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ABSTRACT. Let D be a Dedekind domain and M a rank-one torsion-free
D-module. An analysis of 4 = S;,(M), the symmetric algebra of M, yields
the following information:

THEOREM. (1) Tor-dim 4 < 2 and = 1 iff M = K, the quotient field of D;

(2) A is coherent;

(3) Global dim 4 = 2.

For higher rank modules coherence is not assured and only rough
estimates of the dimensions are found.

On the other hand, if S,(M) is a domain of global dimension two, then
M has rank one but the dimension of D may be two. If D is local of
dimension two then M = K.

0. Introduction. The aim of this paper is to study the homological
dimensions of symmetric algebras. For reasons that will become obvious
these algebras present far more difficulties than group algebras of abelian
groups, for example, especially as the dimensions increase. For the most part,
we shall concern ourselves with the study of dimension two and focus on the
pivotal role played by the symmetric algebra of a rank one flat module over a
Dedekind domain. This algebra is shown to be coherent of the required
dimension. Unfortunately, the vital property of coherence disappears for
higher rank modules and we must rely on cardinality conditions to give
estimates of the dimensions.

We next take up the reverse question by attempting to describe the
symmetric algebras of dimension two. Although a complete description is not
given, enough information is obtained to provide a reasonably clear picture,
especially in the case of domains where they are fully characterized.

1. Dimensions of symmetric algebras. All rings are assumed commutative
and we shall follow the staridard terminology as in [1], [2] and [7], except that
a local ring will not necessarily be Noetherian. In addition the weak global
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dimension of a ring A4 is denoted here by Tor-dim A.
We begin by determining the Tor-dimension of the symmetric algebra of a
rank one flat module over a Noetherian ring of finite global dimension.

(1.1) LeMMA. Let A be a G.C.D. domain and M a rank-one flat module. Then
M is the directed union of cyclic submodules.

ProoF. We may assume M C K = gf(A). It is enough to show that the
cyclic submodules of M form a directed system.

Leta,BE M, a=24a/b,B=c/d Since 4 is a G.C.D. domain we can
assume

ged(a’, b') = 1 = ged(c', d').

Let e = ged(a', ¢'), f = ged(¥, d’) and rewrite a = ea/fb, B = ec/fd with
ged(b, d) = 1 = ged(a, c).

Since bea = adf} we have the following relation:

bca — adf = 0.

By the flatness of M there exists a; € M and b, ¢; € 4 such that

a=3bo B=2 oo
and bch; = adc; for all j. Since ged(a, b) = ged(a, ¢) = 1, this forces alb,
hence b, = ab; and so bch] = dc;. Similarly we get bj = db and hence
beb = ¢;. Combining we have a = adX b’a; and B = bcZ b/ ;. Thus the
cyclic submodules are directed and the result follows.
An easy application gives us information on the Tor-dimension.

(1.2) PROPOSITION. Let A be locally a G.C.D. domain and M a rank-one flat
module. Then
Tor-dim S(M) < Tor-dim 4 + 1.
ProOF. Since the Tor-dimension is determined locally, we may assume A is

local. By (1.1) M is then the union M = U M, of cyclic submodules. We
write

S(M) = ind lim S (M, ) = ind lim 4] x, ]
since each M, is in fact free on one generator. The flat version of Hilbert’s
syzygies theorem gives
Tor-dim 4[ x,] = 1 + Tor-dim 4,
and the result is then clear.
We may make a more precise statement about Priifer domains:

(1.3) ProPOSITION. If A is a Priifer domain and M a rank-one flat A-module,
then
(i) Tor-dim S(M) < 2,
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(ii) Tor-dim S (M) = 1 if and only if M = K, the quotient field of A.

PRoOF. (i) If A4 is Priifer it has Tor-dimension one and is locally a valuation
ring which is a G.C.D. domain. Apply 1.2.
(ii) We view S (M) as the subring of K[¢] given by

SM)=A+ M+ M+ ....

If Tor-dim A = 1, then for every 0 # a € A4 the ideal (a, (M?)) is flat and
properly contains the prime ideal (Mr). The next step is contained in a
lemma.

(1.4) LemMA. If a flat ideal I in a ring A properly contains the prime ideal P
then P = PI.

