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Abstract. Assuming the Axiom of Constructibility, necessary and sufficient

conditions are given for the vanishing of Ext\ for rings A of global

dimension 1. Using Martin's Axiom, the necessity of these conditions is

shown not to be a theorem of ZFC. Applications are given to abelian group

theory, including a partial solution (assuming V = L) to a problem of Baer

on the splitting of abelian groups. Some independence results in abelian

group theory are also proved.

Introduction. In a remarkable recent paper [22], S. Shelah proved that

Whitehead's problem is unsolvable in ordinary set theory (Zermelo-Frankel

set theory with the Axiom of Choice). More precisely, he proved that two

different answers to the problem are obtained when set theory is extended by

adding two different axioms: the Axiom of Constructibility and Martin's

Axiom. (See Theorem 4.1.) Shelah's arguments were specific to Whitehead's

problem and nonhomological in character. In this paper we extend Shelah's

techniques in order to obtain some general results about the vanishing of

ExtA (for modules over a ring A of global dimension 1) in different models of

set theory, and we apply them to some specific problems in abelian group

theory.

Assuming the Axiom of Constructibility we obtain necessary and sufficient

conditions for the vanishing of ExtA (Theorems 1.2 and 1.5). To state the

result in. a special case: if C and A are abelian groups of cardinality N,,

Ext(C, A) — 0 if and only if C is the union of an increasing chain of

countable subgroups [Cv\v < «,} such that the chain is smooth (i.e., C0 —

U„<oC, for aii iimit ordinals a) and satisfies Ext(C0, A) = 0 and

E\i(Cv+x/Cv,A) = 0 for all v < K,. Although the sufficiency of this condi-

tion is an easy consequence of classical homological algebra (see Theorem

1.2), the proof of necessity makes use of the Axiom of Constructibility

(Theorem 1.5). The necessity of this condition is not provable in ordinary set

theory; in particular the condition is not necessary when Martin's Axiom is

assumed (§3).
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For those who are not interested in algebra in the constructible universe,

the result cited above as well as the other results of §§1 and 2 are still of

interest as consistency results. For example, with respect to the result cited

above, since the Axiom of Constructibility is consistent with ordinary set

theory, we can conclude from this result that no condition weaker than the

one given can be proven in ordinary set theory to be sufficient to imply that

Ext(C, A) — 0 (although weaker conditions might suffice in some models of

ordinary set theory).

One of the applications is to the problem of splitting abelian groups (§2).

Assuming the Axiom of Constructibility, we give a necessary and sufficient

condition on pairs (G, T) with G torsion-free of cardinality N, and T torsion

such that Ext(G, T) = 0. This condition is more complicated than Baer's

criterion for pairs (G, T) where G is countable; we analyze the difference

more precisely using infinitary logic.

We also give some independence results for homological problems (§4). To

cite one example related to Baer's problem: the problem of whether for

torsion-free groups G of cardinality «,, the vanishing of Ext(G, T) for all

countable torsion groups T implies G is free is unsolvable in ordinary set

theory (Theorem 4.6).

We begin by reviewing some notions and results from set theory.

0. Set-theoretic preliminaries. We shall always identify an ordinal p with the

set of ordinals less than ¡i: ¡i= {v\v < p). A cardinal is identified with an

initial ordinal; thus ua is identified with xa. If A is a set, A denotes the

cardinality of A.

If o is a limit ordinal, the cofinality of o is the smallest ordinal k such that

there is a strictly increasing function/: k-*o such that sup{/(j'): v < k) =

a. We write cf(a) = k; it may be proved that k is an infinite cardinal < a. A

cardinal k is said to be regular if cf(ic) = k, otherwise k is singular. For

example, any successor cardinal is regular.

Let k and a be limit ordinals. A function /: k -> a is called normal if / is

continuous (i.e., /(p) = sup{/(i»)|i' < p} for every limit ordinal ¡i < k) and

strictly increasing. A subset S of a is stationary in a if S meets the range of

every normal function /: cf(o-) -* a. Equivalently, S is stationary in a if and

only if S meets every closed cöfinal subset of a. For example, Sx = the set of

all limit ordinals less than a, and S2 = the set of all limit ordinals of cofinality

w less than o are stationary in o, provided a has cofinality > a.

Let C be a set, k a cardinal. Let ^(C) denote the set of subsets of C.

Adapting terminology from Rotman [20] we define: a K-filtration of C is a

function A: k -» ^ (C) such that:

(i) for all v < k, A(v) < k;
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(ii) for all v < k, A(p) C A(v + 1);

(iii) (smoothness) if o is a limit ordinal < k, then A(o) = U ,<0A(v); and

(iv)C- Uy<KA(v).

If  C  is a  module, we require A(v)  to be  a  submodule,   and denote

A(v + \)/A(v) by Ä(j»).For regular k,C has a «-filtration if and only if C < k.

Let ZFC denote the axioms of Zermelo-Frankel set theory plus the Axiom

of Choice. We shall be interested in some axioms which can consistently be

added to ZFC. The first of these is Gödel's Axiom of Constructibility,

denoted V = L. Gödel proved the following [11].

0.1 Theorem. If ZFC is consistent, then ZFC + V ■ L is consistent.   □

In what follows we make use of two consequences of Gödel's axiom

discovered by R. Jensen [15]. (The parenthetical notation (V = L) means that

the result stated is a theorem of ZFC + V = L.)

