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PERTURBATION OF TRANSLATION INVARIANT POSITIVITY
PRESERVING SEMIGROUPS ON L*(R")
BY
IRA W. HERBST AND ALAN D. SLOAN'

ABSTRACT. The theory of singular local perturbations of translation
invariant positivity preserving semigroups on L3R, d¥x) is developed. A
powerful approximation theorem is proved which allows the treatment of a
very general class of singular perturbations. Estimates on the local
singularities of the kernels of the semigroups, e ~*#, are given. Eigenfunction
expansions are derived. The local singularities of the eigenfunction and
generalized eigenfunctions are discussed. Results are illustrated with
examples involving singular perturbations of —A.

I. Introduction. The sum of an operator, H,, which generates a positivity
preserving translation invariant semigroup on L(R”, d"x) and a potential V
is the subject of the present work. In §II the class of such Hy’s is discussed
more fully. Here we only remark that the operators corresponding to nonrel-
ativistic and relativistic energy in quantum mechanics are included. The
potentials considered are, in general, too singular to be operators and are
given as forms, so that Hy + ¥V must be defined as a form sum. A detailed
description of the potentials is given in §III and IV. The success of the
perturbation program for the investigation of operator sums is impressive [20].
For form sums such an analysis is more difficult because functions of forms
are generally undefined.

One technique for analyzing functions, f, of Hy + V is to:

(1) approximate ¥ by bounded functions V,,;

(2) show f(H, + V,) approximates f(H, + V); and

(3) analyze f(H, + V) by (2) and a direct analysis of f(H, + V,).

Such a procedure for (1) and (2) was developed by Kato [20] and Faris [10],
using f(x) = (x + A)~'. It employs monotone convergence arguments and so
is applicable only when the potential ¥ can be written as the sum of a rather
general nonnegative function ¥, and a nonpositive function ¥ _ which is a
small form perturbation of H,. One truncates ¥, and ¥ _ to obtain functions
V,.and V_, which are absolutely bounded by the integer . Then, for all
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nonnegative H, one can show

strong limit strong limit (Ho + V4, + V_,, + )7
n—>0 m—0

(1:2) =(Hy+V+N"

for all sufficiently large A.

In contrast, we develop a technique to accommodate a potential ¥ which is
the sum of a rather general nonnegative function ¥, and a small form
perturbation ¥, of H, which is given by a distribution 7. That is, V,(f,
g) = 7(fg) for all f, g in C>® so that ¥, need not be negative nor even a
function. By regularizing  we show the existence of C® functions ¥, such
that

(1.3) strong limit (Hy + V, +A)™'= (Hy+ V + A)~"
n—»

for all sufficiently large A. Note that (1.3) implies

1.4 strong limit e~ /(Ho*Vs) = g=t(Ho*+V)
n—»o0

forallz > 0.

The approximation theorem (see §V) is basic to our further developments.
It allows the use of techniques of proof which only work for smooth
perturbations so long as any estimates involved are uniform in the relevant
parameters and as long as the result involved is stable under strong resolvent
convergence. To our knowledge the approximation theorem is new even in
the case Hy, = —A.

The approximation theorem is first used to show that e~'# is positivity
preserving for H = H, + V. In §VIII we derive an inequality which is useful
in controlling the local singularities of the kernel of the integral operator
e~'"H, We show this kernel is almost everywhere nonnegative and in L, (RY
X RY) for somep > 1.

These results and other Sobolev type inequalities are used in §IX to prove
local regularity theorems for the L? eigenfunctions of H. We illustrate this
using H, = —A and a potential behaving like —A2/r*atr = 0.

In §X we consider a subclass of the unperturbed operators introduced in
§II. We show that if =V, < aHy+ b witha <} and V=V, + V,, then
e 'HetV) js a Carleman operator. Consequently we obtain a generalized
eigenfunction expansion for H, + V. We analyze the local singularity struc-
ture of the generalized eigenfunctions by discussing their L? properties.

II. The unperturbed operators. Throughout this paper our unperturbed
operators H, will be selfadjoint operators on L(R", dx), dx being Lebesgue
measure on RY, and having the form
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@1) Hy= SM, 5

where & denotes the Fourier transform and M, denotes the selfadjoint
operator consisting of multiplication by a real valued function h, satisfying
the conditions:

A;: hy: RY 5[0, ) is continuous and ky(0) = 0.
22) A,: Foreacht > 0,e~"eis in L'(R", dx).
A,: For each t > 0, e~ s a positive definite function.

Such an A, will be called a function of type A and the corresponding
operator, H,, will be called an operator of type A. The condition hy0) = 0
has been chosen entirely for convenience. To evaluate the significance of
these conditions we state the following lemma. Its conclusions are a
consequence of Bochner’s theorem and we omit the proof.

LemMA 2.1. Let H = $M, 5" be selfadjoint and bounded below on L(R",
dx). Fix t > 0. Then, e~*" is an integral operator with an a.e. nonnegative
kernel in L* if and only if e=" is in L' and h = h* a.e., where h* is continuous
and e~™" is positive definite.

We remark that A, is a severe restriction on the class of functions h, which
we will consider. However, the class is sufficiently rich to contain interesting
examples, which we will shortly present. The following characterization,
which is a specialization of the multi-dimensional version of the Levy-
Khintchine formula, can be useful. We set v? = |o]? for v in R where |o] is
the Euclidean norm of v.

LEMMA 2.2. The function h satisfies A, and A, if and only if there exist a
finite regular Borel measure p on RY and a real positive semidefinite matrix C
such that

(23)  hy(p) = fm>°;\-2(1 +A2)(1 — cos(A - p)) du(A) + in 2.Cop;

This formula follows from Theorem 3, p. 188 of [13]. Note that, in particular,
equation (2.3) implies Ao(p) < a(l + p?) for some a > 0.

It is a familiar fact that second order elliptic differential operators with
constant coefficients generate Brownian motion. Writing the Fourier trans-
form of 1 — cos(A-p) as 8(x) — 3 8(x + X) — 38(x — A) shows that if h, is
given by (2.3) then H, = $M, ! is given by
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(f, Hog) = Z C;(3, 38)
iy

@3)' +3 [(F e+ =F@)ax + 1) - g(x)

- (1 + M)A "2dx du()).
Thus, in some sense, H,, generalizes the operator — X, ;9,C;3;. The represen-
tation of equation (2.3)" also leads to a simple proof that if Hj is given by
(2.3) then e~"#e is positivity preserving [2] and [12].

The requirement that ki, be nonnegative guarantees that {e~‘#e} ., is a
contraction semigroup on L2 We summarize some of the relevant properties
of e~"#e in the following theorem. Here, and in what follows, || T, , denotes
the norm of an operator T: L? — L“.

THEOREM 2.3. Assume hy is a function of type A. Then e~"Ho extends to a
contraction semigroup on all the LP spaces for p in [1, o). On each of these
spaces e~""o is, for t > 0, a convolution operator:

e-tliy = K'o * f
with kernel K® in L' N L™ and K? nonnegative. K? is given by

(249 K® = (27) NG (e~ k),
In addition, for t > 0, e~"" is a bounded map from L' to L™ with
25 lle™"*]l1.00 < 27) ™[l =",

The proof of Theorem 2.3 follows from [16], duality and interpolation.

Because it may be difficult in practice to determine whether a given
function h, satisfies condition A; we now give some examples of type 4
functions.

ExaMPLE 2.4. The nonrelativistic kinetic energy hy(p) = p? is of type A. We
have

(2.6) K%(x) = (4,,,)'"/2e-x’/4:
al‘ld Ho = —'A.
ExampLE 2.5. The relativistic kinetic energy hy(p) = (p* + mA)\/2 — m,
m > 0, is of type A. Here?
- =1/2 —(x 24 m?)/?
Q7 KX(x)=(n) Mx2+ ) rem jl; K ) e my” gy

ExaMpPLE 2.6. A direct sum of relativistic and nonrelativistic kinetic
energies

/2

20ne of the authors (I. H.) would like to thank L. J. Landau for a conversation during which
equation (2.7) was derived.
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AT M p
ho(p) = 2 (Pi + mi) -m+ 2 .
i=1 i=J+1 i

is of type A, with N = 3 M.

Given a function, Ay, of type A it is easy to find others. Suppose g is a
continuous map from [0, co) to [0, o0) satisfying

(@) g(0) = 0;

(b) g is C* away from 0 and (— 1)"g®*"(x) > 0 for x > 0; and

(c) e="#*" js in L! for each ¢ > 0.
Then g © h, is also a function of type A. This follows from the theory of
completely monotone functions [11]. Thus the fact that hy(p) = (p? + m?)'/?
— mis of type A follows from Example 2.4,

While we have assumed type 4 functions to be continuous the additional
type A hypotheses imply that (4, + A)*/? is uniformly continuous for A > 0.
In more detail we have

LEMMA 2.7. Suppose hy is given by equation (2.3). Let A > 0. Then for any
€ > 0 there is a c(e) < oo such that for all p, q in R"

(2.8) |(Bo(p) + )" = (ho(q) + N)/ ‘| < c(e)]p - q]+e.

