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ABSTRACT. The main result of this paper is a theorem giving a measure-theo-
retic condition which is necessary and sufficient for a closed convex subset
S of C(X) to have the so-called bounded extension property with respect to
a closed subset F of X. This theorem generalizes well-known results on
closed subspaces by Bishop, Gamelin and Semadeni.

1. Introduction. In the following X denotes a compact Hausdorff space, F a
closed subset of X and F’ denotes X \ F. C(X) and C(F) denote the spaces
of all continuous complex-valued functions on X and F, respectively. 4 and S
denote a closed linear subspace and a closed convex subset of C(X),
respectively. The closure is with respect to the sup norm topology. Further,
A|F and S|F denote the set of all restrictions to F of 4 and S, respectively.
For f € A or f € S, f|F denotes the restriction of f to F, and for p € M (X),
the set of all complex Radon measures on X, p denotes the restriction of p to
F. Likewise, pr denotes the restriction of p to F'. By A+ we understand the
set of all annihilating measures for 4, i.e. the set of all p € M (X) such that
[xfdu=0forallfeA.

The following definition is a special case of a definition due to Michael
and Pelczynski [11]:

1.1. DEFINITION. Let X, F, A and A|F be as above. 4 is said to have the
bounded extension property (BEP) with respect to F if for every f € A|F and
each closed set G C X with G N F = @, and for each ¢ > 0, there exists a
f € A such that

WAF =7,
@ 1Al =171
@) lIfle <.

The following result is due to Gamelin [5]:

1.2. THEOREM. With the same notations as above, the following two conditions
are equivalent:

(a) A has the BEP w.r.t. F,

(b) p € At implies that p. € AL forallp € M(X). O
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In [5] Gamelin introduced the linear operator
Tp:At —> M(F)/ (A|F)*
given by
Tr(B) = pe + (AIF)" forpe At

" It is immediately verified that || Te|| = 0 if and only if condition (b) is
satisfied.

In other words, the following equivalence is valid:

(@) || T¢ll = 0 if and only if 4 has the BEP w.r.t. F.

It is also proved in [5] that

(i) || T¢|l < 1if and only if A|F is closed in C(F).

It is easy to give an example which proves that ||T:]| = 0 is a strictly
stronger condition than || Tg|| < 1[8]. In [2] Arenson studies the same type of
problems for a closed convex subset S of C(X). Arenson introduces the
following notation:

Hy (k) = supRe p(f ),
fes
where » is an arbitrary element of M(X). (By Re u(f) we understand
Re [xf dp.)

In [2] is proved that the condition

(&) Hy(pe) + Hs(pr) = Hy(p) for all p € M(X),
implies that S|F is closed in C(F). It is easily seen that condition (b’) is
equivalent to condition (b) above in the case when S is a closed subspace of
C(X). Therefore it is natural to ask the following two questions:

1° Is it possible to draw a stronger conclusion than that S|F is closed in
C(F) from the assumption (b")?

2° Is it possible to give a weaker condition than (b’) under which we may
conclude that S|F is closed in S|F?

The answers to both questions are positive. The main result of this paper is
a theorem showing that a certain property of S relative to F, analogous to the
BEP in the case of a subspace, is equivalent to condition (b’). This theorem
generalizes Theorem 1.2 and, at the same time, Arenson’s result [2] men-
tioned above.

An answer to the second question above is given in [8]. This result may
appear in a different paper.

In §3 of the present paper we study the relations between the properties in
§2 and dominating continuous and lower semicontinuous functions. The
results obtained in this direction generalize results by Gamelin [6, Chapter II,
§12], and Semadeni [13], which again are generalizations of well-known
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results due to Bishop [3] and Glicksberg [7]. At the same time we obtain a
generalization of the main result of [9].

In §4 an example is given.