0.2 Theorem (V = L). Let k be a regular uncountable cardinal. Let X and Y

be sets of cardinality k and let Ax and AY be K-filtrations of X and Y

respectively. Let S be a stationary subset of k. Then there is a sequence of

functions {/„: Ax(v) ~+ AY(v)\v E S) indexed by S such that for every function

g: X ->Y there exists v E S such that g restricted to Ax(v) equals /„.   □

Remark. We have stated Jensen's result (usually expressed as (}K(S)) in

the form most convenient for our use. This version is easily derived from [15,

Lemma 6.5] with the help of the observation that there is a closed cofinal set

C of v < k with the property that g(Ax(v)) Ç AY(v); for v in C, g restricted to

Ax(v) equals g n (Ax(v) X AY(v)).

The second result of Jensen which we need (for the proof of Theorem 2.5)

is the following [15, Theorem 6.1]. (For the definition of a weakly compact

cardinal see, for example, Drake [5]. Here we simply note that any successor

cardinal is not weakly compact.)

0.3 Theorem (V = L). For any regular cardinal k which is not weakly

compact there is a subset S of k such that:

(1) S is stationary in k;

(2) every element of S is a limit ordinal of cofinality to; and

(3) for every limit ordinal o < k, S D o is not stationary in a.   □

Another axiom whose consequences we consider is Martin's Axiom, de-

noted MA. This axiom is of interest in conjunction with the denial of the

Continuum Hypothesis, denoted ~CH. The following was proved by

Solovay and Tenenbaum [24].

0.4 Theorem. // ZFC is consistent, then ZFC + MA + ~ CH is consistent.

D
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We state a special case of Martin's Axiom in the form of a theorem.

0.5 Theorem (MA + ~ CH). Let A and B be sets of cardinality < 2\ Let

P be a family of functions with the following properties:

(1) every fin P is a function from a subset of A to B;

(2) for every a E A and every / E £, there exists a function f in P such that

a is in the domain off andf C /'; and

(3) for every uncountable subset £' of P, there exist functions /,, f2 in £' and

f3 in P such thatfx ¥= f2 andf3 extends bothfx andf2.

Then there exists a function g: A-* B such that for every finite subset X of

A, g restricted to X is the restriction of a member of P.   □

1. The vanishing of Ext in the constructible universe. Throughout this

section A will denote a ring of left global dimension < 1 (i.e., ExtA(C, A) = 0

for all left A-modules C and A). Recall the following fact which we state as a

lemma. (From now on, all modules are left A -modules.)

1.1 Lemma. If A and C are A-modules such that ExtA(C, A) = 0, then for all

submodules C of C, ExtA(C', A) = 0.

Proof. The inclusion of C into C induces a map

ExtA(C, A) -> ExtA(C', A) -» E\\\(C/C',A) = 0

(see [3]). Since ExtA(C,A) = 0, surjectivity implies Ext\(C',A) = 0.   □    _

Throughout the paper k will denote a regular uncountable cardinal > A

(but see Remark 1.9(2)). Given a A-module A, we are interested in finding

necessary and sufficient conditions on C such that ExtA(C, A) = 0. We are

interested in conditions involving the submodules of C of smaller cardinality.

Let C = k. We begin with a necessary condition.

Recall that ExtA(C, A) = 0 if and only if for every surjective homomor-

phism ir:£-»C such that ktTtr = A, there is a splitting for it, i.e., a

homomorphism p: C -» B such that u«p=lc. (See [3, Theorem 1.1, p.

290].)

1.2 Theorem. Let C and A be A- modules and let k = C. Suppose that there

is a k-filtration Ac of C satisfying:

(1) ExtA(Ac(0M) = 0;
and for all v < k:

(2)ExtA(Ac(r),/l) = 0.

Then ExtA(C, A) = 0.

Proof. Consider a short exact sequence 0 -» A -»' B ->* C -> 0. We shall

define by transfinite induction an increasing chain of homomorphisms

pr: Ac(v) -» £ indexed by k such that for all v < k, 7rp„ is the identity on
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Ac(p). If p is the union of the chain then obviously p will be a splitting for it.

Suppose that p„ has been defined for all v < ¡i. If ju is a limit ordinal, let p^ be

the union of the p„ for v < jn. If jx is of the form v + 1 first observe that by

induction we may assume that ExtlA(Ac(v), A) = 0. Hence

ExtA(Ac(i> + 1), A) = 0   since   ExtA(Äc(p), /l) = 0.

Also, since ExtA(Ac(>'), A) « 0, the map Hom(Ac(/i), A)-> Hom(Ac(v), A)

induced by inclusion is surjective. Let a: Ac(ju) -» B be an arbitrary splitting

forvT|7r_1(Ac(ji)); a exists since ExiA(Ac(/i), A) = 0. Letfl: Ac(»0-»/l be the

unique homomorphism such that i9 = p„ - (0^(1»)). By the observation

above, 0 extends to a homomorphism ¥: Ac(/*)-»/!. If we let pr+x — 0 +

t^, then p„+, has the desired properties.   □

We shall now proceed to prove_that the converse of .Theorem 1.2 is a

theorem of ZFC + V = L (when C is regular and Ä < C). In §3 we shall

show by counterexample that the converse is not provable in ZFC.

1.3 Lemma. Let C0 be a submodule of C, such that ExtA(C,, A) = 0 but

E\t\(Cx/C0,A)^0. Let E: 0 ->• A -»'» B0 ->*° C0 -> 0 fee ¿1 J«orr exaci

sequence and let p0: C0 -» B0 be a splitting for tt0. Then there is an extension Bx

of B0 and a commutative diagram

E0:0—+A-±+B0-2-+CQ—+0

El : 0—^A-^Bi-»Cx —»0

with exact rows such that there is no splitting for tt, which extends p0.