Proor. Choose r large enough so that 2fy,,A|"%(1 + A) du() < €2/2
and set dv(A) = (1 + A9)x, () de(A) where x,(A) =1 if 0 < ]| < r and zero

otherwise. Also set g,(p) = []A|=%(1 — cos(A- p)) dv(\) and g,(p) = (p, Cp).
Note that

IVax(p)[ = 41Co[ < 4| Clja:(p).
Also,
(Vi) (2)] < [\ sin@d - p)] 772 db ()
sin( %’ﬂ )

<2f TN N ()

so that

|V () < 2R 2y sind( 22 ) v ) = 20 (R ()

Let gy = g, + ¢, and f = hy — g, > 0. Note that f < €2/2. Using Taylor’s
formula and the triangle inequality we find, for some z between p and g, that
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|(ho(p) + X' = (o(a) + N
<|(a0(p) + A + £(2))"”* = (a0(a) + A + £(2))""|
+|(ao(a) + A + £(2))"* = (a0(a) + A+ £(2))"”]

<i1p - 4| |V 4(2)|(A + £(p) + 20(2) "2+ |f(p) - £()|"
< c(e)|p — gq|te.
We will later make use of the following corollary:

COROLLARY 2.8. Suppose g is in the Schwartz space SRY) of rapidly
decreasing functions on RY. For X > 0 define O\ = (Hy + N)'/*M, — M,(H,
+ N)'/2, Then for every € > O there is a constant b(e) such that

121 < [ (5(e)| 21+ )| ¢ (2)] -
ProoOF. FQ, %! is an integral operator with kernel

6, (2,9) = @n) M {(ho(p) + N — (ho(a) + 1)} 2(p — 9)-
Thus by Lemma 2.7, for each § > 0

0r(p, 9)| < @m) ™" {c(®)|p — a|+8)}|2(P - 9)-
The corollary now follows from Young’s inequality.
In what follows we will derive certain relationships involving operators of
type A by verifying the relationships on C2(R"), the space of all infinitely
differentiable functions of compact support in RY. Extending the

relationships to the whole of the form domain of H|, will follow from the fact
that C(R") is a core for (H, + A)'/? for A > 0 and H, of type 4.

III. The singular potentials. In this section we define the class of local
perturbations which will be considered in later theorems. For details on the
relevant theory of quadratic forms the reader is referred to [10] and [20]. We
end the section with a partial characterization of this class (Proposition 3.4)
which will prove useful in §V.

In [10] we find

THEOREM 3.1. Let S, U be bounded below selfadjoint operators with Q(S) N
Q(U) dense. Let W be a small form perturbation of S, let u be the form
associated to U and let V = u + W. Then the form sum S + V is bounded
below and selfadjoint. Furthermore S + V=(S+u)+ W=(S+ W)+ u

and Q(S + V)= @(S) n @(V).

We next distinguish a class of perturbations in
DEFINITION 3.2. Let H, be an operator of type 4. Let ¥V be a nonnegative
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function. We also let V' denote the form associated with the selfadjoint
operator consisting of multiplication by the function ¥ on L[R"). Let W be
a Hermitian form which is a small form perturbation of H,.

The Hermitian form Z given as the sum of the Hermitian forms V and W
is called an H,-perturbation of type B providing:

@) (V) n Q(Hy is dense; and

(ii) W agrees with a distribution on C®°(RY), i.e., there is a distribution r
such that for all f, g in C*(R") we have

@1 W(f.8) = (fg)-

V is called a positive part of Z and W is called a distributional part of Z. 7 is
the distribution associated with W.
Directly from Theorem 3.1 there follows

COROLLARY 3.3. Let Z be an Hy-perturbation of type B. Then Hy + Z is
selfadjoint and bounded below.

REMARK. Let W be a small form perturbation of H, A necessary and
sufficient condition that W be the distributional part of an Hy-perturbation of
type B is that, for all f, g, h in C*RP),

W(f, gh) = W(g&f, h).

Furthermore, the distribution associated with W is tempered.
In the next result it will be shown that an associated distribution is locally
of the form (H, + 1)!/%) for some ¢ in L2 More precisely we have

PROPOSITION 3.4. Let 7 be the distributional part of an Hyperturbation of
type B. Then, for every bounded open subset, A, of RY there is a function y, in
L*RY) such that

(2) 7(8) = (¥ar (Ho + 1)'/%)
Jor all g in C2(A).

PROOF. Let x be in C°(R") and equal to one on A. Since the norm Il 144
associated with the inner product (f, g)., = (f, (H, + 1) g) satisfies || f]|,, >
£l on C*(RY) we may view IC,,, the Hilbert space obtained by closing
CRY)in || |, as a subset of LXRM). If IC_,, with norm || ||, is the dual
of J(,, then we make the necessary identifications which permit the view
¥4y L2 I,

The distribution 7, given as 7,(f) = 7(xf) satisfies, for some 0 < d < co,
ITAN| < dlixall41llfll 4y for all f in CX(RY). Thus 7, extends to a
continuous linear functional on JC,,. By the Riesz representation theorem,
there is an h in J(_, such that 7,(f) = (h, f) for all f in IC,,. Since
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(Hy + 1)"Y2 maps 9C_, onto L? isometrically, the lemma follows with
Ya=(Ho+ 1)""’h.

IV. Examples of type B perturbations.

EXAMPLE 4.1. Let H, be any operator of type A on L(R"). Let ¥ be a
locally L' function on the complement of a closed set of measure zero. If V is
bounded below then V is an H,-perturbation of type B [10].

EXAMPLE 4.2. Let Hy = —A. Let W be in L? + L* for some p satisfying
p>1lif N=1,p>1if N=2and p> N/2 if N > 3. Then W is the
distributional part of an H-perturbation of type B and 0 is the H;, bound for
W [10].

ExXaMPLE 4.3. Let N = 1. Let the distribution associated with W be the
Fourier transform of an L*® function. Let Hy = — d?/dx>. Then 0 is the
Hy-bound for W and W is the distributional part of an H-perturbation of
type B. In particular, W may be given by a §-function concentrated at any
point p of R! or by the principal value of 1/x [10].

EXAMPLE 4.4. (SEE [6]). Let Hy = —Aand V = (V,,..., V,) witheach ¥, a
real measurable function on RM. We assume 3.,V? < §a%(H, + 2b) for
somea < 1and 0 < b < 0. Define

3(f)

ox;

N
W(he)= =3 [Vi(x)—= (x) dx.

Then [6] = W < a(H, + b). To see this, merely observe that
|W(£,.1)| =|2Re(Vf- V f)|

<2 VALY A< a[(f, (Ho + 26))(f, Hof)]'< a(f, (Ho + B)S).

Thus, W is the distributional part of an Hy-perturbation of type B. In
particular if W is a distributional directional derivative of an L* function,
then W is a type B perturbation of H, and zero is an Hy-bound for W. As a
concrete example one may choose W (x) = e* cos(e*) with N = 1.

EXAMPLE 4.5. Suppose N > 3 and Hy = —A. Let Z = =} 7, where 7, is a
distribution which after a linear inhomogeneous change of variable becomes
a distribution S; on S (R®), form bounded relative to —A (on R®) with form
bound zero. Then Z is the distributional part of an Hy-perturbation of type B.
Also 0 is the Hy-bound for Z. In particular this is the case if S; is in
L*R®) + L=(R’) [26).

EXAMPLE 4.6. Let N > 1 and let H, = —A. Let S c RY be a compact C!
hypersurface, i.e. S = F~!({0}) where F: R¥ »>R'is C' and V F(x) # O for
each x in S. Let 8y be the delta function concentrated on S (as constructed in
[29]. Then & is associated with the distributional part of an Hy-perturbation
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of type B. Moreover, 0 is the Hy-bound for §,. See Example 9.11 and [29] for
more details.

V. The approximation theorem. The approximation theorem referred to in
the introduction is the main result of this section, see Theorem 5.4.
Throughout this section, H, will be an operator of type 4. p will be a C2R")
function satisfying

(i) p(x) = 1 whenever ||x|| < 1; and

({0<p< 1L
We define B,(x) = p(x/n) and v,(x) = p(nx)(fp(nx) dx)~".

