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ON THE INTEGRABLE AND SQUARE-
INTEGRABLE REPRESENTATIONS OF Spin(1, 2m)

BY
ERNEST THIELEKER(!)

ABSTRACT. All the unitary equivalence classes of irreducible integrable and
square-integrable representations of the groups Spin(1,2m), m > 2, are
determined. The method makes use of some elementary results on differen-
tial equations and the classification of irreducible unitary representations of
these groups. In the latter classification, certain ambiguities resulting from
possible equivalences not taken into account in a previous paper, are cleared
up here.

1. Introduction. For a number of real semisimple Lie groups G, it is possible
to classify the irreducible unitary representations of G by determining which
of the irreducible components of the various (nonunitary) principal series
representations of G can be made unitary by means of a redefined inner
product. See for example [4], [12] and [16]. Let K be a maximal compact
subgroup of G. It is a celebrated result of Harish-Chandra that G possesses a
discrete series of unitary representations if and only if rank (G) = rank (K).
(See [9, Theorem 13].) By definition, an irreducible unitary representation of
G belongs to the discrete series if its matrix elements are square-integrable
with respect to Haar measure. An important problem for several applications
is to determine which of the irreducible unitary representations of G actually
belong to the discrete series. In this paper this problem is solved for the cases
G = Spin (1,2m), for m > 2. The main result in this direction is Theorem 6,
which confirms a conjecture made in Thieleker [16]. This theorem also
determines the integrable representations as well as the square-integrable ones
for these groups. In the special case when m = 2, Spin (1,4) is isomorphic to
the universal covering group of the deSitter group, and for this case our results
can easily be deduced from those of Dixmier in [4]. See the comments in
Thieleker [15, §13]. It would be inconvenient for our purposes to include the
case m = 1. Thus it is omitted. However, since Spin(1,2) is isomorphic to
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SL, (R), the results for this case are well known. See for example the book by
Lang [14].

Before describing the contents of the paper in more detail, we indicate our
notation and review some known facts. As is customary, let C, R, and Z
denote the set of complex numbers, real numbers, and integers respectively. If
L is a Lie group, L will denote the Lie algebra of L, L will denote the
complexification Lo = C ® L, and U(L) will denote the complex universal
enveloping algebra of L. If [II,(] is a continuous representation of L on a
Banach space I, let 3C* denote the linear space of differentiable vectors in 3C
Then there is a uniquely determined representation of U(L) on H® which we
denote by [dII,3(®]. As in [6] a quasi-simple representation of L is one in
which the operators dTI(z) and II(z) act as scalar multiplication for every z in
the center of U(L) and z in the center of L. If K'is a compact group, we denote
by Q(K) the set of all equivalence classes of finite-dimensional irreducible
representations of X, or equivalently, the set of classes of irreducible unitary
representations of K. If, moreover, L is a closed subgroup of K, and
[4] € Q(L), we denote by 2,(K) the set of p-admissible classes in (K), that
is, the set of all classes in 2(K) which contain the class [p] in their restrictions
to L.

Now suppose that G is a semisimple Lie group with a finite center, and
suppose that K is a maximal compact subgroup of G. Let [II, %] be a quasi-
simple representation of G. The main technical problem in determining
whether II is square-integrable or not is to determine the asymptotic behav-
iour of certain matrix elements of II(g) as g approaches the boundary of G.
Let [w] and [w'] be elements of (K) and let Z; be a Casimir element of G, that
is a second order central element in U(G). Then, in the language of Harish-
Chandra [9], the function g — E(w')[I(g)E(w) is an elementary, (o,w)-
spherical function and satisfies a certain differential equation arising from the
fact that dII(Z;) acts as scalar multiplication. (If [w] € Q(K), then E(w) is the
projection on I corresponding to the type w K-isotypic component.) When IT
is a class 1 representation, a derivation of this differential equation is given by
Harish-Chandra in [8]. Harish-Chandra’s generalization to the case of general
II is given in Warner [18, vol. II]. It should be remarked that when II is a
nonunitary principal series representation of G, then the function g
— E(w')II(g)E(w) is essentially what Harish-Chandra calls an Eisenstein
integral. (See [10] or [17].) For the case when the real rank of G is 1, the
differential equation referred to above reduces to an ordinary differential
equation with operator coefficients. (See §2 or [17]) If, moreover, G
= Spin(1,2m), it is possible to choose the pair [w], ['] in such a manner that
this equation reduces to one with scalar coefficients which may be solved in
terms of hypergeometric functions, with a suitable change of variables. We call
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such a pair of K-types a locking pair. (See §5.) It is interesting to note that such
a locking pair of K-types does not exist in general for the nonunitary principal
series representations of Spin(1,2m + 1), but they do exist for most nonuni-
tary principal series representations of the other real rank 1 groups. This fact
will be discussed in a later paper. It turns out that when G = Spin(1, 2m), that
a pair of locking K-types exists not only for every nonunitary principal series
representation of G, but also for those irreducible components that correspond
to the square-integrable representations. However, such locking pairs do not
exist for all irreducible components of nonunitary principal series representa-
tions. This circumstance makes it necessary to resort to additional arguments
based on the integral representation of the Harish-Chandra c-function to
exclude these “extraneous” irreducible components from the possible square-
integrable representations. These arguments are given in §13. In §§10 and 11
we review the classification of the quasi-simple irreducible representations and
the irreducible unitary representations of G. In [16] there were some ambigu-
ities in this classification due to certain infinitesimal equivalences which were
not taken into account in [15] and [16]. These additional equivalences are
given correctly by Gavrilik and Klimyk [5]. In §10 we give a somewhat more
condensed reformulation of these results. We thank these authors for making
a preprint of their paper available to us.

2. The differential equation. Assume at this point that G is a real semisimple
connected Lie group of arbitrary split rank /. Let G = P + K be a Cartan
decomposition of G, where K is the Lie algebra of a subgroup K such that
Ad (K) is maximal compact in Ad (G), and P is a Cartan subspace of G
corresponding to this choice of K. Let 8 be the Cartan involution correspond-
ing to this decomposition. Thus, 6 fixes every element in K and reverses sign
of every element in P. It is known that 8 extends uniquely to a compact
involution & of the complexification G¢ of G. Thus, ¢’ fixes a compact real
form G, elementwise. Let A be a maximal abelian subspace of P. Fix a
lexicographical ordering on A¥, the real dual of A. Let A be the set of restricted
positive roots, where positive is defined by this ordering. Finally, let {, ) be
the sesquilinear form on G defined by the formula

X,Y) = —cB(X,0'7),

for X, Y € G, where B is the Killing form on G and c is a positive constant
to be adjusted later. Since B is negative definite on G, it follows easily that
the form (, ) is an inner product. It also follows easily from the invariance of
the Killing form that we have, for all X, Y and Z in Gg,

(X, Y),Z) = —(1,[0X,Z]).
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For @ € Alet N, be the subspace of G defined by N, = {Z € Glad (H)Z
= a(H)Z for all H € A}. Then, for a # 8, N, and N, are mutually orthog-
onal relative to the inner product {, ). Moreover, as a ranges over A, the
subspaces N, generate a maximal nilpotent subalgebra N. Let m(a) be the
multiplicity of theroot @ € A, and let{Z;|i = 1,2,...,m(a)} be an orthonor-
mal basis of N, . Then the set {§Z ;i = 1,2,...,m(a)}is an orthonormal basis
of N, . Foreach @ € Aandindexi = 1,2, ..., m(a) define elements Y,; and
X,; by the formulas

0)] Xy =(ON2)(Z,+0Z,), Y, =(/V2)(Z,—06Z,).
Then since obviously 8X,; = X; and 8Y,; = —Y,, we have X; € K, and

Y, € P.Fora € A, let H, be the element of 4 defined by (H,,H) = a(H)
for all H € A. Then we have for 1 < ¢ < m(a)

2) Z,,92,] = —H,.

In fact, [Z,,,0Z,] € A, and for all H € A,

(]

62,,2,H) = <Z,,[Z,,,H]) = <{Z,,a(H)Z,) = o(H).

[+

Hence, the assertion follows.

Let [IT, I] be any differentiable representation of G on a topological vector
space J(, and let 411 be the corresponding action of the Lie algebra G. We also
use the same symbol to denote the uniquely defined extension of this action to
the universal enveloping algebra U(G) of G. For the time being we will
simplify the notation by writing g, gg, = dII(g;)II(g)dII(g,) for all ¢, g,
€ U(G)and g € G.

LEMMA 1. For each o € A,t € R, t # 0, and H € A such that a(H) # 0,
write h(f) = exptH. Then

h(2) '"é‘? (¥2 - X2) = m(a)coth (a(H ))h(1) H,
+[sinh a(H )] 2 '"él) [X2h(t) + h(H)X2 — 2 cosh(a(H )) X, h(1) X, ]

ProoF. For 1 < ¢ < m(a) we have the following computations:
k)Y, = (Ad (h(1))Y,)h(r) = [cosh(a(H ))Y,, + sinh(a(H )0) X, ]A(2),
k(1) X,, = (Ad (h(2))X,,)h(t) = [cosh(a(H )1)X,, + sinh(a(H )1) X, ]A().

Under the assumptions of the lemma we may and do eliminate the element
Y, h(?) from these equations and obtain
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G) h(t)Y,, = coth(a(H ))h() X, — [1/sinh (a(H ))]X,, (o).

Now from (1) and (2) we have [X,,, Y, ]= (1/2)[Z, +0Z,,Z, - 6Z,]
= -[Z,,,0Z,] = H,. Hence applying (3) twice yields
h()Y2 = coth(a(H))h() (Y, X,, + H,) — [I/sinh(a(H )] X, h() Y,
= coth(a(H ))h(i)H, + [coth (a(H ))]* h(1) X
+[sinh (a(H )] 2[X2 h(t) — 2 cosh(a(H i) X, k() X, ]

The lemma follows from the observation that [coth(a(H)N))> — 1
= [csch (a(H)1))* = [sinh(a(H))]2. Q.E.D.

Now assume that G has real rank 1. Then either A = {a} or A = {a,2a}. In
the second case set ¢ = m(2a), and in the first case set ¢ = 0. In both cases
let p = m(a). We adjust the constant ¢ in the definition of the form {, ) so
that (H,H) = 1, where H € A such that a(H) = 1. More explicitly, ¢ is
given by ¢ = 1/B(H, H). Hence, also H = H,.

Let M be the centralizer of A in K. If M # {0}, let r be the dimension of M
and let {W],..., W} be an orthonormal basis of M. Define the following
elements of the universal enveloping algebra U(G):

r
(4a)  Zy=~3 W, ifM#(0}and, Z)=0,ifM = (0},
=
P 2 q 2
(4b) ZK == igl Xai - i§| X2ai + ZM ’

p q
2 2 2
(4c) Zg=H"+ El Yi+ El Yoi + Zg

where in (4b) and (4c) the second summation symbol is to be interpreted as 0
in case ¢ = 0. Note that Z;, Z, and Z,, are Casimir elements of the Lie
algebras G, K, and M respectively. Also let Z; be the element of the universal
enveloping algebra U(G) defined by

q
@) z,=-3 Xpi+Zy, ifq#0andZz, = Z,, ifq=0.
’=

Now let [II, i(] be a quasi-simple representation of G on a Banach space,
and let [II®, (] be the differentiable representation associated with [IT, %(].
(See [18, Vol. 1, p. 254].) Then for every element Z in the center of U(G) we
have d11°(Z) = ¥(Z)ly, and Z — y(Z) is a homomorphism of the center
of U(G) into C. Let us write T' = y(Z;). As in Lemma 1 we write h(f)
= I1®(exptH) with H = H,, and follow the notational convention of that
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lemma. Thus we have dh(f)/dt = Hh(t) = h(1)H, and d*h(1)/d* = H?h(z)
= h()H 2, From Lemma 1 we then immediately have the following result:

LemMa 2. On (0,00) the operator-valued function t — h(t) satisfies the
differential equation

d? d
i h(?) + (pcotht + 2gcoth2r) p h(p)
P
_[sinh ]2 ((zK = Z)H) + WO 2y~ Z,) + 2cosht $ Xa,.h(t)Xa,.)

