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ABSTRACT. Gagrat, Naimpally, and Thron together have shown that sep-
arated Lodato proximities yield 7,-compactifications, and conversely. This
correspondence is not 1-1, since nonequivalent compactifications can in-
duce the same proximity. Herrlich has shown that if the concept of proxim-
ity is replaced by that of nearness then a/l principal (or strict) T,-extensions
can be accounted for. (In general there are many nearnesses compatible
with a given proximity.) In this paper we obtain a 1-1 correspondence
between principal T)-extensions and cluster-generated nearnesses. This spe-
cializes to a 1-1 match between principal T,-compactifications and contigual
nearnesses.

These results are utilized to obtain a 1-1 correspondence between Lodato
proximities and a subclass of T)-compactifications. Each proximity has a
largest compatible nearness, which is contigual. The extension induced by
this nearness is the construction of Gagrat and Naimpally and is char-
acterized by the property that the dual of each clan converges. Hence we
obtain a 1-1 match between Lodato proximities and clan-complete principal
T\-compactifications. When restricted to EF-proximities, this correspon-
dence yields the usual map between T,-compactifications and EF-proximi-
ties.

0. Notation. Let @ and % be families of subsets of a topological space X.
Let A be a collection of families of subsets of X, and let 4 C X.

(1) @ < B iff each setin D contains a setin @;

QB8VB ={AduB:A€@RandBER);

B)cx(4) = {x € X: {4, {x}} €A});

@@ ={c\(4): 4 €8}

(5) A~ is the topological closure of 4;

©6)8 ={4":4€@).

1. Nearnesses and extensions.
A. Obtaining nearnesses from extensions. In this part we will develop a map
Tr from the T-extensions of a topological space to its compatible nearnesses.
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The main result states that principal T,-extensions give rise (under Tr) to
cluster-generated compatible Lodato nearnesses.

1.1 DEFINITION. A nearness on a set X is a collection » of families of subsets
of X such that

NDNE#@=>Q €;

N2)If@ €vand@ < D then B € »;

NHIERVD €Evthen@ Evor B € »;

NYIf@ rthend £ Q.

1.2 DEFINITION. A grill on a set X is any family § of subsets of X satisfying

GhAe€8andAdcB=>BEY;

GHAuGel8=>4€8orBES;

G2 £8.

1.3 REMARK. A grill is simply any union of ultrafilters. For more back-
ground, see Thron [9].

1.4 DEFINITION. Let » be a nearness on a set X.

a. A v-clan is a grill which is a member of ».

b. A v-bunch is a v-clan o satisfying

A Eo=>4 Eo.

c. A v-cluster is a maximal element of ».

1.5 DEFINITIONS-KINDS OF NEARNESSES. Let » be a nearness on a set X and
let § be a topology on X.

a. v is compatible with J iff ¢, is the closure operator determined by 7; i.e.
c,(A)=A" ford C X.

b. » is Lodato iff @ € » whenever ¢,(€) € ».

c. Let x C ». We say » is x-generated iff every member of » is contained in
a member of x. In particular then » is cluster-generated iff each member of »
is contained in a »-cluster.

1.6 PROPOSITION. Let v be a Lodato nearness on a set X. For @ C 9(X),
define

b@ = {AC X:c, A € &)
Then
(1) if ¢ is a v-clan then b, is a v-bunch containing o;
(2) every maximal v-clan is a v-bunch.

Proor. (1) Let o be a v-clan. Since » is Lodato, we have that ¢, is a
Kuratowski closure operator. Clearly then b is a grill. Note ¢,bo C o C bo.
Since o € », we have ¢,bo € ». But » is Lodato so bo € ». Thus bo is a »-clan
containing a. Since ¢, is idempotent, ba is a bunch.

(2) Now let u be a maximal »-clan. Then by (1), b, is a »-bunch containing
p. Since p is maximal, b = p, and so p is a v-bunch. [J
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1.7 PROPOSITION. For any nearness v, a v-cluster is a maximal v-clan. If v is
cluster-generated, then every maximal v-clan is a v-cluster.

PROOF. Let » be a nearness. Then every »-cluster is a grill. This follows
readily from the nearness axioms. Therefore each »-cluster is a maximal
v-clan. (See Gagrat and Thron [4].)

