u)-space. In [38] Lindenstrauss and Wulbert gave a
direct proof of the implication (ii) = (i) in Theorem 7.11. Their proof is rather
technical.

(2) In [13] Effros proved (iv) = (i) and for separable spaces also (i) = (iv)
of Theorem 7.11. The assumption of separability was later removed by
Fakhoury [16] and Taylor [45]. Effros [13] also proved that 4 is a G-space if
and only if 4* is isometric to an L,(n)-space and has Hausdorf structure
topology on 3,4} . (See Effros’ paper [13] for the definition of the structure
topology.) Uttersrud [51] has proved (using Theorem 5.8) that if the structure
topology on 9,4} is Hausdorff, the 4* is isometric to an L, (u)-space and
hence 4 is isometric to a G-space.

(3) A real Banach space 4 is said to be an M-space if 4 is a G-space such
that all 0 < A, < 1 for all &« (A, as in the definition of G-space). Arguments
similar to those used in the proof of Theorem 7.11 can be used to prove the
equivalence of the following statements:

(i) 4 is an M-space.

(ii) 4 is isometric to a sublattice of a C(X)-space.

(iii) 4" is isometric to an L;(u)-space and there exists a maximal proper
face F of 4] such that 3, F C [0, 1]3, F (w*-closure). The equivalence of (i) and
(ii) is a result of Kakutani [29].

(4) By the method of proof used in Theorem 7.11, we can obtain character-
izations similar to (iv) in Theorem 7.11 and (3)(iii) above for C(K)-,Co(LK)-,
Cs- and Cy-spaces. (See Lindenstrauss and Wulbert [38], Fakhoury [16], Ka
Sing Lau [33] and Olsen [40].)

(5) In the proof of Theorem 7.11 we proved that J is a semi M-ideal. By
Theorem 5.5 we then get that span(p) is an L-summand for all p € 5:7{ (w*-
closure).

D. Semi M-ideals in order unit spaces. Let A = A(K) be the Banach space
of all continuous affine real-valued functions on a convex compact subset K
of a locally convex Hausdorfl space. As in Theorem 7.1 we define S
= {f € 4*: ||fl = f(1) = 1}. It is proved in Alfsen [1] that

AT = co(S U -5)

and that K is homeomorphic to S under the map x — £ where %(a) = a(x).
Hence we can and shall identify K and S. 4 and A* are partially ordered with
positive cones A* = {f € A4: f > 0} and 4** = U, (AK respectively.

PROPOSITION 7.11. Let J be a semi M-ideal in A. Then JO is positively
generated.
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Proor. Let x € J°. Then since AT = co(K U —K), we can write x
=y —zwherey,z € A" and ||x|| = ||y|| + ||z||. Since JO is a semi L-sum-
mand, JO is hereditary (see the remarks after Theorem 5.5). Hence y, z
€J'n 4.

Let J be a subspace of 4, and let p: A — A/J be the canonical map. p(4™)
is a (possibly improper) convex cone in 4/J. We say that J is an order ideal in
Aifa,b € J,c € A,a < ¢ < b, implies ¢ € J. In[1, Proposition IL.1.1] it is
proved that J is an order ideal if and only if ¢(4")!is a proper |convex cone,
ie. p(47) N —g(4*) = (0). Clearly, if J is a semi M-ideal in 4, then by
Proposition 7.11 J is an order ideal in 4.

PROPOSITION 7.12. Let J be a semi M-ideal in A. Then o(A") is closed in the
quotient topology.

PrOOF. Let F = J° N K. Then by by Proposition 7.11, .Il = co(F U —F).

Let x € A be such that ¢(x) € p(4"). By Hahn-Banach g(x) € ¢(4") if
and only if f(x) > O for all f € F. Without loss of generality, we may assume
0 < f(x) <2forallf € F.But then —1 < f(x — 1) < 1 for all

f € co(F U —F).

Since the dual space of A/J is isometric to J°, we get [lp(x — 1)|| < 1, so
dx-1,J)< 1

By Corollary 6.6 there exists an element y € J N B(x — 1,1). But then
-1<x-1-y< 1,500< x—y< 2 Hence ¢(x) = ¢(x — y) € p(4”).
This completes the proof.

Propositions 7.11 and 7.12 imply: (i) if ¢(x) € A/J, then —ng(1) < ¢(x)
< ng(1) for some n, and (ii) if np(y) < (1) foralln = 1, 2, ... then ¢(y)
< 0. Hence if J is a semi M-ideal, the 4/J with positive cone p(4™) will be an
Archimedean ordered vector space (with terminology of [1]).

We now want to prove that if J is a semi M-ideal in A, then J is positively
generated. We write J* = J n 4™,

LeMMA 7.13. Let J be a semi M-ideal in A. Then
AN+ cat+0%n 4.

PRrOOF. Let x € 4] N (J0 + A**). Then we can write x = y + z where y
€J%ndz € 4. By Theorem 3 4 we may write z = z; + z,, llz|l = ||z, ||
+ ||z, || where z; € J%and z, € J?'. Since z € A" we get

izl + lizyll = llzll = 2(1) = 2, (1) + 2,(1) < Iz | + [z, ]l-
Hence z,(1) = ||z,||, so z, € 4**. But then
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x=(y+z)+z € JO+ @t nJ”),
and since J is a semi L-summand

12 llxll = lly + 21l + llzoll > Iy + .