—[sinh 2 ((zL — Z,)h() + K@) (Z, — Zyy) + 2cosh 2 él X, h(t)Xza,.)

= Th(t) = W1)Zy,,

where the last term on the left-hand side is to be replaced by 0 in case ¢ = 0. Note,
that in that case the last three terms on the left-hand side are equal to 0.

3. Operator-valued spherical functions. For G any connected semisimple
real Lie group let [IT, 3] be a quasi-simple representation of G. Let 2(K) be
the set of equivalence classes of finite-dimensional irreducible representations
of K. For each class [w] of Q(K) let E(w) be the projection on I such that
E(w)JCis the subspace of vectors that transform like [w] under the restriction
II|x. Then it is known that [II,3(] is K-finite; that is, E(w)IC has finite
dimension for all [w] € Q(K). (See [6].) Moreover, it is known [6] that E(w)3C
consists of analytic vectors for the representation II, for all [w] € Q(K). Thus,
in particular, E(w)¥ C H*®. Hence, II(g)E(w) = MI®(g)E(w) for all [w]
€ UK).

Now assume that G has real rank 1. Then in the notation of Lemma 2 we
have, for any pair of classes [w] and [w'] in Q(K), E(w')[I(exptH)E(w)
= E(w')h(?) E(w), and the function ¢t = E(IL, t; o', w) defined by E(IL, 1; o', w)
= E(w')h(t) E(w) is an analytic function from (—oo, ) to the finite-dimen-
sional space HOM (E (w)C, E(w’)IC). This function is by definition the elemen-
tary (w,w’)-spherical function associated with the representation I1.

If [0,%,] and [«’, %] are two finite-dimensional K modules, and K’ any
subgroup of K, let HOM. (3C,,, % ;) denote the subspace of HOM (€, 3C.)
consisting of K’ intertwining maps. In other terms,

HOM;. (%,,%,,) = (T € HOM (3, %) |Tw(k) = '(k)T, allk € K'}.

Since mh(r) = h(f)m for all t € R and m € M, it follows that for any pair
(w,w’) of K-types, one has E(IL,#; ', w) € HOM,, (E(w)¥, E(w')IC) for all
t € R. In particular, the (v, w’)-elementary spherical function E(II, -; ', w) is



REPRESENTATION OF Spin(1, 2m) 7

0 unless there is an M-type [u] € Q(M) which occurs in both restrictions w|

and o'|,,.
Define an action H(w,w") of K on HOM (€, ) by the formula

H(w,&) (k)T = o'(k)Tw(k™")

forallk € K, and T € HOM (%, %, ). Then it is a straightforward matter
to check that H(w,«') is a representation of K on the linear space
Hom(3(C,, ;). Let w* denote the representation of K contragredient to w.
Then the representation [H(w, '), HOM(3(,, %, )] is equivalent to the repre-
sentation [w’ ® w*,ﬂCw ® ¥,+]. More precisely, there is a canonical linear
isomorphism ¢: 3, ® 3« = HOM(I(,, ¥, ) with the property that ¢(v ® f)
+(w) = f(w forallv € ¥ w € K, and f € I . Then we have

LeEMMmA 3. For all k € K,
¢ o (W'(k) ® w*(k)) = H(w,o')(k) ° ¢.

ProOF. This is a straightforward computation on elements in Ky ® 0 of
the form v ® f. Then extend the result of this computation by linearity.
Q.E.D.

We remark further that if « is an automorphism of K, then for any finite-
dimensional representation [w,J,] of K, one may define the representation
[aw, 3¢, ] by aw(k) = w(a(k)) for all k € K. Then the canonical map ¢ of the
above lemma also has the intertwining property:

¢ © (W'(k) ® aw* (k) = H(ow, ') (k) © ¢,
with k € K.
Let L denote the subspace of K defined by L = M, if ¢ = 0, and if
g #0,L =M+ span {X,;,li = 1,...,q)}. Then we have

LEMMA 4. L is a subalgebra of K. Let Q be the orthogonal complement of L in
K. Then we have [Q, Q] C L. In particular, L is reductive in K.

Proor. The conclusion of the lemma is clear if g = 0. Assume that g # 0.
Then if i and j are integers between 1 and g, we have by (1) and (2),

[XZai’XZaj] = (1/2)[2201[’0220(]] + (1/2)[022ai’22aj]’

since +4a are not restricted roots. Now the element [§Z,,;, Z,, ] centralizes A.
Hence, [0Z,,;,Z,,;] € A + M. But the A-component of this element changes
sign under the involution . Hence [X,;, X,, ;1 € M. Hence L is a subalgebra
of K. Next note that Q = spang {X;li = 1,...,p}. By (1) and (2) and an
argument similar to the above one we have [X;, X, ;] € M + L. Hence, the
lemma follows. Q.E.D.
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By the last lemma, there exists an involution 7 uniquely defined by the
property that 7(Y) = =Yif Y € Q,and (YY) = Yif Y € L.
In the course of proving the above lemma the following was also shown.

LEMMA S. Assume that q # 0. Let S be the subspace of L defined by
S = spang {X,;li = 1,...,9}. Then L = S + M and [S,S] C M.

Hence, there also exists a uniquely defined involution 8 such that B(Y)
=-Y,fYESandB(Y)=YifY EM.

Let L be the analytic subgroup of K determined by the Lie algebra L. Then
B determines an involution on L which fixes the subgroup M elementwise. We
also denote this involution by the symbol 8. Similarly, we also denote by 7 the
involution on K determined by the involution 7 defined on K.

We state the results of some simple calculations in the following lemma.

LEMMA 6. Let Z,;, Zy, and Z, be the elements of U(G) defined by the formulas
(4). Let T € HOM (3, %,;). Then
() dH (w, ') (Z,)T = dH(r0,w’)(Z)T.
(i)
dw'(Zy = Z,)T + Tdo(Zy — Z;)
= (/2)[dH (0, ') (Zx = Z)T +dH (10,0’ )(Zy — Z,)T).

(iif)

- él Al (X,)Tdu(X,,) = (1/2)[dH (e, )(Zye) — dH (0, )(Z,)IT:
(iv)Ifg # 0,
2 3 a0, Tdolty) = (V2)1dH (s, )(Zy) = dH () ZIT:

(v) If T is also in HOM,, (3, 3C,), then
d'(Z,, — Zp)T + Td(Z, — Zyy)
= (/) [dH (Bo,)(Z,) + dH (0, Z)IT:

Note that if ¢ = 0, both sides of the last equation are 0.

ProoF. If Z € U(L), then dw(Z) = d(rw)(Z). Hence, (i) follows. If
Z € Q, then for all T € HOM (3,9, ), dH(w,&')(Z)T = dw'(Z)T
— Tdw(Z), and dH(rw,w')(Z)T = dw'(Z)T + Tdw(Z), since d(rw)(Z)
= dw(1(Z)) = —dw(Z). Similarly, if Z € S, then dH(w,w')(Z)T = dw'(Z)T
— Tdw(Z), and dH(Bw,&')(Z)T = dw'(Z)T + Tdw(Z). Hence, if Z € Q,
then
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(1/2)[dH (w, &’ )(Z})T + dH (10,0’ )(Z})T] = d'(Z*)T + Tdw(Z?),
and (ii) follows from (4b) and (4d). Also if Z € Q, then
(1/2)[dH (rw, ' )(Z?) = dH(w,w')(Z?)] = 2dw/(Z)Tdw(Z).
Hence, (iii) follows from (4b) and (i). If Z € S, then
dw'(ZHT + Tdw(Z?) = (1/2)[dH (w, ' )(Z*)T + dH(Bw, &' )(Z*)T.

Hence (iv) follows from (4d) and the fact that dH(Bw,w’) = dH(w,w’) on
U(M). Moreover (v) also follows from this and the further observation that
dH(w,')(m)T = 0, if T € HOM,, (3,,%) and m € UM). Q.E.D.

Now pick two irreducible K-types [w], [w'] € Q(K). To simplify the nota-
tion let us write

Zx = dH(0,0')(Zy), Tk = dH(rw,w')(Z),
2, = dH(w,0')(Z;), and 2} = dH(Bw,')(Z}).

Here w and «’ are the primary representations of K in II| on the subspaces
E(w)3 and E(w’) respectively. Lemmas 2 and 6 may now be combined to
yield the following result.

LEMMA 7. The elementary (w,w’)-spherical function E(f) = E(IL,t; w, ')
satisfies the following differential equation on (0, o).

(—({3 + (p cotht + 2qcoth2t)£)E(t)
dtz dt

—(1/2)[sinh 1] 22 + T — 2%, ) E(?)
+(1/2)[sinh 1] cosh 1(Zf — 2, ) E(r)
—(1/2)[sinh 2722, + ZB)E())
+(1/2)[sinh 21 2 cosh 21(28 — 2, ) E(r)
= TE() — E()(Z,,).

PROOF. Observe that for ¢, and ¢, € U(K) we have

d'(q)) E(TL £; w, ' )dw(g,) = E(w')g, h(f)gy E(w).

Hence, in the equation of Lemma 2 we premultiply by E(w’) and postmutiply
by E(w). The result then follows easily from Lemma 6. Q.E.D.
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4. The case g = 0. Now assume that g = 0. Hence G is locally isomorphic
to Spin(1,n) with n > 2. Since U(M) acts trivially on

HOM,, (E(w)3, E(w))

under the actions dH(w, w’), and dH (1w, '), and since for all ¢ € (0, ), we
have E(IL,t; w,0') € HOM,, (E(w)3(, E(w')3C), the differential equation in
Lemma 7 becomes

) (d + p cotht— )E(t) — (/2)[sinh ] 2(Z + ZR)E()

+(1/2)[sinh 1] cosh 12 — Z) EQOTE() — E(D)w(Zy)s

where as in Lemma 7 we write for brevity E(r) (2 = E(IL t; w, ).
We make the substitution x = (tanh(z/2))” and write

F(II,x;w,’) = EQL,t;w,’) fort €R,

or if no ambiguity results, we write more briefly F(x) = F(II, x; w, ). Note
that the above substitution maps R\{0} onto the interval (0, 1) and maps the
singularities of the above dlﬁ'erentlal equation as follows: 0 to 0 and +o0 to 1.
We also have then (sech(z/ 2)) = 1 — x, cotht = (1 + x)/2\/x, (sinh )"~ -2
= (1 — x)*/4x, cosht = (1 + x)/(1 = x), d/dt = \/x(1 — x)d/dx, and hence
also  d%/d* = x(1 — x)2d*/dx* + (1/2)(1 — 3x) - (1 — x)d/dx. Thus, by
straightforward manipulations, equation (5) results in the following lemma.

LEMMA 8. On the interval (0,1) the operator-valued function x — F(x) satisfies
the differential equation

2
x(1 - x):—xz-F(x) +(1/2)[p+ 1+ x(p - 3)]%F(x) + (1/4)Z% F(x)
©) —(/4x)Z F(x)
= (1 = x)"(TF(x) = F(x)w(Z)))-

Now assume that in addition to ¢ = 0, one also has rank(G) = rank(K)
= m 2> 2. Then G is locally isomorphic to Spin(1,2m). Let T be a Cartan
subalgebra of K with the property that the intersection T N M is a Cartan
subalgebra of M. Identify the dual space of T with T itself by means of the
form ¢, ). It is known that there exists an orthonormal basis CT Y
of T with the following properties:

M) {g,e5,...,8,} C V-IT.