Proof. Since £0 splits, it suffices to prove the lemma in the case that

B0 = C0 © A, i0 is inclusion, tt0 is projection onto the first factor and p0 is the

canonical embedding taking c E C0 to (c, 0) in B0. From the long exact

sequence for Ext (see [3]) we obtain an exact sequence

Hom(C„ A) ^ Hom(C0, A) -» ExtA(Cx/C0, A) -► ExtA(C„ A)

where a* is induced by the inclusion a: C0 ç Cx. It follows from the

hypotheses that a* is not onto, so let <ír: C0 -» A be a homomorphism which

is not in the image of a*. Let Bx = C, © A and define an embedding

9: 50-» Bx by 9(c, a) = (c,a + ^(c)). Then there is a commutative diagram
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£0:0

(1.3.2)

lo   „    ^o
Bo->Co

e ni

E\ : 0 —>A -^->£i -*-+ C1

where t¡ and 7r2 are inclusion and projection respectively. Suppose that

p, : C, -* Bx is a splitting homomorphism for it2 such tnat p2| C0 = 9 ° p0. Let

•P = P ° Pi: G, -» y4 wherep: £, -» A is projection on the second factor. Then

for any c E C0, rp(c) = ppx(c) = p0po(c) = ^(c); so rp is an extension of ^,

which is a contradiction. We complete the proof by using a standard set-theo-

retic argument to obtain a diagram (1.3.1) isomorphic to (1.3.2).   □

The heart of the proof of the converse of Theorem 1.2 (assuming V = L) is

contained in the following result. (The key idea of using Theorem 0.2 comes

from Shelah [22].)

1.4 Lemma (V = L). Let k be_a regular uncountable cardinal > A, and let C

and A be A-modules such that C = k and A < k. If there is a K-filtration Ac of

C such that S = {v < k|Exía(Ac(í'), A) i= 0} is stationary in k, then

EXtl(C,A) + 0.

Proof. By Lemma 1.1 we may assume ExtA(Ac(j>), A) = 0 for all v < k.

We shall construct a nonsplitting short exact sequence £: 0 -» A -»'£-»* C

->0 as the union of a chain of short exact sequences Ey. 0-* A-*''B„

-V' Ac(j>)-»0. These sequences will be constructed by transfinite induction

so that whenever ¡i < v there is a commutative diagram

£„ : 0 -^ A -^ Bß ̂ -* Ac(p) -^ 0

(1.4.1) in in

EV:Q^A-^BV -^ Ac(v) —* 0.

Moreover, Ev will be defined so that the underlying set of Bt is Ac(v) X A.

Choose a K-filtration A^ of A. Let {/,: Ac(v)-*Ac(v) x AA(v)\v E S} be

the sequence of functions given by Theorem 0.2, with X = C, Y = C X A,

Ax = Ac, and AY(v) = Ac(v) x AA(v). Let £0 be arbitrary. Suppose that £M

has been defined for all p < t. If t is a limit ordinal, let £T be the union of

the £M, p < t. If t is a successor ordinal, say r = v + \, and either v Z S or/.
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is not a splitting homomorphism for vt„, let ET be an arbitrary extension of Ev

such that (1.4.1) commutes. If v E S and/, is a splitting homomorphism for

mv, apply Lemma 1.3, to obtain an extension ET of Ev such that there is no

splitting homomorphism for ttt which extends /„. By cardinality considera-

tions we can choose ET so that the underlying set of BT is Ac(t) x A. Now let

E: 0 -* A -V B -»" C -» 0 be the union of the £, jx < k. Then the underlying

set of B is C x A. Suppose there is a splitting homomorphism g: C -» B for

w: 5 -» C. By choice of {/,> G S) there exists r G S such that g\Ac(v) = /,.

Clearly g\Ac(v) = fp is a splitting homomorphism for 77, which extends to a

splitting homomorphism g|Ac(i» + 1) for irr+x. But this contradicts the con-

struction of Ev+X. Hence E does not split, and the theorem is proved.   □

The following is the promised converse of Theorem 1.2. (The exposition of

the proof has been simplified from an earlier version by a trick we learned

from the proof of Lemma 1 of Mekler [19].)

1.5 Theorem (V = L). Let K_be a regular uncountable cardinal > A. Let C

and A be A-modules such that C = n and A < k. //ExtA(C, A) = 0 then there

is a K-filtration Ac of C such that

(1) Ext\Ac(0),A) = 0
and for all v < k:

(2) ExtA(Äc0-M) = 0.

In fact if Tc is any K-filtration of C, then we can take Ac to be Tc ° f for some

normal function f. k -» k.

Proof. Given a K-filtration Tc of C, let

E = {v < k: ExtA(rc(n)/Tc(v), A) ^ 0 for some v < ¡i < k).

Let g: k -* k be a normal function such that for all v < k, if g(v) E E then

ExtA(rc(g_(> + \))/Tc(g(v)), A) * 0; i.e., if we let $c = Tc ° g and S - [v

< /c|ExtA($c(iO, A) =7* 0}, then v g S implies g(v) G E. By hypothesis and

Lemma 1.4, S is not stationary in k. Hence there is a normal function

h: k -» k whose range does not meet 5. If we let / = g « « and Ac = Tc »/

then Ac has the desired properties. (Note that (2) holds because h(v) G S

implies f(v) G E; and (1) holds by Lemma 1.1.)   □

In case k is a compact cardinal conditions (apparently) weaker than those

of Theorem 1.4 will suffice to prove ExtA(C, A) = 0. The following has been

proved by Mekler [18].

