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ABSTRACT. Let X be a 1-connected topological space such that the vector
spaces II_(X) ® Q and H*(X; Q) are finite dimensional. Then H*(X; Q)
satisfies Poincaré duality. Set xp = Z(—1)’dim I,(X)®Q and x =
Z(—1’dim H?(X; Q). Then x < 0 and x. > 0. Moreover the conditions:
M xg =0, (2) x. > 0, H*(X; Q) evenly graded, are equivalent. In this case
H*(X; Q) is a polynomial algebra truncated by a Borel ideal.

Finally, if X is a finite 1-connected C.W. complex, and an r-torus acts
continuously on X with only finite isotropy, then xg < — r.

1. Introduction. In this paper all vector spaces are defined over a field, T', of
characteristic zero. We shall consider positively graded finite dimensional
vector spaces R = 2, R* (R* is the subspace of elements of degree k) with
homogeneous bases x;,..., x, The free commutative algebra over R is
written F(R) or F(x,,..., x,). [F'(R)]F denotes the subspace spanned by
elements of the form x; - - - - -x; with ¥, deg x; = k. Such elements are
called homogeneous of degree k.

Write R = Q © P where Q (respectively P) is the space spanned by the
elements of even (respectively odd) degree. Then F(R) = \/ Q ® A P is
the tensor product of the symmetric algebra \/Q over Q with the exterior
algebra /\ P over P. We can also write F(R) = F(x,)® - - - ® F(x,).

Now suppose (4, d,) is a graded commutative differential algebra (posi-
tively graded, associative, with identity 1 € 4°) and suppose 7: R—>A4 ®
F(R) is a linear map, homogeneous of degree 1. Then 7 extends to a unique
derivation, d,, of degree 1 in 4 ® F(R) such thatd,(a ® 1) = 0. Extend d, to
A ® F(R)by writingd, (a ® z) = da ® z.

DEFINITION. (4, d; 75 x|, . . ., x,) will be called a finite tower over A if

(6] T(x)EA, 1(x)EAF(x},..., x;_y) (i>2)
and
) (d, +dy)’=0.
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174 STEPHEN HALPERIN

The graded differential algebra (4 ® F(R), d, + d,) is called the Koszul
complex of the tower, and the cohomology algebra H (4 ® F(R)) is called the
cohomology of the tower.

If 4 =T then (; x,, ..., x,) will be called simply a finite tower. (In this
case 7(x;) = 0.) If deg x; > 0 (respectively > k) for all i then the tower is
called connected (respectively k-connected).

Let (F(R), d,) be the Koszul complex of a finite tower. The number

xn = 2 (= 1)* dim R
k

is called the homotopy Euler characteristic of the tower. If dim H(F(R), d,) <
oo the tower is called c-finite; in this case

X =3 (-1 dim H* (F(R)

is called the cohomology Euler characteristic. Finally, if
T(X)EF Y (Xpevvs ) Fr (X000, X2y), i=23,...,

then the tower is called minimal.
Among the principal results of this paper is the following:

THEOREM 1. Let (75 x|, ..., x,) be a connected, finite, c-finite minimal
tower. Then xy < 0 and x, > 0. Moreover, the following conditions are equiva-
lent:

M xg=0.

@2)x.>0.

() H(F(xy, ..., x,)) is evenly graded.

(In fact we shall show that for each p, =, ,(—1)' dim R’ < 0 (Corollary 2 in
§6) where R' is the span of the x; with deg x; = i.)

The proof of Theorem 1 is contained in the next six sections. Then, in §8,
we show that under the hypotheses of Theorem 1, H (F(x,, ..., x,)) satisfies
Poincaré duality, and that the degree m of the top dimensional cohomology
class is given by

m=r— > (—1)*%deg x,
i=1
where r is the number of x; of even degree.

In §§9 and 10, we show that if m is even and x < O, then the Poincaré
inner product in X H Y(F(x ..., x,) is hyperbolic. Finally in §11, we
show that if x;; = O then (F(x,,..., x,),d,) is isomorphic with a Koszul
complex of the form (\VQ ® A\ P,d) withd(Q)=0and d(P)C \V/ Q. In
this case H(\/Q ® /\ P) = \/ Q/I, where I is the ideal generated by
d(P).
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Now consider a connected topological space X and let A(X) be the graded
commutative differential algebra of rational differential forms on the singular
complex of X (cf. Sullivan [5, §D]): in particular, H(4(X)) = H*(X; Q)
(singular cohomology). There is a commutative connected graded differential
algebra (F(R), d) (over Q) and a homomorphism ¢: F(R) — A(X) of graded
differential algebras such that

(1) ¢ induces an isomorphism of cohomology.

(2) There is a homogeneous basis {x,},cq of R, where I is well ordered,
such that dx, is a polynomial in those x5 with 8 < « and deg x; < deg x,.

Moreover, (F(R), d) is determined up to isomorphism by these conditions.

We shall call the spaces R* the pseudo dual rational homotopy spaces of X,
and denote them by Hﬁ(X ). If H'(X; Q) = 0 and H*(X; Q) has finite type,
then these spaces are finite dimensional. If, in addition, X is simply connected
then there are natural isomorphisms [5, §Z] [IT,(X) ® Q]* = Hﬁ(X ).

Write II3(X) = 2,II5(X) and II(X) = Z,II,(X). Then the remarks
above, together with Theorem 1, yield:

THEOREM 1. Let X be a connected topological space such that T1}(X) and
H*(X; Q) are finite dimensional. Then

S(-1)*dimI%(X) <0 and 3 (-1)*dim H*(X; Q) > 0.
k k

Moreover, the following conditions are equivalent:
(1) =, (- ¥ dim Hﬁ(X) =0.
(2) Z,.(—DF dim H*(X; Q) > 0.
3) H?(X; Q) = 0, p odd.

COROLLARY 1. If X is simply connected then the theorem remains true if
I'I"“,(X ) is replaced by 11, (X) ® Q everywhere in the statement.

Finally, we have the following application to transformation groups (see
Remark 3 below):

THEOREM T. Let a compact Lie group G of rank r act on a simply connected
finite C.W. complex X with only finite isotropy. Assume that 11 (X) ® Q is
finite dimensional. Then S(—1)* dim I, (X)®Q < — r.

PROOF. According to Allday [1, Theorem 2.1.1, p. 177] this follows from
Theorem 1'(1).

REMARKS. 1. The special case of a finite tower over 4 with R oddly graded
and 7(R) C A4 was first considered by Koszul [4] in 1950. Cartan [2] showed
that the cohomology of a homogeneous space can be calculated via a Koszul
complex of this form, where, in addition, 4 is a symmetric algebra and
d, = 0. Cartan also obtains a special case of Theorem 1; indeed the general
theorem will be established by reduction to this earlier result.
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The Koszul complex of a minimal connected tower is a nilpotent minimal
model as defined by Sullivan [5].

2. Historically, this paper begins with Theorem T which was conjectured by
W. Y. Hsiang in 1969 or earlier. Then in 1971 Allday [1] reduced Hsiang’s
conjecture to Theorem 1’ (xg < 0) in the simply connected case. The trans-
lation from Theorem 1’ (1) to Theorem 1(1) was observed by Sullivan who
poses it as question 5 in [5, §Q].

3. Theorem T remains valid for a much wider class of spaces, X. In
particular it is sufficient to assume that X is connected (but not necessarily
simply connected) if we replace IT,(X) ® Q by II7(X) everywhere in the
statement. Precise statements and details of the proof will appear elsewhere.
As a special case of this generalized Theorem T, however, we have

THeEOREM H. Let K C G be compact Lie groups and suppose a torus, T, acts
on G/K continuously, with only finite isotropy. Then dim T < rank G —
rank K.

When K = (e) this is proved by Allday [1]. If G/K is l-connected then
Theorem H follows from the “ungeneralized” Theorem T.

2. Notation. By a graded commutative differential algebra (4, d;) we mean
a positively graded associative algebra 4 =X k>0A" with identity 1 € 4°
such that ab = (—1)"ba, a € A’, b € A°. Here d, denotes a derivation of
degree 1 with d? = 0. The cohomology algebra ker d,/Imd, is written
H(A) =3, H*(A). A homomorphism ¢: (4, d,)— (B, dg) of graded dif-
ferential algebra induces a homomorphism ¢*: H(4) - H(B).