If T is an Hy-bounded Hermitian form then T can be viewed as a bounded
operator from the space 3C,, normed with || f||,, = |[(H, + 1)"/¥]| to the
dual space I(_, normed with

lell-1=sup{|(f, &)]: |41 < 1}
Since (H, + A)~"/2: L2 > 9(, , is bounded for all A > 0 we also have

(Hy + N2 9, - L2

is bounded. Thus we may and will consider (H, + A\)~V2T'(Hy + \)™'/2as a
bounded linear map from L? to L2
We put R}/3(—A) = (Hy + N)~'/2,

LEMMA 5.1. Let W be the distributional part of an Hy-perturbation of type B
with associated distribution t. Let W,(f, g) = 1(y, * (fg)), where * denotes
convolution.

@If+W< aHy+ b,a < 1,then + W, < aH, + b.

() If A > 0 then R}/(—A(W,, — W)RJ/* (=) converges strongly to zero.

ProoF. Let f be in C°(R"). For y in RY define f,(x) = f(x — y). Because
the Riemann sum approximations to the integral [y,(2)|f|]*(x — z) dz
converge in the topology of & we may interchange the action of ¢ and
integration to get

= W, (£f) = 2t(1+ 1) = = [1,0)(5[) -
Thus + W < aH, + b implies

Wo (£ )] < [1(9) & ((aHo + B, ).
Since [y,(y) dv = 1 part (a) of this lemma follows from the fact that C* is a
core for (H, + 1)'/2,

To prove part (b) suppose that f and g are in C* and choose r so that
p(x) = O for |x| > r. Choose A to be a bounded open set containing

{x ERY:x = x; + x5, x| € supp(g), |x,| < r}.
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We then have, using y, from Proposition 3.4,
W.(f.8) = W(£.8) = 1(1a * (f3)) - 1(f3)
= (¥a (Ho + )*(7, » Mf - M,f))
= (¥ (Yo * (Ho + 1)/ M, — (Ho + 1)/ M,) )

= (Y,'. *Yp — Yp (Hp + l)‘/zMgf-)

where y,(x) = y,(— x). The third equality follows from the fact that convo-
lution becomes multiplication under the Fourier transform.
Thus,

|W.(f,8) — W(/.2)|

<llva * ¥ = all |(Ho + 1) My (Ho + 1) | A4

Setting h = (Hy + A\)'/% and w = (H, + A\)'/* this inequality may be
rewritten as

|(#: R (=)W, = W)RY* (~N)h)|

< Al 17 * ¥ = Vall | (Ho + 1)!/2M, (Ho + 1)77].
From the facts that ||y, * Y4 — Y4]| >0, that [|(Hy + 1)'/2M (H, + 1)~/
< oo and that C* is a core for (H, + A)'/?2 we have R}/%(—A W, —
W)RJ/*(—A)h — 0 for all h of the form h = (H, + A\)'/%, g in C°. However,
from part (a) of this lemma {RJ/2(—A\(W, — W)R}/((-A):n=1,2,...)
is uniformly bounded in operator norm. Consequently part (b) follows since
{(Hy + N)'/%: g € C*)} is dense.

LEMMA 5.2. Let W and t be as in Lemma 5.1. Define W.(f, g) = t( B./B,8)-
Suppose * W < aHy+ b,0< a<1and0 < b < 0. Then

(@) £ W, < (a + g(n))Hy + b + &5(n) with (n) -0 as n — o and ¢(n)
dependent only on a, b, p and H; and

() if A > 0 then RY/2(—A)(W, — W)R}/(—M\) converges strongly to zero
and in fact for all g in L2,

|Re”2 (=A)(W, — W)Ry/* (- g|

< c,\{||(Mﬂ” = 1) g||+|[(Ho + 1)/ My, (Ho + N7 = M, | g||}.
PRrOOF. Let
a, =||(aHo + b)‘/zMﬁ‘ - Mﬁa (aHo + b)l/zll.

Corollary 2.8 implies that for eache > 0
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o < [(cC@Ip+lA.) b = [ T2 01+ e)co
so that a, — 0 as n — o0. Note however that
W, (£.5) <|(aHo + 5) My f|]
< (cull A1+ | (aHo + B)/A])°

< a2(1+4 87 H|AP+ (1 + 8)(f, (aH, + b)f)

for any & > 0. Taking 8§ = a, completes the proof of part (a).

To prove (b) note that W,(f,g) — W(f,8) = t((B, + DS (B, — 1)g) so
that

|Wa(f8) = W(f, )| < c|[(Mg, + DA, (Mg, — D],
If we note that

(Mg, + 1)(Ho + N7

< G (1 +|(Ho + N2 Mp, (Ho + M)A < G
we then also see that
sup |((Ho+N)™", (W — W)(Ho + N ")
U PE

< c,\{"(MB. - 1) g||+||(Ho +N) My (Hy+N)™"2 - M,_|||| g||}

so that by Lemma 2.8

(Ho + N)™VA(W, — W)(Ho + N> g 0.

This proves part (b).
For a preliminary version of the approximation theorem we consider only
type B perturbations with zero positive parts.

LEMMA 5.3. Let W, t be as in Lemma 5.1. There are C° functions, w,, such
that {(Hy + w,)} is uniformly bounded from below and such that (Hy + w, +
N ! converges strongly to (Hy + W + N)~! for all sufficiently large positive A.

PROOF. Let W, (f, 8) = #(¥, * fo) and W,,(f, £) = 1(x, * (BufBn8))- W, is
integration against a C*® function while W, ,, is integration against a Cg°
function, w, _; that is

.
n,m?

Wom(S:8) = [ (P0m(x)8(x) .

From Lemma 5.2, part (b), it follows that for any g in L2
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"RJ/Z(—A)(WM" - Wn)R(:/z(—A)g"
< o {I(Mp, = 1)g||+[(Ho + X)'/*Mp_ (Ho + N = M, || | 811}

which is a bound independent of n. Thus
|Re2(=M)(W = W, )R (~Ng|
<||R"> (= W) (Wom = Wa)Rs*(-N) g
+[RI2 (=MW = W, )R (~N) g

which converges to zero as n, m — oo by lemmas 5.1 and 5.2.

Define A = R)/2(=\)WRy/(—=)) and A, = RY/H(-NW,,R}/*(-]).
From (a) of Lemmas 5.1 and 5.2 it follows that there is a 0 < 5 < 1 such that
if A > 0 is large enough then ||4, ]|, ||4]] < 7 <1 for all sufficiently large n.
Finally observe that if w, = w,, then {H, + w,} is uniformly bounded from
below by (a) of Lemmas 5.1 and 5.2 while

(Ho+ W+ N "= (Hy+w, +N)7!
= (RYA(-N)((1 + 4)™" = (1 + 4,)"")(R2(-N))
= RY2(-N)((1 + 4,)7'(4, — A)(1 + 4) )R (-

converges strongly to zero since {||(1 + 4,)"'||: n =1, 2,...} is uniformly
bounded and since 4, — A converges strongly to zero.

APPROXIMATION THEOREM 5.4. Let Z be an H-perturbation of type B. There
are C° functions Z, such that (Hy + Z, + N)~! converges strongly to (H, + Z
+ N)~! for all sufficiently large and positive A.

PROOF. Let V be the positive part and W be the distributional part of Z.
Let V,(x) = V(x) if 0 < V(x) < n and zero otherwise. That (H, + W + V,
+A)~! converges strongly to (Hy+ W+ V+ N "' =(Hy+ Z + )~}
follows from a monotone convergence argument [10].

Consider ¥, + W as the distributional part of an H-perturbation of type
B. By the previous lemma there are C,® functions, z, , such that B, ,, = (H,
+ z,,, + A)~! converges strongly to B, = (Hy+ V, + W+ A"\ Let B =
(Hy+ Z +N)~". Let {¢;}2, be an orthonormal basis of L{R"). Fix n.
Choose m,(n) so that if m > my(n) then ||(B,,, — Bl < 1/n. Inductively,
suppose my(n) < my(n) < - - - < m;_(n) have been chosen so that if m >
m;_,(n) then ||(B,,, — B¢l <1/n fori=1,2,...,j— 1. Then choose
m;(n) > m;_(n) so that if m > my(n) then

(B — B, )| < 1/n.
Thus, if j < n we have m,(n) > my(n) so that ||(B, ., — Bl <1/n.
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Set Z, = z,,, ) Then for eachj
I((Ho+ 2, + N = (Ho + Z+ )"
<1/n+|((Ho+ Vo+ W+N)' = (Ho+ Z+ 1) Yo

for all n > j. That is, (Hy + Z, + A\)~! converges strongly to (Hy + Z +
A)~! on a dense set. Since {(H,+ Z, + A)~'} is uniformly bounded we
conclude that (H, + Z, + A)~! converges strongly to (Hy + Z + A)~".

COROLLARY 5.5. Let Z be an Hy-perturbation of type B. There are C°
Junctions, Z,, such that {Hy + Z,} is uniformly bounded from below and such
that e~"Ho*Z) conperges strongly to e~'Ho+2),

ProOF. The previous theorem and a theorem of Kato [20] yield the result.