ProoF. Since 7 is a flat A-module we tensor by A/P to get I/PI, a flat
A/P-module. As A/P is a domain I/PI is torsion-free. Consider the
sequence

05I-5A4A-5A4/1-0
and tensor by 4/ P to get
0—Tor(A4/I,A/P)—>I1/PI>A/P— A/I-0.

Now Tor(4/I,A/P)= I n P/PI= P/PI If I/PI is torsion-free, so is
Tor,(4/1, A/ P) as it is a submodule. But I/ P annihilates Tor,(4/1, A/ P),
thus forcing it to be trivial. Hence P/PI = Q0 and P = PI.

Returning now to the proof of (1.3) we see from the lemma that
(a, (Mt))(Mt) = (M¢) and hence aM = M for all a € A. This shows that M
is divisible and thus M = K.

To see the reverse implication we write

B=S(K)=A+K+Kt+....

First we note that if 7 is an ideal of B such that I N 4 = J % 0 then
I=JB.

Now let I = { f, - - - f,} be a finitely generated ideal of B, and we show
that it is projective.

If INA=J%0, then J is a finitely generated ideal of 4 and thus
projective. This forces I = JB to be B-projective. Thus we may assume
InA4=0.AsB,_o = K[1], I,_ g, is principal, generated by an element of
least degree which may be taken to be one of the f, say f;. Then for all k,
S = 8f, where g, € K[1]. I 0 # f,(0) = a € A we may write

Je = fi(ag)/a forallk
with = f,/a € B and h(0) = 1, forcing ag, € B.

If £,(0) = 0, then we may write f, = f,(bg,)/b where b € A such that
bg, € Bforallk,and h = f, /b € B.
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In either case we note that

I'=hL whereLNA+#0.
As L = (L n A)B, L is then a projective B-module and hence I = AL is also
projective.

For the rest of this section we make the blanket assumption that D is a
Dedekind domain, M a rank-one torsion-free (hence flat) D-module, and set
A = Sp(M). We remark that for primes of D, M) is either cyclic or equal to
K, the quotient field of D.

For nonfinitely generated M, the ring A is not Noetherian, nor in general
locally Noetherian. To check this however, we need only check at the primes
of D:

(1.5) LeMMA. A = Sp,(M) is locally Noetherian at primes of A if and only if
it is so at primes of D.

Proor. Clear.
The following lemma will prove useful in our discussion of coherence:

(1.6) LEMMA. If I is a nonzero ideal of D then A /1A is Noetherian.

Proor. We have 4/I4 = Sy ,,(M/IM). Since D/I is Artinian we only
need show that M/IM is finitely generated.

Write D/I=D,® ... ® D, where the D; are Artin local rings and
express

Soy1 (M/1M) = DSy, (D,(M/IM).

It is then sufficient to show that M; = D,(M/IM) is finitely generated for all
J

Since M is D-flat, M/IM is D/I-flat and hence M; = Dy(M/IM) is
Dy-flat. An appeal to [2] shows that M, are D-free. However, since M is
rank-one, A’M = 0 which gives that A’M/IM = 0 which in turn implies
that /\ZM, = 0. But if the M; are free, rank considerations force M; to be
rank-one. Putting the pieces together we get M/IM finitely generated,
whence the assertion.

(1.7) THEOREM. A = S (M) is a coherent domain.

PrOOF. Let I be a finitely generated ideal of 4. Since A is the directed
union 4 = U _,S(M,) where the M, are finitely generated, we may write
I = IA where I, is a finitely generated ideal of 4y = S(Mp) for some B. 4,
is then Noetherian of dimension two. This last is true, since, by (1.5) we check
at the localizations at primes of D, where (Mg), is a free D,-module of
rank-one.

According to [12] we may express I, = KL, in A, where K is projective and
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L, is an ideal of grade two. As X is finitely presented it is then enough to
show that L = LA is finitely presented.
First we note that Ly N D = J # 0 for, otherwise, in the localization at
D - {0}, L, survives and has grade two in the ring K[}, which is impossible.
Consider then the exact sequence
0>JA > Lyd > Lyd/JA —0.

By the lemma A /JA is Noetherian, hence Ly4/JA is a finitely presented
A/JA ideal. A/JA is in turn A-finitely presented and thus Lo4/JA is
A-finitely presented. As J is an ideal of D it is projective, so J4 is A-projec-
tive and hence JA is finitely presented.

With both Ly4/JA and JA finitely presented, we have that LyA is finitely
presented.