The tensor product of graded algebras 4 and B is given the multiplication
defined by (a ® b)(a’ ® b’) = (—1)%aa’ ® bb’, b € B, a’ € A*'.

The subspace of a vector space spanned by elements u,, . .. is denoted by
(4, ...). If U and V are subspaces of a vector space W, U + V is the
subspace spanned by U and V. If W is an algebra, U- V is the subspace
spanned by elements of the form uv, u € U, v € V; U U is written U2,

An evenly (respectively oddly) graded space is a space with no ronzero
elements of odd (respectively even) degree.

The identity map of any set is denoted by «.

Let R =(x,,...,x,) be as in the introduction, and suppose
(A,d;; 75 xy, ..., x,) is a tower over A with Koszul complex (4 ® F(R), d).
Then for each m, (4,d,; 75 x,,....x,) is a tower over A with Koszul
complex the subdifferential algebra (4 ® F(x,,..., x,,), d). Write this
(B, dg).

Then 4 ® F(R)= B ® F(x,,,...,xX,) and so we may regard 7 as a
linear map 7@ (X410 ..., %X,)—> B ® F(x,41. ..., x,). Clearly

(B, dg; 75 X415 - - - » X,) is @ tower over B whose Koszul complex coincides
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with the Koszul complex (4 ® F(R), d).

Next, let (; x,,...,x,) be a finite tower and denote by (B, dp) the
subdifferential algebra F(x,, ..., x,) of (F(R),d). Then, as above,
(F(R), d) is also the Koszul complex of the tower (B, dg; T; Xpq1s« - - 5 X,)
over B. The projection p: B — T satisfies p o dg = 0. Hence by Lemma 1,
below, it determines a tower (7; X,,41s - - « » X,,) With

7(x) = (e ®)(1x) € F(Xpypp--->%,), di=m+1,...,n
The maps
F(xy..., x,))> F(xp,...,x,)
and
POUF(X),. ey X)) F(Xpyppoevs X,)
are homomorphisms of graded differential algebras. They will be called,
respectively, a base inclusion and a fibre projection.

Finally, suppose (4, d,; 73 X, ..., X,)is a tower over 4. Let w € S, be
some permutation such that for each i, 7(x,;) € 4 @ F(x,qp -+ - s Xyi-1))-
Then (4, dyg; 75 X,y Xu@y - -+ » Xu(m) 1S again a tower over 4; it is called a
rearrangement of the original tower, and has the same Koszul complex.

Observe that the following properties of a tower (7; x;,...,x,): c-
finiteness, k-connectivity, minimality depend only on the Koszul complex,
and so hold for any rearrangement. (In particular, the tower is minimal if and
only if 7(R) c F*(R)- F*(R).) If (r; x, ..., x,) is a minimal connected
tower then there is a permutation, w, such that deg x,,;, < deg x, < ...,
and (7; X,y « - + » Xy(n)) 1S again a tower.

LeMMA 1. Suppose (A, d,; 75 x5 ..., X,) is a tower, and let ¢: (A,d,) —>
(B, dg) be a homomorphism of graded commutative differential algebras. Define
6: R—> B ® F(R) by o(x;) = (¢ ® )(1x,).

Then (B, dg; 6; xy, .. ., X,) is a tower over Band $ ® 1: A ® F(R)—»> B ®
F(R) is a homomorphism of graded differential algebras. Moreover if ¢*:
H (A) —» H(B) is an isomorphism then (¢ ® 1)* is an isomorphism.

Proor. Clearly o(x;) € B ® F(xy, ..., x;_;). Moreover
d, o ($®)(1®x)=0(x)= (8 °d,(10x)
and
d,°(¢6®)(a®1)=d,(9a®@1)=0=(¢® ) °d, (a®1).

Since d, o (p ® 1) — (p @ () o d, is a (¢ @ ¢)-derivation these equations imply
that it is zero:

dy o (@) =(¢®)od,.
Hence also (d, + dg) c (¢ @ ) = (¢ ) o (d, + d,).
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Now we obtain
(d, + d )’(1 ® x) = (d, + d (¢ ® ))(1 ® x)
=(6®(d, +d,)(1® x)=0.
Since (d, + dp) (b ® 1) =d2(b)® 1 =0, it follows that (d, + dp)* = 0.
Thus (B, dg; 0; x;,..., x,)is a tower and ¢ ® ¢ is a homomorphism of
graded differential algebras.

Finally, suppose ¢* is an isomorphism. We shall show (by induction on m)
that the restrictions

¢®09),: 4 F(xy,..., x,)>B®F(x),..., x,)

induce isomorphisms of cohomology.
Suppose first that m = 1. Filter 4 ® F(x,) and B ® F(x,) by the sub-
spaces

P . p .
L7=3 A® F/(x;) and L= 3 B® F(x), p=01,....
Jj=0 j=0
Then ¢ ® ¢ is filtration preserving, and so it induces a homomorphism a;:
(E;, d) > (E,, d)) of spectral sequences. In particular, a, is given by

a; = ¢*®u: H(A)® F(x,) SH(B)® F(x,).

Thus each o; (1 < i < o0) is an isomorphism. Since EP? =0 = Ef"’ for
P > 0 we have EL? = ind lim E/? (i large). It follows that a_, is an isomor-
phism. Hence (¢ ® )* induces an isomorphism in the bigraded algebra
determined by the filtrations in H(4 ® F(x,)) and H(B ® F(s)). This
implies that (¢ ® ¢)* is an isomorphism.

Finally, assume by induction that (¢ ® ))*_, is an isomorphism. Write
¢®)p_1 =9, A F(xy,..., X, )=A,B®F(x},..., x,_,) = B".
Apply the argument above to

., Q=9 ®u14"® F(x,)—> B’ ® F(x,,)
to obtain that (¢,, ® ¢)* is an isomorphism. Q.E.D.

ExAMPLE. Let (4, d; 7; x,) be a tower with deg x; odd. Its Koszul com-

plex is given by (4 ® A\ x,, d), where

d(@®x, +b®1) =da®x + ((~1)*%-7(x,) + d;b) ® 1.

In particular 7(x,) is a cocycle representing a class « € H (A4).

A short exact sequence 0 » 4 %4 ® A\ x, »¥4 -0 is given by ¢a = a
®1, ¥Y(a ® x; + b ® 1) = a. The ensuing long exact (Gysin) sequence in
cohomology has connecting homomorphism 9: H (4) — H (A) given by 08 =
o - B. This sequence yields the short exact sequence
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0 — Coker 9 i>H(A ® Ax;) ¥ Ker 30,
(Cf. [3, Chapter III] for details.)

3. Pure towers. Let (o; x;,...,x,) be a finite tower. As in §1 write
R=(x,...,x,) = Q @ P where Q is evenly graded and P is oddly graded.
The tower will be called pure if o(P) C \/ Q and o(Q) = 0. Koszul com-
plexes of pure towers were studied by Koszul [4] and H. Cartan [2]; we recall
here some of their results.

Let (\/Q ® A\ P, d) be the Koszul complex of a pure tower (g; x,, . . .,
x,). Thend: \/Q ® \'P—\/ Q@ ® A\'"'P, and thus the gradation \/Q ®
AP=3,\ Q0 ® A*P leads to a gradation of H(\/Q ® A P), written
HNQE® AP)=3.H(NQ® A P). Let \/Q ° P be the ideal in \/Q
generated by ¢(P); then the inclusion I: \/Q - \/ Q ® A P induces an
isomorphism *: \/Q/\/Q o P->=H,(\/Q ® )\ P).

If P, C P is any graded subspace then \/Q ® A P, is a subdifferential
algebra of \/Q ® /\ P.

Lemma 2. If H.(\/Q ® /\ P|) # 0 then H,(\/Q ® A\ P) # 0.

Proor. By considering a sequence of spaces P, C P,C -+ C P, = P we
can reduce to the case P = P, @ (x). Set (4,d,) = (\/Q ® A\ P}, d); then
VO®AP=4® A xis the Koszul complex of the tower (4, d,; a; x).

Now apply the example of §2 to obtain a Gysin sequence in which the
connecting homomorphism 9: H(4) — H(A) is multiplication by the class
a € H(A) represented by o(x). Since o(x) € \/ Q it follows that for some
p>0,a € H{(\/Q ® /\ P). This implies that 8 restricts to linear maps 9;:
HNQO® A P)->H(\Q®AP,) of positive degree. In particular,
since H,.(\/Q ® /\ P,) # 0, then Coker 9, # 0.