VI. Positivity preserving semigroups. An operator T on L? is positivity
preserving if T'(f) > 0 almost everywhere whenever f > 0 almost everywhere.

ExampLE 6.1. Let H,, be an operator of type 4. Then e~ is positivity
preserving for all # > 0. This follows from Lemma 2.1.

THEOREM 6.2. Let H, be an operator of type A. Let Z be an H-perturbation
of type B. Then e~"Ho*2) js positivity perserving for all t > 0.

Proor. First observe that strong limits of positivity preserving operators are
positivity preserving. The Trotter product formula [36] shows that e ~"(#o+2) jg
positivity preserving in case Z is a real L* function. The corollary to the
approximation theorem completes the proof.

COROLLARY 6.3. Let H, be an operator of type A. Let Z be an Hy
perturbation of type B. Then for all sufficiently large and positive A, (H, + Z +
A)~! is positivity preserving.

ProoF. This corollary follows from the previous theorem upon writing the
resolvent as a Laplace transform in terms of the semigroup [20].

VII. Weak limits of integral operators. This section contains two technical
lemmas which not only permit the conclusion that certain weak limits of
integral operators are integral operators but also preserve certain pointwise
inequalities for kernels under weak limits. The lemmas will be used in the
following section.

Notation. (a) If 1 < p < oo then p’ denotes the number satisfying P+
(P) '=1Also’ =land I’ = co.

(b) If Q is any measurable subset of R and if f is a measurable function
defined on Q then for 1 < ¢ < oo the local L norms are defined by
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Coq(f) = ( fQIf(x)lq dX)w’ 1<g<w,

Coue (f) = ess-sup | f(x)-
x€Q

7.1

Here dx denotes Lebesgue measure as will dy, dp, and dk.
(c) By a partition of R¥ we mean a countable collection of mutually
disjoint subsets of finite Lebesgue measure having union R,

LeMMA 7.1. Let {T,} be a sequence of bounded linear integral operators on
L¥(R™) which converge weakly to the bounded linear operator T. Let the
kernels, S;, of T, be almost everywhere nonmnegative. Suppose there is a
partition, M, of RN and a 1 < p < o such that

(7.2) sup Co, (S) <
for each Q in M x M.

Then T is an integral operator with an almost everywhere nonnegative kernel
S satisfying

(7.3 Cop (S) < sup Cou (Si)
and
(7.4 Jim fQ 18, dx= fQ 1S dx

for all f in LP(Q, dx) and Q in O X ..

Proor. For each Q = M, X M, in I X M define a linear functional /,
on the dense vector subspace of L?(Q) consisting of all finite sums of the
form

21 82 ® &

where g; € L*(M)), by the formula

(7.5) lh(f)= Jim 2 (82 Ti(8n))-
>0 im]

Ip is well defined since it is also given by the formula
lo(f) = Jim [ fdv,

where dv, (x, y) = Si(x,y) dx dy.
Since sup; Cp,(Sy) = Cp < o it follows from equation (7.5) that for f of
the above form

e (N] < Coll -
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Consequently, /, extends uniquely to a bounded linear functional on L¥(Q)
and is therefore given by integration against some L?(Q) function, S,. Let
dvy = Sy dx dy. Since the above class of functions is dense in L7 (Q) it
follows from (7.5) that

fim [ 1= [ s,
for all fin L7 (Q). Consequently
(7.6) Sp >0 ae.

If g is a nonnegative function in Lz(Mj), let {g,} be a sequence of
nonnegative L®(M;) functions which increase to g. Then by dominated
convergence, g,; converges to g; in Lz(Mj) so that

nlin;no(g,,z, T(ga)) = (82 T(81))

while by monotone convergence

,}Lngo fgnl ® g drg “_[82@81 dvy.
Consequently,

(8> Tg)) =f§z ® g d"Q

for all nonnegative g; in L(M)).
Since each point of R?" is in exactly one Q of IM X M, a measurable
function S may be defined by

S(x,y)=Sp(x,y) if(x,y) €EQ.
Let g; in LA(R") be nonnegative. Then

0D (&Te)= 3 [£®@aSdcd=[50sSdcd
QEMXN

using a monotone convergence argument. Since any L? function may be
written as a complex combination of four nonnegative L? functions the
equalities of (7.7) are true for all g; in LAR") and so express T as an integral
operator. The kernel of T, S, is nonnegative a.e. by (7.6).

REMARKS. (a) Strong (and so weak) limits of integral operators are, in
general, not integral operators.

(b) It does not follow that the kernels of T, converge a.e. to the kernel of 7.

Nevertheless, the convergence of the linear functionals, obtained as
integration against the kernels locally, may be used to preserve pointwise
inequalities for kernels. This has already been demonstrated for nonnegativity
of kernels. The next lemma gives another inequality which is preserved and
which will be useful in what follows.
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Notation. If T is an integral operator we may write (-, -) for its kernel.

LEMMA 7.2. Let {S,} and {R,} be sequences of bounded linear operators on
L*RY) converging weakly to the bounded linear operators S and R, respectively.
Suppose the hypotheses of Lemma 7.1 are satisfied for both sequences, with
identical p’s and 9W’s. Let G be an a.e. nonnegative function in L*(Q) for each
QinIM X M.Fix1< g< oo If

5:(%.7) < G(% (R (%, )" ae.
Jor each k then

S(%y) < G(xY)(R(x )" ae.
ProoF. Taylor’s theorem implies that for every ¢ > 0
(Re(x9) + &)/*= (R(x,y) + &)/

<(Re(%7) = R(%2)(1/a)(R (%) + &)

Consequently, for any Q in 9N X O and any nonnegative f in L*(Q) we
find

lims Gf((R, +¢)"/*— (R +¢)"/%) <limsup | L(R,— R)=0
sup [ GI((Re+0)"/% — (R+)""%) <limsup [ L(R = R)
by Lemma 7.1 since

L(x,) = (1/9)G (%) (% y)(R(x,y) + &)/
isin L*(Q) and so in L7(Q). But then

fQ §f= lim fQ Sif<lim sup fQ Gf (R,)"*
< fQ fG(R+e)'/"+limksup fQ Gf((Re + €)"/7 — (R + &)%)
<j;2fGR V44 ¢'/9.|Gf|,, measure(Q).

Since & > 0 is arbitrary we find that for all nonnegative fin L*(Q)

f Sf< f GR'/%f.
(0] Q
The lemma thus follows.

ReMARKk. The hypothesis of identical p’s and 9’s in the previous lemma
was made only for convenience. If in fact the p’s are different choose a new ¢
equal to the minimum of these and if the partitions are different let 9N be a
partition which is a refinement of both partitions. Then the proof proceeds as
before.



SEMIGROUPS ON L2(RY) 341

VIII. Kernels of semigroups. As a result of the approximation theorem and
Lemma 7.2 we are able to show that the semigroup, generated by H, + pZ
for all Hy-perturbations of type B, Z, and all p > 1 sufficiently small, consists
of integral operators with a.e. nonnegative kernels. In addition, if K, denotes
the kernel of e ~*", for some fixed ¢ > 0, then

K, <(Kp)P (k)" ae.

for all sufficiently small p > 1. This inequality (see [7] and the remarks
following Lemma 8.1) will be used in the last two sections.

Notation. If V is a real measurable function on R then multiplication by ¥
is a selfadjoint operator on L*RM). We let V additionally denote this
selfadjoint operator and also its corresponding quadratic form.

LEMMA 8.1. Let H,, be an operator of type A. Let V be a real function in
L*(R"). Then the operator sum, H,, of H, and pV is, for every 0 < p < oo,
selfadjoint and bounded below. For t > 0, e~ is an integral operator with a
kernel which satisfies

0< e—IH. (x,y) < (e—lﬂo (x’y))]/l"(e-(l{p (x’y))l/l’
Jor almost every (x, y) in R* and every 1 < p < oo.

ProoF. That H, is selfadjoint and bounded below is well known [20]. The
Trotter product formula [36]:

e~ = strong limit 9"
n—oo

where 7,7V = (e~"Ho/"e=1a¥/ny" and the observation that T¢" is explicitly an
integral operator with kernel satisfying

0 < T (x,y) < e®WViwg=tHo (x )

show the hypotheses of Lemma 7.1 are satisfied with any partition 9T and
any 1 < p < oo because e*#o(-, -) € L®. Consequently, e ~** is an integral
operator with an a.e. nonnegative kernel. Further, e~*%(-, - ) is in L2(R?")
because

Cow (e7'%) < ePMl=C,y  (e7"H0) < el hn)|e=tHo) .
Let K, (x,y) = e~"Ho/"(x, y) and let L,(x) = e~"Y®/n = ¢=1/n(x), Then
K, (x, 21)L,(21)K, (21, 2)L,(22) - - * K, (25-1,9)La(9)
= (K, (% 2K, (2, 20)  * + Ky (24-,9))”
(K (%, 20) Ly (1) * - - K, (Zn—l’y)Ln/p(y))l/p'
Thus, the semigroup property and Holder’s inequality show
0< T (x,5) < (7 (x,»)) " (2" (x,) "



342 I. W. HERBST AND A. D. SLOAN

The lemma now follows from the Trotter product formula and Lemma 7.2.
REMARKS. (a) Similar techniques show that if W, V are real functions in
L*(R") then, almost everywhere,

e~ HAWHV) (1) < (e-x(u.,+p'w)( X, y))'/f'( e~ (Ho+sV)(x, y))x/,.

