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INVARIANT MEASURES AND EQUILIBRIUM STATES FOR
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BY
PETER WALTERS

ABSTRACT. For a certain collection of transformations T we define a
Perron-Frobenius operator and prove a convergence theorem for the powers
of the operator along the lines of the theorem D. Ruelle proved in his
investigation of the equilibrium states of one-dimensional lattice systems.
We use the convergence theorem to study the existence and ergodic
properties of equilibrium states for T and also to study the problem of
invariant measures for 7. Examples of the transformations T considered are
expanding maps, transformations arising from f-expansions and shift
systems.

We study the problems of invariant measures and existence of unique
equlibrium states for a certain class of transformations which includes
expanding maps, subshifts of finite type, shifts on an infinite alphabet, and
the transformations arising from f-expansions. The results about invariant
measures and equilibrium states are deduced from a generalized Perron-
Frobenius theorem (Theorem 8) of the type proved by D. Ruelle [20]. R.
Sacksteder proved related convergence theorems for the case of f-expansions
[21] and the case of expanding maps [22] but neither of his results cover both
cases. The invariant measures and equilibrium states we obtain can be
characterized by a variational principle and in all the above examples have
Bernoulli natural extensions. For example if T is a C expanding map on a
compact connected manifold then T preserves a probability measure p
equivalent to the smooth measures and the natural extension of (7, p) is a
Bernoulli shift (Theorem 18). The existence of pu was also shown in [11] and
[22]. Any real-valued Holder continuous function ¢ has a unique equilibrium
state p,, for an expanding map T and the natural extension of (T, p,) is a
Bernoulli shift (Theorem 19). We do not have to use a symbolic repre-
sentation to get the measure p.

When T is a transformation arising from an f-expansion we show that the
invariant measure equivalent to Lebesgue measure has a Bernoulli natural
extension and is given by a variational principle (Theorem 22). The Bernoulli

Received by the editors March 25, 1976.

AMS (MOS) subject classifications (1970). Primary 28A65; Secondary 58F15, 82A2S.

Key words and phrases. Perron-Frobenius operator, equilibrium state, Bernoulli shift, expanding

map, f-expansion.
© American Mathematical Society 1978

121



122 PETER WALTERS

property was proved in [19] and [2]. Also certain functions have unique
equilibrium states for 7. Our results could also be used to give some of the
results on multidimensional f-expansions [27].

Our convergence theorem (Theorem 8) generalizes the Ruelle-Perron-
Frobenius theorem ([3], [5], [24]) and so implies the results on equilibrium
states for subshifts of finite type. It also gives results for the case of shifts on
infinite alphabets (§3.3). Using these results we give an example (which
appears in [6] and [9]) of a continuous function with exactly two ergodic
equilibrium states for the shift transformation on the product space II{0, 1}.
We also deduce a Perron-Frobenius theorem for infinite matrices (Theorem
25).

We now summarize the notation used. We shall have a compact metric
space X and an open dense subset X of it. C(X) will denote the Banach space
of real-valued continuous functions on X with the supremum norm. || f|| will
denote the norm of f, and “—” will denote convergence in the supremum
norm. C(X) will denote the space of continuous functions on X and UC(X)
will denote the space of uniformly continuous functions on X. M (X) will
denote the collection of all probability measures on_the ¢-algebra of Borel
sets B of X. Since X is a compact metric space, M (X ) is a compact convex
metrisable space in the weak* topology. We shall use E to denote the closure
of a set E, and B,(x) will denote the ball centered at x of radius e. 9E will
denote the boundary of E (i.e., 9E = E \int(E)). diam(E) will denote the
diameter of E._ _

If p € M(X) and f € C(X) we shall let p(f) denote the integral of f with
respect to p. If h € C(X), h- p will denote the measure defined by (4 - p)(f)
= u(h-f), f € C(X). We shall use the notation for entropy from [18] or [26].
If T is a transformation preserving the measure p then H,($), h,(T, §), h,(T),
H,(n/%) will denote the entropy functions as defined in [18] or [26].

If Xo C X, T: X,— X is a map and : X — R is a map we write S,p(x) for
S"2do(T'x). A continuous map T: X — X of a compact space is called
expansive (sometimes one-sided expansive) if there exists & > 0 with the
property that d(T"x, T") < 8, Vn > 0 implies x =y. An equivalent
definition is to require the existence of an open cover a of X with the
property that N 3.7 ~"4, contains at most one point for all choices of {4, }
from a [26].

1. Convergence theorems. Let X be _a compact metric space with metric d
and let X be an open dense subset of X. Let X, be an open dense subset of X
and suppose T: X, — X is a continuous map of X, onto X such that the set
{T~'x} is at most countable for each x € X. In some applications all three
spaces X,, X, X coincide. We shall always assume T has the following

property:
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I. There exists & > 0 such that for every x € X, T“‘(Bz,o(x) N X) can be
written uniquely as a disjoint union of a finite or countable number of open
subsets 4,(x), Ay(x), ... of X, with for each i, T|,,, being a homeomor-
phism of 4;(x) onto B,,(x) N X not decreasing any distances (i, if y,
Y € Ai(x), d(Ty, Ty") > d(y, y’)). We shall call the sets 4,(x) the compo-
nents of T7'(B,(x) N X). Note that if d(x,x") < ¢, there is a natural
bijection between the sets {T~'x} and {7 ~'x’} by letting y € T~ 'x corre-
spond to y’' € T~ !’ if y and y’ lie in the same A;(x). We shall use the
notation y’ to denote the point of T~'x’ corresponding to y € T ~'x when
d(x, x') < &, Notice that d(y,y’) < d(x, x’) < ¢, so the elements of {T "}
and {T "Y'} are linked by a natural bijection too. This gives rise to a natural
bijection between {T "%} and {T~%x'} and in the same way we arrive at a
natural bijection between the sets {T™"x} and {7 "x’} (n > 1) when
d(x, x") < g,. We use the notation y’ for the point in T ~"x’ corresponding to
y € T™"x. (So forj < n — 1 3i; such that T%, T’ € 4,(T’*Y),)

We want to define a Ruelle-Perron-Frobenius operator (or transfer matrix
operator) £,: C(X) - C(X) for certain ¢ € C(X,) by the formula £,f(x) =
2, er-,€?0% () if x € X. We now consider conditions on ¢ which allow us
to do this.

Consider the following conditions on ¢ € C(X):

(@ 3K suchthatS .-, e?” < KVx € X,

(i) Z,cr-1, /e — €07 -0 as d(x, x) - 0.

(Here the sum is over the finite or countable set T~'x and y’ is the point of
T~'x’ corresponding toy € T ~'x.)

If Xo=X =X and |T"'x| < k Vx € X then (i) and (ii) always hold for
allg € C(X).

If (i) holds and we know T, ¢ 7-1,%?? < oo for some x then (i) holds.

LeMMA 1. Let T: X, — X satisfy 1 and let ¢ € C(X,) satisfy (i) and (ii).
Then £.f(x) = 2, e -1, (y) defines a map £,: UC(X)— UC (X) which
extends to a positive continuous linear map £,: C(X) - C(X).

ProoF. The sum in the definition of £, converges by (i). If f € UC(X)
then £.f € UC(X) since if d(x, x') < &

[Bef(x) = Eof (N <IN 2 6% — 7))

yET x
+K sup |f(y)-f0)- O
yYET x

Let E; be the dual of E,. The following will be useful in the study of
equilibrium states.

LEMMA 2. Let T: X, — X satisfy 1 and let ¢ € C(X,) satisfy (@) and (ii).
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There exists a real number A > 0 and v € M (X) such that E‘v = A\y.

ProoF. The map p— B"p/(ﬁ‘ p)(1) is a continuous map of M(X) into
M(X) and hence has a fixed point » by the Schauder-Tychonoff fixed point
theorem. Let A = (B* »)(1).

LEMMA 3. Let A >0 and veM(f) be as in Lemma 2. Let A; be a
component of T"(Bz,o(x) N X) and let v|, be the measure v restricted to A;
((¥| X(E) = v(E N A;)). Then the Radon-Nikodym derivative

d(vT)l 4
av|,,

(y) = Ae“?()‘)

Jor almost ally € A,.
PROOF. Let f € C(X ) have compact support inside 4;. Then

AL fav = Affdv =fé¢fdy =j;xie¢(yl)f(yi)dy(x)

a7,
= [ ¥ f(x) dn (x)dv(x)
A vlf‘l

where y, is the element of 7 ~'x inside 4. The result follows. []

COROLLARY 4. Let A > 0 and v € M(X) be as in Lemma 2. Then v is
positively nonsingular and nonsingular for T. (l.e., if E C X, and v(E) =0
then v(TE) = 0; and if F C X and v(F) = 0 then v(T "'F) = 0.)