Finally, it should be mentioned that the methods used in §2 of the present
paper are different from the methods used by Gamelin in [5] and Arenson in

i)

2. The main result. In light of Definition 1.1 we introduce the following
generalization of the bounded extension property:

2.1. DEFINITION. Let X be a compact Hausdorff space, F a closed subset of
X and let S be a closed convex subset of C(X). We say that S has the B.E.P.
w.r.t. F if for each pair f € S, g € S|F and every closed set G C X with
G N F = @ and every ¢ > 0, there exists a § € S such that

(A)EIF =g,

®UE-fl=lg-fllr

©Olg-flg<e N
(Here and in the following we use the notation f = f|F, g = g|F, etc.)

It is easily seen that this property is equivalent to the property in Definition
1.1 in the case when S = A, a closed subspace of C(X).

The next theorem is the main result of this paper.

2.2. THEOREM. Let X, F and S be as in Definition 2.1. Then the following
three conditions are equivalent:
(a’) S has the BEP w.r.t. F.
(a”) For each pairf € S,g € S |F, each closed set G C X withG N F=Q
and each € > 0, there exists an h € S such that
&) Ik - gl» < e,
®) 5= £l < g = fllr + &
C)ilr = fllg <e
() Hy(p) = Hs(p) + Hy(pp) for all p € M(X).

Proor. (a’) = (b"): Let p be an arbitrary nontrivial element of M (X) and
let € be any positive number. Wt_a first discuss the case when Hg(pr) < o0 and
Hg(pr) < oo. Then there exist f, § € S such that

Repr(f) > Hs(pe) — ¢/4 and Repp(§) > Hg (1) — €/4.
If f|[F = f = g = §|F, we obtain immediately that
Hg(p) = Hs(pe) + Hs(pr) — /2.
Therefore, in the following we assume that f # g. Now let § be a positive

number such that § < e/(4 - || 1]|) and let G be a closed subset of X, such
that G N F = @ and such that

|bl(F'\NG) <&/ (4-1If = glls)-
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The existence of such a set G follows from the regularity of p. By our
assumption there exists an h € § such that

KF=f 11g§~hl=llg=flr and |g-hlg<8.
This implies that
Rep(h) =Re P'F(f) +Repp(8) + Re ”'F’(};—g)'
We also have
IRe - (5 —£)| < [Re ppng (B = &)| + [Re pg (A = £)|
<|W(F'\NG)- IIf—glle+ Ipl -8 <e/d+e/d=¢/2
From this we obtain

Re p(k) > Re up(f ) + Re pe(§) — €/2°> Hy () + Hs (1p) — e
Since ¢ > 0 is arbitrary, we can conclude that

Hs(p) = supRe p(h) > Hs(pr) + Hs(pp)-
hes

Since the opposite inequality is satisfied for all p € M (X)), the result follows.

In the case when Hg(pz) = oo or Hg( ) = oo or both, we have to prove
that Hg(p) = oo. Assume first that Hg(pz) = co. Then there exists, for any
T > 0,an f € S such that Re p.(f) > T.

Now let g be an arbitrary element of S. Then by the BEP it follows that
there exists an 4 € S such that A|F = f|F and such that

Rep(h) > T~ [Re pr(§) — e

for arbitrary small ¢ > 0. This is proved exactly as in the case above.
Keeping § € S and ¢ > 0 fixed and letting T— co by choice of f, we
conclude that Hg(p) = oo. The case Hg(py) = o is treated in the same
manner.

(b) = (a”): We need the following lemma:

2.3. LEMMA. Let E be a Banach space and A and B two nonempty convex
subsets of E with dist(4,B) = d > 0. Then there exists a ¢ € E*, the set of all
continuous linear functionals on E, with ||¢|| < 1 such that

Re¢(x) >A+d  forallx € B,and
‘Re¢(y) <A forally € A,
where M is some real constant.