(b) If one begins with the Feynman-Kacs formula for H, = —A:
e"'(”o"' V)(x’y) =fe-jal'(w(:))¢r dﬂm(W)

where p,, denotes conditional Wiener measure, then the inequality follows
directly from Hoélder’s inequality. Using this intuition, Deift and Simon [7]
independently proved a similar inequality for H, = —A.

THEOREM 8.2. Let H,, be an operator of type A. Let Z be an Hperturbation
of type B. Suppose the distributional part, W, of Z satisfies
*W<alHy+b for0<a<l,0>b>0.
Then, for 1 < p < 1/a, e~"#Ho*P2) js an integral operator satisfying

81 0< e-x(ﬂ.,+z)( %) < (e—tHo (x, y))l/p'(e_t(flo+PZ )( x,y))'/'
almost everywhere.

PRroOOF. It is clear from Corollary 5.5 and from the proof of Theorem 5.4
that we can choose Z, € C® so that e "*o*'Z) converges strongly to
e 't forall0 < r < p.

Let Q = Q, X Q, where each @, is a measurable subset of RY with finite
measure. Let x5, Xxp, Xp, be the characteristic functions of Q, Q,, Q,
respectively. Fix ¢ > 0. Denote e ~"#e*2) by E_and e~"He*"Z) by E, . Let
1< a<1/aandchoose B8 > 1sothatl < g=aB < 1/a.Letf € LF(Q).

By Lemma 8.1, E, , is an integral operator with an a.e. nonnegative kernel
satisfying

| fQ F0Y)Eyp (%, ) dx dy|

< fQIf(x,y)I(Eo 5 9) P (Ey (. )) /" dx
< ( LGN Eo(xy) ax dy)w( [ %0 (5 9)Egn(%,7) dx ay)'/”

- /B
<Jle= ¢ N, Con (N(xep Eanxe,)'”™
Since E,, converges strongly to E, we find that, after choosing 8 in (1, 1/pa),
(8.2) sup Cog (Eyn) < 0

and
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(8.3) sup Cop (E,,) < 0.

Lemmas 7.1, 7.2, 8.1 and Corollary 5.5 complete the proof of the theorem.
Using the Laplace transform formula for the resolvent, Theorem 8.2 leads
to

COROLLARY 8.3. Under the hypotheses of the previous theorem, (H, + pZ +
N~ is, for all X > O sufficiently large, an integral operator with an a.e.
nonnegative kernel satisfying

- - 1p - 1
(Ho+ Z+0)7'(0,9) < ((Ho + N7 '(%,9) " (Ho + pZ + M) '(x,))
almost everywhere.

COROLLARY 8.4. Under the hypotheses of the previous theorem the kernel of
e~ '+ D) s jn LB(Q) for every bounded measurable subset Q of R*N for
1< B< 1/a.

Proor. This follows from (8.2) and (7.3).

IX. Regularity properties of eigenfunctions. It is well known that singu-
larities of the potential, ¥, can cause singularities in the eigenfunctions of
—A + V. We consider to what extent these singularities are absent under
suitable conditions on the perturbations. We consider all unperturbed H, of
type 4, but we later impose further restrictions on these unperturbed opera-
tors to extend our results.

For most of the purposes of this section, an eigenfunction is considered to
be free of singularities if it belongs to L*. However in Theorem 9.7 we isolate
a class of H = Hy + W for which the eigenfunctions are Holder continuous
of some order.

THEOREM 9.1. Let H, be an operator of type A and suppose AyZ is an
Hy-perturbation of type B for some Ay > 1. Then for all t >0, e~ "Ho+2)
extends to a bounded map of LY into L" for q < r and g, r in [(2A), (2Ag)]
where 2Ag) = (1 — (2Ag) )7L

Proor. Define Hy, = Hy + AZ for Ain [1, A,].

Suppose ¢ is in [2, 2Ag] and p is in [g/2, Ag]. Then define s in [0, 1] by the
equation

s/p'+4q/2p =1
If f is a nonnegative function in L? we have by Theorem 8.2 that

JeH NI & < [(e7% (6 0) 1)) (e (x, ) S ()72) .

By Hélder’s inequality we find, for almost every x,
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©.1) (e™"BF)(x) < (e~"Hof* )77 (x)(e~Hafa/2) /P ().
Thus
©2) ey <le ™l eolle ™ lax 1

By Theorem 2.3 and The Riesz-Thorin interpolation theorem, [le =], <
¢(f) < oo for all rin [1, o0]. Hence (9.2) implies

le™ )|, <

if ¢ €[2, 20l and p € [g, 2\ ).
The rest of the theorem is proved using duality and the semigroup property.

lee

COROLLARY 9.2. Under the hypotheses of Theorem 9.1 all L? eigenfunctions of
Hy + Z are in L? for p in [2, 2\,).

REMARK. In cases where hy(p) grows like a power of |p| at oo, Corollary 9.2
will not be optimal. This is because all eigenfunctions of H are in the domain
of (Hy + 1)!/2 and (H, + 1)~'/2 has smoothing properties. We consider the
details of this remark in the next lemma and its corollary.

Notation. If hy is a function of type A and if in addition there is an « > 0
so that hy(p) > y|p|* for some y > 0 and all | p| sufficiently large, we say that
H, is of type C,.

LEMMA 9.3. Let Ry(z) = (Hy — z)~" and for A > 0 let Ry/*(—\) be the
nonnegative selfadjoint square root of Ry(—M). Then if H, is of type A,
RJ/*(—=N) is a convolution operator on L*(R™) with a convolution kernel which
is nonnegative and in L'(R"). Additionally R}/*(—\) extends to a bounded map
on L?RY) for p in[1, o] with

® IR (=W, <A™
Moreover, if H is of type C, then
|R2(=W)|,, < 2<p<2(1-a/N)a<NV,
IRe(=W)||,, <o if2< p<oo,a>N.
PrOOF. We use the spectral theorem and the formula
A=* = T(s)"! fo Pps-leM gy
to write
R2(-N) = -:r"/zfowt“/ze"“e“”o dr.

Since e~Ho(1) = 1, it follows that the convolution kernel of RJ/%(—A), which
we also denote by RJ/%(—A) and which may be defined by
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-}
RY2(-N) = ﬂ—l/zj; £~1/%=NKO gy

where K? is the convolution kernel of e~Ho, satisfies RJ/%(—A) # 1 = A~!/2
and thus (a) follows as in Theorem 2.3.
Using ||K?)|; = 1 and interpolation we have for ¢ in [1, 2] that

a /e
%20, < (I1°1:)
so that if hy(p) > y|p|* for large | p| then

©3) IK), < (1 + =N/e0)
and thus
(-]
04 IR (=W))< ef ” 1= e MK dt< oo

if i isin [1,2] and } +N/aq’ < 1. The inequalities of (b) now follow from
Young’s inequality.

COROLLARY 9.4. Let H, be an operator of type C, and let Z be an
Hy-perturbation of type B. Let H = Hy + Z and set R(—\) = (H + A\)~\. For
A large enough, t >0 and p in [2, o] satisfying p~' > 3(1 — a/N) there
JSollows

RGN, < 000 ™™g, < oo

PROOF. Choose A so that H + A > 1. Then since the domain of (H + A)'/2

is contained in the domain of (H, + A)'/% the closed graph theorem assures
us that

ll(Ho + NYYH + )\)"/’||2 <

so that || R (=X)L, < [|Ry(=N)"/2|l5,[I(Hy + N'/2(H + N)~"?,, < 0. In
addition,

le="|l,, <||R (-)\)'/2"2'“(11 + )\)'/ze"”“u.

Notation. Define v, = w0 ifa > N and y, = 2(1 — a/N)~! otherwise.
We now combine the techniques of Theorem 9.1 and Corollary 9.4 to
obtain

THEOREM 9.5. Suppose the hypotheses of Theorem 9.1 hold and additionally
Hy is of type C,. Then
lle™" g, <
ifq €2, 2] andifr €[q, y,\)) whena < N andr € [q, o] whena > N.