PROOF. Since X is compact it is covered by a finite number of balls of
radius 2ey, say B, (x)), ..., B, (x,). Therefore X is covered by the sets
By, (x) N X, 1< j< p, and X, is covered by the components of
T"(Bz,o(xj) N X), 1 < j < p. To show T is positively nonsingular it suffices
to show »(E) = 0 implies »(TE) = 0 when E is a subset of some component
A; of some T"(Bz,o(xj) N X). But by Lemma 3 »(TE) = [ Ae~*Vdy(y) =
0.

To show T is nonsingular it suffices to show that if F C B, (x) N X and
r(F) =0 then »(T™'F N 4,(x)) =0 for all components A(x) of
T~Y(By, (%) N X). But

0= p(F) = Ae Wy
E)= [ na O 0)
by Lemma 3 andso»(T™'F N 4,(x)) =0. O
To prove the convergence theorems we require one more assumption on T
and one more on ¢. The following is a mixing condition on T.
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II. Ve > 0, 3M > 0 such that for each x € X, T ~Mx is e-dense in X. (We
stress that M is independent of x.)

The following condition gives a further restriction on ¢.

(iii) If d(x, x") < ¢, then

n-1
C(nx)=swp swp 3 [p(TH) - 9(T5)]

n>l yET "x jm0

exists, is bounded above by a constant C,, and C,(x, x) - 0 as d(x, x") = 0.
We make some remarks about condition (iii).
REMARKS. (a) Forn > 1andy € T ~"x we have

n—1
- C,(x,x) < 'go [o(TY) - q)(Tfy’)] < C,(x x'),

so that condition (jii) is equivalent to the following statement;

n—1
sup sup | X [@(Ty) — ¢(T¥)]| < C, wheneverd(x, x') < &
n>l yET "x| im0
and
n—1
sup sup | 3 [o(Th) - o(T)]| >0 asd(x,x’)—0.
n>l yET "x|i=0

(b) If C is a component of T “"(B,(x) N X) (ie, T" maps C; onto
B,(x) N X not decreasing distances) there exists 4, such that |(S,)(»)| < 4,
Vy € C,. This is because for any fixed y’ € C;

1S:9(0)] <IS,9(») = S,0(»)] +|Sap(»)|
< G +|S, ()| = d.

(c) Conditions (i) and (iii) imply condition (ii). This is because if x, x’ € X

and d(x, x') < g, then
> |ev(y) - etp(y’)l = > ew(y')lefp(y)-—w(y’) -1
yET ix yET x

< X e®max[eGeX) — | | — ¢~ G
yET x

< Kmax[eG™) — 1,1 — ¢=GG9],
(d) The conditions II, (i), (i), (iii) do not depend on the choice of the metric
d on X. Condition I depends on 4 and in some examples we can change to an

equivalent metric for which I holds.
An important consequence of II and (iii) is the following:

LEMMA 5. Let T: X — X satisfy 1 and 11 and let ¢ € C(X) satisfy (i) and
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(ili). Then Ve >0,3N >0anda € R such that Vx,w e X I3y € T Mx n
B,(w) with 22 l9(TY) > a.

PROOF. Let & < ¢, be given. Using II choose N so that T~"x is ¢/4 dense
in X for each x € X. Choose w, . . . , w, so that B, ,(w;) cover X. It suffices
to choose ¢, € R (1 < j < r) so that Vx € X 3y € T~"x N B, ,(w) with
Sy®(») > g;; because then we can take @ = min, ¢ ;, g;. Choose x,, . . ., x,,
so that B, ,(x;) cover X. Fix j. Since T ~Nx, is ¢/4 dense 3y; € T~"x, with
d(y;, w) < e/4. Let x € X. Choose i so that d(x, x;) < ¢/4. Let y be the
point of T ~¥x corresponding to y;. Then

d(y,w) <d(y,y) +d(yow) <e/d+e/d=¢/2
soy € T~x 0 B, ,(w). Also
Sve(») = Swve(¥) — Swo(¥) + Snvo(¥)
> Squ(yi) - qu
>miin[SN<p(y,) -Gl=a. O

We shall be especially interested in a certain subclass of C(X,). Let
G(Xp)={8ECXp)g>0and 2 c7-,g(») =1Vx E X}. Forp=logg
condition (i) holds with K = 1, and condition (ii) becomes
(i) > le(») — g(»")| >0 asd(x, x’)—>0.

yET x
If (i) is satisfied then £, .: UC(X)— UC(X) and £,,: C(X)-> C(X)
are defined. Condition (iii) becomes

(iii)g If d(x, x') < &, then

n—1 g( Tﬁ,)
D, (x, x') = su su 11 -
8( ) n>r: yETB"x i=0 g(Ty’)
exists, is bounded above by D,, and D,(x, x") -1 as d(x, x') > 0. Equiva-
lently:

nl_—Il g(va)
i=0 8(T¥")
for all x, x” with d(x, x") < ¢, and D}(x, x') — 0 as d(x, x") = 0. By remark
(c) above (iii)g implies (ii)g.

If T satisfies I and II and g € G (X)) satisfies (iii); then Lemma 5 asserts
that Ve > 0, 3N > 0 and b > 0 such that Vx, w € X 3y € T~¥x n B,(w)
with IV 'g(T%) > b > 0.

The following result appeared in [10] for the case of a shift space on a finite
alphabet (with a stronger assumption on g) and in [24] for the case of
subshifts of finite type.

D2 (x,x") =sup sup -1

n>»l yeET"x

<D, -1
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THEOREM 6. Let T: Xy —> X satisfy 1 and 11 and let g € G (X,) satisfy (iii) .
Then there exists p € M (X ) such that E{'og J2p(HVf E C(X). p is the only
member of M (X) with Bloz ot =

PROOF. Write £ instead of B,,,g o Letf € C(X). We show {E"fln >0} is
equicontinuous. Let x, x’ € X and d(x, x') < € < g, Then

EY(x) - BY(x)|

<| 2. s0)sm) s I0) - 00|
* 2 SO[e0e®) - &(T"7Y)

-g(y)e(Ty)- - - g(T"'B")]l
< sup{|f(u) = f(v)||d(u v) < &}

I 2 800 8(TY)

g0)- - g(T"Yy) |
g(y): - g(T"™y)

< sup{]f(u) — f(0)||d (4, v) < e} +|ADF (%, x).
Therefore {f’l"f|n > 0} is equicontinuous. Since ||E"f I < Ifll, f € C(X), we

know the closure of {£'f|n > 0} in C(X)is compact. Hence there is a sequence
n;— oo and f* € C(X) with £%f — f*. We have
min(f) < min(€f) < - - - < min(f*) < max(s*)
- < max(Ef) < max(f).

Clearly min(£%f*) = min(f*) for all k¥ > 0. We want to show min(f*) = f*
and to do this we shall show that if e > 0 and § > 0 then f*(¥) < min(f*) +
¢ for all points « in an e-dense subset of X. Choose N > 0 and b > 0 so that
Vx, w€ X Iy € T"x 0 B, (w) with II'5'g(T) > b (by Lemma 5).
Choose z € X with xmn(B”j‘) B¥f*(2). If z € X then f*(y) = min(f*)
Vy € T~"z and so f*(y) = min(f*) for points y in an e-dense set. Suppose
that z & X. We shall show that if x € X is sufficiently close to z and if

1 (et g(Tﬁl) > b for some y € T~Nx then f*(y) < min(f*) + 8. Suppose
y € T~ Vx is such that II¥' g(T) > b but f*(y) > min(f*) + 6. Then

B (x) = 3 g(w)- - - g(TV ") ()

ueT Nx

> min(f*) + g(») - - - g(TV"Y)8 > min(f*) + b3,
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and this does not happen if x is close enough to z.

Therefore min(f*) = f*. Put u(f) = f*. Then p: C (X ) — R is a member of
M (X_) by the Riesz representation theorem. Clearly E“p p It me M(X)
and £*m = m_then integrating £f - u(f) with respect to m gives m(f) =
p(NVf € C(X).Hencem = p. [

If f: X, — R is not continuous we can still write

Logsf/(X)= 2 8()f(¥), xE€X.

yET 'x

We shall use the following corollary when investigating Bernoulli properties
of T.