(2) The set {g;, ... ,¢,._;} is a basis of \/=IT N /=TM.
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(3) Let Ag be the set of roots of K¢ relative to the Cartan subalgebra T.
Then Ay is given by Ag = {*¢; + ¢, x¢; — g|l < i <j < m}.

(4) Let A, be the set of noncompact roots of G relative to T. By definition
these are the roots of G¢ not in A They are given by A, = {*gli
=1...,mh.

(5) Let A, denote the set of roots of M relative to T N M. Linear forms
on this subspace are to be thought of as linear forms on T, by extending them
by 0 on the vector ¢,,. Then A, is given by A, = {e}, if m = 2, and if
m>2, A= {+ek,_.e+e,_e gl <i<j<m-L1<k<m-1}

We put a lex1cograph1c order < on the real vector space \/—1T such that
g > & >+ > ¢,. For each [w] € Q(K), let A(w) be the highest weight of
w in the above basis and ordering of \/=1T. Then A(w) = 3" A(w);¢;, where
the components A(w); are either all integers or all half odd integers and satisfy
the inequalities

™) A > Aw)y > -+ 2 Moy > |AW)],-

Let [u] E Q(M), and let M(u) be the highest weight of [u]. Then M(u)
= 21 ~" M(p),¢;, and the components M (p); are either all integers or all half
odd integers and satisfy the inequalities

®) M) > M@p), > -+ > M), >0

A necessary and sufficient set of conditions that [u] occurs in the restriction of
[@] to the subgroup M is the following (see for example [19]):

(9a) Fori=1,...,m—1, M(u);, — A(w), is an integer.
ob) Aw) > Mp) > M)y 2 Mp), > -+ 2 M)y > Me)p-
> M)py > [A0))-

Moreover, if the class [w] does occur in this restriction then it occurs with
multiplicity 1.

LEMMA 9. For the involution T we have A(tw); = AMw);, if i < m, and
A(tw),, = —A(w),,, and [tw] € QK with highest weight A(rw).

ProoF. Forj < m — 1,1/=T¢; € M. Hence, 7(3/=1¢;) = \/=T¢;. Howev-
er, the element \/_1 e lies in the orthogonal complement of M in K Hence
m(v/=Te,) = —\/=Tle,. In particular, the involution 7 fixes the Cartan
subalgebra T. Hence the dual action of this involution takes the weight
(A Ay oA, A) into the weight (A, A,,...,A,_;,—A,,). Here we
identify T with C™ by means of the basis defined above. Thus 7 maps positive
roots into positive roots by item (3) above, and maps dominant forms into
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dominant forms by the inequalities (7). The lemma follows by the simplicity
of the highest weight of an irreducible representation of X. Q.E.D.

As in §3, let [IT, 3] be a quasi-simple representation of G and let [w], [w'] be
a pair of K-types. Let us now write ¥ = HOM (E(w)3(, E(w')3) and ¥,
= HOM,, (E(w)3(, E(w')IC). Assume now that the latter space is nontrivial.
Let Q(w, w’) denote the set of K-types that occur in the complete reduction of
the K-module [H(w,«’), V], and which contain nontrivial M-invariant sub-
spaces, and if [¥] € Q(w,w’) we write V¥ for the K-primary component of ¥
corresponding to [¥]. Similarly, let Q(rw,w’) denote the set of K-types that
occur in the complete reduction of the K-module [H(rw,w’), ¥] and which
contain nontrivial M-invariant subspaces, and if [¥] € Q(r0,w’), we write
V™Y for the K-primary component of ¥ corresponding to [¥]. Let ¥ ¥ and
V"‘I' denote the intersections V =W N v¥ and V"I' =W N VM' de-
ﬁned for each K-type in Q(w, w’) and Q(m, W) respectively Then clearly, we
have the direct sum decompositions

Vi = B Y] € 20.0)) = O[] € Are, o).

We remark that even if a K-type [¥] occurs in both Q(w, ') and Q(rw, w’)
the subspaces ¥ and ¥;¥ do not coincide in general. This is because the
operators 2% and £ do not commute in general. We do have the following
result however.

LEMMA 10. (1) Let [¥] be a class in Q(w,w’) or in Qrw,w’). Let A(¥) be its
highest weight. Then A(¥) = ye,, where y is a nonnegative integer.

) If [¥] € Uw, ") or Q('rw,w) Zx or Ly acts as multzplzcatton by the
eigenvalue |(¥) = (Y + m — 1) - (m- 1)2 on the subspace V or V' respec-
tively.

ProoF. Since ¥, consists entirely of M-fixed vectors for both actions
H(w,«') and H(rw,w’), so do the subspaces Iﬁ' and VA;‘I' . Hence the
branching rule (9b) requires that A(w) have the form indicated in the lemma.

Next note that one-half the sum of the positive roots of K is given by the
formula §; = 3" (m J)e; Also by a standard result, the eigenvalue of Z
acting in a K-primary module of type [w] is given by

(AW) + 20y, A(w)) = {A(w) + 8, Alw) + 8> — {8k, 8x.

(See for example, Jacobson [13, p. 247].) Statement 2 of the lemma follows
from these considerations and statement 1. Q.E.D.

5. Locked M-types. The main difficulty in solving the differential equation
of Lemma 2 results from the fact that the operators %, 2%, €, and 5 do not
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commute in general. This difficulty is avoided in the locked M-type situation
which we now define.

Let Q(M) be the set of equivalence classes of finite-dimensional irreducible
representations of M. Let [w] and [w'] be two K-types in (K ). We say that an
M-type [u] € QM) is locked between [w] and [w'] if [u] is the only M-type that
occurs in the complete reduction of both restrictions [w]| ,, and [&']| . If there
exists a locked M-type between two K-types [w] and [w’] we shall also say that
[@] and [w’] are locking K-types.

Assume now that ¢ = 0. Then for [II, %] a quasi-simple representation of
G, it is known that each K-type occurs with multiplicity of at most 1 in the
restriction of this representation to K. Hence if [w] and [«'] is a locking pair of
K-types which occur in [IT, %], then the space HOM,, (E(w)J(, E(w’)¥) has
dimension 1. In fact, this space is spanned by a single intertwining map which
takes the unique type p invariant subspace of E(w)J into the unique type p
invariant subspace E(w’)3(C.

The next lemma gives examples of locking pairs of K-types. We use the
notation and assumptions of the last section.

LEMMA 11. Let ¢ = 0, and assume that rank(G ) = rank(K) = m. Let [w] be
any K-type. Let A(w) = 3" Aw);¢; be its highest weight. Let ('] be another K-
type whose highest weight components satisfy the conditions A(w'); = |A(w); 1],
i=12,...,m— 1. (Note that the first m — 1 components of A(w') then satisfy
the inequalities (7) since all the components of A(w) satisfy these inequalities. Note
also that the component A(w'),, is unspecified here except for the condition that it
satisfies the last inequality in (7).) Let [u] € QM). Assume that M(p),
= |AW)4q| = Mw');, i = 1,2, ..., m— 1. Then [w] and [w'] are locking K-
types, and [p] is locked between [w] and [w'].

ProOF. If M(p’) is the highest weight of an M-type [’] which occurs in both
restrictions w|,, and «'|,, then the branching rule requires that A(w);
> M), > |Aw)4q], and A(w'); > M), > |AW),44] for 1 <i<m
—1. But, for those indices we have A(w’); = |A(w),,|. Hence the only M-type
[w'] which satisfies these conditions is [u] = [u] with u defined in the statement
of the lemma. Q.E.D.

Assume that [w] and [w'] are a locking pair of K-types as in the last lemma.
Since HOM,, (E(w"), E(w)JC) has dimension 1, the operators Z and Z act
as multiplication by scalars / and /" respectively, where the general form of the
parameters / and /" is given in Lemma 10. We now determine them in terms
of the highest weights given in the last lemma.

LEMMA 12. Make the assumptions of Lemma 11, and let A(w) and A(w’) be the
highest weights of locking K-types as given in that lemma. If the component
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Aw), # 0, let 0 = A(w),/|A(w),|, and if the component A(w), = 0, let
o = 0. Then we have

1= (A@), = 0AW),, + (m — 1)}* = (m — 1)%,
I" = (A(w), + oA(W),, + (m — 1))* = (m — 1)~

ProoF. Since HOM,, (E(w')¥, E(w)3C) has dimension 1, there must be a
unique class [¥] in («’, w) and a unique class [¥"] in Q(re’, w). Here we use
the notation of Lemma 10, By statement 1 of that lemma we have A(¥) = Ve,
and A(¥") = y¢;, where ¢ and y” are certain nonnegative integers which we
now determine. Write 3(, = E(w)¥, and ¥, = E(w’')¥. Then by Lemma 3
we have the following 1somorphlsms of K-modules [0 ® 0™, 9, ® K]

=~ [H(«',w), HOM (3, %)), and [0 ® (r')*, K, ® K] =~ [H(‘rw w),
HOM (3, %,)]. Let W(K) be the Weyl group of K defined for the choice of
Cartan subalgebra T in the last section. We identify v/=1 T with R” by means
of the basis given in that section. Let s € W(K) be defined by s(A;,...,A,,)
= (oA, A5« s A,_0,0M,_ 1) for (A, ...,A,) € R™. By standard results, the
element defined above is an element of W(K). (See for example [I, pp.
209-210].) Hence the vectors —sA(w’) and —sA(7w’) are weights in the
representations ™ and (rw’)* respectively. Let ¥’ and ¥" be vectors defined
by ¥ = A(w) + 8¢ — sA(w’), and ¥"" = A(w) + 8 — sA(rw’). Explicitly,
using Lemma 9 and the formula for 8,

V" = (AMw) + m = 1 + oA(w'),,,m = 2,...,1,0),
¥ = (Aw) +m—1-0AW),,m-2,...,1,0).

Hence, if s € W(K), and s # e, s’ < ¥, and s¥"" < ¥"’ since these are
both regular dominant forms. Hence, it follows from a standard formula for
tensor products of irreducible finite-dimensional modules over simple Lie
algebras that the forms ¥ = ¥’ — §, and ¥" = ¥"’ — §, are highest weights
of irreducible K-modules occuring in the tensor products w ® w™* and w
® (T’ ) respectively. By the formula for 8 in §4, they have the form given in
statement 1 of Lemma 10. Hence, the irreducible K-submodules to which these
highest weights correspond contain nontrivial M-invariant subspaces of di-
mension 1. Since the space HOM,, (3, %) has dimension 1, these are the
unique K-submodules with this property. Lemma 12 now follows from
statement 2 of Lemma 10. Q.E.D.

6. The spherical function for a locking pair of K-types. We continue the
assumption that ¢ = 0 and rank(G) = rank(K). Let [&'] and [w] be a locking
pair of K-types as given in Lemma 11. Let [u] be the M-type locked between
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these K-types. Let [II, 3] be a quasi-simple representation of G, and let
E(«',w, n) be a nonzero intertwining map which intertwines the single type M-
invariant subspace of 3, with the single type u M-invariant subspace of IC,.
Let x - F(II,x; ', w) be the function defined at the beginning of §4. (For
notational convenience, we have interchanged the roles of w and «’.) For
brevity we shall sometimes denote this function simply by x — F(x). Then
there exists a scalar-valued function x — ®(IL, x; w’,w), or more briefly
x = ®(x), such that, for all x €[0,1), F(x) = ®(x)E(«,w,p), since
HOM,, (3, %,) has dimension 1.