ProOF OF LEMMA 2.3. Let U be the open ball of E of radius 4. By
hypothesis, U is disjoint from the convex set B — 4. By the Separation
Theorem for Convex Sets, there exists ¢ € E* such that
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sup{Re ¢(x); ||x|| < d} < d < inf{Re ¢(y); y € B — 4}.
The first estimate shows that ||¢]| < 1.
The second estimate shows that
sup{Re ¢(x);x € 4} < d +inf{Re ¢(y); y € B}. O

To prove (b') = (a”), we assume that Hg(p) = Hg(pp) + Hg(p) for all
pr € M(X), and, for contradiction, that there exist a pair fes ge S|F, a
constant ¢ > 0 and a closed set G C X with G N F = @, such that each
function A € S violates at least one of the three conditions (A’), (B") and (C')
of Theorem 2.2.

Next we define the set

9= {kecX)lk-glr <3 AIE-]I

& > __f 3
<If-gle+ 5 AlE=flg <75 ).

Since X is normal, it follows by Tietze’s theorem that @ is nonempty. It is
easily checked that @ is convex and that dist(Q, S) > /2.

We apply Lemma 2.3 to the case where E = C(X), B=Q, A = S. Hence
we know that there exists a measure » € C(X)* = M (X) such that ||»| < 1,
and

Rev(k)>A+d forallk €Q, and

Rey(R) <A forallh €S,
where A and d are real constants and d > 0. From our assumption we have
* Revg(h) + Revp(§) < Hg(v) <A
forall h, § € S. Let B be a real number such that 0 < 8 < d/2.
Next choose an open set O D F such that

M(O\F)< B/2(If - gl +¢), X\02G.

Then define B, by
B, = min(e/2, B/2|v]).

Now let {c' be an element of C(X) having the following properties:

(A") E|F = g,

B") Ik~ JI < If = gllr+ /2,

(SR ] = fllxvo < By .
By Tietze’s theorem the existence of such a k is clear. It is also obvious that
k € Q,since B; < ¢/2and G C X \ O. Then we have

Re v(k) = Re vz(k) + Re v (K)

(++) . .
=Revz(g) + Revp(f) + Revp(k —f).
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We also have the following estimate:

|Re "F’(E -f ) < [Re ”O\F(E -f )|+ [Re vyyo (’E -f )]

<(If = gllr+€/2)- [Pl(O N F) + (B/2l7]) - lIv]l < B < d/2.
From (*+) then follows:
Re (k) < Revp(g) + Revp(f) + d/2.
But since g € S|F andf € § it follows from () that
Revp(g) + Revp (f) < Hg(») < A.
On the other hand, since k € @ we have
Rev(k) > A+ d.
Putting these inequalities together, we obtain
A+ d<Rev(k) <Revp(g)+Revp(f)+d/2<A+d/2,

a contradiction. Hence we conclude that there exists an A € S satisfying
conditions (A"), (B) and (C’) of Theorem 2.2.

@@") = (@): Fix fy € S, g, € S|F, e, > 0 and Gy, a closed subset of X with
Go N F = @, for the rest of this discussion. We define e, = ¢,/8.

Applying (a”) to the case where f = f, g = g, G = Gyand e = € = £,/8,
we conclude that there exists a &, € S satisfying the conditions:

1 — 8llr < &, Ay = foll < l.fo— 8llr + &,
I = follg, < &1 '

Next we apply (a”) to the pair 4, € S, g, € S|F and the constant & = ¢,/2,
G arbitrary. We conclude that there exists an 4, € S such that

k2 = &ollr < &1/2, 1Ay = Ayl < |y — goll ¢ + &,/2.
Contmumg this process, by induction we obtain a sequence of functions,
{h,}, with h, € S, satisfying the conditions