CoOROLLARY 7. Let T and g be as in Theorem 6 and let p. be the measure
obtained in that theorem. If p(dB) = 0 then

sup |£"x(x) — p(B)| >0 asn— co.
xEX

PROOF. Let € > 0 be given. Choose an open set U with BcU and
p(U\NB) = p(U\B) < &. Let f, € C(X) be chosen so that f, =1 on B,
0< f,<lLand f, =0o0n X \ U. Also choose a compact set C cinY(B)
such that p(B\ C) = p(int(B)\ C) < & and construct f_ € C(X) so that
J-=1onC,0< f_<1,and f_ =0 on X \int(B). Then f_ < x5 < f.,
and p(f,) — p(B) < & p(B) — p(f-) < e. Therefore

£f_(x) < E"'xg(x) < £, (x) forxE€X

and

€% (x) = #(B)] < max(|EY, (x) = u(fs)| +8(fs) — n(B),

|- (x) = (f-)] +1(B) = 1(f-))-
We can choose N by Theorem 6 so that n > N implies

sup |€"xp(x) — p(B)| < 2. O
x€X

Theorem 6 will be used to prove the following theorem which is the main
result of this paper. It was proved by Ruelle when T is the one-sided shift on
an alphabet of two points [20] and by Bowen for a general mixing subshift of
finite type [3], [5]. That case is also considered in [24] with the same scheme of
proof as we use here.

THEOREM 8. Let T: Xy — X satisfy 1 and I1. Let ¢ € C(X,) satisfy (i) and
(iii). Let » € M(X) and A > 0 be such that £*» = A& (v and \ exist by Lemma
2). Then _

(@) 3h € C(X), h > Osuch that v(h) = 1, E,h = M and

B2k n(f) ¥f € C(X).
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(b) The function g = (e®-h)/(A- h ° T) belongs to G(Xy), satisfies (iii)g,
and the measure p determined by Theorem 6 is h-v. (Therefore p and v are
equivalent.) _

(c) The pair (A, v) is uniquely determined by the conditions A > 0, v € M(X)
and £2v = Av.

(d) h satisfies h(x) < e h(x") if d(x, x) < €. h_is uniquely determined
by this condition and the properties h > 0, v(h) = 1 and £,h = Ah.

Proor. We shall write £ instead of £, and C, C(x, x') instead of C,,
Co(x, x). We first show the existence of h. Let

A={fecX)|f > 0,v(f) = 1and f(x) < e=Xf(x)
if x, x' € Xand d(x, x") < so}.

A is nonempty because we can show A-I1E1 € A as follows. Clearly, this
function is nonnegative and has integral 1, and if x, x’ € X and d(x, x") < &,
then

Elx)= T < exx)( sup [g(y) — v(y')]) 2 e
yET"x )'ET-|X y’ET"x’
< eCxIPY(x).
A is clearly convex and closed. We shall show it is also bounded and
equicontinuous.

Fix some ¢; < &, LetNanda be chosen for ¢; by Lemma 5. Let x, w € X.
Choose some pointy, € T~¥x N B, (W) with Syp(yo) > a. Then

E”f(x) = 3 S0 f(») > e Svo0o) f(¥o)
yET Nx
> e%f(yo) > e F(w).

Therefore f(w) < eC‘“B”f(x) for all w, x € X and hence for all w, x € X.
This gives f(w) < e~ (EVf) = eC~“A¥ = Q for all w € X. Hence A is
bounded.

A is equicontinuous because if f € A and x, x’ € X satisfy d(x, x") < g
then

|f(x) = f(x)] = max(f(x) = F(x), f(x") = f(x))
< max(f(x)[ €€ = 1], f(x)[ 7% = 1))
< Q max(e€>=*) — 1, — 1),

and this is small when d(x, x’) is small, by condition (iii).
Therefore A is a nonempty, compact, convex subset of C(X). We now
show that A~ ' maps A into A. If f € A and x, x’ € X, d(x, x') < ¢, then
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1 Bf(x) = 1 S ()
A A -
YET 'x

Y e f(y")(ePP P COVY)
YET x

<3 Bf(x)ece ),

A
>

We can now apply the Schauder-Tychonoff fixed point theorem to obtain a
fixed point A € A for A~'£. Therefore £h = M, p(h) = 1, h > 0 and h(x) <
eC&®p(x") if d(x, x") < &, We now show h > 0. If h(x) =0 for some
x € X then since £"h(x) = A"h(x) = 0 we conclude that A vanishes on the set

n=0T ~"x, which is dense by condition II. Then 4 = 0 contradicting »(h) =
1. Therefore k> 0onX.Letx € X. The ball B, /»(w) contains points x, of X
which converge to w and they satisfy A(x) < ech(x,,) for any point x’ € X
N B, ;5(w). Then h(w) > e Sh(x) > 0.

Putg = e%h /(A1 © T). Clearly g € G(X,). We show g satisfies (iii) . Let x,
x' € Xand d(x, x) < & If y € T~ "x then

BT s BO) )
=0 &(T) h(Y) ()

so that

eS.QU)-S.P(V')-C(y'J)-C(x.x') <"ﬁl g(Ts))
i=0 S(Tﬂ")

& 590~ 5907+ COv)+C(x, %)

and hence

—cen T 8(TY) e Cle

-C(x, x")-C(x',x) < H _§__ < C(x,x)+C(x.x).
) =0 8(TY)
Therefore (iii) ; is satisfied.
By Theorem 6 we have E,ouf-»p(f) Vf € C(X) where p € M(X) is the

only fixed point of E,‘ in M (X). We have

3 (Ba)(x) = hx)(Brp oS/ B)(0)
so that (l/)\")ﬂ",,f—)h v(f/h). We want to show p(f/h) = v(f). Let m €
M(X) be defined by m(f) = v(hf). Then

m(Buogsf) = ¥(h Bugf) = 3 ¥(Bolf- 1)) = »(f- 1) = m(5)

so that m = p. Therefore p(f) = »(hf).
It remains to check (c). This follows because by (a) we get
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logA=lim Lllog®1 and fm -
ogA = lim —log £yl an v(f) = lim -

n—>o0 E,,

- 0

Some Corollaries of this theorem will be stated later (Corollary 12).

Given ¢ € C(X,) satisfying (i) and (iii) we shall use the notation A, », h, g,
p to denote the objects given by Theorems 6 and 8. If we wish to emphasize
the dependence on ¢ we will add a subscript ¢. _

So far we have not used the fact that X is an open subset of X but we use
this in part (2) of the next result where we show p (and therefore ») is
concentrated on X, When X = X this follows immediately from part (1). In
the problem of invariant measures the measure » is given and so part (2) is
redundant in that case. It is only needed for the case of equilibrium states
when X 3 X. If we know that p,(Xo) = 1 then the results of the paper are
true for p, when X is a (not necessanly open) dense subset of X and X, is an
open and dense subset of X. However we need to assume X open to get
p(Xp = 1 for all the functions satisfying conditions (i) and (iii).

LEMMA 9. Let T: Xy — X satisfy 1 and 11 and let @ satisfy (i) and (iii). Then

(1) T: X, — X is measure preserving relative to the measures p|X, and p|X
(i.e. if B € X then p(T~'B) = u(B)).

@) k(X)) = »(Xp = 1.

Proor. (1) We shall show that if f € C(X) is nonnegative and has compact
support inside some X N B,,(x) then [fT du = [f dp. Let the components of
T-(Xn B, (x)) be A}, Ay, ... and let T, = T|,. Then f o T; has compact
support inside A; and we can consider it as defined on all of X by putting it
zero outside 4,. Then f(Tz) = Z,f(T;z) and

Jfridu =[BTy du= [ o(T()I0) ().

Summing this equation gives [fT du = [f dp.
(2) By (1) we know u(Xj) = p(X) so we have to show u(dX) =0, or
equivalently »(3X) = 0.
Choose ¢, > 0 so that €, < g and so that X contains a ball of radius 4e,.
Choose N so that T~ ¥x is ¢,-dense for all x. Let Uj be the 8-ball of 3 i.e.,
={x€EX Id(x, 0X) < 8}. Since dX is compact choose a finite cover
V,, ..., V, of 3X by open balls of radius ¢;. Let V;(§) = Uy n V,, 1 < i < r.
Then V,(S), ..., V,(8) is an open cover of 39X and as § »0 U’.,V;(8)
decreases to dX. Since ¥;(8) C V,, condition I implies T~¥(V,(§) N X) is a
disjoint union of open sets of diameter less then 2e,. Since T~ "x is ¢,-dense,
one of these open sets, say E;(8), has distance greater than e, from 9X. We
can choose the sets E,(8) to decrease as § decreases. Consider M 55,0F; (6) =
Q. Q@ is disjoint from 39X by choice of E;(§), and we now show that
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Qc X\T MX.Ifnotthenletx € @ N T~V X. Then

T eV,B) nX cUnV,n X

forall8 > 0andso T"x €3X N ¥V, N X = @, a contradiction. Therefore
N-1
QcX\T"X=NT7/X\TX)
Jj=0
which is a null set by part (1). Hence »() = 0. This implies »(E; (8)—>0as
8 —0. Fix§ > 0. Let ¢ > 0 be given and choose an open set U D E(8) with
v(U\E(S))<e Let f € C(X) be so that f =1 on E(8),0<f< 1, and
f = O outside U. Then

)\”[v(E-',.(G)) + e] >N fdv = [ av

Sno(»)
>[yelglf(8)e ]y(ax n ¥(8))

=[ inf es""(’)]v(aX n ¥).
YEE(8)

Therefore A»(E;(8)) > d»(3X N V;) for some constant d; (see remark (b)
after the statement of condition (iii)) and when § >0 we get »(3X N V) = 0.
Hence »(dX)=0.