Consider the expression F(x)w'(Z,,) occuring in equation (6). (The roles of
«’ and w are interchanged there!) For each [u] € (M) let P(u’) be the
projection that projects onto the type p M-invariant subspace of I, and
corresponds to the direct sum decomposition of this space into M-irreducible
components. Then clearly, since [u] is locked between [w] and [w’], we have
F()P(w') = 0, unless [p'] = [u). Hence

F()'(Zy) = % F()P(W)w'(Zyy)

= F()P()w'(Zyy) = FO)Ty (),

where I, (1) is the eigenvalue of the Casimir operator Z,, which corresponds
to the class [u].

Next we note that for the case under consideration we have p = 2m — 1.
We also introduce the following parameters. Let 8 be either one of the roots
of the equation 82 — pf =T — T);(n). Further, let a, b, ¢, and a be given by

a=—-(m-1)-oAW),+B b=Aw),+5
¢ =m+ Aw), — oA(w),,,
a = (Aw), — oA(w'),,)/2.
LEMMA 13. There exists a complex number B(B, ', w) such that on the interval
[0,1) the function x - ®(x) = (1, x; ', w) is given by
®(x) = B(B,w,0)x*(1 — x)* F(a,b; ¢,),

where x = F(a,b; ¢, x) is the hypergeometric function defined by the series

@ (a);(b);
F(a,byce,x) = 3 —1-2x/,
( ) j§0 J(e); gy

(We recall the definition of the Legendre symbol (a)j, etc.: (a)y = 1, (a);
=ga+1)-(@+j—-1),ifj >0)
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ProoF. By introducing the parameters / and /™ of Lemma 12 into equation
(6) of Lemma 8, it follows that the function & satisfies the differential equation

*(1 = )G + §(p + 1+ (p = 3)000) + 41" = J/x10(x)
~ /(1 = D)L = G, (]e() = 0.

The singularities of this equation are at 0 and 1. This circumstance suggests
the definition of a function F by the formula ®(x) = x*(1 — x)B F(x), where
the parameters a and § are to be adjusted so that the differential equation
satisfied by F does not contain terms involving 1/x and 1/(1 — x) respectively,
thus weakening the singularities to regular ones. A straightforward but slightly
messy calculation shows that for this to happen, a and B must satisfy the
quadratic equations

B = pB =T - Ty(u),
(@ + (m = 1)/2)* = [(Aw), = 6AW),, + (m — 1)/2F,
and F must satisfy the differential equation
x(1=x)F"(x) +i[p+ 1 +4a+ x(p — 3 + 4(a + B)))F'(x)
+({3A@), + JoA@W),, + (m = 1)/2] = [a + B = (m — 1)/2)F(x) = 0.

Here we have used the values of the parameters / and /" given in the statement
of Lemma 12. The last equation is a hypergeometric differential equation.
Since the identity element in G corresponds to x = 0, it must hold that the
limit ®(x), as x — 0 + exists. This dictates the choice of positive root for a.
Thus with a, a, b and ¢ given above the lemma follows. Q.E.D.

7. The nonunitary principal series. At this point we review some known facts
about the nonunitary principal series of representations of a semisimple Lie
group of arbitrary real rank /. We use the notation of §1. Let M be the
centralizer of A in K, and let [u] € Q(M). Let [g, ¥] be a finite-dimensional
irreducible representation of M of type [u], and let {, }, be an inner product
defined on the space I such that the representation p is unitary with respect
to this inner product. Since M is compact, such an inner product is known to
exist by a well-known elementary arguement. We denote by Lﬁ(K ) the linear
space of J(-valued measurable functions on K, measurable with respect to
Haar measure on K, and which satisfy the following conditions:

(10) F(mk) = p(m) F(k),
forall F € Li(K), m € M, and k € K, and

S CFG), F(R)), dkc < oo,
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where dk is the Haar measure of K normalized such that {dk = 1. Identifying
functions that differ only on a set of measure zero, L>(K) becomes a Hilbert
space with the inner product (, ) defined by (F,G) = fx {F(k), G(k)),dk.

Let N and 4 be the analytic subgroups of G corresponding to the
subalgebras N and A respectively. Then N is maximal nilpotent in G and N4
is maximal solvable with N normal in NA. Moreover NAK = G is an Iwasawa
decomposition of G. Let k: G = K, 6: G = NA be the analytic maps defined
by this Iwasawa decomposition by the property that for each g € G, o(g) and
k(g) are the unique elements in N4 and K respectively such that g = o(g)x(g).

Let A be a complex character of NA; that is, A is a one-dimensional
representation of the group NA into the multiplicative subgroup of C\{0}.
Then A is the identity on N. Let P be the real character defined on N4 by
P?(s) = det[Ad|y,(s)] fors € NA. Then define an action on the space L;‘:(K )
by the formula

(11) I, (g) F(k) = A(o(kg)) P(a(kg)) F(k(k2)),

forallg € G,and k € K, and for F € Li(K). It is known that g — II, (g)
is a continuous representation of G on Li(K ). (See [6, §12].) It is easily shown
that this representation is linearly equivalent to an induced representation.
(See the proof of the next lemma.) It is also known that for each pair
A, [1] € Q(M), this representation is quasi-simple. (See [3].) We shall need the
explicit form of the infinitesimal character of these quasi-simple representa-
tions on the Casimir element of G. For each complex character A let A be its
differential. Hence A is a complex linear form on N + A which is zero on N
and such that A(nexph) = M foralln € Nand h € A. If p denotes the
differential of P, then it is given by the formula 2p = 3 {m(a)ala € A}, on A
and by zero on N. Let {H;|i = 1,...,/} be an orthonormal basis of A with
respect to the inner product ¢, ). Then a Casimir element in U(G) is given by

4 m(a)
(122) Ze=3 H'+ 3 3 (Y7 -XD)+2Zy,
i=1 a€l i=1

where Z,, is the Casimir element of M defined as in (4a). By formulas (1) and
(2) of §1, the last formula may be rewritten as

! m(a)
12)  Zg= 3 H'= 3 maH,+2 2 3 7,07,
i= aE i=

aE

We then have the following lemma.

LEMMA 14. Let A be a complex character of NA. Let T}, (1) be the eigenvalue
of Zy, corresponding to the class [u] € Q(M ). Let vy be the infinitesimal character
of U(G) corresponding to the representation I1,. Then Y(Z5) = (A, A) + T}, ()
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— {p, p), where we identify a linear form v on A with the uniquely defined element
H, € A such that v(h) = <{h,H,) for all h € A.

Proor. Let C;°(K) be the space of I(valued infinitely differentiable
functions which have the transformation property (10). Let C{,(G) be the set
of functions F defined on G by F(g) = (AP)(e(g)) F(k(g)), for F € C;°(K)
and g € G. Then it is easy to see that the representation [II,,C,°(K)] is
linearly equivalent to the representation of G on CK‘;L(G) by right translations;
the restriction-to-K map provides a linear equivalence. Let R and L denote,
respectively, the action of G on C* functions by right and left translations.
Also denote the corresponding differential actions of U(G) by the same
symbols. Let F € C{,(G). Then, since Zg; is in the center of U(G), we have
R(Z;)F = L(Z;)F. Now let 9 be the right ideal in U(G) given by 9%
= NU(G). Then L(q)F = O for all ¢ € 9N, and L(h)F = (A + p)(h) F for all
h € A, and L(Z,,)F = du(Z,,)F, by (10), and the fact that M is a normal
subgroup of NAM. The lemma now follows easily from formula (12b).
Q.E.D.

REeMARK. For the case when / = 1, the above argument implies that the
nonunitary principal series representations are quasi-simple, a fact which is
true for general / as remarked above.

Next, we take note of the following.

LemMa 15. For g € G, Fand G’ € LX(K),

(I, (e)F,G') = (F,Hx-n(g“l)G’).
Hence, the representation contragredient to [I1,, Li(K )] is [z, Li(K )l

PrOOF. See for example [15, Lemma 8]. Q.E.D.

For the rank 1 case a complex character A is determined by a single
complex number » defined by » = A(H ), with H = H, as in §1. Recall that
the Hermitian form {, ) has been normalized so that (4, H) = 1. Then for
the case / = 1 the formula in Lemma 14 reduces to

(13) ¥Zg) = v* = (p +29)/2)" + Ty (w).

For this case it is also convenient to write IT, for the group action in place of
IT, . In this notation, the action contragedient to IT,, is II_j.

We make some remarks concerning the action of K on Lﬁ(K ) by right
translations. For each [w] € Q(K) let [w, ¥,] be a finite-dimensional irreduc-
ible representation of K of type [w]. Let {, ), be an inner product on I, which
makes the restriction of w to the derived subgroup of K unitary. (Actually, it
can be shown that for the rank 1 case the last condition implies that w is



REPRESENTATION OF Spin(1, 2m) 19

unitary, unless G is a multiple covering of SU (1,n).) Let HOM,, (3C,,, %) be
the space of intertwining maps from the M-module [w|,,, (] to the M-module
[, 9C]. Let (u: w) denote the multiplicity of p in w|,,. Then HOM,, (3C,, ()
# {0} if and only if (u: w) # 0. Assume that (u: w) # 0. Then decompose I,
into an orthogonal direct sum of M-irreducible subspaces. With j an integer
with 1 <j < (: w), let 3¢, be a type p irreducible subspace that occurs in
this decomposition, and assume that distinct j correspond to distinct sub-
spaces. Then for each such index j there corresponds an intertwining map
T¥ € HOMy, (%,,C) such that T® # 0 and T is zero on the orthogonal
complement of the subspace 3C!;. In fact, if T'is any map in HOM,, (3(,,, %)
which does not vanish on ‘.}Cf,j, one may define 7;-“’ as the composition of T
with the orthogonal projection onto ‘JCf,j.

LEMMA 16. Assume (u: w) # 0. Let {e;, ..., ey} be an orthonormal basis of I.
Then the functions F“’ defined on K for 1 <j< (mw),1<i<N, by

EP (k) = T° w(k)e;, constztute an orthogonal basis of E(w) L u(K). Moreover, for
each such functzon we have

(B, E’) = Trace(T*" T¥),
where 7}“" is the map from X to X, which is adjoint to 7!7“’.

PrOOF. One has, for each k € K, Ef(k) = ElN w;;(k)Te;. Hence, by the
Schur orthogonality relations,

N
(Ij;i’Fj:'i’) == fK 1,2 g wh(k)w“ (k)<Twe1, Twe,> dk
N w W N w* w
= Igl <7; el, ]}' el,>#6”, = Igl <7‘;» 7‘; el, el>w8ii',

where the last expressnon results from the definition of T, . However, if
y € Xand x € (¥ <T »x), =<y, T"’x# = 0. Hence the last sum-
mation is equal to zero, unless j=j andi=1i.1If j =/ and i = i’ this
expression is equal to Trace (717,“" T;°). The lemma now follows by counting
dimensions and the Frobenius reciprocity theorem. Q.E.D.

8. The constant B(B,«’,w). We return now to the assumptions of §5, and
take the quasi-simple representation there to be one of the nonunitary
principal series representations [H,,,LZ(K )] corresponding to the complex
parameter » and the irreducible representation p of M. By equation (13) the
quadratic equation for the parameter B takes the form (8 — p/2) = .
Hence B = p/2 + ».
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We need to consider the action of the Lie algebra G on the space of K-finite
vectors in Lﬁ(K ). Since the action of K is by right translations, it is sufficient
to consider the action of P. For each Y € P let y(Y) denote the operator on
L2(K) defined by multiplication by the function k — ¥(Y,k) = <Ad (k)Y,
H). Then we have the following result.

Lemma 17. Let [w], [0] € ©,(K). Let 0 # Y € P. Then

(1) E(w)YY)E(w) # 0 if and only if A(w’) — A(w) is one of the noncompact
roots {g;li = 1,...,m}. E(w')dIL,(Y)E(w) = 0, unless A(w') — A(w) is a non-
compact root.