I = gollr < &/2°7Y |lhy = Byl < yey = oll s + £/277
We now claim that {,} is a Cauchy sequence in S. Given any §{ >0, let m
be a positive integer satisfying the condition ¢,/2™~2 < {. Then forp > ¢ >
m, we have
By = Al < 1A, = Byl + = = + llBgyy — Ayl
< Nbyoy = 8ol s+ &/227  + - -+ + [Iby = gollp + /2
< Sl/zp_z + 81/2"_1 + e + £|/2q_l + 81/2"
<g/23<¢.
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Since S is closed, there exists a £, € S such that 4, — g, uniformly on X.
From the condition ||h, — gl < €,/2"~! for all n, it follows that &)|F = g.
Furthermore we have
Iy = Joll < WAy = Byl + =+ =+ [|Ay = Byl + 1Ay = fl
< Nty = Gollr + &/2" 4 - - - + |1 fo— gllr + &
<2 +2+|fo— 8llr<llfo— glr+ &
for all n. Hence we have

& — foll < llgo = foll + &.
In the same manner we obtain
W = Foll g, < Ny = Bucyll + « + = + [y = Byl + 1Ay — foll g, < €0/2-
Passing to the limit as n — o0, we have

120 — follg, < €0/2 < &.

So far we have proved that for each pair f, € S, g, € S|F and every closed
set Gy C X, with Gy N F = @ and every g > 0, there exists a §, € S such
that

(A" &F = g,,

(B") 180~ foll < llgo = follr + &0

©C) 18 — follg, < €0
It remains to prove that this implies that S has the BEP w.r.t. F, in other
words that (B”) above can be replaced by condition (B) of Definition 2.1. To
prove this step, we apply a method used by Gamelin [6, Chapter II, Theorem
12.5). Now we fix f € S, g € S|F,e > 0 and G a closed set with G N F =
@. We can assume without loss of generality that f|F = f % g. We define
¢ = min(e, || g — f||r)- From our result above it follows that there exists a
£, € S such that:

GIF=g I&i—fl<lg—fllr+e/d
and
I, - fllg < €/4.

Assume as induction hypothesis the existence of 8, 8»...,8,-1 € S such
that §|F = g and such that

1§ =7l < llg=fllp+ /2
and also such that
1(x) = f (x)] < &/2*' forallx € X \ U,
where
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4= {re X160 -T @ <lg -+ 2. 1<k<i=1]\G.

We notice that all the sets U, j =2,3, ..., n, are open and that F C U for
all j. From our previous resylt we know that there exists a function g, € S
such that £,|F = g, ||, = fll < lg — fllr + €/2"*" and such that | §,(x) —
f(x)] < ¢/2"*! for all x € X \ U,. This proves the existence of a sequence
{ g,} with the properties listed above.

Next we define

< |

i=2 58
and claim that § € S and satisfies conditions (A), (B) and (C) of Definition
2.1. That § € S follows from the fact that the functions

v =(1——1-)—li i o
Tn m ot 2181

are all in S and ¥, — § uniformly asn — 0. §|F = g is obvious and, using the
inequality

09:

E@-F@I< S Ligm -7 @l
Jj=1

it follows that || ¢ — f|l = lg — fllrand | & - fllg < e

3. Dominating continuous and lower semicontinuous functions. Let X and F
be as in the last section and let A denote a closed linear subspace of C (X).
We have the following result:

3.1. THEOREM. Let X, F and A be as mentioned above. Then the following
conditions are equivalent:

(a) A has the BEP w.r.t. F.

(b) p € A~ implies that pp € A* for all p € M (X).

() For every f € A|F and for each p: X — (0, c0), which is continuous and
such that | f(x)| < p(x) for all x € F, there exists an extension f € A of f such
that | f(x)| < p(x) forall x € X.

(d) For every f € A|F and for each ¢: X — (0, co] which is lower semicon-
tinuous and such that |f(x)| < ¢(x) for all x € F, there exists an extension
f € A of f such that | f(x)| < ¢(x) for all x € X.

ProoF. The proof of (¢) = (d) is in [9] and [10]; the other implications are
well known. For details, see [8].

We are able to generalize this result to the case when S is a closed convex
subset of C(X).

3.2. THEOREM. Let X and F be as above and let S be a closed convex subset
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of C(X). Then the following conditions are equivalent:

(a’) S has the BEP w.r.t. F.