We now know the measures i, we are interested in are concentrated on X,
We now look at equivalent ways of describing measures that have the
property E’,:‘ gt = p for some g € G(X,). This next theorem generalizes
the one given in [12] for shift systems. Even though X is not compact if
X # X we shall still use M(X) to denote the collection of all probability
measures defined on the Borel subsets ¥ of X, and M (X, T) to denote the
T-invariant ones. If C is a subalgebra of ® and m € M(X) then E, (f/C)
will denote the conditional expectation of f with respect to C; and (% /C)
will denote the conditional information of $ with respect to C.

THEOREM 10. Let T satisfy 1 and let g € G (X)) satisfy (ii). Let 6 € M (X).
The following are equivalent:
(1) £540 = 0.

@QoeMX,T)and
E,(f/T'®)x) = 3 g(»)f(y) ae (o) VfeC(X)
yET x
B)e € M(X,T)and

o(L,(B/T7'B) +logg) > m(1,(B/T~'B) +1logg) YmeE M(X,T).

PrOOF. We shall write £ instead of £,,. The proof that (1) implies
o € M(X, T) is exactly the same as the proof of part (1) of Lemma 9. Let
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f € C(X). Then

[fdo=[Brdo=[efdo= (&) Tdo=[ 3 g(»f()do().
yeET~'Tx

Therefore

E(f/T7'B)x) = 2 g()f(») ae (o).

yET 'Tx

Now assume (2) holds. Then I,(B /T~ '®) = —logg. Let me M(X, T)
and let g,.: Xy, — R be the function defined a.e. (m) by

E.(fIT7'®)x)= X g.(0f()
YET 'Tx
I,B/T™'®) = ~log g,,, therefore

m(1,(®/T'B) + log g) = m(log g/8,) < m((g/8m) = 1)

g(») )
= (VN ——= = 1]dm(x)=0.
nyTz"Tx ( )( g'"(y) ( )
Therefore (3) holds.
Now assume (3) holds and we verify (1). By the above reasoning, if o
satisfies (3) then o(g/g, — 1) = o(log g/g,) so that g, = g a.e. (o). If f €
C(X) then

o(Bf) = [fdo= [EfeTdo=[ T g(»do(x)=0(f). O

yET-ITx

Notice that we have shown that if ¢ satisfies (3) then
o(L,(B/T™'B) +1ogg) = 0.

If |o(log g)| < oo then this becomes H,(B /T~'®) + o(log g) = 0. I X, =
X = X and T is expansive then any partition of small diameter is a one-sided
generator for every invariant measure and so we can restate (3) as
h(T) + o(logg) > h,(T) + m(logg) Vme M(X,T).
We shall call a measure o a g-measure if 6(X) = 1 and o satisfies (1), (2)
and (3). By Theorem 6 and Lemma 9 we know that when g satisfies condition
(iii)g there is a unique g-measure and it is the measure p with the property

10ggf = B(Sf):

COROLLARY 11. Let T: X, — X satisfy 1 and let g € G(X,,) satisfy (ii)g. Let
0 € M(X, T) be a g-measure. Then £, ,f(x) = 2, cr-1,8()f(y) defines a
positive linear operator on L'(0) and
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f(ﬁumf)'ldo =ff- (I°T)ds Yfe L(o)VIEL*®(0).
PROOF.

[@©)-1do=[f-1yeTdo=[ T g(y)f(y)(Tx)do(x)

yET 'Tx

=[ 2 s0)ONT) dox) = [E(s- (1= T)) do

yET 'Tx

=[f@-Tyde. O
We now collect together some facts that follow from Theorems 8 and 10.

COROLLARY 12. Let T: Xy — X satisfy 1 and 11 and let o € C (X)) satisfy (i)
and (iii). Let A, v, h, p, g be the objects determined by Theorem 8. Then the
Jollowing are true.

(1) p is the unique g-measure (recall g = e%h/(Ah © T)).

(2) 1 is positive on nonempty open sets and has no atoms.

@B)v e T™"—> pin M(X).

@ If Yy € C(Xy) also satisfies (i) and (iii) then p, = p, iff 3c € R and
J € C(X) with @(x) — Y(x) = f(Tx) — f(x) + C, x € X,

O) rIL(B/T7'B) + @) > m(I,(B/T~'B) + ¢) Vm € M(X, T) and
the value of the left-hand side is log A.

(6) A is also given by

= tim J pn
log A = lim - log £51.

(log A is called the pressure of ¢ and denoted P (g).)
(7) (T, p) is an exact endomorphism (i.e. N\ 2uoT ~"D consists only of sets of
measure 0 or 1 for p).

Proor. (1) This follows by Theorem 6 and Lemma 9.
(2) Let € > 0. By Lemma 5 3N >0 and b > 0 such that if x, wE X
3y € T~"x n B,(w) with I¥-'g(T%) > b. Therefore

p’(Bz (W)) =fe1h¢;ggx3,(w)(x) dp(x)

=[ 3 s0)-s(TVY)du(x) > b.

YET-Nxn B,(w)

Hence every e-ball has p-measure at least b, and so p is positive on nonempty
open sets.
If p has atoms let x, be a point with largest measure among all atoms. Then
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R(xo) = f 28X (7) d(x) = g(x0) (Txo).

yET

But g(x,) < 1 so by choice of x, we must have g(x,) = 1 which contradicts
g>0and3, cr-ir, 8(2) = 1.
@) Letf € C(X).

ffdvoT"'=ff°T"dv=%fég(f°T")dv
=+ [foBldr— [f-hdv byTheorems.

@ 1f p, = p, then g, = g, a.e. (p,) by part (2) of Theorem 10. Therefore
h h
o —y=logA, —log +log—¢°T—log-3 a.e. .
Aw }\P h\k h“, ( l’v)

Both sides are continuous on X, and p is positive on nonempty open sets by
(2) so we get equality on X,. Conversely, suppose g — ¢ =fo T~ f+ con
X, for some ¢ € R and some f € C(X). Then £}/ = e~} (le/)e ™/ so that
gel £ (lef
——nj - = e‘f__w(” ) :)_h e‘fpv !g..!
N N =
Therefore A, = e\, h, = h,e™/ and p,(I/h,) = p,(le’/h,). The last two
equations imply p, = p,.
(5) Since p is the unique g-measure by (1), Theorem 10 asserts that
p(L(B/T™'B) +logg) > m(1,,(B/T~'B) + log g)
for all m € M(X, T). Since ¢ =logg + logA +logh o T —log h this is
equivalent to p(L(B/T'B) + ¢) > m(I(B/T"'B) + ¢) for all m €
M(X, T). We note after the proof of Theorem 10 that p(I,(B/T~'®) +
log g) = 0 for a g-measure so pu([,(B /T~'D) + ¢) = log A.
(6) This is immediate from Theorem 8 by putting f =1 and taking
logarithms.
(7) Let £ denote £, . Then £f(x) = 3, ¢7-,8(y)f(y) defines an opera-

tor on L'(p). We get that f|£f — u(f)| de — 0 Vf € L'(p) because for any
¢ > 0 we can choose / € C(X) with f|f — /| du < e and then

[1e = w()] du
<[1ey - endu+ [180 - )] ds +|6(1) - 6P|

<[1f = Qdu+[6(0) = 0] + [1€7 = 8()) i,
which is small by Theorem 6. We show (T, p) is exact by showing

) VI € C(X).
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E(f/NFT™"B) = p(f) ae. Vf € L'(p).
f w<f

+ [|E(/T*D) - u(f)| du-

The first term is small for large N by the Martingale theorem and the second
term equals [|(2')TY — u(f)] de = [|C¥ — p(f)| du which is small for large
N by the above comment.

The fact that (T, p) is an exact endomorphism implies strong ergodic
properties such as having Lebesgue spectrum of infinite multiplicity [17]. This
implies (7, p) is strong mixing.

It is natural to ask if (7, p) has the property that its natural extension is a
Bernoulli shift (see [17] or [18] for the definition of natural extension). We
shall show this is so if a reasonable partition exists. Such partitions exist for
our examples. Some of our examples will have infinite entropy and so will be
generalized Bernoulli shifts in the terminology of [14]. The idea of the proof is
taken from [3). See also [15] for similar ideas.

If £ = {A4,, A,, . ..} is a partition then 3£ will denote U ;d4,.