1.6 Theorem (Mekler). Let k be a weakly compact (resp.jtrongly compact)

cardinal > A and let C and A be A-modules such that C = k (resp. C is
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arbitrary) and A is a direct sum of modules each of cardinality < k. Suppose

that ExtA(C', A) = 0 for all submodules C of C of cardinality < k. Then

ExtA(C'M)-0.   D

1.7 Remarks. (1) Although the definition of weakly compact convention-

ally includes the requirement that the cardinal be strongly inaccessible, this

assumption is not used in the above theorem. Hence it follows from results of

Boos [2] and Kunen [17] that there is a model of ZFC with a regular cardinal

k which is less than 2K° and satisfies the property given in Theorem 1.6 for

modules C of cardinality k. (Of course 2"° is very large in this model.)

(2) It follows from Theorem 2.5 that, assuming V = L, Theorem 1.6 does

not hold for any regular k which is not weakly compact.

The following lemma will be useful in §3 in seeing that modules con-

structed there do not satisfy conditions (1) and (2) of Theorem 1.5. (Note that

the lemma is proved in ZFC.)

1.8 Lemma. Let C and A be k-modules and let k— C be regular. Suppose

there is a K-filtration Ac such that S = {v < ic|ExtA(A(i»), A) ¥= 0} is stationary

in k. Then C does not have a K-filtration which satisfies (1) and (2) of Theorem

1.5.

Proof. Let T be any /c-filtration of C. We shall prove that T does not

satisfy (2) of Theorem 1.5. We claim that there is a normal function/: k -* k

such that for all v < k, T(f(p)) - A(f(i>)). If f(v) has been defined for all

p < v, and v is a limit ordinal let/(f) = sup{/(p)| p < v); if v = ¡i + 1 for

some p, choose by induction ordinals on> p such that for all Ac < u,

r(°2*)£A(02*+i) çr(a2A+2).

(This is possible since k is regular.) Letf(v) = supf on\n < «}. Then it follows

from the smoothness of A and T that r(f(v)) = A(f(v)).

Now since S is stationary in' k there exists v0 < k such that f(v0) E S i.e.,

ExtA(Â(/(K0)), A) i- 0. By Lemma 1.1,

0 * ExtA(A(/(,0 + l))/A(f(p0)),A) = ExtA(r(/(r0 + l))/r(/(,0)M).

But if T satisfies 1.5(2) then it follows that Ext\(T(n)/T(i>), A) = 0 whenever

v < H < k. (Proof by induction on p: apply the proof of Theorem 1.2 to the

filtration {r(r)/r(i'): v < t < p} of r(p)/T(i>).) Hence we conclude that T

does not satisfy (2).   □

1.9 Remarks. (1) Lemma 1.4 is useful in constructing examples of modules

C such that ExtA(C, A) =£ 0: we construct C as the union of a smooth chain

U „<ICC„ of submodules of cardinality < k such that the filtration Ac(v) — C,

satisfies {v < K|ExtA(Âc(i'), A) ¥= 0} is stationary in k. (See for example the

proof of Theorem 2.4.)
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_(2) If k < A (but still regular and uncountable) Theorem 1.5 still holds if

C = k is interpreted to mean that C is generated by k elements and if we

require that the cardinality of A is strictly less than k. In this case a K-filtration

Ac of C is defined to be a K-filtration of a set of generators for C.

2. Splitting abelian groups. One of the most basic and difficult problems in

the theory of abelian groups is the determination of when an abelian group

splits, i.e., is the direct sum of its torsion part and a torsion-free group. Baer

[1] posed the problem of describing the pairs (G, T) of torsion-free and

torsion abelian groups, respectively, such that A splits whenever the torsion

part, A,, of A is isomorphic to T and A /A, is isomorphic to G. In modern

terminology this problem is expressed as describing the pairs (G, T) such that

Ext¿(G, T) = 0 (cf. [8, Problem 31]; also [10, Problem 80]). Baer solved the

problem for the case when G is countable. Let us recall Baer's criterion.

(From now on, "group" will mean abelian group. Also we will write

Ext(C7, T) instead of Ext¿(G, T).) If p is a prime we say that G is almost

p-infinite if there is a pure subgroup S of G of finite rank such that G/S

contains a nonzero p-divisible subgroup (i.e., a subgroup H such that H = pH

=£ 0). If P is an (infinite) set of primes say that G is almost P-infinite if there

exists a pure subgroup 5 of G of finite rank such that there is a nonzero

element of G/S which is divisible byp for allp in P. If F is a torsion group

let Tp denote thep-primary part of T i.e., Tp = [x E T\p"x = 0 for some «}.

Let us say that a torsion-free group G is T-admissible, if

(i) for allp such that T is unbounded, G is not almost p-infinite; and

(ii) if P = [p\Tp =?*= 0} is infinite, then G is not almost F-infinite. Recall

that T is reduced if it does not contain a nonzero divisible subgroup [9, p.

100].

2.1 Theorem (Baer). Let T be a reduced torsion group and G a torsion-free

group. If Ext(G, T) = 0 then G is T-admissible. If G is countable and G is

T-admissible then Ext(G, T) - 0.   □

An easy consequence of Baer's criterion is that for countable G and fixed T

the property Ext(G, T) = 0 is expressible as a sentence of the infinitary

language La¡a of group theory. First let us recall the definitions from

infinitary logic. If X and k are infinite cardinals, L^ is the class of formulas

obtained by closing the class of atomic formulas, i.e., formulas of the forms

x + y = zotx = 0, under the operations of negation, existential quantifica-

tion over sets of variables of cardinality < k, and conjunction of sets of

formulas of cardinality < k. La0K is the union of the classes Lu for all

cardinals X, and LM00 is the union of the classes La>K for all cardinals k. For

more details see [4], [5] or [16].
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2.2 Corollary. For any reduced torsion group T there is a sentence rpr of

Lata such that for any countable torsion-free group G, Ext(G, T) = 0 // and

only if G satisfies <pT.