REMARK. Though the Dedekind assumption may seem too strong at this
point, in the next section we offer an example which shows that Priifer is not
enough.

Unfortunately, for higher rank modules coherence fails in general. How-
ever, with some cardinality conditions we can determine the dimensions as in
the following example.

(1.8) EXAMPLE. Let D=Z, M = Q ® Q and 4 = S(Q © Q). A may be
realized as

A=Z+0x+Qy+....

Since (Ax: Ay) = (Qx), which is not finitely generated, we have that 4 is

not coherent. Nevertheless, we can determine the dimensions of 4 as follows:

S(2®Q)=15(2)-®5(Q)
= S(Q) z ®ind lim Z[ x,] = ind lim S(Q)[x,]
which by (1.3) gives Tor-dim 4 < 2. Localization at Z — {0} gives Tor-dim A
= 2, By Jensen’s lemma [6] we get
gldim4 < 3.
As domains of global dimension two are coherent [10], we have that
gldim S(Q ® Q) =3.
Similarly for higher dimensional analogs we have that
Tor-dim S(Q") = n,

butonly gl dim S(Q") < n + 1.

Probably the higher bound holds.

Note that, at this point, we still have no bound on the global dimension

without the use of cardinality conditions. Thus we turn our attention to that
task.

Recall that if D is a Dedekind domain and M is a rank-one flat D-module,



280 J. E. CARRIG

then M, = K or M, = (a) for every prime p of D. We are thus led to consider
the following partition of the spectrum of D:

P, = {P €Spec D|Mp = K} = {P € Spec D|PM = M },
®, = {P € Spec D|Mp = (a)} = {P € Spec D|PM # M }.
Let S, = D — Upeg P and S; = D — Upeg,P. Thus S, and S, are multi-
plicative sets. Let
Ds =Dy and Dg = D,.
It is clear that D, and D, remain Dedekind domains. Hence the primes of D,

correspond to primes in &, and likewise for D,. We then have D;M = K and
D,M = M. It is clear that the injection

D -> Dl X Dz
is faithfully flat, hence the corresponding extension
Sp(M)— Sp, (K) X Sp, (M)

is also faithfully flat.

By the descent theorem [5], it is enough to find the global dimension of
each of the components.

We first consider 4 = Sp, (K) = D, + xK[x] and we have the Cartesian
square

D, + xK[x] — K|[x]

This situation conforms to [4] and we conclude
gldim S, (K)=2.

Hence it suffices to give the dimension of 4 = S, (M) which is locally
Noetherian and we drop the subscript. Since Tor-dimA4 =2 and 4 is
coherent, finitely generated ideals have projective dimension at most one and
the following proposition will take care of flat ideals.

(1.9) ProrosrTiON. If I is a flat ideal of A = S(M) thenpd I < 1.

PROOF. Let I be a flat ideal and J = {a, ...qa,} C I a finitely generated
subideal. J admits a decomposition J = ML where M is projective and
L~!' = 4. We claim that M C I and as a consequence  is the directed union
of finitely generated projective ideals.

It suffices to check this inclusion locally. As I is flat and A4 is locally a
regular local ring of dimension two, I, = (f) a free ideal. On the other hand
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5 =ML = ()L,
since M, is locally free. In fact g is the ged of the generators of J,. Since
J, C (f) f divides the generators and hence (g) C (f). Thus M C I.

Now Ij,_ (o) = (f) and f may be taken in . We now view [ as the directed
union of the finitely generated projective subideals which contain f. For any
such subideal P, P ~f is an invertible ideal of 4. It is clear that P~)f N D =
N # 0andin fact P~!f = NA.

We then write

I =ind lim P = ind lim(Pf~') f
= ind nm((P-'f)”') f
= ind lim((NA)~") f = ind lim N ~'4f.

As N ~!is a torsion-free submodule of K and gl dim D = 1, pdp(N ") <
1. Hence pd, 7 < pdp(N ") < 1.
We may now state the main result.

(1.10) THEOREM. Let M be a rank-one flat module over the Dedekind domain
D, then

gldim S(M) = 2.
Proor. By the previous discussion M can be taken to be locally principal
and, in determining the projective dimension of an ideal I of S(M), we may
assume / is neither flat nor finitely generated.