THEOREM 13. Let T: Xy — X satisfy 1 and 11 and let @ € C (X)) satisfy (i)
and (iii). Suppose there exists a finite or countable measurable partition § =
{4y, A, A3, . . . } of X, with the following properties: (a) T| ,, is one-to-one for
each i, (b) u(3§) = 0, (c) for each j, TA; is p-a.e. a union of sets from §. (d) for
all choices of the sequence i, the set N ;.o T ~"A "1 contains at most one point, (€)
each A; is a subset of some component of T~ 'B,(x;) for some x;. Then the
natural extension of (T, ) is a (generalized) Bernoulli shift.

PRrROOF. We note that it follows from (d) that V= > 0 3 integers d, m so that
if x, x’ belong to the same element of the partition

dp

E(f/ 6 T-"%) 1)

E(f/ 6 T"') - E(f/T™"9)

m

AVAY i {A,,Az, cees Ay U Aj}

i=0 j>d
thend(x, x') < 7.

For d > 2 let §, denote the partition {4, A5, ..., 44_;, U;5.4;}. We
shall show £, is a weak-Bernoulli partition [7] and the result will then follow
by applying the result that an increasing sequence of Bernoulli shifts is a
(generalized) Bernoulli shift [14]. When £ is a finite partition then we do not
need to apply this last result. Fix 4 > 2. We have to show for each ¢ > 0
there exists N such that n > N implies

) = 2 PN T C*IQ) - p(P)p(Q)| <3e foralls.
PE VT4 Q€ V T '
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We can suppose we are in the situation where p is the unique g-measure for
g € G(X,) satisfying (jii). Let £ denote £,,,,. Let & > 0 be given. Choose
8 > 0 so that (1 + 8)° < max(l + ¢, 1 /(1 — ¢)). By condition (iii); choose
7> 0,7 < g, so that d(x, x') < 7, x, x’ € X implies

= g(TY)
1+8)'< H
( o 2(T9)
for all y € T™"x and all n > 1. Using assumption (d) choose d; > d and
m > 0 so that if x, x’ are in the same element of \/{_,T "& thend (x, x") <
7, and such that the total measure of the atoms N ,-oT'A, € V. T7/¢
with some i; > d is less than e.

We shall find N so that (*) holds with d replaced by 4. It then follows that
(*) holds since d; > d. Also we clearly need only show (+) for s > m. Let
$>m.

Let CG=4;j<d, and C; = U;,,4, so that §, = {C}, Cy, ..., G4}
Those N}.oT ~'C, € ViooT '4, with j;5*d, for s—m<i<s have
measure at least 1 — & by choice of d; and m. We shall call these good atoms.
Let P be such an atom. Then P = U P, where P, € \/{T~’¢ and if
P, = NyT~'4; thenj; < d, fors — m < i < s. Suppose P, = NyT ~'4;.

Consider

B ()= X g(») - g(T"Y)xe, (9)-

YETE=m(x)

This is nonzero iff x € T°~"P,. By assumption ©)

<1+34é

T*~"P, = ﬂ T-
i=0
By assumption (a) the map 7°~™: P, — T*~"P, is a bijection and so if x,
X €T*""P andy = P, N T" “"”’x then P, N T (s=mx’ = y’, the element
of T™ (""')x correspondmg to y in the sense of condition I. This is because of
assumption (e). Therefore if x, x’ € T*~"P, we have
(1+ 8) 7' < £y, (x)/ €7 "X, (x) < (1 + ).
Fixx’ € T°""Pandletc = E""'x,.q(x'). Then
(1 + 8) " 'expu-np, (%) < £7"xp (x) < (1 + 8)cxgr-mp, (%)

for all x and we can eliminate ¢ by integrating to give

r(P,)

#(T:_qu)

a.e.

JA*J -m

(1+38)7 Xre-s, (%) < £, (%)

r(P,)

2
<(1+59) W(T-"F)

Xr+-=p, (X)-



138 PETER WALTERS

Since £ is a positive operator we get

P
1+ 8)'2-;‘(—55_:%) £+ Xgu-mp, (x) < £7*xp (%)
P
<(1+8) F’;E__:T)ﬁ " Xge-mp, (X).

Multiplying this by x, and integrating gives
H(P,)

O rr)

fﬁn+mxr_np' “ Xo dp. < ”'(Pq N T—(n+:)Q)
#(F,)

SA+8)Y ———— [ "™ Xpump * X db.
<(1+38) p(T“"’Pq)f Xre-mp, " Xo At

We know that

m
T°~"P, = ﬂo T4, =P, ae.

j=
and j;,,_,, < d, for all i < m. There are at most dj" choices for these sets P,
and since they have boundaries of zero-measure by assumption (b) we can
apply Corollary 7 to obtain N (¢) with the property that n > N (e) implies

n+m ’ “(P‘; )8
lfﬁ Xp* Xo dp = I"‘(Pq)l‘(Q)‘ <M2) T35

for all @ € B and all sets P, = N7L,T~'4, with k, < d, all i. But since
T*~"P, = P, a.e. we get the same property with P, replaced by T°~"P,, so
that if n > N (¢) then

(1+ 8)*u(P,) 1(Q) < w(P,n T"*+20) < (1 + 8)*u(P,) (Q).
Summing over q gives

(1= gr(P)r(2) < (P N T~C*90) (1 + ) p(P)r(Q)
for all good atoms P of \/gT~'¢; and all Q € B. Therefore

2 2 |s(P T EIQ) — u(P)p(Q)]
Pe V T 'y Qe V T,
can be split into a sum over the good atoms P and the bad atoms P, and we
see from the above that the sum is less than 3¢ if n > N (e).
In some examples, such as shifts and transformations from f-expansions, it
is clear that a partition satisfying properties (a)—(e) exists.

2. Invariant measures and equilibrium states. We now describe how to use
the results of §1 in the problems of invariant measures and of equilibrium
states.
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2.1 Invariant measures. Suppose T: X, — X satisfies I and II. Suppose we
are given » € M (X) such that »(X,) = 1. Suppose also that » is nonsingular
and positively nonsingular for T (i.e., »(E) = 0 implies »(T~'E) = 0 and
»(TE) = 0). The problem is to see if there exists p € M (X, T) which is
equivalent to » (i.e, p and » have the same null sets). The theorem below
gives a sufficient condition to ensure the existence of such a p with a
continuous Radon-Nikodym derivative du/dv.

Since T is a homeomorphism on a neighborhood of each point of X, and
since » is positively nonsingular for T we can define the local Radon-Niko-
dym derivative dvT/dv at each point of X, to give a map dvT/dv: X, — R.
This is uniquely defined a.e. (») and we assume it can be chosen to be
continuous. Put ¢ = —log dvT/dv € C(X,). We now see what it means for ¢
to satisfy conditions (i) and (iii). Since

/ dvT( ) = dvT (x)

yeT x

condition (i) is equivalent to
o d”T_ DT (x)< K VxE€X.

Using simple properties of Radon-Nikodym derivatives we see that (iii) is
equivalent to

dvT ayT"
il sup su
(i s swp L)/ ()
is bounded for d(x, x") < &, and converges to 1 as d(x, x") = 0.
The following simple lemma puts the problem in the context of Theorem 8.
LEMMA 14. For ¢ = —log(dvT/dv) we have E'v =y,

PROOF. Let x € X and let T7'(B,, N X) = U2 ,4,(x) as in condition L.
Let T; denote T|,,,. Then (&vT;~'/ dy)(T,y)(dvT /av)(y) =1s0if E C By,
N X and f € C(X),

fBJdv-fE

=2f fdv— fdv.

i=]

(x)f(T, ') dv(x) = f 2 AT %) do(T;%)

The result then follows because » is concentrated on X. []

We can now apply Theorem 8, Corollary 12 and Theorem 13 to get the
following result.

THEOREM 15. Suppose T: X,—> X satisfies conditions 1 and 11 and let
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v € M(X) be nonsingular and positively nonsingular for T. Suppose dvT/dv
satisfies conditions (i), and (jii) ,, above. Then:

(1) There exists h € C(X), h > 0 such that E,j—)h »(f) Vf € C(X). (If
Xx € X then

e = 3 0/ 2L ().
YET "x
(@) The measure p = h-v is T-invariant and (T, p) is an exact
endomorphism.
@)v e T™" > pin M(X).
(4) p is the unique member of M (X, T) with the property

#(IF(%/T"I%) - log %"Z) > m(lm(‘B/T“%) log dvT)

Vme M(X, T).

The value of the left-hand side is zero.

(5) If there is a partition £ with the properties listed in Theorem 13 then the
natural extension of (7, p) is a Bernoulli shift.

Notice that this theorem does not use any of the results giving properties of
v (such as Lemma 9) since » is given at the start of the problem. When
Xo = X = X and T is expansive then any partition into sets of small diameter
is a one-sided generator for every invariant measure and so we can replace
the inequality in (4) by

h(T) - u{log LL) > ho(T) - m(log {;’VT)

2.2 Equilibrium states. Let T:.X,— X satisfy conditions I and II. Let
¢ € C(Xp). We shall say that u € M (X, T) is an equilibrium state for ¢ if

w(I(B/T'B) + ¢) > m(L,,(B/T"'D) + ¢) VYme M(X,T).

