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ABSTRACT. An old question of Pélya asks whether an entire function f
which has, along with each of its derivatives, only real zeros must be of the
form

@) =z e-az1+bz+c I (l _z )ez/:.
n 2

where a > 0, b and the z, are real, and 3, z;2 < co. This note answers this
question (essentially in the affirmative) if f is of finite order; indeed, it is
established that if f, f’, and f” have only real zeros (f of finite order), then
cither f has the above form or f has one of the forms

f@) =a*, () = ol - &)

where a, b, ¢, and d are constants, b complex, ¢ and d real.

Introduction(2). This note is concerned with real entire functions f and the
influence the growth of f has on the distribution of the zeros of f’ and f”.
Recall that a real entire function is one which assumes real values on the real
axis. In order to state concisely the background to our results, as well as the
results themselves, we introduce the following notation: For each integer
p 2 0, denote by ¥, the class of entire functions of the form

f() = exp(~az"*?)g(2)

where a > 0 and g(z) is a constant multiple of a real entire function of genus
< 2p + 1 with only real zeros. That is, g is of the form

_m,00) _z LA Y EAN
5 = @ T (1= D)ern(Z 4+ 5(£) )
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where c is a constant Q(2) is a real polynomial of degree < 2p + 1, z, are
real, 3, |z I 0l < ,andg < 2p + 1. Now set Uy = ¥, and forp > l set
UZp 2p—2( )

The class U, is of particular interest, for a classical theorem of Laguerre [9]
and Polya [12] asserts that f € Uj, if and only if it can be uniformly
approximated on discs about the origin by a sequence of polynomials with
only real zeros.

An immediate consequence of this fact is the following

THEOREM A. The class % is closed under differentiation; that is, if f € U,
then f " e Upn = 1,2,.... In particular, f € U, implies _f has only real
zerosn = 1,2,

In 1914, Pélya [13] asked whether this theorem has a converse: Is U, the only
class of entire functions closed under differentiation? That is, if an entire function
S and each of its derivatives have only real zeros, is f € Uy ?

Pélya showed [13] (a detailed proof will be found in [14]) that if one
considers entire functions of the form P(2)e2?), where P(z) and Q(z) are
polynomials, then aside from functions of the form ae bz (a and b constants, b
complex), the answer is yes. Moreover, in [14] he conjectured that aside from
a function f of the form

fi) = ae” or f(z) = a(e™ — &)

where a, b, ¢, and d are constants, b complex, ¢ and d real, only a function
f € U, has the property that it and each of its derivatives have only real zeros.

Alander subsequently devoted a series of papers to Polya’s question. In [1]
and [2] he showed that if one restricts oneself to the classes Uj,, p = 0, 1, 2,
then only the class U, is closed under differentiation, while in [3] he purports
to have extended this result to arbitrary p. In a famous survey article on zeros
of successive derivatives [15], Polya refers to Alander’s papers [1] and [2], but
not to his more general result [3]. The first author of this paper while a
graduate student under the direction of A. Edrei brought this curious omission
to the latter’s attention. In response to Edrei’s subsequent query, Pélya replied
in a letter that he was aware of Alander’s more general “proof” but was never
convinced by it nor could he show that it was fallacious!

Alander’s “proof” involves a study of level curves of harmonic functions
associated with functions in U,,. Avoiding such geometric considerations and
using instead direct, analytic arguments, we prove the following stronger
version of Alander’s “theorem.”

(3) This classification of (constant multiples of) real entire functions was introduced by
Alander [3].
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THEOREM 1. Let f € Uy If ' has only real zeros, then f” has exactly 2p
complex (i.e., nonreal) zeros.

This result also partially affirms a long standing conjecture of Wiman [3, p.
6: If f € Uzp, then " has at least 2p complex zeros.
An immediate consequence of Theorem 1 is

COROLLARY 1. Let f be a (constant multiple of a) real entire function of finite
order. If f, ', and f" have only real zeros, then f € U,.

For arbitrary entire functions of finite order, we verify Pélya’s conjecture by
our

THEOREM 2. Let f be an entire function of finite order. If f, ', and f" have only
real zeros, then either f € Uy or f has one of the forms

f@) = ae”,  f) = ale™ - &)
where a, b, ¢, and d are constants, b complex, ¢ and d real.

For arbitrary entire functions, the requirement of Theorem 2 that f be of
finite order is essential, as the example exp(e”?) due to Edrei [7] shows. On the
other hand, for (constant multiples of) real entire functions of infinite order
the authors conjecture the following analog of Theorem 1:

HYPOTHETICAL THEOREM. Let f be a (constant multiple of a) real entire
function of infinite order with only real zeros. If f’ has only real zeros, then f” has
an infinite number of complex zeros.

B. Ja. Levin and I. V. Ostrovskii [11] have proved this theorem for functions
for which (roughly speaking) M(r,f) = maxj,_,|f(z)| grows asymptotically
faster than exp(expr). Since Theorem 1 together with an affirmative answer to
the Hypothetical Theorem would completely answer Pélya’s question for real
entire functions, it only remains, in view of the results of Levin and Ostrovskii,
to study real entire functions of infinite order and “moderate” growth(?).