Assume now that » is cluster-generated. Let o be a maximal »-clan. Choose
a v-cluster I such that o c 9. Then by the above remark, IN is a »-clan,
andsoM =0. ]

The next theorem sets up a map Tr from T,-extensions of a space X to
bunch-generated Lodato nearnesses compatible with X. It is similar to a
result of Bentley [2] which reaches the same conclusion under a slightly
weaker hypothesis [2, Theorems 2.8 and 3.6). The proof is given here for
convenience.

1.8 THEOREM. Let k = (e, Y) be a T,-extension of a topological space X. Let
Tr(x) = », = {€ : N e(@)” # ).

Then v, is a bunch-generated Lodato nearness compatible with the topology on
X.

ProoF. Clearly (N1), (N2), and (N4) hold. Now suppose € \/ B € », with
€&r.Let C=@\B. Weclaim Ne(C)~ c Ne(B)".

Lety € Ne(C)~. Since & & »,, choose 4 € @ such thaty & e(4)~. Now
lt BEB. Theny € e(4 U B)” = e(4d)” U e(B)~. Thus, y € e(B)~, as
desired.

To see that », is compatible with the topology on X, note that for 4 Cc X
we have

e(47) = e(4)" ne(X).

Therefore x € A~ & e(x) € e(4)™ = {e(x)})” N e(4)” + @& {{x)}, 4)
€ 7,. We obtain the missing implication from the fact that Y is T,.

By virtue of the continuity of e we have e(4)™ = e(4~)", for A c X. This
is sufficient to establish that », is Lodato.

Finally, we claim that », is bunch-generated. For y € ¥ let 7(y)={A C
X:y € e(4)7). Noteif y € Ne(@)~ then & C 7(y). Thus every member of
¥, is a subset of some 7(y). From definitions it is easy to see that 7(y)isa
¥,-clan. Since e(4)™ = e(4 )" we have that 7(y) is a »,-bunch. Hence v, is
bunch-generated. []

For completeness we will show that equivalent extensions induce the same
nearness, so that Tr is defined on equivalence classes of T)-extensions.

1.9 LemMa. If k, and «, are equivalent extensions of a space X then Ve, = ¥,
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PROOF. Say k; = (¢, Y;) and f: Y, — Y, is an equivalence between k, and
k,. Let g = f~1. Then for 4 C X we have e,(4)™ = f(e,(4)~) and similarly
e)(4)™ = g(ey(4)7). From this it is easy to see thaty, = »,. [

Next we will show that in the case of a principal T)-extension the associated
nearness is cluster-generated. In fact in this case the trace of each point of the
extension is a cluster; and the set of all these traces generates the nearness.

To proceed, we will develop several characterizations of a principal exten-
sion.

1.10 DEFINITIONS AND NOTATION. Let k = (e, Y) be an extension of a space
X.
(@) Fory € Ythetraceof yin Xis7(y) = {A C X:y € e(4)"}.
(b) For GanopensetinY,G* = {y € Y: e"%(G) € e~ '(N,)}.

1.11 THEOREM. Let k = (e, Y) be an extension of a space X. The following
conditions are equivalent:

(1) {e(4)~: A C X} is a base for the closed sets of Y;

(2) {G*: Gis open in Y} is a base for the open sets of Y.

ProOF. The proof follows from the following facts.

() If Gisopenin Y then G* isopenin Y.

(i) IfGisopenin Ythen Y\ G* = ee~ (X \ G)".

(iii) For4A c X,andG = Y\ e(4d)" wehave G=G*. [J

1.12 DEFINITION. An extension is principal, or strict, iff it satisfies one of the
conditions of the preceding theorem.

Note that these are the same as the strict extensions of Banaschewski [1]
and the principal extensions of Thron [8].

1.13 LEMMA. Let « = (e, Y) be a principal extension of a space X.
W Ifr() cr(2)then N, c N, forally,zinY;
(2) if Y is T, then each 7(y) is a v-cluster.

Proor. (1) If 7(y) C 7(z) then N, c N,.