Proof. Let S = [p\Tp is unbounded} and £ - {p\Tp ¥> 0}. Let "y E

[xx,..., *„]" be an abbreviation for

V I W ~ 2 *W 0 ¥= m E u; kx,..., kn E a\

(i.e., y is in the pure subgroup generated by xx,..., xn). Let rpr be the

conjunction of the following sentences: for each p E S the sentence

/^Vxx...xnVy{yE[xx,...,xn}V\l>iz(pmz-ye[xx,...,xn\))

and the following sentence if £ is infinite:

/\yxx.. .x„ Vy(y E[xv ...,xn] \/ \JVz(pz - y g[x„ ..., *„])).

Then it is easy to see that <pr is true in G if and only if G is T-admissible.   □

It is well known that the £-admissibility of G is not sufficient to imply

Ext(G, T) = 0 when G is uncountable. Under the assumption V = L we

obtain necessary and sufficient conditions for Ext(G, T) = 0 when G has

cardinality K,.

2.3 Theorem (V = L). Let T be a reduced torsion group and let G be a

torsion-free group of cardinality N,. Then Ext(G, £) = 0 if and only if there is

an «,-filtration A of G satisfying

(1) A(0) is T-admissible;

andfor_allv < k:

(2) A(v) is T-admissible.

Proof. If £ < «,, Theorem 2.3 is_an immediate consequence of Theorems

1.2, 1.5 and 2.1. In the case when £ is arbitrary, the sufficiency of the given

condition for Ext(G, T) = 0 is clear from Theorems 1.2 and 2.1. As for

necessity, notice first that we may assume that £ is a direct sum of cyclic

groups; this is because if £ is a basic subgroup of T, then for any torsion-free

group C, Ext(C, £) = 0 if and only if Ext(G, £) = 0 (see Saisada [21]). Then

by definition of £-admissible, there is a countable direct summand £, of T

such that for any C, C is £-admissible if and only if C is £,-admissible.

(Simply choose £, so that Tp ¥= 0 iff (Tx)p i- 0 and Tp is unbounded iff (Tx)p

is unbounded.) Thus if £ - £, © £2, Ext(G, £) = Ext(G, £,) © Ext(G, £2).

If there is no n,-filtration A of G satisfying (1) and (2) then by Theorems 1.5

and 2.1 and the choice of £„ Ext(G, £,) ¥= 0 and hence Ext(G, £) ¥> 0.   □
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The above theorem provides a solution, under the assumption of_the Axiom

of Constructibility, to Problem 80 of [10] for the case when G = N,. By

induction then we may obtain a criterion for the vanishing of Ext(G, T) when

G = N„ for 1 < « < ¿o by making use of Theorem 1.7 to reduce the problem

to considering groups of cardinality < N„_,. Since thejheorems of §1 do not

deal with the case of the vanishing of Ext(C, A) when C is singular, we do not

have, at the present time, a complete criterion for the vanishing of Ext(G, T)

when G > Nw.

We shall show in the next section that Theorem 2.3 is not a theorem of

ZFC; more precisely, the existence of a filtration satisfying (2) is not a

necessary condition for Ext(G, T) = 0 in all models of ZFC.

The criterion of Theorem 2.3 is obviously much more complicated than

that of Theorem 2.1. The next result reinforces the conclusion that no simpler

criterion is provable in ZFC; more precisely, the analog of Corollary 2.2 is

not a theorem of ZFC for uncountable G.

2.4 Theorem (V = L). Let T be anunbounded reduced torsion group, (i) // k

is a regular uncountable cardinal > T which is not weakly compact, then there

does not exist a sentence <p of La0K with the property that for all torsion-free

groups G of cardinality k, Ext(G, T) = 0 if and only if G satisfies (p. (ii) There

does not exist a sentence <p of L^^ with the property that for all torsion-free

groups G, Ext(G, T) = 0 if and only if G satisfies <p.

Proof, (i) It suffices to prove that there are torsion-free groups G, and G2

of cardinality k such that Ext(G„ T) = 0, Ext(G2, T) ¥* 0 but G, a«, G2,

i.e., G, and G2 satisfy the same sentences of LXK. For G, we take the free

group of cardinality k; so clearly Ext(G,, T) = 0. By a theorem of Gregory

(see [12]: proof unpublished) there is a nonfree group G2 of cardinality k such

that G, =a>K G2. (Gregory's theorem requires that k be nonweakly compact

since it uses Theorem 0.3.) A proof of Gregory's theorem is outlined in [7,

Theorem 3.5]. An examination of the construction given there shows that G2

may be constructed so that there is a K-filtration A of G2 such that for every

v < u < k, A(n)/A(p + 1) is free, but for every limit ordinal X of cofinality co,

A(X + 1)/A(X) s Q (the rationals). Since F is a reduced and unbounded

torsion group, T is not cotorsion i.e., Ext(Q, T)¥=0 (cf. [9, Corollary 54.4]).

Hence {X < K|Ext(A(X), T) ¥= 0} is stationary in k since it contains the set of

all limit ordinals < k of cofinality co. Therefore by Theorem 1.5, Ext(G2, T)

*0.
As for part (ii), it suffices to prove that for every k there are torsion-free

groups G, and G2 such that Ext(G,, T) - 0, Ext(G2, T) ¥= 0 but G, =«>* G2.

But this follows from part (i) and the fact that there are arbitrarily large
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regular nonweakly-compact cardinals (since successor cardinals are not

weakly compact).   □

In contrast to Theorem 2.4 we have the following theorem of ZFC.