We conclude this introduction by remarking that some striking conjectures
concerning the zeros of successive derivatives of entire functions posed by
Pélya in [15] remain open. R. P. Boas, Jr., brings this subject matter up-to-date
in Volume II of his recent editions [5] of Pélya’s papers. In view of the
extensive successes in classical value distribution theory since Pdlya’s survey
and of new representation theorems for classes of meromorphic functions
resulting from these and other investigations in function theory, the time may
be ripe for a reinvestigation of Pdlya’s problems on zero sets.

(%) Actually, Levin and Ostrovskil's result [11, Theorem 2] does not require - that the zeros of

S’ be real. If this assumption were dropped, the Hypothetical Theorem is probably still true
and would then be the analogue of Wiman’s conjecture for the case of infinite order.
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2. Preliminaries. Let f be a (constant multiple of a) real entire function with
only real zeros. The key ideas in the proof of Theorem 1 are two representa-
tions for the logarithmic derivative f//f. Since these representations (equation
(2.5) and Lemma 3 below) may be found in [10] and [11], we shall simply state
the relevant lemmas.

First observe that there is no loss in generality in assuming that f(0)
# 0 and f'(0) # 0(°). Indeed if f(0) = 0 or f’(0) = 0, then we consider
h(z) = f(z + €) where ¢ > 0 is chosen so that f(¢) # 0 and f'(¢) # 0. It is
then clear that h(z) € U,,, that h(0) #0 and K(0) # 0, and that
#*%)(z) and f*)(z) have the same number of complex zeros k = 1, 2. Hence,
in the rest of the paper we will assume that f(0) # 0 and f’(0) # O.

Denote by a, the distinct zeros of f and enumerate them as follows:

(21) -o.<ak_l<ak<ak+l<...
. (-0 € a € k < w < +00,k finite).

According to Rolle’s theorem, f’ has at least one zero in each interval
(@, ay41); choose exactly one and denote it by b,. We will order the a,’s and
b’s so that we have not only

@2) a < b <a, forallk
but also
23) b <0<gq.
Now set(5)

z-by 1-z/b,\ .

- aOkaéO(l —z/ak) if w = +oo,
24) W)= /

z— by 1-2 bk) )

(@ = ay)(a, - 2) kal:g.u (l - z/a; if o < +oo.

We have

LEMMA 1. Y(z) maps Im z > 0 into the upper half plane.

The proof can be found in [10, pp. 308-309].
Now it is clear that the logarithmic derivative of f may be represented in the
form

F@/fG) = ¢(2)¢2)

(5) The reason for having f'(0) 0 will become clear in the sequel.
(6) If f has no zeros, set y{z) = 1; if f has one zero ag, set y(z) = (z — ao)".
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where ¢(z) is an entire function. In fact we have
LeMMA 2. If f is of finite order, ¢(2) is a polynomial.

The proof depends on some standard estimates from Nevanlinna’s theory of
meromorphic functions, in particular Nevanlinna’s lemma on the logarithmic
derivative, and uses Carathéodory’s estimate on functions mapping a half
plane into a half plane. We refer the reader to [11, pp. 335-336).

Thus combining Lemmas 1 and 2 we can write, for f € Uzp,

25) f@/f@) = PUe)

where y(z) is given by (2.4) and P(z) is a polynomial. We shall call the zeros
of P extraordinary zeros of f’ and shall call the other zeros of f’ - those b
whose multiplicity equals 1 and those @, whose multiplicity exceeds 1-ordinary
zeros of f.

We remark in passing that an old result of Laguerre [6, p. 37] shows that
dgP(z) < genusf < 2p + 2.

The next lemma gives another representation for y(z).

LEMMA 3. We can write

(2.6) W) =vz+8+ § Ak( 1 1)

k=a ak -2 ak
wherey 2> 0, 8 is real, A, > 0, and where the series 2,‘;’,,“ A k/a,f converges.

The proof of this lemma can be found in [10, pp. 310-311].

Before turning to the proofs of Theorems 1 and 2 we need some technical
lemmas on the growth of entire functions of finite order. The first, Lemma 4,
is necessary for the proof of Theorems 1 and 2 and the other two are necessary
for the proof of Theorem 2. The proofs are by standard growth arguments and
will be omitted.

LemMA 4. Let TI(z) be a canonical product of genus p, with only real zeros, let
e > 0, and let

2.7) 6'D={z=rei0:r>0ande<l0[<ﬂ—e}.
Then
(2.8) I')/TI(2)| = o(r?) (2| =r— +0c0,z € D).

In the next two lemmas, g(z) denotes an entire function of finite genus ¢
with only real zeros.
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LEMMA 5. Let g(z) be real with an infinite number of zeros and let ¢ = 0 or 1.
If N is a positive integer, then there exists ry such that

(29) |g(=ir)|

LEMMA 6. Let g(z) have genus ¢ > 2, let M = [0/2], ¢ = 7/2(c + 1), and N
be any positive integer, and let D be as in (2.7). Then there are at least M rays,
re, ..., re%™ (0 < r< ) in®D such that fork = 1,..., M,

(2.10) lg(re™¥)| = o(r=")  (r = o).