Let J be the subideal of I generated by “polynomials” of least degree. We
have the exact sequence

0-5J->1-1/J-0
and weshowpdJ =pd I/J = 1 givingpd I = 1 and thus gl dim 4 = 2.
IfJ N D+#0then I N D+ 0 and (1.6) gives 4/(I N D) is Noetherian
and hence 7 is finitely generated. Thus we may assume J N D = 0. We claim
J is flat, and it is enough to check this at the primes of D.
If p is a prime of D, 4, = D,[x] and
S=g{fvr---sfa}
where g is the gcd of the generators. If g = 1 then {f,, . . ., f,} is a grade two
ideal of 4, and hence {f,...,f,}=/,n D, # 0 since, otherwise,
{/i> .- ., f,} survives as a grade two ideal in the localization at D, — {0}. But
we assumed J N D = 0 and so g # 1. In this case {fj, . . ., f,} has grade two
and thus {f;,...,f,} N D, =(a)# 0. This forces ag €J,. As all the
generators of J, have the same degree, this forces g to be one of the

generators. Thus J, = (g) and hence is flat. Thus J is a flat ideal of
A= S(M)andpdJ < 1 by (1.9).
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Next consider I/J. Since (I/J) ® K =0, I/J is a torsion D-module. Thus
I/J= @ p-primary components.
pEspec D

This decomposition is clearly valid as an 4-module decomposition and the
components are in fact (I/J),. Thus it is enough to find the projective
dimension of (I/J), and we first consider this as a D,[x]}-module and then
make a change of rings. There is the D,[x]-exact sequence
0-J,-»1,—(1/J),~0.

Since J,, is finitely generated and flat, it is projective. As gl dim D,[x] = 2,
pd I, < 1and we get pdp (1/J), < 1.

Since (I/J), is D,-torsion, some d € p kills (I/J),, ie. (d), = p" and
di/J), =0.

Let p=p,,...,p, be the primes of D containing d and consider the
following change of rings

D—)D(d} X DPI Xeeo X D’.
where D, is the localization at the multiplicative powers of d. This extension
is clearly faithfully flat and gives rise to
A—)A{J)XA’. X XAP'-A'
which is also faithfully flat.

Now (1/J), @, A’ = (I/J), since (I/J), =0in A4, 4,, - - - A, . Hence
we make another application of faithfully flat descent to yield

pdA(I / J )p <L

This being the case for each summand of 7/J we have pd, I/J < 1 and
the proof is complete.

2. The symmetric algebras of dimension two. In this section we consider the
converse to Theorem (1.10). Specifically if S,(M) is symmetric algebra of
global dimension two, what conditions are forced on the base ring 4 and the
module M? We begin with

(2.1) LemMA. Every localization of A at a prime ideal of A is a domain.

PrOOF. Write
B=S(M)=A+M+ S*(M) +...
and assume A is a local ring. Let @ € 4 and consider a as an element of B,
a=(a,00,...). Nowlet I = ((0: a),, (0: a), . . . ) be the annihilator of a
in B. According to [11] B is locally a domain, hence for any prime P of B,
I, = 0 or 1. This forces I to be a pure ideal of B. Hence (0: a),, is a pure ideal

of A. But there are no nontrivial pure ideals in a local ring. Thus (0: a),, = 0
and A4 is a domain.



HOMOLOGICAL DIMENSIONS OF SYMMETRIC ALGEBRAS 283

(2.2) PROPOSITION. The algebra B = S,(M) is faithfully flat over the ring A.

ProoF. We only need show that M is a flat A-module and we check this at
the maximal ideals of 4. So assume A is local and hence a domain. If 4 is a
field then M is free. Otherwise the ideal

I=M+S*(M)+...
is a nonmaximal prime ideal. It follows easily from [11] that such ideals are
flat. Thus I ® B/I=1/1% is B/I-flat. As I/I?= M and B/l = A the
result follows.

(2.3) COROLLARY. The ring A has global dimension at most two. If S (M) is
coherent, so is A.

ProoF. By faithfully flat descent.

(2.4) ProPOSITION. tk M < 2 and tk M = 2 implies that some maximal ideal
is also minimal.

Proor. First assume A is local and not a field. If K is the quotient field of
A then gl dim(S, (M) ® K) < 2. This forcestk M < 2.

If tk M = 2, then the ideal

I=M+ S*(M) +...
is a nonmaximal prime and hence is flat. But I,_ o, = (x,y) in the ring
K[x, y] and (x, y) is not a flat ideal, a contradiction.