Let G be open in Y with z € G. Then z € Y \ G. Since « is a principal
extension, there is a set A C X such that Y\ G C e(4)” and z & e(A4)".
Thus A &€ 7(z) and so 4 & 7(y). From this we obtainy € Y \ e(4)” C G.

(2) If Y is a T,-space then each 7(y) is a v -cluster.

Note 7(y) € », since y € Ner(y)~. Now let A C X and suppose & =
7(y) U {4} is in »,. We wish to show 4 € 7(y). Let z € Ne(&)~. Then
7(y) C 7(2) and so by (1) we obtain N, c N,. Since Y is T}, z = y and so
1(2) = 7(y). Note A € 7(z) since & C 7(2). Thus 4 € 1(y) as desired. [J

1.14 THEOREM. If k = (e, Y) is a principal T\-extension of a space X then v,
is a cluster-generated compatible Lodato nearness on X.
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ProoF. From Theorem 1.8 we know that », is a compatible Lodato
nearness on X. From the preceding lemma we have that each 7(y) is a
v-cluster. Since each member of », is contained in some 7(y) we conclude
that », is cluster-generated. []

B. Obtaining extensions from nearnesses. In what follows we will construct a
map Ext from the Lodato nearnesses on a space X to extensions of X. The
main result states that if » is a Lodato nearness compatible with a T,-space X
then Ext(») is a principal T-extension of X.

1.15 Construction of Ext. Let v be a Lodato nearness compatible with a
T\-space X. Let Y, be the set of all »-clusters. For4 C X, let 4” = {6 € Y,:
A € 0}. Then {A”: A4 is closed in X} is a base for the closed sets of a
topology J, on Y,. Lete,(x) = 0, = {4 C X: x € A~}. We define Ext(y) =
k, = (e,, (Y,, J,)).

In the next theorem we will show that «, is a principal T,-extension of X.
This theorem is actually a consequence of work of Herrlich [5], but a proof is
given here, for completeness.

1.16 LEMMA. Let » be a Lodato nearness compatible with a T-space X. Then
Jor A c X we have

A" = (A7) = ¢,(4)".
In particular then the closed sets of x, are generated by {A”: A C X}.

Proor. Note that each »-cluster is a »-bunch, by Propositions 1.6 and 1.7.
Thus 4” = (47Y. Now let o € A”. We wish to show o € ¢,(4)".Let B Cc X
such that ¢,(4) c B”. Then A ¢ B~ and so o € (B~) = B’. This estab-
lishes o € ¢,(4)".

Now suppose o € ¢,(4)”. Then e,(4) C A”. Since A” is closed, we have
cEA’”. O

1.17 THEOREM. Let v be a Lodato nearness compatible with a Ty-space X.
Then x, is a principal T\-extension of X.

ProoF. (1) e, is an injection from X to Y,

Clearly each o, is a grill. Since » is Lodato, 6, € ». Since » is compatible
with the topology on X, each o, is a maximal element of ». Thuse,: X — Y,.
Since X is T, e, is 1-1.

(2) e, is a dense embedding of X into Y,.

Note that if X is closed in X then ¢, '(K”) = K. Hence e, is continuous.

Recall that for 4 C X, A” = ¢,(A)~ (Lemma 1.16). Hence for K closed we
have

¢,(K) = ¢,(K) ne,(X).
This establishes that e,: X — ¢,(X) is a closed map.
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Finally, e,(X) is dense in Y,; for if K is closed in X and ¢,(X) C K” then
X =K.

(3) Y, is T,. Let 0 € Y,. We claim {6}~ = {o}. Let 0, € Y, such that
g, # o. Since o is a »-cluster we have 0 & 0, and we choose S € o\ ¢,. Then
Y, \ S” is a neighborhood of o, which misses {c}.

(4) K, is a principal extension of X. This follows easily from the relation
A’=e¢(A)". O

C. Correspondence between nearnesses and extensions. In this section we will
show that Ext and Tr are inverses if we restrict ourselves to cluster-generated
nearnesses and principal extensions. Moreover, these maps yield a 1-1 corre-
spondence between contigual nearnesses and T,-compactifications. More
precisely, Ext restricted to contigual nearnesses is a bijection to the set of
principal T,-compactifications.