Finally note that the inclusion Coker 39— H(4 ® /\ x) of the example in
§2 is the direct sum of inclusions Coker 9, > H;,(\/Q ® /\ P). Thus since
Coker 9, # 0 we have H,(\/Q ® /\ P) #0. Q.E.D.

The following is due to Cartan [2]. A detailed proof is given in [3, Chapter
2].

THEOREM 2. Let (\/Q ® /\ P, d) be the Koszul complex of a connected
pure tower such that dim H(\/Q ® /\ P) < co. Then H(\/Q ® /\ P) has
nonnegative Euler characteristic x. Moreover dim P — dim Q is the nonnega-
tive integer k with the property

@  H(VQ®AP)#0, H,,(V2® AP)=0, p>L

Finally, the following conditions are equivalent:
(i) dim P = dim Q.
(i) x > 0.
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(iii) H(\/ Q ® /\ P) is evenly graded.
VVH(\V/Q® AP)=H(VQ®AP).

ReMARK. dim H(\/Q ® /\ P) <  if and only if dim \/ @/\/Q ° P <
0. In fact note that ker d is a \/ Q-submodule of the finitely generated
\/ Q-module \/Q ® /\ P. Because \/Q is noetherian ker d is finitely
generated. Thus H(\/Q ® /\ P) is a finitely generated \/ Q module.

This implies (clearly) that H(\/Q ® /\ P) is a finitely generated module
over H(\/Q ® A\ P). Thus dim H(\/Q ® /A P) < o if and only if
dim Hy(\V Q ® A\ P) < o0; i.e, if and only if dim \/ Q/\/Q ° P < 0.

4. The S-spectral sequence. As in §1 let R = (x,,..., x,). Assume deg x;
>0,i=1,..., n. LetS be a subspace spanned by some of the x; and let T
be the subspace spanned by the remaining x;. (Then R = T & S.)

Now suppose (4, d,; 7; Xy, ..., X,)is a tower over 4. Then 4 ® F(R) =
A ® F(T)® F(S) and so a bigradation of 4 ® F(R) is given by

pq - ptq
[A® F(R)] '=[4®@F(T)®F*(S)] .
Write (4 ® F(R), d, + d,) =(C,d): C=Z, CP.

Clearly CP?-C™ c CP*m9+s and so C is filtered by the ideals I? =
2;5,C"*. (Note CP = 0if p < 0.)

Now let 6: R > A ® F(T) be the unique linear map such that o(x) = 0,

x € Tand o(x) — 7(x) EA ® F(T) ® F*(S), x € S. Extend o to a deriva-
tion d, in C such that d,(4) = 0. Clearly d2 = 0.

LemMA 3. (i) d, is homogeneous of bidegree (0, 1).
() d, —d: 17— 1P+,

Proor. Clear.

The lemma shows that the I” filter the graded differential algebra (C, d,),
and that the first term of the resulting spectral sequence (of graded differen-
tial algebras) is given by

@ (Eo do) =(C, 4,).

Moreover, because the elements in F?(S) have degree at least g, it follows
that C”? = 0 unless 0 < —2¢ < p. This implies that the spectral sequence
converges to H(C, d,). This spectral sequence will be called the S-spectral
sequence.

In particular, if P denotes the subspace of R of elements of odd degree
then the P-spectral sequence will be called the odd spectral sequence.

5. The odd spectral sequence of a tower. Let R = (x, ..., x,) and suppose
(t; Xy, - . ., X,) is a connected finite tower. As usual write F(R) =\/ Q0 ®

/\ P.
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Let 0: R —» \/ Q be the linear map defined by 6(Q) = 0 and o(x) — 7(x)
€V Q®ANA*P, x €P. Then (o; x;,..., x,) is a pure tower, called the

associated pure tower for (1; x;, . .., X,).
Observe as well that 7(Q) € F(R)°*® c \/ Q@ ® A*P. It follows that

o) d—-d:\/0® AP->\/Q0® AP
If (E,, d)) is the odd spectral sequence for the original tower then
(6) (l%:dJ g;(\/Q 8’/\P’¢J

(cf. formula (4), §4). This isomorphism restricts to isomorphisms E§? = (\/ Q
® /\ "?P)?*9. Thus there is an algebra isomorphism

(7) Elggly(\/Q 8)/\P’¢J
which restricts to isomorphisms
(8) Ef,q = HP_‘;q (\/Q ® /\P’ do)'

Now we show that d; = 0, so that E, = E|. In fact by (5), (d, — d,)(Q) C
\/ Q0 ® A\*P while

(@ -4)XP)C(Ve® A*P)n( S (VO ® APY)

r even
c Y Voe AP
j>2
Thus

(4 = d): (Ve ® N™P)"" "> 3 (Ve ® \™*P)
j>1
It follows that d, — d,: I? — I?*2 (the I” are the ideals defining the spectral
sequence) and hence the differential 4, = 0.
Similarly, it follows at once from the definition that
PAFR)Y= 3 (V2 ®AP).
k>p-r
Thusif /J=\/ Q0 ® A*PandJ, =J- - - - J (k factors), then I 0 F(R)"
=Zisp-Jk N F(RY.

Now suppose F(R') = \/ Q' ® /\ P’ is the Koszul complex of a second
finite tower and assume ¢: F(R)— F(R’) is a homomorphism of graded
differential algebras. Since J and J' are the ideals generated by elements of
odd degree, ¢(J,) C J,k=1,2,....

Now the formula above for I? shows that ¢ is filtration preserving. Hence it
induces a homomorphism of spectral sequences. In particular, if ¢ is an
isomorphism then ¢ ~! is also filtration preserving and so ¢ and ¢ ~! induce
inverse isomorphisms of the odd spectral sequences.

p+q+1
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6. Proof of Theorem 1. Recall from §2 that a tower (7; x,...,x,)
determines towers (7; Xy oo x,). Since F(xp) =0, X, is a cocycle in
(F(xps++ -5 x,) Let[x,] € H(F(x,, ..., x,), d;) be the class represented by

Xp.

ProposITION 1. Let (7; Xy, ..., X,) be a connected, finite, minimal tower.
Write R = (x, ..., x,), F(R)=\/ Q ® )\ P. Suppose (E,, d;) denotes the
odd spectral sequence and (o; x,, ..., X,) is the associated pure tower. Then
the following are equivalent:

(1) The tower is c-finite: dim H(\/Q ® /\ P, d,) < .

(2) For each p the class [x,) € H(F(x,, ..., x,), d;) is nilpotent: [xp]" =0,
some k.

B)dimH(\/Q ® A\ P,d,) < .

(4) dim E,| < 0.

PRrOOF. (1) = (2). This is deferred until §7 (Lemma 5).

(2) = (3). Denote by Q, the subspace of Q spanned by the x; of even degree
with i < p, and set Q, = 0. We show first by induction on p that the elements
of Q, represent nilpotent classesin H(\/Q ® A P, d,).

This is certainly true for p = 0. Suppose it is true for p — 1. If x, has odd
degree then Q, = Q,_, and our claim is true for p. If x, has even degree our
hypothesis shows that for some u, v, € \/ @ ® /\ Pandsome k > 1:

r—1
x¥=du-— 21 Xt 0
Hence d.u — xp" €EQ-1-V2+VO® /\*P. Thus formula (5) yields
©) du-x'€0,_1-VO+ VNP

Now write u = Su, u, € \/ Q@ ® /\'P. Sinced,: \/Q ® NP>V Q0 ®

/\'"'P, it follows from (9) that
doul - xpk € Qp—l : VQ'

Since the elements of \/ Q are d,-cocycles and the elements of Q,_, represent
nilpotent classes in H(\/Q ® /\ P, d,), it follows that the elements of
Q,-1* V Q represent nilpotent classes. Hence the equation above implies
that x, represents a nilpotent class. The induction is now closed.

We have now shown that the elements in Q represent nilpotent classes in
H(\/Q ® /\ P, d,). This implies that \/ Q has finite dimensional image in
H(\/Q ® A P, d). The remark in §3 now implies that

dim H(\/Q ® A\P,d,) < .

(3) = (4). Apply formula (7).
(4) = (1). Recall that the spectral sequence converges to
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H(\/Q ® AP,d,). QED.