2.5 Theorem. Let A be a group of cardinality < k, where k is weakly

compact (resp. strongly compact). There is_a sentence rp ofLMK with the property

that for any group C with C < k (resp. C arbitrary), Ext(C, A) = 0 if and only

if C satisfies rp.

Proof. Let § be the set of all groups G of cardinality < k such that

Ext(G, £) = 0. Let rp be the sentence

x^V{VM<X}cVf«{VM<A}>«G).
It is not hard to see that rp is (equivalent to) a sentence of £00K. Clearly rp has

the property that C satisfies rp if and only if every subgroup of C of

cardinality < k is in §. The proof is completed by applying Theorem 1.6.   □

2.6 Corollary. Let k be a strongly compact cardinal and let A be a group of

cardinality < k. The class of all groups C such that Ext(C, A) = 0 is definable

inL„K.   □

2.7 Remark. By a result of Solovay (personal communication) there exists

(if the existence of a supercompact cardinal is consistent) a model of ZFC in

which the first strongly compact cardinal k has the property that there are

arbitrarily large regular X < k such that there is a stationary set £ Ç X

consisting of ordinals of cofinality w and such that £ n p is not stationary in

p for any p < X. It follows from the techniques in [7] and from the above

results that in this model k is the first cardinal X such that (for any fixed

noncotorsion A of small cardinality), the class of groups C satisfying

Ext(C, A) = 0 is definable in £wV Thus in some sense 2.6 is a best possible

result.

3. The vanishing of Ext and Martin's Axiom. We shall consider the vanish-

ing of Ext under the assumption of Martin's Axiom and prove that Ext may

vanish even though the conditions of Theorem 1.5 are not satisfied. However,

under the assumption of Martin's Axiom we are not able to determine general

criteria for the vanishing of Ext. We shall be considering torsion-free groups

which are homogeneous, i.e., every nonzero element is of the same type (see

[10, §85]). If A is a group let us say that a type / is A-admissible if the (unique)

rank one torsion-free group of type /, £(/), satisfies Ext(£(/), A) = 0. If A is

a torsion group, Theorem 2.1 implies that the £-admissible types form an

initial segment of the lattice of types, which is proper if and only if T is not

cotorsion. By Lemma 1.1, if Ext(G, A) = 0 then the type of every nonzero

element of G is ,4-admissible. Recall that A is cotorsion iff Ext(Q,A) = 0,
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where Q is the group of rationals under addition. (See [9, §54].)

3.1 Theorem (MÄH-CH). Let A be a countable group which is not

cotorsion and let t be a type which is A-admissible. There is a torsion-free group

C of cardinality «, which is homogeneous of type t such that Ext(C, A) = 0 but

C does not have an Kx-filtration satisfying (1) and (2) of Theorem 1.5.

Theorem 3.1 will be a consequence of Theorem 3.2. First, recall that a

torsion-free group G is K-separable if every subset of G of cardinality < k is

contained in a completely decomposable summand of G of cardinality < k.

Let us call a torsion-free group G weakly K-separable if every subset of G of

cardinality < k is contained in a completely decomposable K-pure subgroup

of G of cardinality < k. (Recall that a subgroup H of G is completely

decomposable if it is a direct sum of rank one torsion-free groups [10, §86].

Also, H is K-pure in G if H is a direct summand of every G' such that

H ç G' ç G and G'¡H has cardinality < k [9, §31].)

3.2 Theorem (MA + ~ CH). Let A be a countable group. Let G be a

weakly N¡-separable group of cardinality < 21*0 which is homogeneous of type t.

Then Ext(G, A) = 0 if and only if t is A-admissible.

Before proving Theorem 3.2 let us derive Theorem 3.1.

Proof of 3.1. Let C be the union of a smooth chain [Cy\v < N,} of

countable completely decomposable groups of type t such that for every

successor ordinal j» + 1 < Kj, C,+, is a direct summand of C^ whenever

v + 1 < p < N,, and such that for every limit ordinal a < N,, Cg+X/Ca is

isomorphic to Q (the rationals). The construction of C can be carried out as

in [7] where the case of type t = (0, 0,..., 0,... ) is done explicitly. (The

proof uses 3.4 below. See also [14] for the case t = (0, 0,... ).) By construc-

tion, C is obviously weakly «,-separable, hence by Theorem 3.2, Ext(C, A) =

0. But jf A is the «,-filtration of C given by A(v) = Cv, the set S = {v <

Kx\Ext(A(p), A) ¥= 0} equals the set of limit ordinals < N, and thus is

stationary in N,. Therefore Lemma 1.8 implies that C does not have an

N,-filtration satisfying (1) and (2) of Theorem 1.5.   □

Before proving 3.2, let us recall two important results about homogeneous

completely decomposable groups. The proofs are to be found in Fuchs [10,

86.6 and 86.8].

3.4 Lemma. Let G be a completely decomposable homogeneous group. Then

(i) every pure subgroup of G is completely decomposable; and

(ii) // G is of finite rank, then every pure subgroup of G is a direct summand.

D
Proof of 3.2. Let / be an ^-admissible type. Consider a short exact

sequence
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(3.2.1) o-»/i4b4g^o.

Let £ be the set of all homomorphisms /: £/-»£ such that H is a pure

subgroup of G of finite rank and trf= \H. If we prove that £ satisfies

conditions (0.5.1), (0.5.2), and (0.5.3), then by Theorem 0.5 there is a function

g: G-»£ such that for every finite subset X of G, g restricted to X is

contained in a member of £. It follows easily that g is a homomorphism such

that mf— \G i.e., (3.2.1) splits.