When X, = X = X and T is expansive then this definition reduces to the
usual definition, namely

h(T) + p(9) > h,(T) + m(p) VmeE M(X, T).
The results of §1 give

THEOREM 16. Let T: Xy — X satisfy 1 and 11 and let ¢ € C(X,) satisfy (i)
and (iii). Then:

(1) @ has a unique equilibrium state p.

(2) 1, has no atoms and is positive on nonempty open sets.

(3 (T, p,) is an exact endomorphism.

(4) If there is a partition § with the properties listed in Theorem 13, then the
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natural extension of (T, w,) is a Bernoulli shift.
(5 If ¥ € C(Xy) also satisfy (i) and (iii) then p, = p,<>3c € R and
J € C(X) with p(x) — Y(x) = f(Tx) — f(x) + ¢ Vx € X,

3. Examples.
3.1 Expanding maps. Let X be a compact connected manifold and let T:

X — X be a C! map of X onto itself. T is an expanding map if there are real
numbers ¢ > 0, A > 1 and a Riemannian metric on X for which |DT"| >
cA\"||o|l, n > O, for all tangent vectors v. Here DT denotes the tangent map of
T [23]. If a different metric is chosen then the same condition holds with a
new choice of the constant ¢, and it is well known that one can choose a
metric for which ¢ = 1. We shall assume the metric is chosen with this
property. Hence || DTv|| > A||r|| for all tangent vectors v. In the notation of
§1 we take Xy, = X = X for this example. Let d be the metric on X
determined by the Riemannian metric. There exists §, > 0 such that if
d(x, x") < 8, then d(Tx, Tx’) > Ad(x, x"). An expanding map is a covering
map and so condition I holds, each set T"Bz,o(x) being a union of k sets
Ay(x), . . ., A;(x) such that T maps 4,(x) homeomorphically to B,, (x).

LeMMA 17. Condition 11 holds for an expanding map T: X — X.

PrOOF. Let 7: X — X denote the universal cover of T: X — X. Let e > 0
be given. For w € X we have 7"(B,(w)) D By (T"W), n > 0 [23]. Choose N
so that A% > diam(X). Then TV (B,(w)) covers X for all w € X and so
T¥B,(z) = X Vz € X. Therefore condition II holds. []

We now know T: X — X satisfies our conditions I and II. We first consider
the problem of invariant measures. Let » be the smooth probability measure
on X determined by the Riemannian metric on X. We seek a T-invariant
probability measure which is equivalent to ». Consider the linear map D, T:
T, X - T, X. Using the Riemannian metric we can take its determinant and
therefore we can define 77(x) = det(D,T). Then (&vT/dv)(x) = |T"(x)| by
the charge of variables formula, so the function ¢ defined in §2.1 is @(x) =
—log| T’(x)|. Since X is connected T’(x) always has the same sign. If T is C"
then ¢ is C"~'. Since the cardinality of {7 ~'x} is bounded, condition (i),
holds. If T is C? then we now show condition (iii),, holds. It will be more
convenient to show condition (iii) holds for ¢ = —log|T’(x)|.

Suppose d(x, x) < ggandy € T~ "x. Then

S 0(19) - 9(13)| < €S, d(15,79)

for some constant C since ¢ = —log|T"| is C'. However d(T¥, T%") < d(x,
x")/A"" 50 that
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(L , d(x,x)
2 q)(Tﬁv) - (p(Tj/’) < CT_T foralln > 1.
im0

THEOREM 18. Let T: X — X be a C? expanding map. Then there is an
invariant measure p for T which is equivalent to the smooth measure v. The
Jollowing properties hold:

f(»)
6) m =>h-»(f) VfeEC(X)

and p = h-vwhereh € C(X)andh > 0.
Qv T "> pin M(X).
(3) (T, p) is an exact endomorphism.
(4) The natural extension of (T, ) is a Bernoulli shift.
(5) p is the only member of M (X, T) such that

h(T) = p(log|T'(x)]) > hn(T) — m(log|T'(x)]) ¥Ym € M(X, T).
(6) 1, (T) = p(log|T"(x)))-

1
0] VEMX, T)e D -
yET x IT (y)‘
Proor. The first six parts are given in Theorem 15. The existence of a
partition that will imply the Bernoulli property is given later in Corollary 21.
To prove (7) note that

YET "x

=1 VxeEX.

1
vEM(X,T)eh=ls =
( ) yeg"x IT'(y)I
Except for parts (3), (4) and (5), the above results have been obtained by
Krzyzewski [11].

We now consider equilibrium states for expanding maps. Since {7 ~'x} is
of bounded cardinality every ¢ € C(X) satisfies condition (i). There are
many functions satisfying condition (iii). For example, let ¢ be Holder
continuous (Jp(x) — @(x)] < Md(x, x')* where 0 < a < 1). Then

2 (o(Th) - 9(T¥))| < Mz d(Ty, Ty)"< Mgo d(x x) x')*

}\a(n i)

< F'—_l' d(x,x)" ifd(x,x") < egandy € T .

THEOREM 19. Let T: X — X be a C' expanding map and let : X — R be
Hélder continuous. Then @ has a unique equilibrium state p,,. Also:

(1) g, has no atoms and is Dpositive on nonempty open sets.

(03} (T V) is exact and has a Bernoulli natural extension.

(3 If y: X > R is also Holder continuous then p, = p, <@ — ¢ =fo T —
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[+ ¢ for some f € C(X) and some ¢ € R.

(4) Suppose the smooth measure v is T-invariant and T is C% Then v is the
unique measure with maximal entropy (i.e., the equilibrium state for the function
0)e|T(x)| € ZVx E X.

Proor. All except part (4) follow from Theorem 16. Consider the measure
pto of maximal entropy and let Ay, »q, s, g, be the quantities for the function
0. Then

J 2 S0 dax) =Affdn ¥f € CX),
YET x
so that Ay = k. We easily see that h, = 1. Therefore g, = 1/k. If v € M (X,
T) then » is the unique equilibrium state for @(x) = —log|T"(x)|, so that
v = p, iff g, = go. By (7) of Theorem 18,g.(y) = 1/|T'(y)|, so v = py iff
Tl =kVyeEX. O _ o

The same result is true if X, = X = X and T: X — X satisfies conditions I,
II and also there exist §, >0 and A > 1 so that d(x, x") < 8y,=>d(Tx,
Tx') > Md(x, x’). Parts (1) and (2) have recently been obtained by Ledrappier
[13]. We stated similar results in [24].

We now indicate why an expanding map has a partition which will satisfy
the conditions of Theorem 13 for any reasonable measure. The reasoning is
contained in Bowen’s construction of Markov partitions for Axiom A
diffeomorphisms ([4], [5, p. 79)).

LEMMA 20. Let X be a compact metric space with metric d andlet T: X - X
be such that there exists 63 > 0 and A > 1 with d(Tx, Tx") > Ad(x, x’) if
d(x, x") < 8y Then

(1) T has the pseudo orbit shadowing property i.e., Y3 > 0 da > 0 with the
property that if {x;}3’ is a sequence of points of X with d(Tx;, x;,}) < a for all
i then there exists x € X such that d(x,, T'x) < B for all i. The point x is
unique if 23 is less than the expansive constant of T.

(2) For sufficiently small B there is a cover {R,, . .., R,} of X by closed sets
that intersect only in their boundaries, X \ \U;0R; is open and dense, diam(R))
< Balli,T(U;0R) C U,0R; and if int(R)) N T int(R;) # O then R; C TR,.

ProoF. We sketch the proof. The proof of (1) can easily be written along
the lines of Proposition 3.6 of [5].

To prove (2) let 48 be less than the expansive constant of T and choose a,
by part (1), to correspond to B. Choose y so that y < 8, y < a/2 and
d(x,x)< y=d(Tx,Tx') < a/2.Let C = {x,, ..., x,} be a y-dense subset
of X. Put 2(C) = {q €IFC|d(Tg;, q;+\) < a, i > 0, where ¢ = {¢,}&)}.
Define 0: Z(C) — X by letting 8 (g) be the unique point given by part (1). 4 is
a continuous map of 3(C) onto X. Let P, = {6(q)|gp = x;}. (P}, ..., P,} is
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a closed cover of X and X \ U;dP; is open and dense. We then obtain a
collection of disjoint open sets { Dy, . .., D, } by considering all intersections
of sets of the form int(P; N P)) and int(P; \ P,). Then put R, = D;. One can
show that {R,, ..., R, } is the required cover.