COROLLARY. If (1; Xy, . . ., X,) is a connected, finite, c-finite, minimal tower,
then for each p the tower (7; X, . . ., X,) is also c-finite.

THEOREM 1. Let (1; X, ..., X,) be a connected, finite, c-finite, minimal
tower. Then xg < 0 and x. > 0. Moreover, the following conditions are equiva-
lent.

M xp=0.

@) x.>0.

(B) H(F(xy, ..., X,),d,) is evenly graded.

PRroOF. We adopt the notation of Proposition 1. Then according to Proposi-
tion 1, H(\/Q ® A\ P, d,) has finite dimension. Denote its Euler character-
istic by x. Since H(\/Q ® A\ P, d,) ~ E, and since (E,, d;) converges to
H(\/Q ® )\ P, d,)it follows that x = x..

Moreover, since H(\/Q ® /\ P, d,) has finite dimension we can apply
Theorem 2, §3 to obtain xy =dim Q@ —dim P < Oand x, = x > 0.

The equivalence of conditions (i), (ii) and (iii) in Theorem 2 implies that
conditions (1) and (2) are equivalent, and hold if and only if

H(VQ® AP, 4,)
is evenly graded. But in this case E, is evenly graded and so the odd spectral

sequence collapses at the E,-term. In particular, H(\/Q ® A P, d,) is
evenly graded. Thus (1) & (2) = (3). But clearly (3)= (2). Q.E.D.

COROLLARY 1. Let (E,, d;) be the odd spectral sequence of a connected, finite,
c-finite minimal tower. Then for i > 1: EP? =0, ¢ < xq.

Proor. By formula (8), E{? = H?J7(\/Q ® A\ P, d,). If ¢ < xp then
H_,(\/Q ® A\ P,d,) =0 by formula (3), Theorem 2. Thus Ef? =0, ¢ <
xg and so EF?=0,q9 < xg. Q.E.D.

COROLLARY 2. Let (7; X, ..., X,) be a connected, finite, c-finite minimal
tower. Then for each p,

n
(10) S (-1)*E%< 0.
i=p
In particular, if R = (xy, ..., X,) then for each p,
(11) > (-1) dim R < 0.

i>p

PRrOOF. In view of the corollary to Proposition 1 we may apply Theorem 1
to the tower (7; x,, ..., x,) to obtain (10). Next note (cf. §2) that we may
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rearrange the x; so that deg x,,;, < deg x5 < .... Now (11) is a special
case of (10) (with x; replaced by x,,). Q.E.D.

COROLLARY 3. Let X be a connected topological space such that H*(X; Q)
and T13(X) are finite dimensional. Then for each p, 2,;,(— 1) dim IT,(X) <
0. If X is simply connected then for each p, E, ,(— 1)) dim IT,(X) ® Q < 0.

Proor. This follows from Corollary 2 in the same way Theorem 1’ followed
from Theorem 1 (cf. §1). Q.E.D.

COROLLARY 4. The odd spectral sequence for a connected, finite, c-finite,
minimal tower with x = 0 collapses at the E-term.

Proposition 2 below and its proof are due to C. Allday (private communi-
cation). It is a special case of his conjecture ## in [1]; the general case remains
open.

Letd =2, 04 k be a graded vector space of finite type. Its Poincaré series
is the formal series f, (f) = , dim 4 “¢*. Following Hsiang set

po(4) = inf{a ER|(1 = [, () >0 as t—>1-}.

If g = Sa,t* and h = Sht* are two formal series with integer coefficients
we write g < h to mean g, < b, each k.

PROPOSITION 2. Suppose (F(R), d,) is the Koszul complex of a connected,
finite, minimal tower (7; X, ..., x,) with homotopy Euler characteristic xp.
Assume H(F(R)) is finitely generated as an algebra over T. Then xy <
po(H (F(R))).

REMARK. As will appear in the proof, p,(H (F(R))) is the Krull dimension
of the commutative algebra =, H?*(F(R)).

Proor. Denote the commutative subalgebra 3, H%* (F(R)) by 4. Using the

argument of [7, p. 201] we construct a sequence z, . . ., z; of homogeneous
elements in 4* as follows: assume z, ..., z; are constructed with z, = 0,
and generate an ideal Z; with isolated prime ideals J,, . . ., J, (cf. [6, p. 211]).

These are necessarily graded, and hence in A*. Thus either k =1 and
J, = A% or there is a homogeneous element z;,, in A* such that z,,, &£
U /a

The sequence Z,, Z,, ... terminates at some Z; because A4 is noetherian;
in particular, 4" is the unique prime ideal for Z, and so 4/Z, has finite
dimension.

Choose a sequence K; D - - - D K| D K with K; an isolated prime ideal
for Z;; then z; € K;_,, i > 1. Thus an easy induction on / — i shows that the
obvious homomorphism \/(z;,,,...,2)—> A/Z, is injective. In particular
we have an inclusion \/(z;, ..., z;) > 4. On the other hand, if Fis a (finite
dimensional) graded space such that F & Z, = 4, then the obvious map
V(zy5 .- -5 2) ® F— A is surjective. It follows that (denoting \/(z,, .. ., 2))
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by B) that fz < f, < fzfr, Whence py(4) = py(B) = L.

Moreover, if S ¢ H°Y(F(R)) is a finite dimensional graded subspace,
which, together with 4 generates H (F(R)), then f; < fyrry < f4°fas-
Hence po(H (F(R))) = po(4) = L.

On the other hand, let y,, ..., y, be cocycles representing z,, ..., z, and
let U= (u;,..., u) be a graded space with degu, = deg z; — 1. Define
Koszul complexes (F(R) ® A U, d) and (H(F(R)) ® A U, d) by

d@®1)=dd®1, d1®u)=y,®1, d(1Qu)=z0®1.

According to [4] there is a spectral sequence converging to
H(F(R)® AU,d)

with E,-term H (H (F(R)) ® A U, d). (See [3, Chapter II1] for details.) (This
spectral sequence, introduced by Koszul, is a special case of the Eilenberg-
Moore spectral sequence.) Since A /Z, has finite dimension, the argument in
the remark of §3 shows that, so does H (H (F(R)) ® /\ U).

It follows that H (F(R) ® /\ U) has finite dimension. Its homotopy Euler
characteristic is given by xg — / (xg the homotopy Euler characteristic of
F(R)). Now apply Theorem 1 to get xg — / < 0;i.e. xg < [ = po(H (F(R))).
Q.E.D.

COROLLARY. Let X be a connected topological space with dim II3(X) < oo
and H*(X; Q) finitely generated. Set xp(X) = Z(—1)* dim IIj(X) and py(X)
= po(H*(X; Q). Then x(X) < po(X).

7. Two lemmas.

LemMma 4. Suppose (15 xy, ..., X,) is a connected, finite, minimal tower.
Then there is a tower (05 X1, . o« s X Vs -+« «» V) With deg y; = deg x; — 1 and
with the following properties for each i (1 < i < n):

(@) a(x) = 7(x,).

@o(y)—xi €(xp vy i) F(xXpeoos XipYieees Vo))

() H(F*(Xps oo vy X Y15 ---5 ¥), d)) = 0. (Note that (i) implies that
F(xy ..oy XY ..., p;) is stable under d.)

@iv) If i < n then for some w € (x, ..., X) F(x;, ..., X Yp00s V)
d,(xi41 — W) = 0.

PROOF. We use induction on p to define elements

o(yp) € F(xy .. cs X Vi ..,yp)
so that conditions (i)-(iv) hold for i < p.
If p=1 set o(y,) = x;. Since 7(x,;) = 0 it follows that (o; x,,»,) and
(o5 x5 ..., X,, ;) are towers. Condition (ii) is obvious, while (jii) asserts that
H (F™*(x,,y,)) = 0; this is a simple and classical calculation. (If deg x, is odd
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it is essential that T have characteristic 0!.)

Finally, since the original tower was minimal, for some a € F*(x,), 7(x,)
= ax,. Set w = (—1)%8%y,. Then in F(x,, x5, y,), d,(x; — W) = ax, — ax,
= 0.