(2) Assume that A(w') — A(w) is a noncompact root. Then

E(w)dIL(Y)E(w) = Q,(«',w) E(w)Y(Y)E(w),

where Q,(w', w) is the complex number given by
0,(w,0) =v+ Aw);+m—j+1/2, if M) - AMw) =g,
or

0,(w,0) =v—Aw);—m+j+1/2, if Mo') — Aw) = —;.

ProoF. The first part of statement 1 results immediately from Lemma 5 in
[15], and the proof of the rest of the lemma is contained in the proof of
Theorem 2 in [15]. Q.E.D.

It is convenient to extend the definition of the function [w'] = Q,(«’,w) to
all p-admissible K-types, not just those for which A(w’) — A(w) is a noncom-
pact root. For this purpose, let Z denote the lattice in \/=1 T generated by the
set of vectors {¢, ...,¢,}. Thus, = = Ze; ® Ze, ® - -+ ® Zg,. Let R, denote
the function on Z X } = defined as follows. Let r = 3" 7;¢;and A = 3" Njg;
with 7; € Z and \; € JZ. Let R,(,) be given by

(14) R(r,)) =,-I:I1 R, (5.0,

where

(15a) R (,N)=@+XN+m—j+ 1/2),j if, >0,
(15b) =(v-—7\j—m+j+1/2)_,j if 7, <O0.

Recall that, as in Lemma 13, (a), denotes the Legendre symbol. Then the
function Q, (-, ) defined by Q,(«,w) = R,(A(w’) — A(w), A(w)) is the desired
extension.
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Next, let |-, denote the /'-norm on T, defined by means of the basis
{e/s-..,&,). Thus, for x = X" x;¢;, |xl} = 2" |x|;. Then we have the
following extension of the above lemma.

Lemma 18. Let [o], [w] € R,(K). Let n = [|A(w) = AWl Then for all
nonzero Y € P,

(1) E(w)U(Y)"E(w) # O,

(2) E(w')dIL(Y)" E(w) 0,(w', ) E(w’ )¢(}3’) E(w), and if 0 < N < n,

() E(W)IL(Y)VE(@w) = 0 = E()WY)"E(w).

Proor. We prove statement (3) first. It is known that a K-type [w”] occurs
in the complete reduction of the tensor product K-module [Ad ®w,P
® E(w)Lz(K )], only if A(w”) — A(w) is a noncompact root; hence, only if
|A(w”) — A(w)ll 1. An easy induction argument shows that if [w "] occurs in
the complete reduction of the tensor product K-module (AD)Y ® v, (®"P)
®F (o.a)L2 (K)], then |A(w”)—A(w), < N. Since the spaces
dll (P)E (w)L? +(K) and Y(P) E(w) L . (K) are K-module homomorphic images
of this last tensor product, statement (3) follows.

Statement (2) is proved by induction. It is obvious for n = 0. Assume that
it is true for all n with 0 < n < N, for some N > 0. In the subsequent
argument we shall for notational convenience identify K-types with their
highest weights. Assume that [w’] and [w] are p-admissible K-types with
lo' = w|; = N + 1. By statement (1) of Lemma 17,

(16) E@)dIL(Y)" ' E@w) = S E()dIL(V)E( + o)dIL (Y)" E(w),

where the sum is over noncompact roots. By statement (3), the only terms
which contribute to this sum are those for which |’ + 0 — w|; < N. On the
other hand, by the triangle inequality |’ + ¢ — |, > |’ — |, — o], = N.
Hence the only terms which contribute to the above sum are those for which
|’ + 6 — w|; = N. Now let o be a noncompact root that contributes to the
above sum. Then ¢ = *g; for some j with 1 <j < m. Write 1 =o' —
= T, w = 3 w§, and & = ;.

Case I. o =¢.Sincelr, = N+ 1,and |r + ¢; = N, we must have 7. < 0.
By Lemma 17 and the induction hypothesis,

E(w)dTL(Y)(E(w + o)dTL(Y)" E(w)
=(p—-wj’.+sj—-m+j+ 1/2)
“R,(r + &, 0) EW)WY)EW + &)W(Y)" E(w).
By (15b),
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—wj—m+j+ V2)R, (1 + 1,0))
=@p-wo-Tm+l-m+j + V2)R,;(7 + L) = R,;(7;, ;).
Hence, by (14),
E(&)dIL(Y)E(W + o)dIL (Y )" E(w)
= R,(r, ) E@)WY)E( + e)Y)"E(w).

Notice that the factor R, (r,w) is independent of the index j.
Case 2. 6 = —¢;. Then since |rl; = N+ 1 and |r — ¢l = N, we have
7, > 0. Then by the induction hypothesis and Lemma 17,

E(w)dIL,(Y)E(w — &)dIL(Y)"E(w)

=@+wi+tm—j +1/2)

“R,(r — &, @) EWWY)EW = e)U¥) " E(w).

By (152), (v + o + m — j + /2)R (- ,&,) = R,;(7;, ;). Hence, again by
(14),

E(w)dIL(Y)E(w + o)dTL (Y)Y E(w)
= R,(r,0) E(w")WY)E( + o)WY )VE(w).

Statement (2) now follows from (16) and the definition of the factor Q,(«’, w).
Q.E.D.

Now let [&’] and [w] be locking K-types as in §5. The coefficient B(B, w', w)
in Lemma 13 depends on the choice of the nonzero intertwining map
E(w,w,pu). A direct check using Lemma 11 shows that the integer 2a
= A(w); — oA(w),, is equal to |[A(w’) — A(w);. Thus, by the first statement of
Lemma 18 we may and do take E(o',w,p) = E(w YW(H ) E(w). Note also
that, by statement (3) of Lemma 18, E (' )d1I, (Y) E(w) = 0, unless N > 2a.
This is as it should be smce, as follows easily from the formula for @ in Lemma
13, t = ®((tanh(z/ 2)) ) has the leading term #** in its power series expansion.

From the formula in Lemma 13 we have

’ ’ dza 2“ ’
E(w’w’”)B(B)w ;W) = (2 ) dza (tanh%) t=0E(w’w,”)
L d* 16, 0) L E(w)dIL (H)E().
~ Qa)! g™ "0 (2 )!




REPRESENTATION OF Spin(1, 2m) 23
By the second statement of Lemma 18, the last expression is equal to
(1/Qa)"HQ, (', w) E(w', @, ). Thus we have proved the following statement.
LemMA 19. Let

E(w,0,1) = E(@)¥(H)E().
Then the coefficient B(f,«',w) of Lemma 13 is given by

B(B, @) = (217)!Qy(w’, o).

9. Some remarks on integrable and square-integrable representations. Let
[II, %] be an irreducible unitary representation of G on a Hilbert space with
inner product ( , ). Let Z denote the center of G, and let G* = G/Z. The
representation [II, %] is said to be square-integrable if there exist nonzero
vectors x, y € Y(such that

[, @) x ) dg* < 0.

Here dg* denotes a Haar measure on G*. The representation [II, %] is said to
be integrable if

fG, ([(g)x,)ldg™* < oo,

for some pair of vectors x, y € IC.
The following characterizations of integrable and square-integrable repre-
sentations are known.

LeMMA 20. Let [I1, 3] be an irreducible unitary representation of G.
(1) If [IL, () is a square-integrable representation, then

Joo 1T(g)x, )P dg* < oo

forall x,y € K.
(2) Let d denote the linear subspace of K-finite elements of . If [T, %] is
integrable then

fG. (T(g)x g™ < oo

forall x, y € dX.

(3) Let [I1, %] be an irreducible quasi-simple representation of G on a Hilbert
space. Assume that 11 is unitary on Z. Let d3 be the linear subspace of K-finite
vectors. Suppose that for some elements x and y, x # 0,y # 0, x, y € d¥,
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Jo T x ) dg* < oo.

Then [I1, %] is infinitesimally equivalent to a square-integrable unitary represen-
tation of G.

Proor. See Harish-Chandra [7, Lemmas 3 and 4 and the corollary to
Lemma 3].

We recall another well-known result concerning integration on G. Let G be
an arbitrary connected simply connected semisimple Lie group. Then we have
the polar decomposition G = KAK = KA, K, where 4y = Exp (Ap), and A,
is the positive Weyl chamber corresponding to the given ordering in A. Let
h — D(h) be the function on A, defined by

D(k) = (sinh (k)™ (sinh 2a(h) ).

Here we use the notation of §1. Then there exists a normalization of Haar
measure dg such that, for all f € L!(G),

S, &) = [ [, ] £ exp (0ky) Dbt ey .

For a proof of the last statement, see Helgason [11, §10.1].

It is convenient to have another form for the above integrability and square-
integrability conditions. Assume now that / = 1. We use the notation of §2.
Let [II, ] be a quasi-simple representation of G, and let [w] and [w'] be two
K-types which occur in the complete reduction of the restriction [II|, ).
Recall that, for all ¢ € (-0, ), E(Lt;w,w) = E(w)[I(exp?) E(w’'). Let
E(IL, t; o', w)* denote the adjoint of E(IL,?; o', w). Then, for each ¢,

E(ILt; o, )" € HOM,, (E(w)I, E(w)I).

Since the space E(w’) has finite dimension, the trace of E(II, ; o', w) E(IL, £; o,
w)* exists for each ¢ and is equal to the trace of E(IL,¢; o', w)* E(IT, t; o, w).
Denote this trace by &(I1, ¢; ', w). Then we have the following lemma.

LeMMA 21. Let [I1,%C] be an irreducible component of [H,,Li(K )] for some
pair (v,1t). Then the function t — &(I1, t; o', w) is positive for each pair [o'), [w].
Moreover, [I1, 3] is infinitesimally equivalent to a square-integrable representation
if for some pair [w)], [w] of irreducible unitary K-types which occur in the complete
reduction of I1| . the integral

0
fo &(I1, £; ', ) (sinh £)? (sinh 2¢)7 dt
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converges. Conversely, if [IL, %] is square-integrable, then the above integral
converges for all pairs [w'], [w] of irreducible unitary K-types. This representation
is infinitesimally equivalent to an integrable unitary representation if the integral

I ® 6(IL, 1; o, )/ (sinh £)? (sinh 21) dt

converges for a pair of irreducible unitary K-types ('], [w] which occur in the
complete reduction of I1| i.. Conversely, if the representation is integrable, then this
integral converges for all such K-types.

ProoF. For 1 <j < (m w), 1 <j’ < (u: o), let E and E7, “ be the func-
tions of Lemma 16 For t € (0, oo) cons:der the functlon on K X K: (ky, ky)

- |(TI(k, h(t)kz)l';,‘" ,I;‘;’ )I Since the restrictions w|, and «’|; are unitary, so

is the restriction w|;, and moreover this function depends only on the cosets
in K* X K* = K/Z X K/Z. Hence,

k] h(t)k2 - I(H(kl h(t)kZ) Ji? jl )l

depends only on G* = G/Z. By the definition of the functions F, ,‘" , Ij“,’ , and
the Schur relations,

fen fon 010 HQOW) B2, S5 e

=Je S 2

=22 IT(0)) B, B -

2
2 3 alky) itk (ki ) (OUH)) EP, B4 dky diy

Hence, by summing onj and j* we have
/ b ) II(k, h()k F“’F“’
(N SMsee) = [ i B2 G HOk)EEDL.

Assume that 6(I1, 5, w) € L'(D(H1)df). Then by (17) and the dominated
convergence theorem, for each k and k, € K * the function ¢

- |(TI(k, h(t)kz)FJ"’,Ij‘;’ )P is integrable with respect to the measure D(H{)dt.
Since this is a positive function, it follows from Tonelli’s theorem that the
function (k; h(1)k,) — |(I1(k; k(D)ky) By, E; P s 1nteﬁrable with respect to
Haar measure dk, dk, D(tH)dt. If t - (11, 1; o’ ,w)"* € ['(D(H1)dr), then

again, by (17) and the dominated convergence theorem,

t = [(T(k, h()k,y) E, ES)| € L' (D(H:) dr)
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for each ki, k, € K. Hence, the integrability of the function k h(f)k,

,

- |(TL(k, h(D)ky) B, E2)| follows from Tonelli’s theorem. Hence the first
condition in the lemma implies square-integrability, and the second condition
implies integrability, by Lemma 20.