1.18 THEOREM. If » is a cluster-generated Lodato nearness compatible with a
T-space X, then v, = ».

PROOF. Let »' = 5, . In general we have »’' C ». For let € € »'. Then we
can choose 0 € Ne,(€)". From Lemma 1.16 we have & C o. Since 6 € »
we have @ € ».

To get that » C »’ we will use the fact that » is cluster-generated. Let & € »
and let o be a »-cluster containing &. Then 6 € Ne, (&)~ (Lemma 1.16).
Hence @ €. O

The next theorem is due to Herrlich [5], but a direct proof is given here for
convenience.

1.19 THEOREM. If k is a princpal T,-extension of a space X then « is
equivalent to «, .

PROOF. Suppose k = (e, Y). Recall 7(y) = {4 C X: y € e(4)”}. We claim
7 gives the desired equivalence.

Let x, be denoted by &’ = (¢, (¥’, J")). We note first that «’ is a principal
T,-extension of X (Theorems 1.8 and 1.17).

(1) 7 is a bijection from Y to Y".

Note that each 7(y) is a »,-cluster, by Lemma 1.13. Thus 7: Y — Y’. Now
let o be a y-cluster. Choose y € M e(0) . Clearly then o6 C 7(y). Since o is a
maximal element of », and 7(y) € »,, we have 6 = r(y). Thus 7 is a
surjection.

Now suppose 7(y) = 7(z). From Lemma 1.13 it follows that 9, = I,.
Since Y is T, we have y = z. Thus 7 is an injection.

(2) r is a homeomorphism.

For A C X let A* denote A™. Recall that {A*: 4 C X} is a base for the
closed sets of Y’; and {e(4)™: 4 C X} is a base for the closed sets of Y.
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The continuity of 7 follows from the relation
71(4%) = e(4)".
To see that 7 is a closed map, note 7(e(4)™ = A*.
(B)re=¢.
We need to show that re(x) = {4: x € A~ }. Note 4 € re(x) = e(x) €
e(Ay"exed-. O

1.20 COROLLARY. Let X be a fixed T,-space. The map Ext is a bijection from
the set of cluster-generated compatible Lodato nearnesses to the set of (equiva-
lence classes of) principal T,-extensions of X. The maps Ext and Tr are inverses
on these two sets.

PrOOF. Theorems 1.18 and 1.19. ]

Next we will show that this correspondence extends to contigual nearnesses
and T,-compactifications. To proceed, we will define a contigual nearness
and show its relation to other nearnesses.

1.21 DEFINITION. A nearness » is contigual iff for @ c ?(X) we have
@ € v whenever each finite subset of @ is in ».

1.22 PROPOSITION. Let v be a nearness on a set X.
Let

av = {& C 9(X): every finite subset of & is in v}.

Then av is a nearness which determines the same closure operator as ».
Moreover, av is the smallest contigual nearness larger than ».

PROOF. (1) av is a nearness which contains ».

Clearly » C av and (N1), (N2), and (N4) hold.

Suppose € \/ B € av and @ £ av. Let @, be a finite space of @ such that
& £ v. We claim @ € av. Let F be any finite subset of ®. Then @, \/ F is

a finite subset of @ \/ B and hence @ \/ ¥ € ». Since &, & », we have
% € v. Therefore B € av.

(2) v and a, determine the same closure operator.
Note for x € X and 4 C X we have

{{x}4} € ve{{x),4} € an.

(3) av is contigual, since every finite family ¥ which is in av is also in ».
(4) If v, is a contigual nearness containing » then », contains av.

If @ € av then every finite subset of @ is in » and hence in »,; conse-
quently @ € »,. O

1.23 LEMMA. Every contigual nearness is cluster-generated.

PROOF. If » is contigual then each nonempty chain in » has its union in ».
Using Zorn’s lemma then it is easy to prove that » is cluster-generated. [J
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The next two results are due to Herrlich [5].

1.24 THEOREM. If » is a contigual Lodato nearness on a T\-space X then k, is
compact.

ProoF. Let C be any family of closed subsets of X. Suppose & = {C”:
C € C} has the f.i.p. To show k, is compact it is sufficient to show & has
nonempty intersection.