Suppose now that o(y;) is constructed for j < p so that (i)~(iv) hold for
J <p.Then (a5 xy, ..., X,, ¥y . . ., ¥,_y) is 2 tower, and by (iv) there is an
element w € (xy, ..., X, )  F(Xp, .5 X,_p, Y5« + -5 ¥p—y) Such that d,(x,
— w) = 0. Set a(y,) = x, — w. Then d2(y,) = d,(x, — w) = 0 and so (o;
Xpp oo s Xy Vpp e o e ,yp) is a tower. Hence sois (0; Xy, « « v s Xy Vps - - s Vp)-

Moreover (ii) (for i = p) is immediate from the definition. To check (iii)
write (F(Xy, «« o s X,_ s Y15+ - - s Yp—1)s dy) = (A, d). Then

(F(Xps e e o5 X V1o o5 V)0 dy)
is the Koszul complex of the tower (4, d,; o, x,, ,) over (4, d,).

Let p: A »T and p ® 1: 4 ® F(x,, y,) > F(x,,y,) be the projections. By
(1) and (i) (for i = p) (p ® )(ox,) =0 and (p ® y)(ay,) = x,. Thus if we
define (a5 x,,,) by 6(y,) = x,, 6(x,) =0, then (0 ® ) o d, = d; ° (p ® 1).

By our induction hypothesis (iii) (for i = p — 1), p* is an isomorphism.
Hence (cf. Lemma 1, §2) (o ® ¢)* is an isomorphism. Thus

H(F*’(x,,..., xp,y,,...,yp),d,);H(F+(xp,yp),d5)=0.

It remains to prove (iv). Since 7(x,,,) is a cocycle in F(x, ..., x,), itisa
cocycle in F(xy, ..., X, ¥y, - - - , ). By (iii) (for i = p) we can write 7(x,, )
= d,(w) for some w € F(xy;..., X, - - - ¥,)- In view of (i) this gives
(12) da (xp+| - W) = 0.
Write w=u+v,u €(x},..., x)-F(x,.
F(yi,evs )

We prove (iv) by showing that v = 0. If v # 0 then for some g,

m
v=23 )’:bk’
k=0
where b, € F(yy,...,5,-1), b, # 0 and m > 1. Suppose this is the case.
Let I'=(x)..., %) F(xp...s X p1..., y,)and set J =(xy,...,
Xp) F(xpseoos X ¥y oo s ¥p) (If g =1 set J =0.) Then we have the
short exact sequence

O0>I-IT+J->F(xp..., xp,y,,...,yp)

cos XpVpeees V) VE

II
—>[I‘®(xq,..., x,,)]®F(y,,---,yp)—>0'

It follows from (i) that o(y;) € I (i < p). The minimality of (7; x,, ...,
x,) implies that o(x;) = 7(x;) € I-I (i < p + 1). Hence d,(I) c I-1I and
d,(x,+1) € I- 1. Thus applying II to equation (12) we find that
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Ild,0 = 114, (x,,,) — Ild,u = 0.

Moreover it follows from (ii) that d,y; = o(y)) € J(i < ¢) and 4.y, — x,
€ J. Hence

dov= kH(x,,y:"'bk) => kquq""'bk--;ﬂé 0.
k=1 k=1

This contradiction shows that v = 0. The induction is now closed and the
proof is complete. Q.E.D.

COROLLARY. For each p (0; Xys -+« s Xy 1s Vs o v o5 Vpops Xpo oo 05 X,) IS @
tower, and the induced fibre projection
I (F(Xpy oo s Xp Vs o v o5 Ypm1)s dy) = (F (%5 - o o5 X,), d5)

induces an isomorphism in cohomology.
LEMMA 5. Let (1; xy, . . ., X,) be a connected, finite, c-finite minimal tower.

Let [x,] € H(F(x,, ..., x,)) be the class represented by x,. Then for each p
(1 < p < n), [x,] is nilpotent.

ProoF. Let (a5 X}, ..., X,, ¥ ..., ¥,) be the tower of Lemma 4, and fix
p. Part (iv) of Lemma 4 implies that for some w of the form

p-1
w= 2 XU, UEF(Xp..i, X pnVisenes Vpot)s

i=1

we have d,(x, — w) = 0in F(x), ..., XpVpevvs Ypoi)-
Thus if II is the projection in the corollary to Lemma 4, II(x, — w) = x,.
Leta € H(F(x}, ... XY - - -5 Yp—1)s d,) be the cohomology class repre-

sented by x, — w. Then IT*a = [x,]. Since II* is an isomorphism we need
only prove that a* = 0, for some k.

Denote by (X, dy) the Koszul complex of (7; x,, ..., x,). Since H(X) is
finite dimensional there is an integer k > 2 such that H/(X) =0, > k. Let
C c X*~! be a subspace such that X*~!= C @ (ker dy)*~!. Define a
graded, dy-stable ideal I Cc X by /=0 (j<k—-1), I*¥*'=C, V= X/
(U > k).

Let A = X/I and let d, be the derivation induced by dy in 4. Then the
projection p: X — A4 is a homomorphism of graded differential algebras, and
p* is an isomorphism.

On the other hand, (F(x}, ..., X,¥Yp---5 Y,—1),4d,) is the Koszul
complex of the tower (X, dy; 6; ), ..., ¥,-) over (X, dy). Thus by Lemma
1, §2 there is a tower (4, dg; A; ), - - -, ¥,—) such that

P®): (X®F(¥1ens Y1), dy) > (AQ F(yyy - s Ypu1)s dy + dy)

is a homomorphism of graded differential algebras. Moreover (p ® )* is an
isomorphism.
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But x, - wEX*® F(y;,..., y,_)) and so P®Y(x,—w)EA*®
F(yis..., y,1).-Since 4/ = 0, j > k this implies that

(e ® )(x, = W) =[(0 ® )(x, — w)]“=0.
Hence (p ® ))*(a*) = 0. Since (p ® ¢)* is an isomorphism, a* = 0. Q.E.D.

8. Poincaré duality. A finite dimensional graded algebra 4 = 3"_,4” is
said to have formal dimension n if A" # 0 (and A” =0, p > n). A Poincaré
duality algebra (P.d.a.) is a finite dimensional graded commutative algebra
A =27 _oA? such that dim 4" =1 and such that multiplication defines
nondegenerate bilinear maps 4” X A" 7 5 A"(=T1),p=0,1,....Ifeisa
nonzero element in 4" then the scalar product {, > in 4 given by

a,B) =0, dega+degB+#n, (a,Ble=a-B, dega+degB=n
induces isomorphisms 4”77 = (4”)*. These are called, respectively, the
Poincaré scalar product and the Poincaré isomorphism.

The tensor product of two graded commutative algebras is a P.d.a. if and
only if each factor is a P.d.a. If (4, d,) is a graded differential algebra such
that 4 and H (4) both have formal dimension n, and if 4 is a P.d.a., then so
is H(A4).

In this section we establish

THEOREM 3. Let (7; x,,..., x,) be a connected, finite, c-finite minimal
tower with odd spectral sequence (E,, d;). Then

() H(F(xy, ..., x,),d,)and each E; (i > 1) have the same formal dimen-
sion m, given by

n
m=r— 3 (—1)*%deg x,
i=1
where r is the number of x; of even degree.
(i) H(F(xy, ..., x,),d)and each E; are P.d.a.’s.
(i) For i > 1 E}¥* = 0,9 < xgand E¥* # 0, ¢ = xq.

Exactly as in §1 (Theorem 1 => Theorem 1’), Theorem 3 yields

THEOREM 3'. Let X be a connected topological space such that H*(X; Q) and
II3(X) are finite dimensional. Then H*(X; Q) is a P.d.a. of formal dimension
m given by

m =3 dim II§/(X) - %(- 1)* k dim TI5(X).

If X is simply connected the theorem remains true if IT;(X) is replaced by
IT,.(X) ® Q everywhere in the statement.

LEMMA 6. Theorem 3 is correct for pure towers.
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PROOF. Suppose (1; x,, . . ., X,) is a pure tower satisfying the hypotheses
of the theorem. Write R = (x;,..., x,); F(R)=\V Q2 ® AP. Let
z,,..., z, be ahomogeneous basis of Q and choose an integer k > 2 so that
zk=dw,i=1,..., r.