Conversely, suppose that the representation IT is infinitesimally equivalent

to a square-integrable representation. Then the function
'\ (2
g~ 2 2 () E’, E)
JJ

is integrable. Hence Fubini’s theorem and formula (17) imply the first
condition of the lemma. If IT is integrable, then Lemma 20 implies that, for
each index i, i, j, and j, |(TI(*) EP, }j“;’ )| is integrable. Hence, by the continuity
of this function and by Fubini’s theorem it follows that the functions
t— I(H(h(t))lf;",ljffi)l are in 1! (D(Ht?dt). Now the sum over all indices of
these functions dominates &(I1, +; ’, w) 2. Hence the latter function is integra-

ble, and the lemma follows. Q.E.D.

10. The structure of the nonunitary principal series. In this section and the
next one we review some known results concerning the structure of the
nonunitary principal series representations of Spin (1,n). In this section we
review the results on the composition series of these representations and the
infinitesimal equivalences among the various irreducible components. In the
next section we review the results on the unitarizability of the irreducible
components. These results are essentially a reformulation of results in [15],
[16], and [5].

Asin §7, let [u, 96“] be an irreducible finite-dimensional representation of M,
and let » be the parameter » = A(H ). Let T, be the maximally split Cartan
subalgebra of G given by Ty = A & Ty,, where Tj, = T N M, and T is the
compact Cartan subalgebra of §3. Define the elements f; = H and f, = ¢;_;
for i = 2, ..., m. Then these elements constitute a basis for the real space
A &3 /1T N M, which we denote by Ty . This space contains the roots of
G under the identification of G with its dual space under the form <, ». We
notice that under this identification, linear forms on T, are thought of as
forms on T, which vanish on A. We introduce a lexicographic ordering on the
real space Tp such that f{ > f, > .-+ > f.. Corresponding to this ordering
the simple roots of G are given by

S={fA-foha—fyeeoshum1 ~ Su}:

Recall that a linear form on T,y is called dominant integral if 2{A, a)/{a, &)
€ Z*, for A the linear form and & € 3. This linear form is called dominant
integral and special if, in addition, {A,a) # Oforalla € Z\{f,}. In terms of
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the components A; of A in the basis { f;,...,f,}, these conditions become
A2 A > -2 A, > 0, for A to be dominant, with the components either
all integers or all half odd integers. The condition for A to be dominant integral
and special is that A; > Ay > -+ > A, > 0, for A dominant and integral.
The usual condition that A be dominant integral and regular is that A be
dominant integral and that (A,a) # 0 forall @« € Z. In terms of components,
this last condition is A; > A, > --- > A, > 0. The purpose of introducing
this weakening of the notion “regular” to that of “special” is to account for
the reducible cases of the unitary principal series in the statement of the next
theorem.
Let d; be one-half the sum of the positive roots of G¢. Explicitly,

b= S0 = 3 (n—j+ 1/,

with 8G; = (m —j + 1/2). Equip the real vector space \/=1T,, with the
ordering obtained by restricting the ordering on Tyg. Then §,,, one-half the
sum of the positive roots of M, is the restriction of 85 to \/=1T,,. Let M(y)
be the highest weight of [u] in this ordering. Define a linear form on T, by the
formula

M) =~ + 3 (M) +0y)5,

where, as in §4, the highest weight components of M(u) are given by
M@p) = 3 -1 M) = > M(p);_,f;- Let W(Gc) be the Weyl group of
G relative to the Cartan subalgebra T,. This group is described explicitly as
the group of linear maps on T, defined by the finite group of transformations
on the set {££,, ..., %f,} generated by the permutations on the set { f;,...,,}
and the maps o; given by oj(fk) = fi for j # k, and o/(f) = —f;- The
irreducibility criterion may be stated as follows.

THEOREM 1. The representation [H,,,Li(K )] is irreducible if and only if the
form A(v, n) is not on the W(G)-orbit of a dominant special integral form. If this
representation is irreducible, then it is equivalent to the representation [I1

—p
Lﬁ (K)), and these are the only equivalences.

Now suppose that irreducibility fails. Then the form A(v, ) lies on the Weyl
group orbit of a uniquely determined dominant special integral form. We
denote this form by A(», p). Thus, in terms of components,

Af,p) = $ A, w)»

where the components A(», p.)j are all either integers or half odd integers which
satisfy the inequalities
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AW, p), > A, p)y >+ - > A, p),, > 0.

Since M (i) + 8)y = A(», p)ly,,, this restriction must also be dominant integral
and regular. Hence, the condition that A(y, u) be dominant integral and special
is equivalent to the condition that for some index i, 1 < i < m, we have
v = A(y,p); or —v = A(y, p);. In the latter case, A(y,p) = (1,2,...,i)A(, p),
and in the former case, A(y,p) = 0,(1,2,...,i)A(», n). Here we use standard
cycle notation for the elements of the Weyl group that correspond to
permutations on the basis vectors.

THEOREM 2. Suppose A(v, 1) is on the Weyl group orbit of the dominant integral
special form A(v, ). Then as remarked above, v = A(v, p); for some index i with
1 < i < m. Three cases are distinguished.

Case 1. i < m. Then the following are proper supplementary subspaces:

D} (n,p) = S{EW)LA(K)|A); >[v|-m + (1/2) + i},
D7 (r,1) = S{E@LEK)AW), < Il = m + (1/2) + i}

The subspace D,.+ (v, p) is invariant and irreducible under the action I, and the
subspace D; (v, p) is invariant and irreducible under the action I1_y,|. These are
the only irreducible components. In particular, any nonzero vector in D,.+ (v, 1)
(D7 (v, ) is cyclic for Li(K ) under the action Iy, ().
Case 2. i = m, and v # 0. There are three proper subspaces:

Dy (1) = S{EW) LL(K) |AW),, >PI+1),
D, (n,p) = S{EW)LAK)A), < = - 1),
DF(p) = S{EW@LLUK) |-} < Aw),, <Ir|+3).

The spaces D, (v, 1) and D,, (v, p) and invariant and irreducible under the action
II,,|, and the subspace Df (v,p) is invariant and irreducible under the action
II_\,. There is the orthogonal direct sum decomposition: Lﬁ(K ) =D} (»,p)
® Dr;(”’l"') ® an(”’l")'

Case 3. v = 0. Then, necessarily, i = mandv = A(v,),, = 0. There are two

supplementary subspaces:
D} (0,p) = B{EW LA(K)IAW), > 1/2),
D, (0,p) = S{ER) LAK)|A), < =1/2).

Both of these subspaces are proper invariant and irreducible subspaces under the
action 11, of G.
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REMARK. Case 3 above is the only case of reducible unitary principal series
representation.

In order to discuss the equivalences between irreducible components in the
nonirreducible cases, we fix a dominant integral special form A on Tjg. For
each index /, 1< i< m, define an M-type [y] such that A(-A,p,)
= (1,2,...,i)A. Explicitly, this means the following. If i = 1, M)y

=4 - SGJ,for2 <Jj < mandifi> 1, then

i-1,

j i.

41 8Gj+l = Aj+l -m+j+14,

\\///\

THEOREM 3. Let A be a dominant integral special form on Tyg . Let the symbol
= denote infinitesimal equivalence. Then there are the following infinitesimal
equivalences of irreducible components of nonunitary principal series representa-
tions:

[HAi’Di+(Ai’l‘i)] = [H—Ai,,,’Di_-i-](AiH’p'i+l)]’ I<i<m-—1,

[Ty, Dot By )] =2 [Ty, DY (A, 18,.)]

In addition, there are the following equivalences between quotient representations
and subrepresentations:

[Ty, 22, (K)/[My,, DBy 1) + Dy(Bys )] = [Ty, DE (A1)}

[H—A,,,’ L,zl,m (K)]/[H—A,,,a D:(Am’ B )] = [HA,,,’ Dr: (Am’ P’m) + D;;; (A,m llm)],
ifA, #0,and ifi < m,

[Ty, L3 (K))/ [Ty, D (8, )] = [Ty, D7 (A, 1))
[T, L3 (K)1/[T_y,, D7 (A 1)) == [T1y,, D7 (A, 1))

Moreover, two irreducible components are equivalent if and only if they have the
same K-module structure and the same infinitesimal character.

ProoF OF THEOREMS 1, 2 AND 3. By the proofs of Theorems 3, 4 and 5 of
[15], the nonunitary principal series fails to be irreducible if and only if the
following condition R holds:

(R): There exist two p-admissible K-types [w] and [w'] € Q ,(K) such that
A(w) — A(w') is a noncompact root, and Q,(«',w) = 0.

Now suppose that condition R holds. Let [w] and [0'] € Q ,(K) such that
0,(w,0) =0, and A(w') — A(w) = ze, for 1 < i< m. Then1fz<m the
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proofs referred to above also show that the index i is unique as in the pair [w]
and [w']. If i = m, this index is still unique, while now there are two pairs
[«], [@'] € ,(K) such that Q,(«',w) = 0. First suppose that i < m. If
Alw') — A(wg =¢, then 0 = Q,(w',w) = » + A(w); + m — i + ]; that is, —»
= A(w); + 8¢;. Moreover, the branching rule (9) requires that A(w); > M(n);
— 1, and M(p),_; > A(w);, if also i > 1. Thus, if one sets M(u), = oo, —»
€ (M(u); + 8,41 M(u);—; + 85;). A similar argument shows that if A(w’)
— A(w) = —¢;, then » € (M(p); + 85,1, M(u);_, + 8;). Hence, with either
sign for ¢, |v| € (A(v,p); 41, Aw, 1)), Where in case i = 1, the limit on the
right of the interval is to be replaced by oo.

Next, suppose i = m. Then if A(w') — A(w) = ¢, the definition of
Q,(«,w) requires that —v = A(w), + 3, and if A(w) = A(w) = —¢,,»
= A(w),, + }. Since both conditions obtain for in general distinct K-types
[w] € ©,(K), the branching rule implies that

O < Ivl < M(l“‘)m—l + % = A(V”'L)m—l'

Thus, in all cases, condition R implies that » — A(v,1); € Z and that A(y, p)
is Weyl conjugate to a dominant special integral form. Conversely, if the latter
is the case, then by retracing the steps in the above argument, it can be shown
that condition R obtains. Thus, Theorems 1 and 2 follow immediately from
the results in [15] mentioned above.