COROLLARY 21. Let T: X — X be as in Lemma 20 and let ¢ denote the cover
{Ry,...,R,}. If p is an ergodic T-invariant measure which is positive on
nonempty open sets then § is a partition a.e. () and satisfies all the conditions
of Theorem 13.

PrOOF. Let 3¢ = U ;dR. Then 3§ c T~'(3% so p(@9 =0 or 1 by
ergodicity. But X \9¢{ is open and dense so p(9£) = 0. Therefore (b) of
Theorem 13 holds. Clearly (c) of Theorem 13 also holds by (2) of Lemma 20.
Conditions (a), (d), (¢) hold because of the local expansion property of T.

3.2 Transformations from f-expansion. Let X = [0, 1] and X = (0, 1). Let
{a,}2 be a finite or countable collection of points in X with g, < a,,., for
all » and let I, = (q,_,, a). Then n = {I,}2, is a finite or countable
collection of open intervals in (0, 1). Put Xo = UL _I,. Let T: X;— X be
a map such that T, is a C' diffeomorphism of /; onto X for each i > 1. Let
v be Lebesgue measure on X. This is clearly nonsingular and positively
nonsingular for T. The problem of existence of a T-invariant probability
measure equivalent to » has been considered by Rényi [16] and several
authors have considered the ergodic properties of this measure. See for
example [2], [17] and [19]. We shall deduce the following theorem from the
results of §1. The theorem was given in [2], except for the variational
principle, and has the advantage that its conditions are easily checked for
important examples. Similar results can be proved by our method with
slightly different hypotheses.

THEOREM 22. Let T be as above. Suppose that
(@) T}, is C? for each i.
(b) 3k € Z* with

xnéfl (T*Y(x)| =A> 1.

iezZ
T”(x)
© S ToOTE |2
ieZ
Then

(1) There is a T-invariant probability measure p. = h - v where h € C ([0, 1)),
h>0.
@voT "> puin M(O, 1).
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(3) (T, p) is an exact endomorphism and its natural extension is a Bernoulli
shift.
(4) p is the unique member of M ((0, 1), T) such that

#(2,(B/T'B) - log|T’|) > m(1,,(B/T'D) — log|T"|)
VYme M((0,1), T).
The left-hand side has value 0.

Proor. We are not assuming |T'(x)] > 1 Vx € X, so we shall have to
change the metric so that condition I is verified. To do this we first show
3c > Oso that |T'(x)| > ¢ Vx € X, If not then for eachn > 1 3i, € Z and
some y, € I, with |[T'(y,)] < 1/n. From condition (c) we get sup,¢; |T"(x)|
< Q/n?so by the mean value theorem

IT'(2)] <|T'(2) = T'()| +|T' ()|

0 1 _92 1
<;—2-|z-y,“|+;<;2'+n

forallz € I.
For large n this gives | T"(z)] < 3 Vx € I, contradicting the fact that T maps
I, onto X.

Define a new metric on (0, 1) by p(x, x) = Sup,er-s.n50ly — »'|, and
extend to a metric on [0, 1]. Since |T| > ¢ and |(T*)| > A > 1 we have
|x = x| € p(x, x) < max(1, ¢™*)|x — x| so p is equivalent to the usual
metric. Condition I clearly holds for the metric p, with &, = 1. As mentioned
before we can check conditions II, (i), (iii) ,, in either metric. We now show
condition II holds.

Let € > 0 be given. We need to choose N so that for all x € X TV(B,(x))
= X.(When we write T"(E) it is understood to mean T¥(E n T ~"X).) We
know T* is a C? diffeomorphism of each member of n, = \/%~'T~% onto X
and it increases distances by at least a multiple A on each such member. Let
U be an open interval of length 2e. Either U contains a member of 7, in
which case T*U = X, or U intersects two members of %,. Suppose these
members are the intervals (g, b) and (b, c). Let

T (b) = lim TX€ (0,1} and T (b)= lim T*(x) € {0,1).

If T*(b) = T%(b) then T(U) has length at least Ae and is an interval of the
form (0, d) or (e, 1). Then T (U) has length at least A% and is again of the
form (0, d,) or (e,, 1). Hence if M is chosen so that AMe > 1 we have
TMky = X. On the other hand if T*(b) # T%(b) then T*(U) is a union of
an interval of form (0, d) and one of the form (e, 1) and has total length 2\e.
At least one of these intervals has length at least Ac and we can argue with it
as above to get TM*U = X. Therefore condition II holds.
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We now check condition (i),,. For x, x’ € X,

Y= S o

dv yET x IT,(y)|
11 1
>= 2T "To |, T
ST o |[TOV-TO)| . art
& 2 \Towe |7 e $) e

by condition (c). Since this holds for all x, x’ € X condition (i), holds.

We now verify condition (iii),,, which is equivalent to verifying condition
(i) for @(y) = —log|T'(y)|- Let x, x’ € X, y € T™"x and let y’ be the
corresponding point of T~ "x’. Then

o(Ty) - o(TY) = ¢'(z2)(Ty — TY')
for some z; between T and Ty’
- 9'(2)
Ty (w)

for some w; between T and T".

(x = x)

But¢’(z) = T"(z)/T'(2) so

Nl — T”(zi) o
(T = o =| Ty "x i
Olx — x'| 0 .
|T’(Tw,-) “e T'(T"-"_'Wi)l < }‘[(n-i—l)/klck |x * I'
Therefore
n—1
_20 lo(T%) — o(T)] < .Cﬁ |x= x| VwyE€T ",n> 1

Condition (iii) is therefore verified.

The result now follows from Theorem 15. The partition 7 satisfies the
conditions of Theorem 13, condition (d) of that theorem following easily from
the fact that d(T*x, T*x") > Md(x, x") if x, x’ € I, for somei. []

The theorem in [19] which proves the natural extension of (7, p) is
Bernoulli can be deduced from Theorem 15. The conditions R, and (i) of [19]
imply our condition (iii) ,,.

The most important special case of Theorem 22 is when a, = 1/|n| for
n<0,a,=1,n>0and Tx = 1/x (mod 1). In condition (b) we can take
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k = 2 and A = 4, and in condition (c) Q = 16 will suffice. Here

1 1
h(x) 1+x log2

as is well known. Since | p(log x?)| < o0 we know H,(n) < oo (see [17, p. 32]
or Lemma 23 below) and (4) of Theorem 22 gives that p is the unique
measure with

h(T) + p(log x2) > m(IL, (B /T~'B) + (log x?)) Vm € M((0, 1), T).
Also

1

(log 2)?
The problem of equilibrium states can be considered for transformations

arising from f-expansions. A result with conditions in the spirit of Theorem 22
is the following.

h(T) = —k(log ) = v*/6

THEOREM 23. Let T be as above and suppose it satisfies (a), (b) of Theorem
22 and also that 3c > 0 with |T'(x)| > ¢ Vx € X,. Suppose ¢ € C(Xy)
satisfies

(d) 3K such that 3, e r-,e*” < K, and

©) |lo(x) — 9(2)] € Mj|x = z|* Vx, z € I, for some a < 1and

i

sup T
re 1T

< W< oo

Then

(1) ¢ has a unique equilibrium state p,,.

(2) 1, has no atoms and is positive on nonempty open sets.

(3) (T, w,) is an exact endomorphism.

(4 (T, p,) has a Bernoulli natural extension.

() If ¥ € C(Xy) also satisfies (d) and (e) then p, = p, iff 3c € R and
f € C(X) with

9(x) = ¥(x) + f(Tx) = f(x) + ¢ Vx € X,

If the number of intervals 1, is finite then any Holder continuous @: X — R
satisfies (d) and (e).

PRrOOF. By the first part of the proof of Theorem 22 we can change the
metric to show T satisfies conditions I and II. The result will follow from
Theorem 16 when we have shown ¢ satisfies condition (iii) because (d) is the
same as condition (i). Lety € T ~"x then
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le(T) - o(T)| < M|TY - T/|"

< — |(x = x)|" for some y, between y and y".
[(T=* y(T%))|
Therefore
n=1 n-1 L
- iy ! W L Wlx x '
igo '¢(T{y) CP(T)’ )l < igo Al(n-l—l)/k]acka lX Xl < cka (Aa _ l) ’

and condition (iii) holds. [J

For the example Tx = 1/x mod 1, the function ¢(x) =logx" (r > 2)
satisfy these conditions.

The result from [17, p. 32] used above can be extended to give the following
result, which can be applied to transformations from f-expansions and to
shifts.

LEMMA 24. Let T: X, — X satisfy conditions 1 and 11 in the stronger sense
that T~'X is a finite or countable union of open sets A\, A,, ... with T|,
being a homeomorphism of A; onto X not decreasing any distances. Let n = {A,,
Ay ... ). Let g € G(X,) satisfy (iii)g. Then the unique g-measure satisfies
H,(n) < o0 iff | p(log g)| < 0.