Proor. We use the inequality (9.1) to write
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- - Vpeo —
le= 1, < (e~ llars) (e~ " llg/s.0)I g

forpin[q/2, A} qin[2, olandp/r > %(l - a/N)'
The finiteness of ||e~**||,, , for /p as above follows from Corollary 9.4.

COROLLARY 9.6. Under the hypotheses of Theorem 9.5 all L? eigenfunctions of
Harein L forrin[2,y,\))ifa < Nandin L" forrin[2, oo]ifa > N.

ExaMPLE 9.7. Consider the operator H = Hy + V where Hy = —A and
V(x) = —B|x|72if |x] < L, |V(x)| < c for |x| > 1 and ¥ in C*R" - {0)).
For simplicity we discuss the case N = 3. Then V is an Hj-perturbation of
type B if and only if 8 <1 [5]. If H has bound states it is known that the
angular momentum zero eigenstates behave like |x|~%, s =1 —(3 —8)'/2ina
neighborhood of the origin [24]. All other eigenstates vanish at the origin and
thus all eigenstates of H are in L? for p < p(B) where p(B) =6(1 — (1 —
4)!/%)~1, Corollary 9.6 gives the result that all eigenstates of H are in L? for
P <6(4B)~! < p(B) since 0 < B <3, which, although not optimal, does
give the correct behavior near 8 = ;.

However, in this special case another method of estimation does give the
exact result:

Forain [0, 1]set b=1—a and B, = (H, + A"V (H, + \)~%. We note
that if || B,|| < 1 then

(H+N)7'=(Hy+N) (1 + B,) '(Hy+N)”°
so that
[CH + 27, < el (Ho+ N7,
But

©5)  [[(Ho+ 1) r 2(Ho + )78 <|r2(Ho + )| |2 (Ho+ )Y
and ||r~29(H, + 1)~°|| can be computed exactly for all g [15], giving

[(Ho + )™ 2(H, + 1)~ <[4(1/4 - (a — 1 /2)2)]'l

if |a — 3| <jz. Thus, for some A >0, |B,Q)] <1 if y<3i(1+ 3(1 -
4pB)'/?) and hence, by Sobolev’s inequality ||(H + )|, < o0 if p < 6(1 —
(1 -4p)/HL

Until now we have not imposed any restrictions on the perturbations, Z,
except those inherent in the definition of type B perturbations. The preceding
example shows that without such restrictions the eigenfunctions of H = H,
+ Z will generally have singularities. In the next theorem we isolate a
condition which eliminates these singularities.

THEOREM 9.7. Suppose H, is of type C, and W is the distributional part of an
H-perturbation of type B. Fix A > 0. Suppose that the operator
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Oy = RY*(-NWRy(—))
extends to a bounded map on L1 for some q satisfying
9.6) 1<g<2 and g<(1-a/2N)"!
and suppose

19ullge<1 and Q< 1.

(a) If V is the positive part of an Hy-perturbation of type B then there exists
an L > Osuch that (Hy + V + W + N\)~L is bounded from L? to L.

(b) There exists a positive number £ = §(a, q, N) such that if f is in L? then
g = (Hy + W + \)~f satisfies

|8(x) = )] < elx = [N

PROOF. Define H = Hy+ W and H, = Hy+ V + W. Note that by the
Trotter product formula and the approximation theorem the kernel of e~ is
pointwise greater or equal to the kernel of e ~“#1, The formula R = (H + A)~!
= [®e~'e~'H dt shows that a similar statement is true of the kernels of
(H + N)~!' and (H, + N)~". Consequently it suffices to prove the theorem in
case V = 0,

Ths significance of the range of allowable ¢ is that, as was shown in the
proof of Lemma 9.3, for g satisfying inequalities (9.6), R}/*(—]) € LA.

Define the function y: [1, ¢'] - [g, co] by the formula y(r) = (r~' + ¢~!
= 1)L Then by Young’s inequality, interpolation and Lemma 9.3, part (a)
there is a constant ¢ so that |R}/*(—=M)|,, < ¢ if 1 <r<s< y(r) and
r < ¢ while ||R3/2(=M)||, < cifr > ¢

Define yo = 1 and vy, = y(y,-,) forn=1,2,..., M where M is the first
positive integer such that y,, > ¢’. We claim there is a constant d < o so
that

fl<p<g<r<owor
ifg< p< ¢,p<r<oo

To prove (9.7) it suffices to show
©8) IRM)1, o< o0, |RY

©.7 IR¥|,..< d

log< o and R, < oo.

The fact that (9.8) implies (9.7) follows from duality and Riesz-Thorin
interpolation.
Let C = (1 + Q,)"'and R}/? = R}/*(—M). Then R = R}/*CR}/? so that

2
IRl <IRloalCllae  IRlI1a<IRS"*, JCH 0l Re" o

These two inequalities prove the first two inequalities in (9.8).
To show that ||[RM]|, , < oo we use
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"R M“ 1,00 < ||R°l/2“ I.y.‘ “ C"Y:-’h. “ROI/ZIIYI-YI
9.9) ’ "R‘;n"n-n. "C"’Izﬂz. "Rg/z"‘/zﬂ:. e
) "R(:ﬂ“w-l-’lu- v "C"YM-IWM-I. "Rol/z“wv-l»'lu

1R s 1€ " R0 g0 < o0

where the fact that ||C||,, < ¢’ < oo for p in [g, ¢’] follows from duality and
interpolation. (9.7) proves part (a) with L = M.

The proof of part (b) will consist of verifying the following estimate for A in
LY

©.10) [(Re7B)(x) = (R/*R)(y)| < e|x = y[f{Ally

since if f € L? we can write RYf = R}/%h where h = CRJ/2R-~'f. It is clear
from a glance at (9.9) that ||[R-™!|, . < co so that ||A]|, < C||f]l,. Here we
have assumed L > 1 but this involves no loss of generality since [|RL*!|;
< oo providing || R%||; ., < 0. The proof of (9.10) will involve

LemMMA 9.8. Suppose H, is of type C,. Then for t > O the convolution kernel,
K?, of e~ is in C®°(RY) and there are nonnegative constants A, B, I, with 8
and | functions of a alone, such that

IV K|, < 4721+ ¢').

ProoOF. We have

(9.11) K'(x) = (2m)" f eixPe=tho®) gNy

which is clearly in C*. By Lemma 2.2, h, is given by the Levy-Khintchine
formula with some finite measure p. Let

1 -2 1
h(p) = = 14+ AY)(A)7*(1 = cos(A - p)) de(A) + 5 (2, G
1(2)= 3 f| e NI~ cos(h-p) dud) + 3 (51 )
and
hy(p) = ho(p) — hi(p)-
It is clear that if H, = $M, §, then each H, is also of type C, fori =1, 2.
If e ~"# is given by convolution with K/ then we have
K"O = I{,‘ * I('Z
so that V K? =V K « K? satisfies
IV &, <[V &,
Thus it suffices to consider H,, of type C, for which the measure in the

Lévy-Khintchine formula is supported on a bounded subset of R¥. For such
H,, the gradient of the K of (9.11) can be estimated explicitly. We use the
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fact that
|V ko[> < chy
as proved in Lemma 2.7 to conclude that for |n| > 2
|[D®e="%| < e(n)t(1 + dr)e"he/2,
Thus integrating by parts we find for |n| > 3

|(V K2)(x)| < byjx| "t (1 + t")fe"""/2 (1 +|p))d™

< a|x| - NED/a(] 4 gy,
Consequently,
"v K‘°II|< c“v K‘°"2+ c'(t("'(N"'l)/"))(l + t”"")

where the first term comes from estimating f,1<,| V K|(x) 4"x. The lemma
follows by explicitly estimating || V K?||, using the Plancherel theorem.

REMARK. In special cases our estimate for B(a) is poor. For example, if
ho(p) = | p|* then, by scaling, || V K?||, = ct~'/=. A better estimate for 8(a)
leads to a better estimate on the modulus of Holder continuity in Theorem
9.7.

We now complete the proof of Theorem 9.7 by proving (9.10).

Suppose h € LY. Then

©12) (K h)(x) = (K # B)()| <|1K77* = KO Il
where K*(z) = Kz + x). Now

K2@) = K2(2) = [ VKO (2 + x)
so that
©.13) IK5 = K2 <Ix| |V &)
Since ¢ € [1, 2] we have

s 1-s
IV &2 <IV &V &7,

where 1/ = s/1 + (1 — 5)/2 which gives, for some 8, > 1,

.14 K = K|, < erfx|e=B:(1 + M),
We also have
©.15) K" = K2 < 2[K0) < cat ™ (1 + 1B2)

from (9.3) where 0 < 8, < 1.
If we express the region of integration in the inequality
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(RI8)(x) = (RRYO)] < (e 17 e o= = K9], )

as the union of [0, s] and (s, ©0), then using (9.15) in [0, s] and (9.14) in (s, o)
giveT (9.10l) with £ = (1 —B,)/(B, — B,) after optimizing the power p in
s=|x -yl

This completes the proof of Theorem 9.7.