Condition (0.5.1) is obvious. As for (0.5.2), given aEA, and/: H-+B in P

let H' be the pure subgroup of G generated by H and a. By hypothesis, H' is

contained in a completely decomposable group. Hence by Lemma 3.4(i), H'

is completely decomposable. Since H' is also of finite rank and homogeneous,

Lemma 3.4(h) implies that H is a direct summand of H\ It then follows easily

that/extends to a homomorphism/': H' -» £ in £.

Thus it remains to verify (0.5.3). Given an uncountable subset £' of £ we

assert

There is an uncountable subset £ of £' and a pure subgroup

(3.2.2) G of G such that G is completely decomposable and every

element of £ has its domain contained in G.

Before proving the assertion, let us see how to use it to conclude the proof of

(0.5.3).
Let £ and G be as in (3.2.2). Let us write G = ©,6/£l where each £,• is a

rank one group of type /. Let £ = [fr\p < N,} where /„: Hv -» B. By the

argument used to prove (0.5.2) we may extend each/, to an element of £ with

domain of the form ©,6/£, for some finite subset Ir of I. Hence we may

assume that each Hy is of this form. Moreover, since a countable union of

countable sets is countable, we may assume (replacing £ by an uncountable

subset) that there is an n such that Ir has « elements for each v < N,. Then

there is a subset / of / which is maximal with respect to the property that J is

contained in /„ for uncountably many v. Since A is countable, there are only

countably many functions on ®¡eJR¡ which belong to £ (since/ E P implies

irf — ld0m(/))- Hence we may assume (again replacing £ by an uncountable

subset) that for any p, v < N„ / ç /„ n /„ and /,| ©/e/£, =/J ®leJR,.

Now by the maximality of J, if / E I0 — J there are only countably many v

such that i E Iv. Hence there exists v ^ 0 such that I0 n I, = J. Let H «■

©{£,.: i E I0 u Q. Define a function g: H -» B by g\ ®ie,R=fo, g\

© e/ £,■ = /„• Then g is a well-defined homomorphism which is an element of

£. Thus (0.5.3) is verified, assuming, of course, that (3.2.2) holds.

It remains therefore to prove (3.2.2). Suppose £' = {ff\v < N,} where

fy. H„-+ B. As before we may assume (replacing £' by an uncountable

subset) that there is a pure subgroup G0 of G such that G0 is maximal with
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respect to the property that G0 is a pure subgroup of uncountably many Hv.

By Lemma 3.4 (ii) G0 is a direct summand of H„; let us write H„ = G0 © //,'.

We shall construct by transfinite induction a smooth increasing chain

{G„\v < N,} of pure completely-decomposable subgroups of G and a strictly

increasing sequence of ordinals {t„+,|í' < N,} such that HT C G„+1. More-

over, the chain {G„\v < N,} will be constructed so that G„ is a direct

summand of G,+, for all v. Thus G = U„<K Gr and F = {/^J? < «,} will

satisfy (3.2.2).

Suppose {G„\v < ¡x) and {tv\v < p} have been defined. If p is a limit

ordinal let G^ = U„<MGF. If p = ? + 1 let C be a countable N,-pure sub-

group of G which contains G„. There exists rr+x > Tp+, for all p < v such

that //,.' n C = 0. (If not, then since C is countable, there would exist an

element c E C and uncountably many t < N, such that c £ //,'; but then the

pure closure of G0 U (c) contradicts the maximality of G0.) Let G be the

pure closure of Gr + H'. We claim that G„ is a direct summand of GM.

Consider the canonical map <p: GJGV^» G/C. By construction, <p is injec-

tive. Thus GJGV is isomorphic to <p(GjG/). Now by choice of C, and the

fact that G is weakly N,-separable, <p(GjG/) is contained in a (countable)

completely decomposable subgroup D of G/C which is homogeneous of type

t. Thus every nonzero element of ^(G^/G,) has type < / (with respect to

<p(G¡i/Gr)). On the other hand, since homomorphisms increase type, every

nonzero element of ^(G^/G,,) has type > t. Thus <p(GM/G,) is homogeneous

of type t. By Theorem 86.6 of [10], ̂ (G^/G,) is completely decomposable.

Thus Gp/G, is completely decomposable and homogeneous of type t and it

then follows from Proposition 86.5 of [10] that G, is a direct summand of GM.

D
3.5 Remarks. (1) The verification of (0.5.3) is somewhat simplified in case

the type of G = (0, 0,..., 0,... ). In this case ^(G^/G,) is a subgroup of a

free group and is therefore free; hence G„ is a direct summand of G^.

(2) Note that the homogeneity of G is made use of in Lemma 3.4 and in the

use of 86.5 and 86.6 from Fuchs [10]. We do not know if any analog of

Theorem 3.2 holds if the homogeneity assumption is dropped.

The methods of Theorem 3.2 may be used to prove the following.

3.6 Theorem (MA + ~ CH). Let A be a countable ring of left global

dimension < 1. Let A be a countable A-module and let M be a A-module of

cardinality < 2"° such that every countable submodule of M is contained in a

free direct summand of M. Then ExtA(A/, A) = 0.   □

4. Independence results. We shall give here a series of results which show

that certain problems are not solvable in ZFC. In particular we show that

different answers to the problem are obtained in models of ZFC + V ■ L
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and ZFC + MA + ~ CH. We begin with the result of Shelah which is the

inspiration for this paper.

4.1 Theorem (Shelah). (i) (V = L) // G is a group such that Ext(G, Z) = 0,

then G is free.
(ii) (MA + ~ CH) For any cardinal k > K, there is a nonfree group G of

cardinality k such that Ext(G, Z) = 0.