(v) H(p) = Hs(pp) + Hy(pp) for all p € M(X). |

(¢') Given a pair f € S, g € S|F and a continuous functwn q: X - (0, 0)
such that |f(x) — g(x)l < q(x) for all x € F, then there exists an extension
g € S of g such that | f (x) - g(x)| € q(x) forall x € X.

(d) Given a pair f € S,g € S|F and a lower semicontinuous function
Y: X = (0, 00] such that |f(x) — g(x)| < Y(x) for all x € F, then there exists
an extension § € S of g such that | f(x) — g(x)| < y(x) for all x € X.

PROOF. (') & (b’) is part of Theorem 2.2.

(d) = (") is trivial by Tietze’s theorem. Therefore, it suffices to prove the
implications (b”) = (¢’) and (¢') = (d').

(b) = (¢’): We introduce the set S’ = { f/ ¢;fes }. Since q is strictly
positive and continuous, it follows that S’ C C(X). We claim that S’ is
closed and convex in C(X). To prove this, we notice that the operator
M,,,:C(X) - C(X) given by M, ,,(f) = f/q is an invertible bounded linear
operator. From the linearity it follows that S = M, ,,(S) is a convex subset
of C(X) and from the invertibility that S’ is closed in C(X). Now let u be an
arbitrary element of M (X). Then we have

Hg (p) = sup Re p(v) = sup Re p(f/q) = Hg(p/q)-
ES

In the same way we obtain that Hs (pp) = Hg(pr/q) and Hg(pp) =
Hg(pr/q)- We also notice that (p/q)r = pe/q and (p/Qp = pr/q.
Applying our assumption (b") to the measure p/ g, we obtain

Hg(re/q) + Hs(pr/q) = Hs(1/9),
or, equivalently,

o Hg (up) + Hg (pp) = Hs ().
Since this condition holds for all p € M (X), (b’) = (a’) applied to S’ gives

that S’ has the BEP w.r.t. F. Let { = f/q € S’ and y = g/q|F € S’|F. Then
there exists a ¥ € S’ such that for all x € X we have

1769~ £ 91 < = Sl = sop | L2ED <,
ie.
M <1 forallx € X,
q(x)
or

If (x) = §(x)| < g(x) forallx € X.
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(This proof is based on a method used by Gamelin in [5] and [6].)
(c’) = (d'): This step is a modification of the proof of (¢c) = (d) of Theorem
3.1. and we leave out the details.

4. Example. Before we proceed to our example we need a definition and a
lemma.

4.1. DEFINITION. Let S be a closed convex cone in a topological vector
space E. The dual cone S* is defined by

§*={p€E*Rep(f) > Oforallf €S}

4.2. LEMMA. Let X be as above and let S be a closed convex cone in C(X).
Then the following two conditions are equivalent:

() Hs(») = Hg(vg) + Hs(vg), Vv € M(X),

(i) € S*= v € S*and v, € S*, Vv € M (X).

(This lemma is in Arenson [2]. The proof is simple.)

Now let T denote the unit circle and let 4 denote the disc algebra
considered as a closed subspace of C(T). Let S be the closed convex cone
given by

S={f€4;Ref (x)> Oforallx € T}.
Then we have

4.3. PROPOSITION. Let F be a closed subset of T. Then S has the BEP w.r.t.
F if and only if F has Lebesgue measure 0.

PROOF. Assume first that S has the BEP w.r.t. F. Since 0, 1 € S, it follows
that F is a p-set for A. But from Glicksberg’s Peak Set Theorem [6, Chapter
II, Theorem 12.7] and the F. and M. Riesz theorem, it follows that F has
Lebesgue measure 0.

To prove the opposite implication, we need the following lemma:

44, LEMMA. S* = M + A+, where M * denotes the set of all nonnegative
measures in M (T).

PrOOF OF LEMMA 4.4, The inclusion M * + A+ C S* is obvious.