Next we prove the necessity of the condition in the last sentence of Theorem
3. First, we recall the definition of a homomorphism first defined by Harish-
Chandra. (See for example [3, §7.4].) Let U(G), denote the centralizer of Tj in
U(G). Let 9, denote the right ideal 9, = N, U(G), where N, is the
nilpotent subalgebra of G spanned by the root vectors belonging to the
positive roots of G. Then it is known that U(G), = U(T}) + 9, U(G),, and
the sum is direct. If z € Z(G), the center of U(G), let ¢(z) be the projection
of z onto U(G), according to the above direct sum. z = ¢(z) is an algebra
homomorphism. If u € U(T,), define a polynomial function y(u) by the
requirement that if u is the monomial u = wu, -+ -u,, u; € T, then y(u)(\)
= 32, (85 = N(x;). Then it is known from a basic result of Harish-Chandra
that the map z = x(z) = (y © ¢)(2) is an algebra isomorphism from Z(G) to
the algebra of Weyl group invariant polynomial functions on Tj. (See |3,
§7.4].) Then the differentiable representation of G associated with the nonuni-
tary principal series representation [IT, Li(K )] has the infinitesimal character
z- xA(,,’#)(z). In fact, let v be a lowest weight vector for [u,3C,]. Let F be a
differentiable vector in [H,,Lﬁ(K )] Recall that {, ), is an inner product on
9¢ that makes the representation p unitary. Let g = f (g) be the function
defined by f(g) = <IL,(g)F(e),v),. Itisa straightforward matter to show that
dL(h)f = (8 — Alv,p))(h)f, for h € T;, and dL(n)f = 0, forn € N, . Here
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dL(X +\/-1Y)f = [dL(X) + \/-1dL(Y)]f, X, Y € G, and dL(X)f(g)
= (d/dr) f(exp Xg)|,—o. Let Ca(y)(G) denote the space of continuous com-
plex valued functions on G with the above transformation properties This
space is a G-module under the action of right translations. Moreover, the
linear subspace of K-finite vectors is a U(G)-module under the differential of
this action. Finally, the map F — fis a 1:1 map from the subspace of K-finite
vectors in Lﬁ (K) to the subspace of K-finite vectors in C A(M)(G ). It is easy to
see that this map is also an intertwining map. Hence, the assertion follows.

It follows that two nonunitary principal series representations [I'I,,,L2 (K)]
and [II,, Lﬁ (K)] have the same infinitesimal character if and only if the forms
A(v,pp) and A(¥, ') lie on the same Weyl group orbit. Hence, this condition is
necessary that the irreducible components be infinitesimally equivalent. An-
other necessary condition is that two such irreducible components have the
same K-type. A glance at the branching rule (9) shows that the latter condition
obtains precisely in the cases indicated in the theorem.

The sufficiency of the condition stated in the theorem is proved by explicitly
constructing the intertwining operators between the indicated representations.
This is done in [5] for the first set of equivalences and in [15] for the indicated
equivalences between subrepresentations and subquotients.

11. The unitary representations of Spin (1,2m). In [16] a method was given
for constructing all unitary representations of Spin (1,n) by using intertwining
operators. The final result involved some ambiguities because the equivalences
expressed in Theorem 3 were not taken into account. In this section the results
of [16] are reviewed, and Theorem 3 is used to complete the classification.

First let us review the procedure for constructing all the unitary representa-
tions other than the unitary principal series. Fix an irreducible representation
of M, [p,9C,]. Let (,) denote the inner product on LZ(K ) defined in §6.
Suppose the parameter » is real and nonnegative. Let [II,,D*] be an
irreducible component of [II, L2(K )] and let [II_,,D”] be an irreducible
component of the G-module [l'I_,,,L2 (K)]. Of course, in the irreducible cases
Dt =2 +(K) = D™ Let Vdenote the linear subspace of LZ(K ) consisting of
K-finite vectors and let V* denote the intersections V* = D* N <, Let
[@11,,], [411,,], and [dII_,,V"] denote the U(G)-modules that corre-
spond in the usual way to the G-modules [IT,, 2 (X)), [T, ,D¥],and [II_,,D7]
respectively. Suppose that T(+») are U(G)- module homomorphisms from
[d11,,,V] to [4TI_,,V]. Then one can consruct Hermitian forms A(xv,p; )
defined as follows.

A(il/,/.l,; F, G) = (T(il’)F’ G),

for F,G € Li(K )- Then it follows from Lemma 15 that for each Y € G, the
linear map dII.,(Y) is skew symmetric with respect to the Hermitian forms
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A(£v,u; -, *). In fact,
A(xr,p; dI1, (Y)F,G) = (T(£»)dIL, (Y)F,G) = (. (Y)T(x»)F,G)
= ~(T(x¥)F,dI1, (Y)G) = —A(+v,p; F,dIl,(Y)G),

for all F, G € L‘ZL(K ). Moreover, if the Hermitian forms A(+w,p; -, *) are
positive, then their radicals, that is, the subsets 9 defined by N = {f
€ V|A(xv,u; f,f) = 0}, are U(G)-submodules of [IL,,, V]. These radicals are
actually the kernels of the maps T(+v). If these kernels consist of the trivial
subspace {0}, then the nonunitary principal series representation is irreducible,
and is unitarizable by the form A(%», p; -, -); that is, the infinitesimally unitary
representation resulting from these forms extends to a unitary representation
of G on the completion of the inner product space (V; A(x», p; -, -)). If on the
other hand these kernels are maximal proper submodules of [II,, V], then by
the second part of Theorem 3, the quotient modules [IL.,,V]/[IL,,, 9] are
isomorphic to irreducible components [II..,, D] or [II,,V]. The intertwining
maps T(+») implement this isomorphism. The inner product induced on these
quotients by the form A(%»,p; -, -) makes these modules infinitesimally
unitary. Again, these infinitesimally unitary representations of U(G) may be
“lifted” to unitary representations of G. It is shown in §6, and §7 of [16], that
all unitary representations of G other than the principal series arise in this way.
In [16, §7] the maps T(+») which lead to unitary representations are
constructed explicitly. If [IT,,, D] is an irreducible component of a nonunitary
principal series representation, which is unitarizable in the manner described
above, we shall call the resulting unitary representation of G the unitary
representation associated with the representation [II,,, D]. The classification of
unitary representations is as follows.

Fp?

THEOREM 4. 1. An irreducible unitary representation of G = Spin (1,2m), m
> 2, is unitarily equivalent to at least one of the following representations.

(1) The unitary principal series: [I'I,,,Li(K ) for v € \/=1IR. (If M(),,,_, is
half an odd integer, assume that v %+ 0.)

(2) The irreducible complementary series: If M(u),_; >0, let i = m,
otherwise, let i be the least positive integer for which M(p); = 0. Then for all real
v for which 0 < |[v| < (m + } — i) there is an irreducible unitary representation
associated with [I1,, Li(K )l

(3) Unitary representations associated with the following proper irreducible
components of nonunitary principal series representations:

Case 1. If 1 < i< m, and M(n); = 0, [HI,I,Di+(V,p)]. If in addition, |v|
=m+ 14— i, then also [TI_,), D7 (v,1)). (Note: i here is the smallest integer such
that M(p); = 0.)
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Cases 23. i = m, M(p),,_; >0, [HM,D (n,p)), and if in addition, |v|
= % [H-l/z,D (—i I-‘-)]

I1. In the above list there are the following equivalences, and these are the only
ones.

(l) If v # 0,v € \/-1R, then [H,,LZ(K )] is unitarily equivalent to [I1
2(K)) ,

Let denote unitary equivalence of associated unitary representations.

(2) Then for the irreducible complementary series above [H,,,L2 (K)] ~ 1,
LA(K))

'3) For M(u)p_y > 0, [Ty, DE (24, 0)] ~ [Ty, Dy ()] where ||
and | are deﬁnedby M), = M), 1f_1<m—-lM(p,)_ 0, and
| = M@u),_; +3. If M(p)m_ =0, Tet i be the least integer such that
M(u); = 0. Assume also that 1 <i<m—1, and v| =m+4—i. Then
(M, DI (v W) ~ [1_ ws DI (v, 1)), where |v'| and ' are defined by M(');
=M@, ifj<i—-2,MW);=0ifj>i-1and | = M(p),_1+m—z
+1.

—p?

REMARK 1. There is a misprint in statement II B of Theorem 3 in [16]. It is
corrected here in statement I(3), Case 1, above.

REMARK 2. The trivial one-dimensional unitary representation is included in
I(3), Case 1, above by setting i = 1, |»| = m — 1, and p equal to the trivial
representation of M. It is then the representation [II_y,, Dy (v, p)}.

Proor. Statement I of the theorem is a restatement of that portion of
Theorem 3 in [16] that applies to the situation under consideration. To prove
statement II, recall that for G any real connected semisimple Lie group, two
irreducible unitary representations of G are infinitesimally equivalent if and
only if they are unitarily equivalent. (See [6, Theorem 8].) Statement II follows
from Theorem 1 for the case of the irreducible principal series and the case of
the irreducible complementary series representations. For the other unitary
representations, statement II follows from Theorem 3 and the following
observations.

For M(p),,—; > 0, the form A(»,u) has the components A(y, p); = M(p);
+86J+1—M(p)+m j+i for 1 <j<m—1,and AQv,p),, = | = %
Hence, in Theorem 3, p, = p, and p,_, = y with M(y'), = M(y)j, if

J<m=2 M), =~ g, =4—3=0, and | =AGu),
= M), +31
In case M(p),,_; = 0, we have Ay, p); = M(p);_ + 8y = M)y +

—J—-%lfj<:—lA(v,p)——lvl—m+§—1,andA(v,p,) SQ—m -J
+4,if j> i+ 1 Then y = p, and || = A;. Hence, by the discussion
preceding the statement of Theorem 3, M(y'); = M(u);ifj < i -1, M),
—A—SG,—m+i—-x—(m—z+§)—0 andM(p)=Oalsoforj>1
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Also, [¥'| = A,_y = M(p),_; + m — i + . With these observations, statement
2 and the theorem follows. Q.E.D.

12. Integrable and square-integrable representations. In this section we will
show that the unitary representations corresponding to the irreducible compo-
nents [D} (v, ), II,] and [D,, (v, p),I1,|] for Case 2 in Theorem 2 are all
square-integrable.

Let [w] be an arbitrary K-type. According to Lemma 11 one may find
another K-type [w] such that the pair «’, w is a locking pair. Let [1] denote the
M-type which is locked between [w] and [w’] when the latter pair of K-types
are chosen according to Lemma 11. In order to apply Lemma 21 we need the
asymptotic behaviour of the function ¢t — 8(H,,,t; «’,w). For the locked K-
type situation under consideration,

&(I1L,,1; ', ) = Trace E(w)IT,(exp ) E(w’)

- Ty (exp(—1)) E(&)TI®@((tanh(/2))*),
where T = Trace E(w',w, )" E(w', w, ). Then, by Lemma 13,

&(I1,,1; o', w) = T|B(B, &, @)2x%(1 = x)*| F(a,b; ¢, %)%,

with x = (tanh(z/ 2))2, ¢ =m+ ANw), — 0Aw'),,, a = —m + 1 — oA(w'),,
+ B, b = Aw); + B, and a = }[A(w); — 6A(«'),,]. We recall that B is one of
the two roots 8 = m — 1 = ». The choice of root is determined by the
behaviour of the hypergeometric function at the point x = 1, or more
generally, its analytic continuation about the point x = 1 in the complex x-
plane. These results are classical. (See for example [2].) For future reference,
we consider all the cases of », those that lead to square-integrable representa-
tions as well as those that do not.