>V forr> Iy
>

3. The proof of Theorem 1. The proof of Theorem 1 will follow fairly easily
from Lemmas 7 and 8 below. In Lemma 7 we show that with at most two
exceptions the extraordinary zeros of f” are complex (i.e., nonreal), while in
Lemma 8 we determine the number of extraordinary zeros of f”. Combining
these lemmas we can then count the number of complex zeros of f”.

Assume now that f € Uy, Recalling the assumptions and notations of §2
we denote by {a,} the sequence of distinct zeros of f, assume that f(0)
# 0 and f'(0) # 0, and write

(3.1) ' @/f@) = P)Y(z)

where P(z) is the polynomial formed by the extraordinary zeros of f' and
where Y(z) is as in (2.4). In view of the theorem of Pdlya and Laguerre, we
assume throughout this section that p > 0; we also assume that f’ has only
real zeros. If we write f = €Il and f’ = €& IT, where II and II, are the
canonical products of f and f respectively, then the fact that f’ has only real
zeros and has only a finite number of extraordinary zeros implies that
genusIT = genusII; = p, say. Moreover, a simple growth argument shows
that dg(Q, — Q) < p(< 2p + 1). These facts easily imply thatsince f € U,
the same is true of f’; accordingly, f”/f’ has a representation similar to (3.1),
say

(32) f"@/f @) = R@ ()

where B(z) is the polynomial formed by the extraordinary zeros of f” and
where ¢, (2) is the analog of y(z) in the representation (3.1). We now state

LeMMA 7. If f’ has an infinite (finite) number of zeros, then with at most one
(two) exception(s), the zeros of R(z) are complex.

ProoF. The idea behind the proof is very simple. Observe that in any finite
interval determined by successive distinct zeros of f’, f” has, according to
Rolle’s theorem, at least one zero. Consequently, if we can show that f” has
at most one simple zero in every such interval and has at most one simple zero
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in the semi-infinite interval determined by a “first” or a “last” zero of f’, the
lemma will follow. Note then that the real zero(s) of B(z) (the “exception(s)”)
can occur only in these semi-infinite intervals.

To be explicit, let {y,},_, denote the sequence of distinct zeros of f'/f.
Referring to (3.1) and (2.4), we see that this sequence is made up of the b;’s
and the zeros of P(z) (which are real in view of the assumption that f* has only

real zeros). For convenience we set
(33) Yy =-wif-0<a and 7y, = +0if &’ < +oo.

Now observe that for any fixed n either
(D) (3> %+1) contains exactly one zero g of f, with multiplicity m, or
(I1) (v, ¥,+1) contains no zero of f.
Thus, we must show that in case (I) f” has at most one zero in each of
(%»a) and (ay,¥,4) if mg > 1 or at most one zero in (y,,y,4;) if m =1,
and must show that in case (II) f” has at most one zero in (,,¥,,;). In each
case, of course, we must show that the zero is simple. We now turn to this task.
We begin by using (3.1) to write

(34) f'@/f'@) = P@Y:) + P'(2)/P(2) + ¥(2)/¥f2).

We will first deal with case (I), so that for some fixed » and some zero a; of
S with multiplicity m, we have

(3.5) % < @ < Yyt
Set

P@)(z — g )¥(e) = (z — a ) fD/f @), z+# a,

m, zZ=a.

(36) H/(()= {
In view of (3.4) then, we can write
o) Py CR
f k
Now we will analyze the function H, (x) fory, < x = Rez < y,,,. Assume

in what follows that (y,,y,,) is a finite interval (the analysis is similar to that
below in case (y,,¥,4;) is a semi-infinite interval). We observe that

(3.8) H,(x) is differentiable (in fact, analytic) on [y,,¥,,,]
and
(3.9) H(y,) = H(p1) =0

while
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(3.10) Hy(x) # 0 on (3, %41)-
Consequently, since
(3.11) H(ag)=m > 1
(3.8), (3.10) and (3.11) imply that
(3.12) H(x)>0 fory, <x< vy
Next we show that
(3.13) [H (0)/H )] <0 fory < x <y
Indeed, it follows from (3.6) and (2.4) that
He v+ Yo+ —L
Hk(x) - P(x) + 4,(x) + (x _ ak)
(3.14)
=£’(x)+§[l—l]+l.
P j=a;j#k X = bj X — aj X — bk
Hence,
Hl ’ P/ ’
[7w] - [F]
(3.15) © 1 1 1
oo 3~ 3|~ 3
migeelx—a? -5 -2

Examining the right-hand side of (3.15) we see that, on the one hand,

(3.16) [P’(x)/Px)] <O fory, < x < yy

since P is a polynomial with real zeros, none of which lie in (y,,,,;). On the
other hand, (2.2) and (3.5) and the nature of the ¥’s, imply that

(3.17) '“<ak-l<bk-l <X,<ak<x,+1 <bk<ak+1<"‘;

hence, for 3, < x < y,,; We have

(3.18) |x = bl < lx—apy| forj>k
and
(3.19) |x = b;| < |x—a| forj<k.