Let U = (u,, ..., u,) be a graded vector space with deg u; = k deg z; — 1.
Define a graded differential algebra (\/Q ® A\ P ® /\ U, d) by

dd=d0o, ®c\/0® AP and du; = zk, i=1,...,r
Then an isomorphism ¢: (V@ @ AP AU, d. ®)->=(\V/2® AP
® A\ U, d) is given by

od=0, ®\/OR AP, dou,=u;—w, i=1l...,r
This yields an isomorphism of graded algebras

(13) H(VQ® AP, d)® ANUSH(\/Q® AP ® AU,d).

On the other hand, let 4, be the truncated polynomial algebra \/(z,)/ zk
and set A =A4,® - ®A,. The projection II: \/Q — A determines a
graded differential algebra (4 ® /\ P, c?).

Moreover, IT extends to the homomorphism II: (\/ Q ® ANANP®ANAUAd
— (A ® A\ P, d) of graded differential algebras given by II(y) =y,y € P
and II(u) = 0, u € U. Since the restriction of II to \/Q ® /\ U induces an
isomorphism H(\/Q ® /\ U) >4, Lemma 1, §2 shows that IT induces an
isomorphism of graded algebras

(14) I*: H\V/Q ® AP ® AU, d) SH(A® AP, d).

Now A4 and /\ P are obviously P.d.a.’s of formal dimensions a and 4 given
by

r s
a= > (k—1)degz; and d =2 degy,
i=1 i=1
where y,, . . ., y, is any homogeneous basis of P. Hence 4 ® /\ Pis a P.d.a.
of formal dimension a + d, and (4 ® A P)**¥ = 4°® \'P.
Since Ind c 2,4 ® /\'P it follows that the elements in 4* ® /\'P are
not coboundaries; hence H(4 ® /\ P) is a P.d.a. of formal dimension

a + d. Now the isomorphisms (13) and (14) show that H(\/Q ® A P, d,) is
a P.d.a. of formal dimension

r
m=a+d-7 degu,
i=1

A simple calculation shows now that m is given by the formula of Theorem

33).
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This proves parts (i) and (ii) of Theorem 3 for pure towers. (The odd
spectral sequence collapses in this case!) Part (iii) follows at once from
formula (3) of Theorem 2. Q.E.D.

LEMMA 7. Let (t; xy..., X,) be a tower satisfying the hypotheses of
Theorem 3. Then H(F(x,, ..., X,),d,) has formal dimension m, where m is
given by Theorem 3(i).

Proor. By induction on n. For n = 1, 7 = 0, x, has odd degree and the
lemma is trivial. Assume it holds for » — 1 and distinguish two cases:

Case 1. deg x, is odd. Write F(x;, ..., x,) = /\ x; ® F(x, ..., x,)and
filter by thg ideals I” = 2 5, ( /AxY ® F(x,, ..., x,). The resulting spectral
sequence E; satisfies (if deg x; > 1)

Ep?=(Ax)'® HI(F(xp ..., X,), d:).

According to the corollary to Proposition 1, §6, the tower (7; x,, ..., x,)
also satisfies the hypotheses of Theorem 3. Thus by the induction hypothesis
H(F(xy ..., x,) has formal dimension

n
I=r—3 (—1)*8% deg x,;= m — deg x,.
i=2
The formal dimension of /\ x, is simply deg x, = m — /. Hence Ef"’ =0 if
p>m—lorq> I while EI*™% % 0. It follows that EZ¢ =0if p > m — [
or ¢>1 and E7~% # 0. Hence E, and so H(F(x,...,x,),d,) have
formal dimension m. The case deg x; = 1 is left to the reader.

Case 2. deg x, is even. Choose k so that xf = d.w and let U = (u) be a
1-dimensional graded space with deg u = k deg x; — 1. Let A be the trun-
cated polynomial algebra \/(x,)/xf.

The projection \/(x;) - A4 defines a tower (4, 0; p, x,, ..., X,). More-
over a slight modification of the proof of Lemma 6 yields an isomorphism of
graded algebras:

H(F(xp.e0s X,),d,)® N\(u)=H(A®F(xp..., x,),d,).

Now filter 4 ® F(x,, ..., x,) and repeat the argument of Case 1 (with 4
replacing /\(x,)) to complete the proof. Q.E.D.

ProoF oF THEOREM 3. (i) Let (0; x,, . . ., x,) be the associated pure tower;
according to Proposition 1, §6 it is c-finite. Hence Lemma 6 applies and
shows that H(F(x,, ..., X,), d,) is a P.d.a. of formal dimension m. This is
therefore true of E, as well (cf. §5).

On the other hand by Lemma 7, H(F(x,,..., x,),d,) also has formal
dimension m. Since for each i

formal dim E, > formal dim E; > formal dim H (F(x,, ..., x,),d,),
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it follows that all the E; have formal dimension m.

(ii) By Lemma 6, E, is a P.d.a. Since E; = H(E,;_)) and since E; and E,_,
have the same formal dimension, an inductive argument shows that each E; is
aP.d.a. Hence EisaP.d.a.andso H(F(x,,..., x,),d,)isaP.d.a.

(iii) The statement E}? = 0, ¢ < xq, is Corollary 1 to Theorem 1, §6. Let
q = Xp- Then E}? (= H_,(\/Q ® /\ P, d,)) is a nonzero ideal in E, (cf.
Theorem 2, §3). Since E, is a P.d.a. of formal dimension m (cf. Lemma 6) we
have E{™ C E}4. It follows thatif i > 1, 0 = E c E*. QE.D.

9. Hyperbolic towers. Suppose A is a P.d.a. of even formal dimension 2m.
Then the Poincaré scalar product restricts to a symmetric inner product in the
subspace ;4 ¥, An inner product space (X, <, D) is called hyperbolic if there
is a subspace Y such that {y,,y,> =0 (y; € Y) (then Y is called isotropic)
and such that dim X =2dim Y. If 3,4% is hyperbolic we say 4 is a
hyperbolic P.d.a. Note that this is independent of the choice of basis vector in
A?"_ In this section we prove

THEOREM 4. Let (1; X, ..., X,) be a connected, finite, c-finite, minimal
tower such that H(F(x,, ..., x,),d,) has formal dimension 2m.

Assume xg < 0. Then H(F(xy,...,x,),d,) is a hyperbolic P.d.a. In
particular (if T C R) the inner product space = ;H Y(F(xp -+ »x,), d,) has
zero signature.

COROLLARY. Let M be a simply connected, compact oriented 4k-manifold
such that 11,(M; Q) is finite dimensional. Assume that H/(M; Q) # 0 for some
odd j. Then sign(M) = 0.

Proor. It follows from Theorem 1’ that x; < 0. Now apply Theorem 4.

PrOOF OF THEOREM 4. In the next section we show (Proposition 3) that the
theorem holds for pure towers. Hence it holds for the E,-term of the odd
spectral sequence. On the other hand since E; and H(E,) have the same
formal dimension 2m it follows that there is an isometry = E® = 3 H¥(E)
©® X where X is a hyperbolic inner product space and @ means orthogonal
direct sum. If 3, E® is hyperbolic this implies that 3 ,H¥(E,) is hyperbolic.

Thus an induction argument shows that 3 ngﬁ is hyperbolic; the same
must then be true for 3 H¥(F(x,, ..., x,),d,). QED.

REMARK. Theorem 4 shows that the only “interesting” inner products arise
when dim P = dim Q. In this case (cf. Theorem 5, §11) the Koszul complex is
the Koszul complex of a pure tower, totally determined by a linear map o:
P \/ Q.

It would be interesting and useful to have an explicit means of calculating
invariants of the inner product (e.g. signature) directly from .
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10. The pure case. In this section we prove

ProrosiTION 3. Let (\/Q ® /\ P, d,) be the Koszul complex of a connected
finite, c-finite, pure tower. Suppose H(\/ Q ® /\ P) has formal dimension 2m,
and assume dim P > dim Q. Then 3 H Y(\/Q ® \\ P) is hyperbolic.

LeEMMA 8. There is a basis u,, ..., u, of P (not necessarily homogeneous)
with the following properties: Let I, C \/ Q be the ideal generated by
o(uy), ..., o(u). Let Iy = 0. Then

@) o(u) € \/ Q/1I;,_, is not a zero divisor, 1 < i < r, where r = dim Q.

(i) dim \/ Q/I, < .

Proor. We construct u, (1 < k < r) by induction on k and extend to any
basis of P. If k = 1, let u;, be any nonzero element of P. Now suppose (for
some k < r)u,, ..., u, are constructed, and that (i) holds for i < k.