Case 1. Rev # 0, and } + » — 6A(w'),, € Z. Notice that this condition
implies that (, ) is not Weyl group equivalent to a dominant integral regular
form. Hence, by Theorem 1, this is an irreducible case. By [2, p. 57], the
hypergeometric series converges absolutely at x = 1, provided Re (@ + b — ¢)
< 0. This condition is equivalent to the condition that —2m + 1 + 2Ref
< 0. Write » = »g + /=1, with », », € R. By assumption, vz # 0. Thus,
one may choose 8 to be the root 8 = m — 4 — (vp/|vg|)». With this choice of
B, limit,_,,_ (1 — x)_B ®(x) exists and is given by

T()(c —a - b)
Ic=al(c—-b)

limit (1 - x)"Po(x) = B(B,,w)F(a,b;c,1) = B(B, ', w)

Case 2. v # 0, Rer = 0. This case corresponds to the irreducible unitary
principal series representations. In this case for either choice of root for 8 the
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hypergeometric series fails to converge at x = 1. The appropriate analytic
continuation formula is given in [2, p. 108] and results in the following
expansion for ®(x) valid at x = 1:

O(x) = %A1 — )"V (), 0,0) Flay, by 01,1 = %)

+(1 - x)m_l/z—"cz(w', w,V)F(ay,by5¢5,1 = x)},

where, recalling Lemma 19,

oo, w,»)
_ I[(m + Aw); — oA(w'),, )T (2) 0 ()
[A(w) = oA(w),,]' T(m — i+ Aw) + W = v —oAW),) " "

ey (', w,v)
T(m + Aw), — 6A(w),,)T(—2») 0,(, o),

- [A(w), = 0A(W), ]! T(m — 3 + A(w)+ »)TG + » — oA(w'),,)

g =v+i-0oAW),, a=-v+1}i-0A),

b=v—=4+m+Aw)y, by=-v—}+m+A),
q=1-2, g =1+2

Case 3. v + 3 — oA(w’) € Z. We split this case into two subcases:

Case 3A. |v| + § — 0A(w’),, < 0. We remark that under the assumption of
this case, [w] and [w’] occur in either D} (v, ) or in D, (v, 1), in the notation
of Theorem 2. Take the root B to be 8 = m —  + |v|. Then in Lemma 13,

=1+ y| - 0A(w'),, and b = m — } + |»| + A(w),,. Hence a is a nonposi-
tive integer, and thus the hypergeometric series reduces to a polynomial. Thus,
with this choice of root B the following expression for ®(x) is valid for all x:

®(x) = B(B,w,w)x*(1 — x)'"_l/ Mg (a,b; ¢, x).

Case 3B. |v] + 1 — 0A(w'),, > 1. Take B to be the root 8 = m — § = |y].
Then a=14- || -oA(w), and b=m—}-|s|+ A(w),. Thus, a
< =20A(w'),,. If the component M(n),_; = 0 in Lemma 11, then also
AW),, = 0 = Aw),,. If M(p),,_; > O, then we may choose the mth compo-
nent of A(w’) to have the same sign as A(w),,. In both these cases, a is a
nonpositive integer. Hence, with the above choice of 8 the following expres-
sion for ®(x) is valid for all x:
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®(x) = B(B, o, ) x*(1 — )" VM F(a,b; ¢, x).

We note that x = (tanh(z/ 2))2 remains bounded at # = *o0, while 1 — x
= (cosh(t/ 2))"2 ~ e ast - +o0,and (sinh)? = (sinh )l @m=le]
as t — *c0. In Case 3A we have |6(IL, £; o', )| ~ e~ @~ 1+2DlHl 55 4 5 400,
Hence, from Lemma 21 we obtain the following result.

THEOREM 5. The representations [HM,D,f (v, )] of Theorem 2 are infinitesi-
mally equivalent to square-integrable unitary representations provided that v # 0.
They are infinitesimally equivalent to integrable unitary representations provided
that o] > m — 4.

13. Exhaustion of the discrete series for Spin (1,2m). In this section we
intend to show that the unitary representations listed in Theorem 5 exhaust the
discrete series, that is the square-integrable representations of Spin (1,2m) for
m 2> 2.

Let [II, %] be an irreducible unitary representation of G. To show that this
representation is not square-integrable, it is sufficient to show that one of the
functions ¢ — (II(k(£)) F,y) for 0 # F € E(w)X, 0 # y € E(w')X, and [v],,
[&] certain irreducible K-types fails to be sqluare-integrable on the interval
(0, o) with respect to the measure (sinh 1>V gs. In fact, since F and y may
be embedded in an orthogonal basis of E(w)JCand E(w’)IC respectively, there
must exist a constant C > 0 such that

(TR F )P < C6(IL 50, w), € (0, ).

Hence the remark follows from Lemma 21.

Now, for the unitary principal series and the irreducible supplementary
series, one may take [w] and [w’] to be locking K-types as in Lemma 11. Then
the fact that the function ¢ — (II(A(¢)) F, y) is not square-integrable follows the
explicit formulas in Cases 1 and 2 of the last section. According to these
formulas, the asymptotic behaviour is given by |(TI(k(¢)) F,y)|> ~ [coshv}t]_‘“9
~ e7@m17m) a5 1 — o0, where vg = Rer > 0. Hence, these matrix ele-
ments are not square-integrable in these cases.

It should be remarked at this point that the asymptotic behaviour of matrix
elements for the irreducible nonunitary principal series is known for more
general G. (See for example [18, Chapter 9] or [17, Chapter 8].)

Next, we turn our attention to those irreducible unitary representations that
come from proper subrepresentations of the nonunitary principal series
representations. Because of the equivalences expressed in part II of Theorem
4, it is sufficient to consider the following representations of item 3 in the list
given in Theorem 4:
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(1) For 1<i<mM(u); =0, and v =m+ } — i, the representation
(1L, D7 ()

(2) For M(p),,—; > 0, » = , the representation [II_ 4 D; Flo, ).

For the sake of brewty, let us denote any of the above representations by
[TI_,, E], with » the appropriate positive value of », and let [dTI_,,dE] be the
corresponding module of K-finite vectors.

The following is known. (See Theorem 2 above or Theorems 3, 4, and 5 of
[15].) If v is any nonzero K-finite vector in EL, the orthogonal complement of
E, then the cyclic U(G)-module it generates under the action dII_, includes
the module dE. Actually, for the cases listed under (1) above, this cyclic
module is the entire space of K-finite vectors. By means of Lemma 11 we pick
a locking pair of K-types [w] and [w’] as follows. Let i = m for Cases 2 above;
otherwise, let i be the index in Cases 1. Then set A(w); = A(w’ )J w1 = M),
if 1 <j <i (A(w') is unspecified.) Set A(w); = M (,u) = 0,if i < j, and set
A(w'); = 0, if i <j. Then the K-type [o] occurs in E but the K-type [w]
occurs in the orthogonal complement E*. However, by the remark made
above, for any element 0 # v € E(w)E*, we may and do choose an element
g € U(G) such that 0 # dII_,(q)v € dE. We set y = dII_,(q)v.

By the discussion at the beginning of §11, a unitary representation infini-
tesimally equivalent to [II_,, E] has matrix functions constructed as follows.
Let T(v) be the intertwining operator from [dII,,V] to [dII_,,V]. It has the
kernel EY N V. (Recall that °V denotes the linear subspace of all K-finite
vectors in Li(K ).) Now, since it is known and easy to show that T(») acts as
a scalar operator on subspaces transforming under irreducible K-types, the
matrix function of the unitary representation in question is

g > A(, ;I (g)Fy) = (TWIL,(g)F,y),

which is proportional to (I1,(g)F,y), provided that y is chosen to lie in a K-
irreducible subspace of E. We assume that the latter is the case. In order to
show that the restriction function ¢ — (II,(h(s)) F,y) is not square-integrable
with respect to the measure (sinh t)z'"_ldt, we avail ourselves of the following
lemma.

—-p?

LEMMA 22. Let G have split rank 1, and assume that Rev > 0, where
v = NH ). (Recall the notion of §6.) Assume that X € %V, and let X denote the
element of V defined by X = X(e). Then there exists a linear map C from V to
X, such that

limit e~ N (I1, (n(1)) F, X ) = (CF,X,.
=0

This result is essentially known, and its proof will be outlined in the next
section. We apply this lemma as follows. For the cases under consideration,
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we have (o = A)(H) =m—}—»v =1i— 1. If one sets X = v € E(w)E*,
then one may use the explicit form of the matrix function given in §12 under
Case 3B to conclude that limit,_, e(i"')’(H,,(h(t))F,v) = (CF,i), # 0 for
some F. On the other hand, applying the lemma again, we conclude that for
x =y € E we also have limit,_, e(i'l)’(H,(h(t))R y) =(CF,5), # 0 for
some F. Hence the asymptotic behaviour of the matrix function ¢
- (IL,(h()) F,y) is given by (IL,(h(1))F,y) ~ e a5 t - o0. Hence we
have the following result.

THEOREM 6. The square-integrable representations listed in Theorem 5 exhaust
all the square-integrable representations of Spin(1,2m), m > 2, up to unitary
equivalence.

14. Proof of Lemma 22. Since the main steps in the proof of Lemma 22 are
known, we only sketch its proof here, and refer to the bibliography for the
proof of some of the details.

Let ¥ be the maximal nilpotent subgroup of G defined by V' = 8N. Here 8
is the Cartan involution of G corresponding to the Lie algebra involution of
§1. Then by the Bruhat double coset lemma, the set NAMV is an open dense
subset of G. Let g > H(g), and g — n(g) be analytic projections onto the
analytic manifolds A and N respectively such that for all g € G,

g = n(g)exp(H(g))x(g),

where k is the function from G to K defined in §7. Now it follows from Lemma
43 in [8] that forallv € V, —H(v) € Ay, and —H(v) + H(h(fvh(—1)) € A,,
with ¢ € (0, ). One must modify the result and proof of [8] to take into
account the fact that we are using the Iwasawa decomposition G = NAK,
instead of the decomposition G = KAN as in [8]. In particular v = p(H (v)) is
bounded on V. Moreover, it follows from Lemma 44 of [8] that v — 2(HE)
is integrable on ¥ with respect to a Haar measure dv. Hence, this measure may
be normalized such that f, e?*¥ @ gy = 1. With this normalization, this
lemma also states that the following integration formula is valid for all
continuous f on K:

(18) fK f(k)dk = fM fV F(me(v))e* ) gy g,

Recall that dm and dk are normalized such that fdm = 1 = fdk.

Next, for F, X continuous functions in Lﬁ(K ), and for k, k' € K, and
m € M, we have (F(k), X (k')), = (F(mK),X(mk')},. This follows from the
fact that p is unitary with respect to the inner product {, ),, and from the
transformation properties of X and F with respect to left translations by m.
Hence from Lemma 15 and formula (18) above,
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! C-NE(TT (W) F, X) = @M (F T (h(-1))X)

19
@ = [, CF)), X (i(w) (=) ), e N + HIEOH=0D g,

A key point in the proof of Lemma 22 is to justify the interchange of the
limit in the statement of the lemma and the integration in equation (19). First
note that the integrand can be simplified by taking into account the Iwasawa
decomposition and the fact that N is normal in NA. To simplify notation write
for t € (0,0), x = h(), and for a, g € G write g° = aga™!. Then in N\G,
exp(H (v)) expltH + H(c(w)x D]k (k(v)x™") = x exp(H@))k()x" (mod N)
= xvx"(mod N) = exp(H(v*))k(v*)(mod N). Hence, [tH + H(x(v)x™1)]
= H(*) = H(v), and x(k(v)x~') = k(v*).

Pick an ¢, 0 < & < 1, sufficiently small such that ’ = A — ¢ has nonnega-
tive real part on the Weyl chamber 4. Thus the exponent in the integrand of
equation (19) may be written as

(0 = N (H + H(x()h(=1))) = (1 — e)p(Hv*)) + (1 + e)p(H (v))
+ N[H@) - HE™)).

Since the elements —H(v), —H(v™), and —H(v) + H(v™) all lie in A, the
exponent is equal to or less than (1 + e)p(H(v)). Now, by the corollary to
Lemma 44 in [8], the function v — e(I*9P(H®) jg integrable on V. Hence, the
Lebesgue dominated convergence theorem applies, and the limit may be
interchanged with the integration. Now, it is easy to show that
limit,_,  k(h(t)vh(—1)) = e. (See [18, Vol. I, p. 319] for details.) Hence, by the
continuity of X and H,

limit X (x(v)"”) = x(e),

=0

and
limit H (h(t)vh(—1)) = 0.
-0

Thus,

limit &' ¢~V IL,(HW)FX) = [ CF(k()), X (e)), MO g,

=00
Let C denote the map from ¥ to f}C# defined by the integral
F~ CF = [ F(x(v))e®?H0) gy,

The lemma now follows immediately.
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