Hence x € A" + (J° N 4}). The proof is complete.
Taking polars in the formula in Lemma 7.13 (see [7, Proposition 1.1]), we get

COROLLARY 7.14. If J is a semi M-ideal in A, then
A" N (I +4) CI+ 4,

LEMMA 7.15. Let J be a semi M-ideal in A. Then J° + A** is w*-closed and
— N 4N =70+ 4+,

PrOOF. Let (x,) be anetin 4] N (J 0 + 4**). In the proof of Lemma 7.13
we showed that we could write x, =y + z,, lIx, [l = lInll + llz,ll < 1,
where y, € J%and z, € 4"*. Since 4] N J%and 4"* N 4] both are w"-com-
pact, we may assume, passing to subnets if necessary, thaty, -y € J % and Z,
— z € A"t (w"-convergence). Using that the norm is w"-lower semicontin-
uous, we get

Iyl + llzll < lim inf[ly || + lim inf||z, ||

ly + 2l <
< lim inf(|ly |l + llz, 1) < lim infllx, || < 1.
Hence a subnet of (x,) converges to y +2z € A} 0 (JO+ 4*). By the
Krein-Smulian theorem, J° + 4** is *-closed.

The formula —(J N 4*)° = J° + A4** now follows from Asimow [7, Prop-
osition 1.1]. The proof is complete.

COROLLARY 7.16. Let J be a semi M-ideal in A and let a € A*. Then
d(a,J) = d(a,J").

PrOOF. Suppose r = d(a,J) > 0. Let f € A® be such that f > OonJ
N A*. Then f € —(J N 47)° = JO + A**. Hence we may write f = g + h,
Il = llgll + 7], where g € J®and & € A**. Let x € J N B(a,r). Then

—f(a) = —g(a) — ha) < —g(a) = —gla — x) < rligll < ~fll.
By Theorem 1.4 we get d(a,J N A*) < r. The proof is complete.

PROPOSITION 7.17. Let J be a semi M-ideal in A. For all § € [0,1) we have
JN B0, CU*N4)-U"n 4).
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PrROOF. Let x € J with ||x|] = 1 and let ¢ > 0. By Theorem 6.10 and the
proof of Proposition 6.5 there exists an element

y€JnNB1-x1)n B(l+x,1+eé).

Sincey € B(1 — x,1)wehave 0 < x + y < 2.Sincey € B(1 + x,1 + ¢) we
have —(2 + ¢) < x — y < & Hence by Corollary 7.14

y—-x+e€ At 0 (J+ B0,¢)) € N A7) + B0,¢)
C (J N 4%) + B(0,2e).

Now choose z € J N A andu € B(0,2¢) such that y—x+¢ =z +u.
Then ||z]] < 2+ 3eandy — x = z + (u — ¢). But then

x=21x+)) -2 y-x)=2""x+y) -2z -2"1uw—-¢)
=2Mx+y)-Q+3) 22" w-e) + (2 + 3 - 27N
We have
27w =)+ @7 = 2+ 307zl
<273+ 2+3)R7 -2+ 3)7") = 3.
Hencex € (J* N 4,) — (/" N 4,) + B(0,3), so |

JNA CUTN4)-U*n4).

The Tukey-Klee-Ellis theorem (see [15, Lemma 7]) now gives that for
é € [0, 1), we have

JN B0 CU N A4)-U*nN 4)

The proof is complete.

Following [1] we say that a closed subspace J of A4 is a strongly Archimedean
order ideal if

(i) 4/J is an Archimedean ordered vector space.

(ii) J is positively generated.

(iii) JO is positively generated.

Propositions 7.11, 7.12 and 7.17 show that:

THEOREM 7.18. If J is a semi M-ideal in A, then J is a strongly Archimedean
order ideal.

By Theorem 7.18, [44, Theorem 5.2] and [4, Proposition 6.18, part IT] we get:



60 ASVALD LIMA

COROLLARY 7.19. If J is a closed subspace of the selfadjoint part of a C*-
algebra with unit, then the following statements are equivalent:

(i) J is a semi M-ideal.

(ii) J is an M-ideal.

(iii) J is the selfadjoint part of a two-sided ideal of the algebra.

PROOF. (ii) ¢ (iii) is due to Alfsen and Effros [4].

(i) = (i) is trivial.

(i) = (iii) follows from Theorems 7.18 and 5.2 in Stormer [44].

REMARK. Let 4 = 1,3 and let e = (1,0,0). From Corollary 7.4 and Theorem
7.8 it follows that A is isometric to an A(K)-space, and that J = {(x,y,2): x
+ y + z = 0} is a semi M-ideal in 4 which is not an M-ideal.

This example was first used by Alfsen and Effros in the proof of Theorem
5.8 in [4]. There they proved that J has the 2.I.P. but not the 3.I.P. by an
elementary but somewhat technical geometric argument.
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