Proor. From (iii) ; we know 3D > 0 such that

g(»)
D '<——L- <D Vy,y €4, alli
g(») dd '
If T, = T|4; then p(4)) = [g(T, %) du(x) 0

3 u(4)log(min g) <2 u(4,)log n(4) <3 p(4)log( max ).
Also
p> (4,)log( min ) < [log £ di <3 (4 Yog(max g).

But

log( n}‘a}x g) - log( n}iin g)l <logD

so the outside series either both converge or both diverge. Hence H, (1) < o
<« | p(log g)| < oo.

COROLLARY 25. Let Xg— X be as in Lemma 23. If ¢ € C(X,) satisfies
conditions (i) and (iii) then the unique equilibrium state p, of ¢ satisfies
H, (1) < o0 iff | py(@)] < o0.
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3.3 Shifts. The methods of §1 generalize those used in [24] for the special
case of subshifts of finite type. (The condition 2. ,var,(¢) < oo used in [24]
implies condition (jii) because C,(x, x") < =%, var,(¢p) if x and x’ agree in
their first k& coordinates.) These results are basic to the Ergodic Theory of
Axiom A diffeomorphism [3], [5]. The results in §1 allow us to deal with the
case when the alphabet is infinite. Let Z* denote the one-point compactifi-
cationof Z* = {1,2,3,...} and let oo denote the new point. A metric on
this space is

p(n, m) = Il-% p(n,oo)=-’l;.

Let SZ be the one-sided direct product of an infinite number of copies of Z *,
ie, 2 =IPZ*. Let d be the metric on & defined by

(=5 0a5) = S 252

Let o: & - be the shift map. Put @ = €, €, = {{x,} € Qx, # )} and
T = olg,. Then T: Q, — Q satisfies conditions I and II. A function @: @, — R
satisfies condition (i) if 3, ,+¢*®™ < K Vx € Q (where ix = (i, xg X, . . . )
if x = (xg, X}, X5, . . . )), and satisfies condition (iii) if

n—1
C(x,x") = sup sup ( 2 o(T(a,- - ax))— (T (a,- -+ a,,x')))
n>l1 a,eZ i=0
1<i<n

is bounded and C(x, x’) 0 as d(x, x") - 0. Note that condition (i) implies
lim,_, ., @(ix) = — 0.

A simple example where these conditions hold is when ?({x,}0) = b,,
where {5,}¢° is a given sequence of numbers with 3, ,+e¥ < co. Then the
unique equilibrium state p implied by Theorem 16 is the direct product of the
measure on Z* which gives mass e%/Z je”f to i. If n denotes the natural
partition of X, defined by the Oth coordinate then Lemma 23 implies that
H, (1) < o0 iff | p(g)|] < o0. Hence if |,;c,+be% < oo then 7 is a generator
with finite entropy with respect to p and we can assert that p is the unique
measure such that

h(T) + p(e) > m(1,(B/T'B) + ¢) Vme M(Q,T).

We can use the above simple case to give a proof of the existence of a
continuous function without a unique equilibrium state on the space X =
1I5°{0, 1}, the one-sided infinite direct product of the two point space {0, 1}.
Let 4, = {{x,)0’ € X|x, =0 for 0K n<k-1 x,=1}, k=0, 1,
2,...,and 4, = {0} where 0 is the point 0= (0, 0, 0,...). A, Ay Ay,
Ay, ... is a partition of X. Let {4, )} be a sequence of real numbers with the
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following three properties

(I)ay>0ask— oo,

Q) Zpoe™* " ta =1,

(3) SPag(k + De%t "+ < o0,

Definep € C(X) by p(x) =a, if x €A, k=0,1,2,..., and ¢(0) =0.
Then ¢ has exactly two ergodic equilibrium states. The existence of at least
two such measures was demonstrated in Fischer [6] and Hofbauer [9], but we
present a different proof using the above result on the shift on a space with
an infinite state space.

Let T: X — X be the shift transformation. Let Ag, = {{x,} € Ag|xo =1,
x;=0forl1 <i<k x4 =1}k >0 andlet A= A,\ U 3T "(0) and
Ay, = Ay N Ay We can take the induced transformation on 4; to get a map
T*: A, — A}, defined by T*(x) = T**)(x) where k(x) is the smallest natural
number with T*® € A;. Hence k(x) = k if x € Ay,. Every m € M(X, T)
with m(0) = 0 has m(4,) = m(A4y) and determines m* € M(4g, T*) by
m*(B) = m(B N Ay)/m(A,). Conversely every r € M (Ag, T*) is of the form
m* for a unique m € M (X, T) with m(0) = 0 provided SF_q(k + 1)7(A4q)
< o0.

Let Q' =1IZ*. Define B: Ag— ' by B(x) = (wg, W, Wy, ...) wWhere
T*'x € Ay, —,. B is a homeomorphism and BT* = SB. Define ¢* € C(4p)
byg*(x) =ay+ + - - + a, = s if x € Ay Then ¢* o B~ (wg, Wy, W, .. .)
= s, and so @* ° B! can be considered as defined on £, Condition (2)
ensures that the product measure 7 on £, with weights e*/Z2 e* is the
unique equilibrium state for ¢* ° 8! on ©, and the pressure is log(Z;.oe*).
This last expression equals 0 by condition (2). #() = 1. Let p* denote the
member of M (A T*) obtained by pulling = back by B. Then A,.(T*) +
p*(9*) =0 and 1 (T*) + 7(p*) < 0 V1 € M(Ag T*). Condition (3) ensures
that u* determines a unique p € M (X, T) with p(0) =0. f m € M(X, T)
and m(0) = O then by direct calculation m(p) = m(4y)m*(¢*) and by taking
natural extensions and using Abramov’s formula we have h,(T) =
m(Ayh,,«(T*) [1]. Hence

ha(T) + m(@) = m(Aq)[ b, (T*) + m*(9*)].

Also since SP.o(k + 1)m*(A¢) < oo it follows that H,.(n) < co where 7 is
the partition {Ag, Ag;, Aoy, - - - } of Ay (using the simple result that for a
sequence {a;} of positive numbers the condition 3 ke, < oo implies
-2 log a, < o0). Hence 9 is a one-sided generator with finite entropy for
each m* and since p* is the unique equilibrium state for ¢* we have
h(T*) + p*(9*) = 0 and for all other m € M (X, T) with m(0) = 0 we have
ho(T*) + m*(9*) < 0. Therefore ~,(T) + p(p) = 0 and 4,(T) + m(p) <O
if me M(X, T), m(0) =0, and m # p. p is ergodic because p* is ergodic.
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The point measure, 8, concentrated at 0 also satisfies A, (T) + 84(p) = 0.
Hence the only measures m € M (X, T) with h,,(T) + m(p) = 0 are convex
combinations of y and &,.!

From the results of §1 we can deduce the following Perron-Frobenius
theorem for positive infinite matrices, which generalizes the usual theorem for
finite matrices [8].

THEOREM 26. Let A = (a;)75., be so that a; > 0 for all i, j and satisfy the
Jollowing two conditions.

(1) 3K > Osuch that =,a; < K for all j.

(2) 3C > 0 such that sup;(a;/a;) < C for all j, j' and sup;(a;/a;) — 0 as
11/ = A/ —0.

Then there exists A > 0,u; > 0,0, > 0,i > 1 such that

20,- =1, Euiv,. =1, Eu,-ay = Ay, Ea,.jvj = Ay,
i i i J

and for each i(1/A"X(A"); — w;v; uniformly in j.

ProoF. Let X =[IPZ*, X = {{x,} € X|xo# 0} and X, = {{x,} €
X|xo # 0, x, # o0}. Define ¢ € C(Xp) by @(xp x,...)=loga,, =
b, Then ¢ satisfies conditions (i) and (iii) for the shift transformation. So
3\ >0,k € C(X),» € M(X) with £,h = M, £3v = Ay, v(h) = 1 and

n

—,{,—f =h-v(f) VfeC(X).

Putting f =1 in the last statement we get £71(x)/A" = h(x) for x € X.
Hence h(x) only depends on x, so define u; to be h(ix,x, . . . ) for any choice
of xy, x,, . . . . Then 2,4,a; = Au;. The corresponding g function is
e ‘P(X)h (X) axoxluxo
g(x) = Y
Mi(Tx) Uy,

Therefore the unique g-measure p is the Markov chain with initial probability
i and transition probabilities

b '
p.‘,=-l;‘-g(yx2x3... = 5

Let v; = y;/u;. Then since Z;u; = 1 we have 3 a0, = Av,. Also Zu,0, = 3,
= 1. Moreover

4"y 3 ..

where

IF. Ledrappier has also obtained this result by a similar method.
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if Xo #* i,
f‘("°”‘""2"")”{1 if xp = i,
so for each i,
1
37 (AN hUxg . w(f) = uo,
uniformly in j.
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