REMARK. If Hy = —A in R" then by scaling, || V K|, = ¢t ~¢/2*+N/D
and ||K?||, = c,t~¥/%7. The procedure used in the proof of Theorem 9.7
givsé=1- N/q'.

ExAMPLE 9.9. Suppose H, = —A in R¥, N > 1, and suppose W is a real
distribution with W = 2I_,3,;V; + V where ¥, € L’,p > N,and ¥ € L +
L*, g € (N/2, «). Then W satisfies the hypotheses of Theorem 9.7.

For the proof of this statement first note that without loss of generality we
may assume ¥V € L?and V > 0. Then

|W(f2)| < ? 17l (13A 0 £l +13gllAL) + 1V A0V,

where p~ ' +r ' +s'=yu'+ o' +p ' =r1+ /71" =1 Since
19,(—-4 + N 29 S ¢(g) < o, independent of A for g in (1, o) [34], we
have

|W(R/* (=N, R (=N g))|

< (IR (-N g, + glRI* (-]
+H|V 2R (=M NV R (- N gl

Suppose r € [(29), 2q]. Then by Young’s inequality and Hoélder’s
inequality || V'/2R$/*(= )|\, and ||V''/?R}/*(=N)||,, approach zero as A —
. Also, |R3’((—=N)||,, and [|[R3’*(=N)||,, approach zero as A—»> oo by
Young’s inequality. Taking u = r’ we thus have

lim  su , R&2(=A)WRY?(-N)g)| =0
L N L %)
so that for A sufficiently large

[R2(-NWRI2 (=N < 1

ift €[29)’, 29).
ExAMPLE 9.10. If Hy = — d?/dx? in R! then any distributional part, W, of
an H-perturbation of type B satisfies the hypotheses of Theorem 9.7.
REMARK. Smoothness properties of the eigenfunctions of N-body Schrdd-
inger Hamiltonians have been investigated by Kato [23] and Simon [33].
These authors are mainly interested in the case where the perturbations are
sums of two-body potentials which are relatively bounded with respect to
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Hy= —A in R®. With these stronger hypotheses, the eigenfunctions are
smoother than the result given by Theorem 9.7.

ExamPLE 9.11. Let Hy= —A in RV, N > 1. Let §; be a delta function
concentrated on a compact C' hypersurface, S = F~1({0}) as in Example
4.6. If W is the associated form then W satisfies the hypotheses of Theorem
9.7.

To prove this we will use the inequality
©16)  |sup| (R (=0f)exw )| < AT,

Xy L'(RN-I,dN-IX)
for g in (1, ), f € S (RY), which we will shortly prove. After decomposing S
into finitely many pieces which can be straightened out, (9.16) is easily seen
to give

W (5 8)] < BA™(=8 + NS (-4 +1)"]
Thus
“R‘;/z(—;\)wxg/z(_)\)||q,q< B2

for g in (1, ).
All that remains is to verify (9.16) which we now do.
First observe that from || R3/3(—M)||, < c(g)A~'/% and Holder's inequality
there follows
(9.17) [R2 (=M < e(@~"|f|, N=1
If f € S(RY) then (9.17) implies

(22 +2)7f)xs - xN)l

sup
(9.18) x

< c(q’))\"/z"'( f 1fOep oo )| dx,)w

which in turn implies
(9.19) sup l(( P+ ;\)-n/zf)(x,, ) < c(@n A,
x) L.(RN"I’de-l)

Let Ry/(—N) g = (p? + A)~'/%. Then from (9.19)

sup|(R3/2(~N) 8)(xp, )”L

q(RN— l)

< (@M (a1 +2) (02 + )V

Now it follows from the equivalence of the norms (X, ,/13:gll, + || gll,) and

i(p* + 1)'/%||, as shown in [34] for ¢ in (I, co0) that ||(p,§+ N3(p? +
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N2, = ¢(q, M) < oo. The fact that c(q, M) is independent of A follows by
a scaling argument.

X. Generalized eigenfunctions. While many selfadjoint operators have no
eigenfunctions in the Hilbert space sense they may possess generalized
eigenfunctions. For example

- d? (elkx )/dxz = k2e'**
and if V is multiplication by the coordinate function on L*(R') then V8 =0
in the sense of distributions but ¥ has no eigenfunctions in the L(R') sense.
Here & is the delta function. Generalized eigenfunctions, such as § and e,

are useful in giving mathematical meaning to common heuristic expressions
(see [8] for example) such as

H|g >=fH|€>(€|g) d¢

where the |£) form a complete set of eigenvectors for the observable H.

We begin this section with a review of results concerning generalized
cigenfunction expansions of selfadjoint operators. There are various
approaches and an extensive literature on this subject, see for example [1], [3],
[9), (13}, [17], [18], [22], [25], [27], and [35]. We simultaneously consider the
question of when the generalized eigenfunctions are functions rather than
more general distributions. We end this section by discussing the singularity
structure of the generalized eigenfunctions in the sense that we describe
functions p such that the generalized eigenfunctions belong to L%(pdx).

In this section T will denote a selfadjoint operator on a separable Hilbert
space L%(X, du) where p is a o-finite and positive measure. By the spectral
theorem there is a o-finite positive measure space (Z, dv), a real measurable
function @ on Z and a unitary operator U: L*(X, du) - L¥(Z, dv) such that
UHU ~! is multiplication by a.

If v and w are measurable functions on some measure space we will write
{v, w) for the integral of vw in case vw is integrable.

DEFINITION. A selfadjoint operator S on L*(X, dp) is called a Carleman
operator if S is a bounded operator with kernel satisfying

(10.1) f IS (x, y)|2 du(y) < oo for almost every x.

A weight function for a Carleman operator S is a nonnegative measurable
function p on X such that

(102) [ [15 () o(r) du(y) du(x) < oo.

Observe that positive weight functions always exist for Carleman operators
S. In factif y > Ois in L(X, dp), setting
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-1
o) =1 (5 d®) 1) it0<[ise)f du(x) < oo,
1 otherwise,

gives a positive weight function for S.

DEeFINITION. A Carleman function for the selfadjoint operator T is a Borel
function B8 which does not vanish on the spectrum of T and for which B8(T) is
a Carleman operator.

Notation. T, = {p: p is a nonnegative measurable function on X}, T' = {p
€T,: M,,B(T) is a Hilbert Schmidt operator for some bounded Borel
function B which is nonvanishing on the spectrum of T}.

We remark that I'; is a convex cone so that

Vr= U L¥(X, p~'dp)
PELT
is a linear space. (Note that we allow the set E = {x: p(x) = 0} to have
positive measure. In this case L*(X, p~'du) =set of all f with xzf =0,
IxelfPp~" dp < o)
Minor modifications of techniques developed in [1] and [9] yield the
following generalization of results found there:

THEOREM 10.1. Suppose T'; contains an a.e. positive function. Then there is a
set of generalized eigenfunctions {{,: z € Z} such that

(2) For all p € Ty, almost every generalized eigenfunction is in LX(X, pdp),
i.e.y, € LAX, pdy) for v-almost every z.

®)
(103) (UR)(z) = (Y, k) forallh € VN L*(X, dp).

(c) If y is a bounded Borel function then

(5 1(T)g) = [ dv((2))¥ss 8 v (2)
Jorallf,g € Vp n LYX, dp).

REMARKS. (a) ¥V N L%(X, dp) is dense in LA(X, dp).

(b) The statement that I';- contains an a.e. positive function is equivalent to
the statement that there exists a Carleman function for the operator T.

(c) Since U may not be an integral operator, as in the case of the Fourier
transform, (10.3) cannot in general be extended to all of L3(X, dy). However
in this direction we do have

CoroLLARY 10.2. Let {E,} be an increasing sequence of p-measurable
subsets of X with U ,E, = X. Suppose each characteristic function, x,, of E,
belongs to T . Then for all h € L*(X, dy)
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= 2- 1
Uh=L "lLry.lo ¥ Xuh)-

ProOF. By (10.3), U(x,h) = {¥, x,h) and x,h -+ h. Q.E.D.

Note that if p > 0 is in 'y, E, = {x: 1/n < p(x)} satisfies the hypotheses
of the corollary.

We now turn our attention to the case of X = L’ R",dx)and T = Hy + Z
where now and for the rest of this section H, denotes an operator of type 4
and Z denotes an H-perturbation of type B with distributional part W and
positive part V. Our first goal is to show that H, + Z has a set of generalized
eigenfunctions. By Theorem 10.1 this goal will be attained upon finding a
Borel function B, not vanishing on the spectrum of Hj, + Z, such that
B(H, + Z) is a Carleman operator. Secondly we shall describe functions p
such that the generalized eigenfunctions are in LR, pdx). Here the results
may be compared to the case of —A where the generalized eigenfunctions,
e~%=_are in L*RY, pdx) for all p in L'(R", dx). See also [9]. With reference
to such a comparison a most satisfactory result (and recalling the examples
following Theorem 9.7, an interesting result) is contained in

THEOREM 10.3. Let Hy, A and Z satisfy the hypotheses of Theorem 9.7. Then
there is a positive integer L such that (H, + Z + N)~L is a Carleman operator.