We claim that every finite subset of C isin». Forifo€ Cf n -+ N C;
then {C,,..., C,} C o and hence {C,,...,C,} E ».

Since » is contigual, C € ». But » is cluster-generated (Lemma 1.23) and so
we can choose a »-cluster p such that € C p.Clearlythenp € NC. O

1.25 THEOREM. If k = (e, Y) is a T,-compactification of a space X then v, is
contigual.

PROOF. Let @ € av,. Then e(@)™ has the f.i.p. Since Y is compact, e(@)~
has nonempty intersection. By construction, @ € »,. [J

1.26 COROLLARY. Let X be a fixed T\-space. The map Ext is a bijection from
the set of contigual compatible Lodato nearnesses to the set of (equivalence
classes of) principal T,-compactifications of X. The maps Ext and Tr are inverse
maps on these two sets.

PrROOF. From Theorems 1.17 and 1.24 it follows that Ext maps contigual
Lodato nearnesses compatible with X to principal T,-compactifications of X.
Similarly by Theorems 1.14 and 1.25 we have that Tr maps principal T,-com-
pactifications to contigual Lodato nearnesses on X. But Ext and Tr
are inverses on these two sets, by Theorems 1.18 and 1.19 and Lemma 1.23.

O

2. Proximities and extensions. Each proximity = carries with it a whole
band of nearnesses. However there is always a largest one, »;(7), which is
always contigual and is Lodato if = is Lodato. If # is an EF-proximity then
Ext(vg(m)) is the T,-compactification corresponding to 7. Moreover if = is
Lodato then Ext(vg(w)) is the compactification obtained by Gagrat and
Naimpally [3]. These compactifications are characterized by the property that
the dual of each clan converges. Using results of the previous section then we
obtain a 1-1 correspondence between the Lodato proximities on a T,-space
and its clan-complete principal T',-compactifications.

2.1 DEFINITION. A proximity on a set X is a family = of subsets of ?(X)
such that

(P0) If @ € = then @ has at most two members;

PY)ANB+#*@={{4,B} En};

(P2) For fixed 4 C X the set #(4) = {B: {4, B} € =} is a grill.
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A proximity « is Lodato iff for @ c 9(X) we have & € = whenever
& €

2.2 ReEMARK. Lodato proximities defined as above correspond to the usual
definition as follows:

A Biff {A,B} E m.
For a proof, see Thron [9].

2.3 THEOREM. Let v be a nearness on a set X and let m, be the set of all
members of v which have at most two members. Then @, is a proximity on X
with the same closure operator as v. If v is Lodato then =, is Lodato.

PRrOOF. See Gagrat and Thron [4]. [

2.4 DEFINITION. A proximity # on a set X is compatible with a nearness » iff
@, = 7. It is compatible with a topology J on X iff ¢, is the closure operator
determined by J.

2.5. PROPOSITION. Let v be a cluster-generated Lodato nearness on a Ty-space
X. Then
{A,B} € =, iffe,(4)” N e, (B)” # Q.

PROOF. Let {4, B} € m,. Then {4, B} € » and there is a v-cluster ¢ such
that 4, B € 0. By Lemma 1.16, 0 € ¢,(4)” N ¢,(B)".

Conversely, if 0 € ¢,(4)™ N ¢,(B)~ then by Lemma 1.16 we have 4, B €
o.Sinces € ywehave {4, B} €7, O

2.6 DEFINITION. Let 7 be a proximity on a set X.

(a) A m-clan is a grill o with the property that if 4, B € o then {4, B} €
.
(b) A m-bunch is a m-clan o such thatc,4 E6 =>4 E 0.

2.7 THEOREM. Let 7 be a proximity on a set X. Let
v(m) = {€ C P(X): & is contained in a m-clan}.

Then vg(7) is the largest nearness compatible with . Moreover, vg(7) is
contigual. Finally, v;(w) is Lodato if = is Lodato.

PROOF. Let v;(7) be denoted by ».

(1) »; is a nearness.

Let @ c 9(X) and suppose N & # 2.
Letx € N@.Letx = {S C X: x € S}. Then x is a 7-clan containing €.