Thus it follows from (3.18) and (3.19) that
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1 1 _ 1
j§k [(x - al)2 (x - bj)z] (x - bk)2

1 1
(3.20) = ,-?k [(x ~a) T (xe- bj)z]

1 1
- 0.
+j§k [(x - aj)2 (x - bj)z] <

Inequality (3.13) now follows from (3.15), (3.16) and (3.20).

Now we observe that (3.13) implies that H}(x) has exactly one zero on the
interval (y,,v,,;)- Indeed (3.14) and our assumption that (y,,v,,,) is a finite
interval imply that

H o Hioy
(3.21) xll.rgll:—k(x)—%-oo, xkﬁ._ﬁk-(x)_ 00.

Since [H}(x)/H,] < 0 on (y,,%4), (3.21) implies that H}(x)/H, assumes all
values exactly once on this interval; in particular,

(3.22) H(x) has exactly one zero on (y,,v,,;), say at x,.
Then (3.9), (3.12) and (3.22) imply that

>0 fory, < x < x,
(3.23) Hi(x){ =0 forx = xp,
<0 foer<x<¥l+l.

Moreover, (3.12) and (3.23) imply that

. >0 fory <x<xp
(3.29) F"(x) =0 forx = x,
<o forxg<x <y

Now suppose that
(3.25) 1 < %0 < ay.

(In case a; < x5 < ¥4 OF Xy = a;, the analysis is similar to that below.)
Setting z = x in (3.7), multiplying by x — a,, and differentiating, we obtain

(3.26) [(x - ak)ff-',i(x)]' = Hy() + (x — ak)[’l—’{%(x)]' + —Z—i‘(x).

In view of (3.13) and (3.23)(3.25), it follows from (3.26) that
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(3.27) [((x=a)f"x)/f&x)] >0 fory, <x < xp.
In addition (3.11) and (3.23) imply

(3.28) H(x) > H(a) =m > 1 forxy < x < a.
Hence it follows from (3.7), (3.24), (3.25) and (3.28) that

” HI
(329) (x- ak)ff—,(x) = H ()= 1+ (= ) ) > H() = 1> 0
for xy < x < a;. On the other hand, (3.13) and (3.23)(3.26) imply that

(330) [(x=a)f"x)/f'x) <0 fora <x <y, andm > 1.

If m =1, then f'(a;) # 0 so that (x — a;)f"(x)/f'(x) is differentiable at
x = a; thus,

(331 [(x=a)f"@/f'(x)) <0 fora, < x <y, andm = 1.

Now if m;, > 1, it follows from (3.27) and (3.29) that f” has at most one
simple zero on (y,,a;), and it follows from (3.30) that f” has at most one
simple zero on (ay, ¥,,;). If, on the other hand, m;, = 1, (3.27) implies that f”
has at most one simple zero on (y,, xy], while (3.29) and (3.31) imply that f”
has no zeros on (xg,¥,,;); hence, if m; = 1, f” has at most one simple zero
on (y,, %) This completes the proof in case (I).

We turn now to case (II). Here we assume that the interval (y,,v,,)
contains no zero of f; i.e., no g;(7). Since the proof in this case is quite similar
to the proof in case (I), the reader may want to proceed directly to Lemma 8.

Here we set

(3.32) H(z) = P(2) - Y(2)
and rewrite (3.4) as
(3.33) f"@)/f'@) = H() + H'(2)/H(2).

As before, we analyze the function H(x) on the interval y, < x = Rez

< Y41+ We also assume, as before, that (y,,v,,,) is a finite interval; the

analysis is similar to that below in case (y,,,,,) is a semi-infinite interval.
Now

(3.34) H(x) is differentiable on [y,,y,,,],
(3.35) H(y) = H(yy1) = 0,
and

() Note that this includes the situation f(z) # 0.
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(3.36) Hx) #0 fory, < x< -
Thus, (3.34) and (3.36) imply that H(x) is of constant sign on (y,,¥,), say
(3.37) H(x) >0 on (%)

(the analysis is similar to that below if H(x) < 0 on (y,,%41))-
An analysis similar to that used on H,(x) in case (I) shows that

(3.38) [H'(x)/HY <0 fory, <x < vy
and that
(3.39) H'(x) has exactly one zero on (y,, ¥4 ), say at x;.

Thus (3.34), (3.37) and (3.39) imply that

>0 for 3, < x < xo,
(3.40) H'((x) {=0 forx = x
<0 foer<x<'Yn+l.