By the Noether decomposition theorem I, is the finite irredundant intersec-
tion of primary ideals in \/ Q; denote the associated prime ideals by J,, . . .,
J; (cf. [6, Chapter 4]). Let d(J;) be the transcendence degree of \/Q/J..

Suppose J; is not contained in any J,. Then according to [7, p. 394,
Appendix 6], J; has height k. Hence by [7, Theorem 20, Chapter 7}, d(J;) = r
— k. Thus Macaulay’s theorem [7, Theorem 26, Chapter 7] applies and
asserts that I, is unmixed; i.e., d(J)=r—k,i=1,..., I. We now dis-
tinguish two cases:

Case 1. For some element u, ., of P, o(u,,,)€E\/Q/I, is not a zero
divisor. In this case we have constructed a sequence u,, . .., u,,, satisfying
(i); repeating the argument above yields ideals J with d(J) = r — k — 1, and
sor> k+ 1.

Case 2. Every u € P yields a zero divisor o(u) in \/Q/I,. Choose an
infinite sequence w;, w,, ... of elements in P such that any subsequence of
length s is a basis (possible because char I' = 0 and so T' is infinite). Each
o(w,) is a zero divisor in \/Q/I,. Hence by [6, Theorem 11, Chapter 4]
o(w;) € U;J;. By renumbering the J; we can arrange that infinitely many
o(w) €J,.

It follows that J, contains o(P) and so \/ Q- o(P) C J,. Thus

dim \/ 9/J, < dim\/ Q/VQ-e(P)<dimH(\/Q ® AP) < oo.

It follows that d(J,) = Oand so k = r.

Thus u,, ..., u, are constructed. Moreover, d(J;)) =0,/ =1,..., /, and
so dim \/ Q/J; < o0, j=1,..., I This implies that dim \/ Q/1, < co.
Q.E.D.

Now define differential algebras (4,,d), p <t <s, by (4,,d) =
(VQ/1,, 0) and
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APJ = (\/Q/Ip) ® /\(up+l’ LR} u:)’
d(‘b@uao/\- . /\uaq)

q . ———
= 2 (—I)J(D'a(uaj) ®“ao/\' .. /\u"aj/\. .. /\uaq’

Jj=0
1<p<r

Note that these are not graded differential algebras. Lemma 8 has the
following corollary.

COROLLARY. There is an isomorphism of algebras

HNQ® AP, d)S HNQ/L® N(tyyy,---» 1))

which restricts to isomorphisms
H,(NVQ@® AP) SH(NVQ/L® Nty -- - 1))

Proor. Extend the projections II: \/Q/I, -\ Q/L,,, to
homomorphisms IT: \/Q/L, ® A(%,,1) = \V Q/1,,, by setting II(y, ) =
0. It follows directly from Lemma 8(i) that IT* is an isomorphism from

H(\/Q/Ip ® /\(up+l))
onto\/ Q/1L,,,.

Write IT, =1 ® 1 4,,,x = 4,.+1,+ Assume by induction on k that IT}
is an isomorphism. Write IT, , , in the form

Mg, =1I,®c A pik ® /\(“p+k+l) —> A, 1ok ® /\(up+k+l)'

Both sides have a Gysin sequence (cf. the example in §2) and so the
5-lemma implies that IT} , | is an isomorphism.
In this way we obtain a sequence of isomorphisms

HNVQ/L,® A(tpars -5 w)) SH(NVQ/ Lty ® N(thyar - - - 4,)),
0<p<r
Composing them gives the desired isomorphism. Q.E.D.

LEMMA 9. There is an ideal I C \/*Q and a basis (not necessarily homoge-
neous) uy, . .., u, of P with the following properties: Let p(u) € \/ Q/I be
the image of a(u;) under the projection \/ Q — \/ Q/I. Then

() V Q/1 has finite dimension and the elements in \/*Q /I are nilpotent.

(ii) There is an isomorphism of algebras,

V:H(VQO® AP d)=H(NQ/I® Nty -.,u)d,)

which restricts to isomorphisms
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H (V2O NP)=H,(VQ/I® N(th+p---»4))

Proor. Let u;, ..., u, be the basis of Lemma 8, and write B = \/ Q/1I..
Multiplication by a(;) is a linear transformation ¢, of the finite dimensional
commutative algebra B; in particular ¢; commutes with multiplication by
elements of B. Let d = dim B.

Thenideals K, ,,..., K, L,.,, ..., L,aredefined by the equations:

K= 4’rd+1(B)’ ¢%41(L4) =0, B=K_ ,®L,,
andfori > r+ 1,
K; = ¢id(Li—l)’ ¢7(L;) =0, L_,=K®L.
¢; restricts to an automorphism of K; while each ¢; is nilpotent in L.
Moreover B=K,,,®--- © K, L.

Now let I be the inverse image of K,,, @ - - - @ K, under the canonical
projection \/Q — B. For z € Q we know that some z*¥ € \/ Q- o(P). It
follows that if z is the image of z in B then multiplication by Z is nilpotent in
L. Hence ZZ € K,,,®--- ® K, for some j and so z/ € I. Thus the
elements of \/*Q determine nilpotent elements in \/Q/I. This implies
(clearly) that I ¢ \/*Q, and (i) is proved.

To prove (ii) we need only show that projection

V O/L, @ Nty s ) >NV Q/T ® N(tyyys - - 1)

induces an isomorphism in cohomology. Since K;, L, are ideals, we have

s

s TEO NG w) = 2 HE® Al )

OH(L® N(thysrs---» u)).

Now ¢, is multiplication by a coboundary, hence it induces zero in
cohomology. On the other hand each K, L; is stable under ¢; and ¢, is an
isomorphism in K;. Hence ¢, induces an isomorphism in

H(l(, ® /\(ur+l’ e u.r))‘
This implies that H(K; ® AU 4. ,4)=0,i=r+1,...,s and so
(i1) follows from formula (15). Q.E.D.

Denote \/Q/Iby A, \/*Q/1by A*. (But note that 4 is not graded!) Let
K C A be the subspace of elements x such that x- 4* = 0. Finally, denote
(4,415 . - . » u;) by U. Then clearly

KQu N Nu,c(A® N ~U)nkerd,c H,_,(4® AU).
(The last inclusion is an inclusion because Imd, C =,_,_,4 ® /N\'U.)

COROLLARY. The space K satisfies dim K = 1. If 0 # a € K then the class
[@a®u., i A+ Au) corresponds under the isomorphism ¥ of Lemma 9 to
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an element of H*"(\/Q ® /\ P). (Recall that 2m is the formal dimension of
HNQ® AP))

PROOF. It follows from Lemma 9(i) that K # 0. Leta € K. Then (a ® u,,,
A Au) ATOAU+ARNU)=0.1fa € HN/Q ® A P)is
defined by ¥(a) =[a® u,,., A - -+ A u,), then this equation implies that
a-H*(\/Q ® /\ P) = 0.But this condition characterizes

H™(\/Q ® \P),
and dim H>"(\/Q ® A P) = 1 by Lemma 6, §8. Q.E.D.

LEMMA 10. There is a subspace X C =;H Y(\/Q ® A P) with the following
Dproperties:

() 2dim X = dim(Z,H¥(\/Q ® A P)).

MX-XnH™"\NQ® AP)=0.

Proor. Clearly ZH¥(\/Q ® A\ P)=Z,H,(\/Q ® A P). Thus we
need only find a subspace Z C 3;H,(4 ® /\ U) such that 2 dim Z =
dimZHy(A® AU)andZ-Z N K ® /\°""U =0 (cf. Lemma 9 and its
corollary).

Furthermore, since H*"(\/Q ® A P)c H,_,(\V Q@ ® A P), it follows
thats — r = 2k.

Choose a subspace N ¢ 4 so that A = N @ K= N @ (a) (a, a basis
vector for K). Define a bilinear function ( , > 4 X A -T by a,q, -
a,, aya € N. Since the elements of 4* are nilpotent, and since a is a basis
for K, it follows easily that this is a nondegenerate inner product in 4.

Next assign /\ U the standard Poincaré scalar product determined by the
basis vectoru, . A+ - - Ay, in N\*7'U:

BAY - (& VA Au € 3 NU.
Jj<s—r
These two scalar products define a scalar product { , > in 4 ® A U, for
which <4 ® NU,A® A'Up=0 unless j+[=s—r. In particular,

{Imd, 1) =0.