This is as far as we may push the general analysis. Even in the case that A4
is a domain we cannot eliminate the possibility that it has global dimension
two. We will provide examples exhibiting the range of possibilities which
reflect the lack of uniformity in the localization process. Rather than make
any kind of uniformity assumptions, we shall just treat the case when 4 is
local of dimension two.

(2.5) TueoRreM. If A is a local ring of dimension two and S(M) has
dimension two, then M = K the quotient field of A.

ProOF. We have that 4 is a domain and M is flat, hence S (M) is also a
domain [8]. As 4 is not a field rk M = 1 and we may write

B=SM)=A+ M+ M%+ ...

in a familiar fashion. We note that if p is a nonmaximal prime ideal of 4, the
ideal (p, (M?)) is a nonmaximal prime of B and hence is flat. Thus we have
the flat ideal (p, (M1)) properly containing the prime ideal (M¢) and we apply
(1.4) to get that pM = M for all nonmaximal primes of 4 and thus also for
the maximal ideal m of 4. We now make a case by case analysis, assuming M
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is infinitely generated. According to [11] there are three cases, and we adopt
the terminology there.

Case 1. A is Noetherian, i.e. a regular local ring of dimension two. A is then
a UF.D. and any d € 4 is uniquely a product of principal primes. Thus
dM =p,...p,M =M and M is a divisible rank one module and hence
M=K,

Case 1I1. A is a valuation ring.

We shall show that if M 5 K then B = S (M) is not coherent and hence
cannot have dimension two [10]. If M 5 K there is an a € 4 such that
aM # M. Pick b € M \ aM. As A is a valuation ring, the submodules of M
are linearly ordered. Thus aM ¢ (b) the submodule of M generated by b.
Consider then the ideals of B,

Ba = (a) + aMt + aM%* + . ..
and

Bbt = bt + Mbt* + M%t* + .. ..

It is easy to see that (Bbs: Ba) = (Mt) which is not finitely generated.
Hence M = K.

Case III. A4 is an umbrella ring. In this case we have that p 4, =p,
where p, is the distinguished ideal of 4. Thus we have

PoM=M and p A M=p M, =M,

Hence M = M, the localization of M at p,,. We then regard M as an
A, -module. But 4, is a valuation ring so we invoke Case II to find that
M=gfd, =gfd=K

(2.6) REMARK. Greenberg [4] has shown that, under the proper cardinality
conditions, the converse of (2.5) is true. That is, if 4 is a local ring of
dimension two, then S,(K) has global dimension two if 4 has countably
many principal prime ideals. This condition may fail when the ring 4 is
Noetherian, for example 4 = C[x, y},,,, where C is the complex numbers.
But if A4 is either a valuation ring or an umbrella ring then there are only
countably many.

(2.7) ExaMPLE. (2.5) provides us with a method of producing a ring which
has Tor-dimension two but is not coherent.

Let D be a valuation ring of dimension two with nonfinitely generated
maximal ideal m. By [9] m is countably generated and hence S(m) is
®y,-Noctherian. S (m) has Tor-dimension two (1.3), but is not coherent. Thus
its global dimension is three by [6].

As promised in the remark after (1.7), this example also shows that the
Priifer assumption is not strong enough to guarantee coherence of the
symmetric algebra.
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The reader is referred to [3] for similar examples, using the D + M
construction.

(2.8) ExampLE. We offer here an example of a symmetric algebra of
dimension two which illustrates the difficulty of further classification.

Let 4 = Q[x, ), )n(x~1y) Where Q is the rational numbers and the locali-
zation is with respect to the multiplicative set Q[x, y]\ {(x,») U (x — 1)}.
Thus A4 has exactly two maximal ideals. Setting M =
{f(x,9)/8(x, )| 8g(x,y) is not divisible by x — 1}, we see that M, , =
O(x,y) and M,_,y=(a). As A—>A;,, X A,_, is faithfully flat the
corresponding map S(M)— S(M),y X S(M),_,, is also faithfully flat,
and we determine the dimension of S (M) in the two components.

S (M), has only countably many principal primes and thus its dimension
is two as noted in Remark (2.6). As for S (M)(x-1) we note that 4, _,, is a
D.V.R. and we invoke the syzygies theorem.

Thus we take the point of view that the algebras of section one are the
mainstream examples of symmetric algebras of dimension two and that the
others should be regarded as exceptions.
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