Furthermore, (3.37) and (3.39) imply that

>0 fory <x<xgp
HI
(3.41) —E(x) =0 forx = xp,
<0 forxy <x < %yr-

In view of (3.37) and (3.41) it follows from (3.33) that

(342) f'(x)/f'(x) = H(x) + H'(x)/H(x) >0 fory, < x < x,.
Moreover, differentiating (3.42) and using (3.38) and (3.40) it follows that

(B43) "G/ = H'(x) + [H'(x)/HX) <0 forxg < x < 94y

Clearly then, (3.42) and (3.43) imply that f” has at most one simple zero on
(k> Waa1)-

This completes the proof of Lemma 7.

In the next lemma we suppose f € U, P(z) is the polynomial in the
representation (3.1), and we determine the number of extraordinary zeros of
f'; ie., the degree of P(z). In the proof of Theorem 1, we shall apply this
lemma to f’, which is also in Uzp, in order to determine the number of
extraordinary zeros of f”.

LemMmA 8. If f has an infinite number of zeros, then P(z) is of degree
2p or 2p + 1. If f has a finite number of zeros, then P(z) is of degree equal to the
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genus of f (i.e., is of degree 2p, 2p + 1, or 2p + 2).

PROOF. Since f € U, we can write

(3.44) f(2) = e2911(2)
where
(3.45) 00@) = —az??? + bz 4 2P +-o., a0,

and where II(z) is the canonical product of the zeros of f and is of genus
Py < 2p + 1(3). All of the coefficients of Q, except possibly the constant term,
are real.

Now let

(3.46) o = genusf = max(dgQ,p,)
and observe that since f € U,
(3.47) 2p<o<2p+2
with
(3.48) 6=2p+2 iffa>0
while

fja=b=0 and p =2por

If f has only a finite number of zeros (i.e., if II(z) is a polynomial), a simple
counting argument shows that

(3.50) dgP(z) = dg0(:)) (= genusf).

So let us assume in what follows that f has an infinite number of zeros. On
the one hand, using (3.44) and (3.45) we can write

Lo =00+ F0

(3.51) = —a(2p + 2)227*' + b(2p + 1)
+2epzP o 4 2P § T

k=a a{'(z - ak)

where m;, = multiplicity of ;. On the other hand, we can write, as in (3.1),

(8) Recall the assumption that f(0) # 0.
(%) If P has no zeros dg P(z) = dgQ(z) — 1.
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(3.52) f@/f(@) = PEW2)

where P(z) is the polynomial of the extraordinary zeros of f* and where y(z)
is as in (2.4). Applying Lemma 3 to y{z), (3.52) becomes

(3.53) -ff(z)=p(z) yz+8+l§a,4k( 1 _i)}

a,—2z a

where

(3.54) y>0, A4,>0, and 2 £ < o

k=a ak

Combining (3.51) and (3.53) we have,

—a(2p +2)2%7* + bQ2p + 1)2% + 2cp2¥ 1 +

(3.55) © my o 1 1
pl — — —
tz kga af\(z — a) Pl vz +8+ k§a Ak(ak -z ak) }

Equating residues at z = a;, we get

(3.56) m, = -APa), oa<k<o
or
(3.57) P(a) = -m/4, <0, a<k<w

Now, set d = degree P(z) and choose M > 0 so that

0< -P(q) < Mlg,]*, a<k<o
Then (3.54) and (3.57) imply

A
3.58 2 <3 =3 <w
( ) I l +2 2P(ak) e a[2¢
Hence,
(3.59) d+22p+1 or d>p -1

Let g be any integer satisfying

(3.60) q > max(d + 1,0 — 1).

Differentiating (3.55) ¢ times yields
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d? m
(g+1)'B+ d—}-,i{zh % =) o ak)}

= L1+ 0 + 3 [ £ (2LD) - L Lo

where, in view of (3.46)-(3.49), (3.59), and (3.60).

(3.61)

-a<0 ifg=2p+1,

_ )b if g = 2p,
(3.62) B= c>0 ifg=2p—1,
0 ifg>2p+ 1.

Turning to the left-hand side of (3.61) for a moment, it is easy to see that

(3.63) D> a—f.(z—l_;g =2 [E—La; M %‘T(aik)]

where

T@) =z +22 2+ ootz 4+ 1.

Consequently, since ¢ > d + 1 > p;, (3.61) becomes

@+ 1!B+3 mk;%(-L—)

z-ak

(3.64)

q 7 LA
= 7574[2 - P(2)] - Ek: :7(%9)

And, in view of (3.56), (3.64) becomes

" d? 1 _ d? d? 1
(g+ l).B+§mqu E = yF[z-P(z)]i'%mkzz-a z__—ak

or

(3.65) g+ 1)!'B= 'yj—ziq[z - P(2)].

We will now use the fundamental relations (3.59) and (3.65) to show that if
dis even, then d = 2p and if d is odd, then d = 2p + 1. Before doing this, we
need to make a couple of observations. First, note that by (3.57),

(3.66) kli)r_% ap = —o0 and k-l-i»Too a, = +co implies d even.

Next,



DERIVATIVES OF ENTIRE FUNCTIONS AND A QUESTION OF POLYA 241

(3.67) ¢ = 2p implies d even.