Proof, (i) The proof is by induction on the cardinality of G. For countable

G the result is a classical theorem of ZFC_([25]; see also [10, §99]). If (i) has

been proved for cardinals < G and k = G is regular, the result follows from

Theorem 1.7 and the inductive hypothesis since G has a K-filtration such that

for all v < k, A(v) and A(p) are free. (In particular we obtain the result for

groups of cardinality N„, n < to.) If k is singular the result follows from the

following theorem of Shelah [23] (proved for cardinals of cofinality n0 and N,

by P. Hill).

4.2 Theorem (Shelah). If k is a singular cardinal and G is a group of

cardinality k such that every subgroup of G of cardinality less than k is free, then

G is free.   □

We continue the proof of 4.1: (ii) By Theorem 3.1 there is a group C of

cardinality N, which is not free but Ext(C, Z) = 0. Given k > N, let G = Cw

(i.e., the direct sum of k copies of C). Then G is certainly not free, but

Ext(G, Z) = IIK Ext(C, Z) = 0.   □
A group G is xx-coseparable if every countable subgroup of G is free and

every subgroup H such that G/H is countable contains a direct summand K

such that G/K is countable [14, p. 133]. Griffith proved that G is N,-cosepar-

able if and only if Ext(G, Z(u)) = 0 [14, Theorem 1.91]. The following result

is then proved exactly as the above theorem.

4.3 Theorem, (i) (V = L) // G is xx-coseparable, then G is free.

(ii) (MA + ~ CH) For any cardinal k > N,, there is an xx-coseparable group

G of cardinality k which is not free.   □

Let us call G a Griffith group if G is a nonfree «,-separable subgroup of Z"

of cardinality N, defined as in Griffith [14, Theorem 14]. (There may be more

than one Griffith group, depending on the choice of the sequences ax(n) in

Griffith's construction.) Note that the construction of such a group is carried

out in ZFC so that it makes sense to consider properties of Griffith groups in

any model of ZFC. We shall see that whether Ext(G, A) vanishes is not

always decidable in ZFC. (Compare this with Theorem 2.4.)

4.4 Theorem, (i) (V = L) // G is a Griffith group and A is a countable group

which is not cotorsion, then Ext(G, A) ¥* 0.
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(ii) (MA -I-CH) If G is a Griffith group and A is any countable group,

then Ext(G, A) - 0.

Proof, (i) An examination of the construction in [14] shows that if G is a

Griffith group then G has an K,-filtration A such that for every limit ordinal

X, A(X) has nontrivial divisible part. (Referring to the notation of Griffith's

proof, A(ß) = Gß for every ß < M,.) Therefore [v: Ext(A(X), A) ¥= 0} is the

set of all limit ordinals < »¡ since A is not cotorsion. Hence by Lemma 1.4,

Ext(G, A) ¥= 0.

(ii) This is an immediate consequence of Theorem 3.2 since the type

t = (0, 0,..., 0,... ) is obviously ̂ -admissible for any A.   □

Note that 4.4(h) shows that it is consistent with ZFC that there is no

countable A such that Ext(C, A) = 0 implies C is free.

A group G is defined to be totally »¡-separable if G is N,-free and every

subgroup of G is N,-separable (cf. [14, p. 133]). Griffith asks whether every

N,-separable group is totally N,-separable. (Here we use N,-separable as

Griffith does to include the hypothesis N,-free.)

4.5 Theorem, (i) (V = L) There is an tix-separable group of cardinality »¡

which is not totally »¡-separable.

(ii) (MA + ~ CH) Every »¡-separable group of cardinality K, is totally

»¡-separable.

Proof. Griffith proved that if G is N,-separabIe then G is totally »¡-sepa-

rable if and only if Ext(G, Z(u)) = 0 [14, Theorems 191, 193, 194]. Thus, since

Z(w) is not cotorsion, the theorem is an immediate consequence of Theorem

4.4 (i) and Theorem 3.2.   □

Call G a Baer group if Ext(G, T) = 0 for all torsion groups T. Call G a

K-Baer group if Ext(G, T) = 0 for all torsion groups of cardinality < k. An

N0-Baer group is necessarily torsion-free (by [9, 53(D)]). Griffith proved that

every Baerjroup is free ([13] and [14]). In fact, his proof shows that for any

G, if k = G + (the successor cardinal of G) and G is a K-Baer group, then G is

free (cf. [10, Exercise 2, p. 193]). This is the best that can be proved in ZFC,

at least for k = N,, as we see from the following result.

4.6 Theorem, (i) (V = L) For any group G, if G is an »¡-Baer group, then G

is free.

(ii) (MA + ~ CH) For any cardinal k > »¡, there is an »¡-Baer group of

cardinality k which is not free.

Proof, (i) Let T be the direct sum_of »0 copies of each finite cyclic group.

We prove by induction on k that if G = k and Ext(G, T) = 0 then G is free.

If k < »0, this follows from Griffith's result (and is provable in ZFC). If k is a
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regular cardinal > N, then Theorem 1.5 and the inductive hypothesis imply

that G has a K-filtration A such that for all v < k, A(v) and A(v) are free.

Hence G is free. If k is singular, the inductive hypothesis and Lemma 1.1

imply that every subgroup of G of cardinality < k is free. Hence by 4;2 G is

free.

(ii) Let G be a Griffith group. Then by 4.4(h), G is an K,-Baer group which

is not free. If k > N, then Gw, the direct sum of k copies of G, is an N,-Baer

group of cardinality k which is not free.   □

4.7 Open problem. Is it relatively consistent with ZFC that N,-coseparable

does not imply totally N,-separable?
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