Moreover, L' CTy ., and thus for every p in L'(RY, dx) almost every
generalized eigenfunction of Hy + Z is in L*(RY, pdx).

PrOOF. Let S = (Hy+ Z + A)~L where L is as in Theorem 9.7. From
inequality (9.7) of the proof of Theorem 9.7 integration against the kernel of
S gives a bounded map of L! into L® and by the Dunford-Pettis theorem [37]
the kernel of S is bounded, say by the constant c. Let p be a nonnegative
function in L'(R", dx). Then

[ [15ConPotr) b dx < ef [SCx)p(y) b d

= c[|S @, < clSTullel

Again from (9.7), ||S||;,, < co. This completes the proof of Theorem 10.3.
REMARKS. (a) This theorem and Example 9.9 generalize a result of Faris [9)].
(b) For H, and Z as in the previous theorem, we may conclude that

e~ 'Ho*2) i5 3 Carleman operator for all z > 0.

(© If Hy and Z satisfy the hypothesis of Theorem 10.3 then the
characteristic function of any measurable subset of RY with finite Lebesgue
measure belongs to Wy .z, where B(x)=(x + A)~L. Consequently,
Corollary 10.2 is applicable in this case.

(d) From Theorem 2.3 it may be seen that e~ " is the Fourier transform of
an L' function which implies that e~"° vanishes at co. The hypothesis of
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Theorem 10.3 which requires H, to be of type C, restricts the rate of
vanishing.

Since the convolution kernel, K, of e~ is the Fourier transform of the L!
function e =, it likewise vanishes at co. We next consider a class of H’s for
which this decrease property is made more quantitative.

DEFINITION. A nonnegative function, f, is said to be decreasing with respect
to the norm || - ||, if f(x) < f(y) whenever ||x|| > || ¥]-

Let D = {f > 0: f(x) < g(x) for some g in L? which is decreasing with
respect to the norm || - ||}.

We remark that D is independent of the norm, || - ||, which we use to define
it.

DEFINITION. H, is of type D if it is of type A and in addition K is in D for
allz > 0.

We will soon obtain eigenfunction expansions for a large class of perturbed
Hy’s of type D. For now we note that this class is quite large.

PropPosITION 10.4. Suppose h, is of type A. Each of the following is a
sufficient condition for Hy = M, 3" to be of type D:

@) hy € C*R").

(i) Hy = H, + H,; H,, H, are of type D.

(iii) Hy = g © h,, where h, is of type A, Fe™™ is for each t > 0 decreasing
with respect to a fixed norm, and g is a function of the type discussed after
Example 2.6.

The proof of this proposition is given at the end of this section.

REMARKS. (a) It is an interesting fact (which we include in our proof of
Proposition 10.4) that if A is of type 4 and is C* in a neighborhood of zero,
then h, € C*(R").

(b) Since e’ has a decreasing convolution kernel, condition (iii) above
gives many examples of Hy’s of type D. For example Hy = $M,,. %=1 for
0<a<2

THEOREM 10.5. Suppose Hy is of type D and that 2Z is an H-perturbation of

type B.
Then e~"Ho*2) js g Carleman operator for each t > 0.

REMARK. Deift and Simon [7] have proved Theorem 10.5 with Hy = —A
assuming only that Z is an H, perturbation of type B. Their method is very
different from ours and uses techniques which are special to H,= —A.
However it is not all clear that Theorem 10.5 cannot be improved in general.

PROOF. pZ is an H-perturbation of type B for some p > 2. Let 8 = (p —
1)(p — 2)~". Let p be a positive function in L' n LA(R") which is decreasing
with respect to some norm. Let K, be the kernel of e~*# where H, = H, +
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rZ,0 < r < p. From Theorem 8.2 we have
[ [ 1K (%, 9)o(y) & ds

< [ (Ko (0 (K, (0 )0 2(0)) " dy

<f dx { [ f (Ko (%, »)p"( y))[(2p-z)/,].p/,_2 ay](’"’/’
. [flg (x y)pl/z(y) @]2”]

7.2 4d
<[f dx( f &y Ko(x’J’)sz(J’)B) ,] ||e' H,pl/zuilp’

The first factor is controlled using our assumptions on K? and p: we have
Ky(x,y) € g(x — y) with g € D so that

28 B x — y)2BpP
JRosno)f & <[ alx=0"P0)

28 g
W G OF

28
< 2(3x) oI+ o® (r) K025
so that

Jax{ [ Kot 7750) dy)w

2
< er{l&llele + & zglell } < ca(liolls +lell):

The second factor is controlled with the estimate

- 1/2  ~
le=*0"/2],, <[l *lle ™|
so that finally we have

J1K ) o(r) & dx < el *(lells +lell)

which completes the proof.

We now consider the set T ,, and thus to some extent the singularity
structure of the generalized eigenfunctions.

Notation. L (RY) = L R") N {f: supp f is compact}.

PROPOSITION 10.6. Suppose H, is of type D and MyZ is an H-perturbation of
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type B for some Ny > 2. Then
{p>0:p€ L¥R")} CTy .2

and thus if p > 0, p € L), then almost every generalized eigenfunction of
Hy + Zisin LR, pdx).

REMARKS. (a) Corollary 9.2 shows that under the hypotheses of Proposition
10.6 every eigenfunction is in LZ9(R") and thus in L*(pdx) for every
nonnegative p € L*(R™). Thus Proposition 10.6 should be considered a local
version of Corollary 9.2 for generalized eigenfunctions.

(b) The proof of Theorem 10.5 shows that {p > 0: pE L' n LA, B=(\,
= DA —2)7Y, p(x — a) = h(x) decreasing with respect to some norm} C
Ty, +2z- However, since 8 > Ay, Proposition 10.6 is a better result locally.

PROOF. We use the notation of Theorem 10.5. With p = A, we have

f f K, (x, ) p(») dx dy

< f dx f & Ky (x,7)o()"? (K, (x,)')P(y)p'/z)Z/p

1781V/7
<[ I dx( [ Ko(x )" P(y)”') /ﬁ]

2711/p
[ J dx( [E 00" dy) ] :

The second factor is dominated by |le™"*||3Z||p||5/? while the first is
controlled using the fact that H, is of type D and p(x) vanishes for ||x|| > c.
Thus note that if Ky(x, y) < g(x — y) where g € D we have

A8 , .
( f dv Ko(x,5)*Pp( y)") <|[Kol|%lIp|"#  for x arbitrary,

and also < g(3 x)?||p||%/# for ||x|| > 2c so that

[ @ &1k, (% 9)'e() <ol <(supp o, 1)

and the proposition is proved.

We end this section with the proof of Proposition 10.4:

(i) Let hy be given by equation (2.3) and suppose h, is C* in a neigh-
borhood of the closed ball B centered at the origin. Choose g, € S (RV) with
80(0) = 1, gy(x) = go(—x) > 0, supp g, C B and let g,(x) = g(ax). Define
do = ho — 2,;C;p,p; and suppose m is a positive integer. Then by equation
(2.3)

[(-8"e)P)ao(p) dp = ¢ fN>OI>\|2"”"’ (1 +2?)g,() du (D).
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If a € [0, 1], supp g, C B so that an integration by parts gives

Jops 0+ W) £ @) < &l = i

Using Fatou’s lemma and the fact that lim, 5 g,(A) = 1 if A # 0, we find

(104) f du(N)(1 +A%)"< o0 foreachm > 0.

Thus again by equation (2.3), i, € C*(R"). By the proof of Lemma 2.7,
|@:ko)(P)P < ¢’hg(p), and by (10.4) and (2.3), || D @hy|o, < oo for all |n| > 1
so that integration by parts shows

(1+x)"K°(x) < ¢ f (1 = 8)"e="®)| dp < v,

(ii) If the convolution kernel of e~*# is j,, i = 1, 2, then K%(x) = [j,(x —
Vi(y) dv.1f j, < g, g € L? and g, is decreasing with respect to || - ||, then

0 Y
K@ <f 80 =0h0) &

+ Ji(x —
'/l;yl>lixn/2 1(x-»)&() &
< g1(3x) + &:(3x).
(iii) From the theory of completely monotone functions [11],
0
e~oh = g o = fo dv,(N)e ™M

for some probability measure ». Thus K%(x) is a weighted average of
decreasing functions and therefore itself decreasing.
This completes the proof.
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