To see this, we suppose, in view of (3.66), that f has a finite number of positive
zeros or perhaps none at all (the argument is similar in case f has a finite
number of negative zeros). Then, since 6 = 2p, we have by (3.51)

"y
(2w P —a)

(3.68) 7,(2) =27 4o 4 2P (@ < +0o0).

Taking into account (3.49), it is easy to see that (3.68) implies
im L () = in L) =
(3.69) xl_l_’rilz f(x) = 400 and xl{glw f(x) = 400,

where x = Rez. Thus, on the interval (a,,+), f’ has an even number of
zeros. This means, in view of the representation (3.52) and the nature of y(z),
that P(z) has an even number of zeros on (a,,+o0). Equation (3.57) then
implies that d is even.

Finally, we note that

(3.70) d<2p+1.

To see this first observe that (3.51) and Lemma 4 and the fact that II(z) is of
genusp; < 2p + 1 imply

BT 1f) @) < a@p + DI + o5 (¥ = )

and

(3.72) Im[f')/f )] = —a(-1)?@p + 2y + o()*!) (] - ),

a 2> 0. Next recall Lemma 1, apply Carathéodory’s estimate on functions
mapping a half plane into a hzlf plane [10, p. 18] to y¥(z), and use (3.1) to
obtain

(3.73) lF@)f@) > Ky (k = constant > 0).
Comparing this inequality to (3.71) we have

(3.79) d< 2p+2.

If d=2p+2, and a =0, a comparison of (3.71) and (3.73) yields d
< 2p + 1. Thus, if d = 2p + 2, we also have a > 0. But then (3.1) implies

Im[f' ) /f )] ~ k(D7 Y Imyy) ()] - )
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where k; = leading coefficient of P < 0, and, in view of Lemma 1, this
asymptotic behavior is incompatible with that expressed by (3.72) (k; < Oisa
consequence of (3.57) and the assumption that d = 2p + 2). Consequently
d = 2p + 2 is not possible and (3.70) now follows from (3.74).

We now consider separately the cases d even, d odd:

(I) Suppose d is even. In this case we will show that d = 2p. Clearly, in view
of (3.70) d < 2p. To show that d > 2p, first observe that if p; > 2p, then
(3.59) implies that d > 2p — 1. Since we are assuming that d is even, it follows
that

(3.75) d>2p (p >2p).
Now suppose that py < 2p — 1 and d < 2p — 2. Then, since 0 > 2p, we
choose ¢ = ¢ — 1in (3.60) to get

(3.76) (g+1)!B= Y;T:[z - P(2)).

Moreover, since p; < 2p — 1, (3.46) and (3.47) imply ¢ = dgQ; hence,
B # 0. Thus, we must have g = d + 1 = 2p — 1 or, in view of (3.62),

(3.77) d=0—-2=2p-2 and B=c¢>0.

On the other hand, by (3.57), P(a;) < O for all k, and this implies, since d
is even, that the leading coefficient of P(z) is negative. But this contradicts
(3.76) and (3.77); hence, the case d < 2p — 2 is not possible. Thus we have

(3.78) d>2p (p<2p-1))

and so, combining (3.75) and (3.78), have in all cases, d > 2p.

(I1) Suppose d is odd. In this case we will show that d = 2p + 1. In view of
(3.70), we must show that d > 2p + 1. To this end, first note that if
Py 2 2p + 1, then (3.59) implies that d > 2p, and thus, since d is odd,

(3.79) d>2p+1 (p22p+1).

Now suppose that p; < 2p and d < 2p — 1. Since (3.67) implies ¢ > 2p
+ 1, we choose ¢ = ¢ — 1 in (3.60) and reason as above to get

(3.80) @+ 0B =y Sl P@L B2,

in fact,

(3.81) d=0—-2=2p—-1 and B=5b+#0.
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In view of (3.66) we suppose f has a finite number of positive zeros (the
argument is similar if f has a finite number of negative zeros). Since P(q;) < 0
for all k, and dg P = d is odd, we must have the leading coefficient of P > 0;
hence, since y > 0 ((3.54)) (3.80) implies B = b > 0. So, by (3.81), (3.46), and
(3.51) we have,

’ (o
F@) = bp+ DT+ 4P 3

k=—c0 af'(z — a;)’

where now b > 0, p; < 2p, w < 0. Thus,

im L) = im L) =
xllgzl: f(x) = +00 and xkglw f(x) = 400
and therefore in the interval (a,,+o0), f* has an even number of zeros. But
this implies (cf. the reasoning following equation (3.69)), P(z) is of even
degree. This contradicts the assumption that d is odd; hence, the case
d < 2p — 1 is not possible and we have

(3.82) d>2p+1 (p <2p).

Combining (3.79) and (3.82) we have, in all cases, d > 2p + 1.

The proof of Lemma 8 is now complete.

ProoF oF THEOREM 1. Let f € Uj,. By virtue of the remarks made at the
beginning of this section, we have f' € U, » and so, by (3.2),

L@ = rowe)

Thus the number of complex zeros of f” equals the number of complex zeros
of B(z) (this of course is an even number since f” is a constant multiple of a
real function).