Suppose f € C(T) satisfies Re p(f) > O forall p € M* + A*. Since this
estimate holds for all p € 4+, we have f € A. Since it holds for all p € M *,
we have Ref > 0. Consequently, f € S. It follows from the Separation
Theorem for Convex Sets that M* + AL is w*-dense in S*. It suffices now
to show that M* + A+ is w*-closed. For this, let { g, + »,} be a net in
M?* + A+ which converges w* to 6. Then || g, || = [ dy, = [ d(pe + ¥,) >
[ do, such that the g, are bounded. If p is a w*-cluster point of the p,, then
REM*t,ando—pEAt,soce Mt +4+. O )
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Let F be any closed subset of T of Lebesgue measure 0 and let p € S*.
Then p can be written as m + », where m € M* and » € A*. From this
follows

Re p(f ) = Re mg(f ) + Revp(f ) = Remp(f ) = mp(Ref) > 0,

since v € A by the F. and M. Riesz theorem, m is a positive measure and
Ref > 0if f € S. Hence ur € S*. We also have

Re’lpr(f) = Re mpl(f) + Re ppl(f) = Re mpt(f) = me(Ref) > O,
since v € A+, mg. is positive and Re f > 0 whenever f € S. Hence, p,. €

S* and § has the BEP w.r.t. F by the main result in §2 and Lemma 4.2. []
We have the following consequence of Proposition 4.3:

4.5. COROLLARY. Let F be a closed subset of T of Lebesgue measure 0 and let
f be an arbitrary continuous function on F with nonnegative real part. Assume
also that p: T — (0, ) is lower semicontinuous and such that | f(x)| < p(x) for
all x € F. Then there exists a function f € A such that

OfF =1,

(i) | f(x)| < p(x)forall x € T,

(iii) Re f(x) > 0 forall x € T.

PRrROOF. We first claim that
S|F={f€ C(F);Ref(x) > 0forallx € F}.

That S|F is a closed cone in C(F) is proved in [8, Chapter II, pp. 30-31]. In
fact, this is an easy consequence of the BEP. Let us assume that there exists a
Jo € C(F) with Re fy » 0, but f, & S|F. Applying the Separation Theorem
for Convex Sets, we conclude that there exists a measure p, on F such that

Re po(fo) <0 and Repy(f) > 0 forallf € S|F.

But consider pg, as an element of M (T), it follows that py € S*. By Lemma
4.4, po = my + v, where my € M* and y, € A+, Since F is of Lebesgue
measure 0, this implies that pyr = myr, and, therefore, that Re py(fp) =
Re por(fo) = Re mye(fy) > 0, since my, is nonnegative and Re f, > 0 on F.
This is a contradiction; hence our claim is proved. The remaining part of the
corollary follows immediately from our previous results.

5. Open problems. In [2], Arenson claims that the result: “Hg(p) = Hg(pr)
+ Hg(pe) for all p € M (X) implies that S|F is closed” is valid for general
Banach spaces. (The meaning of S|F in this context is given in [2].) A natural
question is therefore whether or not our result Theorem 2.2 can be gener-
alized to this case in the same manner.

One could also ask if it is possible to generalize our example in §4 to the
cone S = (f € 4; Re f(x) > 0 for all x € X}, where A is any uniform
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algebra on an arbitrary compact Hausdorff space X. It seems likely that this
example could be generalized to the polydisc algebra, but so far this is not
proved.

Another question is if in Corollary 4.5 we could have started with a lower
semicontinuous function p: A— (0, o) and concluded that there exists a
function f in the disc algebra such that Re f(x) >0 on all of A and
|f(%)| < p(x) for all x € A (cf. [5, Theorem, pp. 284-285)).

Finally it should be mentioned that most of the results in this paper are
also in [8]. New results are Theorem 3.2 and Corollary 4.5. The proof of
Lemma 4.4 is a shorter one than the one given in [8].
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