A simple calculation shows as well that
(16) (D, ¥)=(D-¥,1), S¥Yed® AU,
whence

an (d,®, ¥) + (- 1)’(D,d,¥) =0,
PeAQ NU,YEAR NU.

Thus the scalar product of two cocycles depends only on their respective
cohomology classes, and so a scalar product is induced in H(4 ® A U). It
satisfies
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(18) (a,,8>=<a-,8, 1, a,,BEH(A@/\U).

Moreover (<H(A® A\ U), H(A® A\ U))=0if j+ I+ s—r; since
s — r =2k the spaces 2,4 ® A¥Uand 2 i H;(A ® /\ U) are inner product
spaces.

Now choose subspaces C; C 4 ® /\’U such that C; @ d,(4 ® N\/*'U) =
kerd, N (4 ® /\'U). Then the restriction of , ) to 3,C,; is nondegenerate
and the inner product spaces X;C,; and Z;H,(4 ® /\ U) are isometric.
Write

L

24® /\2fu=§czjea (%czj) :

The left-hand side is obviously hyperbolic. Moreover, X,d (4 ® AZ*U) is
an isotropic subspace of (2 jC2j)J‘ and

2dim 3 d, (4 ® AY*'U) = dim( 3 czj)L.
J

Hence (2 C,,)* is hyperbolic.

It follows that 3;C,; is hyperbolic; hence so is 2;H,,(4 ® /\ U). Choose
an isotropic subspace Z C ¥ ;H,(4 ® A\ U) such that 2 dim Z =
dim(Z,;H,(4 ® /\ U)). Formula (18) implies that Z-Z N (K ® u,,,
A+ Au)=0. QED.

PrOOF OF PROPOSITION 3. Let X be the subspace of Lemma 10. Then there
is a basis, a;, ..., ay of X with the following property: There are linearly
independent elements B, ..., By inZ;H Y(\/Q ® )\ P)such that

(i) B; is homogeneous.

(i) oy — B € Zjs 1 H/ (VQ ® A P) (I8 = deg B).

Now let {, > denote the Poincaré scalar productin H(\/Q ® /\ P). Then
(B B> =0if | B]| + | B| < 2m. On the other hand, if | 8| + | B| = 2m then
(ii) implies that {8, B;>¢ = B;* B; = ;- a;. Since

X-XNnH™(\NQ®AP)=0
this equation implies o;; = 0; i.e. {B;, B> = 0if | B;| + | B;| = 2m. Thus the
B; span an isotropic space Y C 2;H Y(\/Q ® A\ P).Since

dim Y =dim X =1 3 dim HY (\/Q ® AP),
J

the inner product space $;H¥(\/Q ® /\ P) is hyperbolic. Q.E.D.
11. The case that x; = 0. The object of this section is to establish

THEOREM 5. Let (7; x,..., X,) be a connected, finite, c-finite, minimal
tower. Assume xy = 0. Then the Koszul complex of the tower and the Koszul
complex of the associated pure tower are isomorphic as graded differential
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algebras: \/Q ® N\ P, d)=(\/Q ® /\ P, d,).

Throughout the section (7; x,, . . ., x,) denotes a fixed tower satisfying the
hypotheses of the theorem; R = (x,,...,x,); F(R)=\V Q ® A\ P; (o;
Xy, ... X,) is the associated pure tower. To establish the theorem we may
assume without loss of generality that

19) degx; < degx, < ....
We assume this throughout the section.

LeEMMA 11. Suppose x; has even degree. Then for some
U EF*(xy, .., X_ ) F*(xp...,x_)) d(x+u)=0.

Proor. By Corollary 4, §6, the odd spectral sequence collapses at the
E,-term. Moreover dy(x;) = 0. Thus x; represents an element in E2? (p =
deg x)). It follows that d,.(x; + u) = 0 for some u, € 2, (F(RY*”/. But
F(RY*»~/ c \/ @ ® /\’P. Since y, has even degree p this gives

u, € X\ 0 ® NP c F*R)-F*(R).
i>2
It follows now from (19) that u, € F*(x;, ..., x_ )  F (X ..oy X;_y)-
Q.E.D.

Now define an automorphism ¢ of the graded algebra F(R) by setting
¢x; =x; (x;, € P) and ¢x; = x; + u; (x; € Q). Then ¢ restricts to
automorphisms of each F(x,, ..., x;). Hence a tower (p; x,...,x,) is
defined by

p(x)=¢"'de(x), i=1...,n
Lemma 11 yields
(20) p(x)=0, x€OQ.

Clearly ¢: (F(R), d,) —=(F(R), d,) is an isomorphism of graded differen-
tial algebras. It follows (cf. §2) that (o; x;,..., x,) is a connected, finite,
c-finite, minimal tower, with zero homotopy Euler characteristic. In view of
(20) this tower can be rearranged (cf. §2) in the form (p; z}, ..., 2, V.- +»
Y.), Where the z; are a basis of Q and the y; a basis of P. (z;,..., y, isa
permutation of x,, ..., x,.)

Let(A\;z,...5 2, Y1, --5 Y, be the associated pure tower. Proposition
1, applied to (p; x;,..., x,) shows that H(\/Q ® A P, d,) has finite
dimension. Hence Theorem 2 implies that H,(\/Q ® /\ P,d,) = 0. Let P,
be the subspace of P spanned by y,,..., y;. Lemma 2, §3 implies now that
for eachi, H,(\/Q ® /\ P, d\) =0.

LEMMA 12. For each i the inclusion 6: \/Q — \/ Q ® /\ P, induces a

surjective homomorphism §*: \/ Q - H(\/Q ® A\ P, d,).
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Proor. Since H,(\/Q ® A\ P,d\) =0, HN\/Q ® A\ P, d,) is evenly
graded. Thus if (F,, d,) is the odd spectral sequence for (p; z,,...,
Zy V1o V) Fy = HN\/Q ® /\ P, d))is evenly graded. Hence F, = F,,.

Now filter \/Q by the ideals ff = 32,5,V QY. The corresponding
spectral sequence is given F, = \/ Q, d, = 0.

Observe that 4 is filtration preserving and so induces a homomorphism 8, :
F‘k — F, of spectral sequences. In particular, ,;: \/Q—-> H(\/Q ® A P, d,)
is surjective, since H,(\/Q ® A\ P, d,)=0.But F, = F_, F, = F_; thus
0, = 0, and so 6, is surjective. This implies at once that §* is surjective.
Q.ED.

ProOF OoF THEOREM 5. We continue the notation developed above. Since (p;
Zys e vy Zyy YV - o o5 V) 1S @ tower it follows that

p(y) Ekerd, N (V@ ® AP_;), i=12...,m
In view of Lemma 12 above we can write
p(y)=v+dw, 0, EN/Q, w,ENVQ®AP_,
Define an automorphism ¥ of the graded algebra \/Q ® /\ P by setting
Yiz)=2, Y(y)=yi—w, i=1...,m
Then definey: R—>\/ Q ® /\ Pby
(21) y(»)=v and y(z)=0.
It follows from the definition that ¥d, = 4,¥.

In particular, Im y ¢ F*(R) - F*(R). In view of (21) this implies that (y;
Xy, ..., X,) is a pure, minimal tower. Thus it coincides with the associated
pure tower.

Now consider the isomorphism ¢ o ¥: (F(R), d,) —%(F(R), d,) of Koszul
complexes. According to §5 it induces an isomorphism of the odd spectral
sequences. The isomorphism of the E-terms can be written a: (F(R), d,)
—=(F(R),d,). Thus ¢ oo a~ 't (F(R),d,) >=(F(R),d,) is the desired
isomorphism. Q.E.D.

COROLLARY 1. H¥(F(R),d)) = \/ Q/\/ Q- o(P).
Proor. Apply Theorem 2.

COROLLARY 2. Suppose the bases y; of P and z; of Q satisfy degy; = g,
deg z; = k;. Then

m m
S dim H? (F(R),d)? = [ (1 — t5*1) T[] (1 = %)™
P i=1 i=1
Moreover the Euler characteristic, x. (equals the dimension of the
cohomology) is given by formula x, = ((g; + 1) ...(g, + 1))/(k, ... k,,).

ProoF. See [4] or [3, Chapter 2].
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