If f* has an infinite number of zeros, then by Lemma 8, applied to f*, B(z)
has 2p or 2p + 1 zeros; moreover, by Lemma 7, at most one of these is real.
Hence, f” has 2p complex zeros.

If f’ has a finite number of zeros, then by Lemma 8, P(z) has 2p, 2p + 1,
or 2p + 2 zeros, and by Lemma 7, at most two of these are real. Hence, if
dgR(z) = 2p + 1, then f” has 2p complex zeros.

On the other hand, if d; = dg R(z) = 2p + 2 or 2p a slightly more detailed
analysis is needed. We write

(3.83) f2) = 2@ kf[a (1 - i)mk

Cx

where
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0,2 = —@ P P . g >0,

and where ¢, —0 < a < k < @ < +m, is a zero of f* of multiplicity m,. If
o, denotes the genus of f’, then applying Lemma 8 to f* we have o) = dg Q,(2)
= d| = 2p + 2 or 2p. Further, equations (3.48) and (3.49), modified for f’,

imply

(3.84) {a >0 ifdy =2p+2,

a=b=0 ¢>0 ifd =2p

From (3.83) we obtain

£ (x) = —a'(2p + 2)x2"’+] +b'(2p + l)x2’

+2pxP T 4
cpx k§a x = Ck
hence,
(3.85) Jim J%(x) -
and, in view of (3.84),

fr [t ifd=2p+2,
(3.86) A TFW =\ ifd =2p.

Thus on the interval (—co,c,), f” has an odd (even) number of zeros if
dy = 2p + 2 (2p). A similar analysis on (c,,, +c0) yields the same conclusion.
But by Lemma 7 and the initial remarks of its proof f” has at most one zero
on each of these intervals; hence, f” has one (no) zero in each of
(—o0,¢,) and (c,, +0) if d, = 2p + 2 (2p). Thus, since the real zeros of B(2)
can occur only in these semi-infinite intervals, it follows that in either case
dy = 2p + 2 or 2p, f” has 2p complex zeros.

4. The proof of Theorem 2. In what follows we shall assume that fis an entire
function of finite order and that f and f’ have only real zeros. In addition, in
view of Corollary 1, we shall assume that f is not a constant multiple of a real
function.

In the case that f has a finite number of zeros, we shall show that these
assumptions together with the assumption that f” also has only real zeros
imply that

4.1) f(2) = ae¥ (a,b constants, b complex).
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In the case that f has an infinite number of zeros, we shall show that these
assumptions imply that either

4.2) f(2) = a(e®* — €) (a,c,d constants,c,d real)

or f” has an infinite number of complex zeros. Consequently, the only entire
functions satisfying the hypothesis of Theorem 2 are those f € U, or those f
of the form (4.1) or (4.2).

Our proof essentially follows Alander’s very sketchy outline [4]. In addition,
we remark that Pdlya [14] has showed that if f has a finite number of (real)
zeros and f’ and f” have only real zeros, then f is of the form (4.1) or is a
constant multiple of a real function. We will not make use of his result
however.

Assuming now that fis not (a constant multiple of) a real function, we can
write

43) f@) = €295,(2)

where Q(z) is a real polynomial of degree ¢ > 1 and fj(z) is a real entire
function of finite order with only real zeros. Taking the logarithmic derivative
of f, we have

(44) [ @/f@) = iQ@) + £1(@)/ ).

Since Q(z) and f; (z) are real, it now follows that, aside from multiple zeros of
f,f’ has at most g — 1 real zeros, each of which is a zero of Q'(z).
Consequently, since f has only real zeros, we can write

4.5) F@/f@) = p2)/2(2)

where p(z) is a real polynomial determined by those real zeros of f* which are
distinct from multiple zeros of f and where g(z) is a transcendental entire
function of finite order with only real zeros. Note also that by our remark
above, each zero of p(z) is also a zero of Q'(2); i.e., p(z) divides Q'(z).

Now we use Lemma 4 and Lemma 6 to estimate the growth of g. Write

(4.6) £i) = e2O11,(2)

where Q,(2) is a real polynomial of degree g, and II (z) is the canonical
product of the zeros of f; of genus p;, say (here we assume, as in the proof of
Theorem 1, that f(0) # 0). If 0 = genusg, ¢ = 7/2(s + 1), and D is as in
(2.7), then by Lemma 4, we have
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111 /4@ < 121 + [T} )/11; |
=00 Y +orP) (zl =r- o0,z € D).
Thus on the one hand, (4.4) and (4.7) imply that

(4.8) If@i @ =00*) (2] =r— 0,z € D)

where k = max(g — 1,¢, — 1,p;).

On the other hand, if we set N = k + 1, an application of Lemma 6 to (4.5)
shows that if g(z) has genus ¢ > 2, then there are [0/2] rays re’ € 9 such
that

4.9) |f’(rei‘l’l')/f(rei"'f')] > rktl (r>rj=12...1[0/72]).

This is incompatible with (4.8); consequently, g(z) must be of genus < 1.

Suppose then that g(z) = ¢’ (az+8) 8o(z) where a and B are real constants and
8o(2) is a real entire function of genus < 1 with only real zeros. By (4.5), we
have

4.7)

@i Lo - ei(“‘{gz))go(z) - ;((’z)) [cos(az + B) — i sin(az + B}

Since the functions Q'(z) and f(z)/f,(z) in (4.4) are real and the functions p(z)
and g(2) in (4.10) are also real, it follows that for z real, g4(z) # 0,

@.11) 00 = - ﬁ% sin(az + B)
and thus
4.12) 1 __ 2@ __ 1

2@  p@) sin(az + B)

for all z, gy(z) # 0. (Note that since p divides (', it follows from (4.12) that
—Q'(z)/p(z) is a real polynomial determined by a finite number of zeros of
sin(az + B) if a # 0 and is a real constant if a = 0.) Using (4.12) in (4.10) we
obtain

P =00 _ P
f €@ *Bsin(az + B) @ *Bsin(az + B)

where P(z) = —Q'(2).
If f has only a finite number of zeros, then a = 0, 8 # 0 (mod «), and so

(4.13)
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PG) _P@)

(4.14) 7@ = Fsng K

where k = ¢ sin B = nonreal constant.
If f has an infinite number of zeros, then a # 0 and it follows easily from
(4.13) that

f”( ) = [P(z) — a]cos(az + B)

sin(az + B) —i[P(z) + o] + %,(z);

4.15)
hence, forz = x + iy and a > 0,

L) = 20+ o0)PG), > +eo,
(4.16) "
§—,(iy) = 2ia(l + o(1)), y = ~c0.
In case a < 0 these limits are interchanged.

Now if f has a finite number of zeros, we will use (4.14) together with the
assumption that f” has only real zeros to show that f is of the form (4.1). On
the other hand, if f has an infinite number of zeros, we will use (4.16) to show
that either fis of the form (4.2) or f” has an infinite number of complex zeros.

Turning to the first situation, we have not only (4.14), but also, since f’ has
a finite number of zeros and f” has only real zeros,

) = Rz _ RG)

(@.17) f! ehising, ki

where ﬁ(z) is a real polynomial, B, is a real constant, B; # 0 (mod ), and
k; = €¢™sin B, . On the other hand, it follows from (4.14) that

(4.18) f'@/f'(2) = P(2)/k + P'(2)/P(2).

Since P(z) is a real polynomial, (4.17) and (4.18) imply

4.19) P(z) = k, = real constant .

Hence, by (4.14),

(4.20) f'(2)/f(z) = k,/k = nonreal constant

and thus fis of the form (4.1).

Turning now to the situation where f has an infinite number of zeros, we
show that either f is of the form (4.2) or f” has an infinite number of complex
zeros. To that end, suppose that f’ has only a finite number of (real) zeros.
Then
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@421) f'(2) = G(z)eH®

where G(z) and H(z) are polynomials, G(z) with only real zeros. Thus,
(4.22) f'@)/f'(@) = H'(2) + G'(2)/G(2)

and

(4.23) fr)/fy) = 1+ o())H (i) (¥l = +).
Comparing (4.23) to (4.16) we conclude first that

(4.29) H'(z) = -2ia
and second that
(4.25) P(2) = a.

In view of (4.25), (4.13) then becomes
a _ 2ia .
ei(az+ﬁ) sin(az + B) eiB(eZiazeiB _ e—iﬁ) ’

(4.26) g(z) =

consequently,
4.27) f(2) = a(e™2% — ¢¥B),  a = constant.

Thus, if f’ has only a finite number of zeros, f must be of the form (4.2).

We conclude then, that if f is not of the form (4.2), f’ has an infinite number
of (real) zeros. In that case, we can apply to f’ the reasoning of the first part
of this section to deduce that, aside from multiple zeros of f’, f” has only a
finite number of real zeros. If, in addition, f” has only a finite number of
complex zeros, then we can write

(4.28) "A@)= p(2)/5 ()

where p,(2) is a polynomial and g,(z) is a transcendental entire function of
finite genus. In fact, reasoning along the lines which lead from (4.5) to (4.9) we
conclude that g, (z) has genus < 1.

Write

(4.29) g(2) = ei(“'”B')gz(z)

where a; and B, are real constants and 8,(2) is a real entire function of genus
0 or 1 with an infinite number of zeros. Setting N = dgp(2)+1=F+1,it
follows from Lemma 5 that for | y| sufficiently large,
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g, ()] > || if oy = 0,

430)  |g @) =
: e g, ) > e YN e # 0.

Hence, it now follows from (4.28) and (4.30) that
|f @) /f (p)l = o(1)

along either the positive or negative imaginary axis. This clearly contradicts
(4.16).

Thus our supposition that f” has at most a finite number of complex zeros
is false; consequently, f” has an infinite number of complex zeros. In view of
our remarks at the beginning of this section, this completes the proof of
Theorem 2.
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