Suppose @ € v; and @ < B. Let o be a w-clan such that & c o. Then
B coandso B € ;.

If @ VB C o, where o is a 7-clan, and if & o then ® C ¢. Hence (N3)
holds. It is clear that (N4) holds.

(2) v is compatible with 7.
Clearly if {4, B} € v; then {4, B} € n. The converse was actually proved
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by Thron [10]. .However, the proof is short and will be given here.
Let {4, B} € w. Then B € w(A), which is a grill. Let U be an ultrafilter
such that B € U c #(4). Now 7(U) is also a grill.

(r(U)={DcX:{D,U}enfor U EU}.)

Since A € #(U) we can choose an ultrafilter V" such that 4 € V c #(U).
Then A U Vis a #-clan containing {4, B}.

(3) v is the largest nearness compatible with .

Let » be any nearness compatible with . It is easy to see that av is also
compatible with «. (See Proposition 1.22 for a definition of ar.) Now, av is
contigual, and hence cluster-generated. (See Lemma 1.23.) But every grill in
av is a w-clan, and so we have » C av C ;.

(4) v; is contigual.

Note av; is compatible with 7. Thus by (3) we have avg C ;.

(5) If = is Lodato then g is Lodato.

Let A~ = c,(4) = ¢, (4). Suppose & C P(X) and & C o where ¢ is a
@-clan. We wish to show @ is contained in some #-clan. Let

bo={ACX: A" €q)}.
Then be is a grill containing @. Since 7 is Lodato, bo is a #-clan. []

2.8 REMARK AND DEFINITION. If 7 is a Lodato proximity compatible with a
T-space X then Ext(v;()) is a T,-compactification of X (Corollary 1.26).

The next theorem verifies that this is the construction of Gagrat and
Naimpally [3, Theorem 3.13]. For this reason we define a GN-compactification
to be any compactification which is equivalent to some Ext(v; (7)), where = is
a compatible Lodato proximity. We will denote Ext(vg (7)) by kg (7), or k.

The following theorem establishes that x; is indeed Gagrat-Naimpally
construction.

2.9 THEOREM. Let m be a Lodato proximity compatible with a T,-space X.
(1) The set of vg(m)-clusters is the set of maximal =-bunches.

(2) The set of maximal m-bunches is the set of maximal w-clans.

() Forw € Y, , we have 0~ = N{o: Nw C o}.

Proor. (1) The set of v;-clusters is the set of maximal #-clans.

Since »; is cluster-generated, the wg-clusters are the maximal vg-clans
(Proposition 1.7). But the yg-clans are just the w-clans. Thus »s-clusters are
maximal #-clans, conversely.

(2) Every maximal #-clan is a maximal #-bunch. This follows from the fact
o is Lodato. The proof is nearly identical with that of Proposition 1.6.

(3) Every maximal #-bunch is a maximal #-clan. Let 0 be a maximal
w-bunch. By a Zorn’s lemma argument, o is contained in a maximal #-clan g.
By (2), p is a 7-bunch, and hence p = ¢. Thus ¢ is a maximal 7-clan.
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(4) Forw C Y, we have 0™ = {0: Nw C 0}. Let »; be denoted by ». By
Lemma 1.16, the closed sets of Y, are generated by {4”: ‘4 C X}. Let
cE€w” and 4 € Nw. Then w C 4” and hence w~ C A”. Thus 4 € o, and
NwCo.

Conversely, suppose Nw C 0. To show o € w™ it is sufficient to show
0 € A” whenever w C A”. If w C A” then 4 € Nw C 0. Thus 6 € 4” as
desired. [

2.10 DEFINITION. Let 7 be a proximity on a set X and let @ c 9 (X). Let
A,BCX.

(@) A <.Biff {4, X\ B} & =;

(b)r,@ = {S:34 € @ suchthat 4 <, S};

©c@=(S:X\S g @)

We call ¢c@ the dual of @.

2.11 ReMARK. If o is a grill then co is a filter and if F is a filter, cF is a
grill. Moreover, for any & c ?(X), cc® = @. Finally, if @ c 9 then
¢® c c@. For proofs see Thron [9].

In general if @ is closed under supersets then r,@ C @. If ¥ is a filter than
r.F is also a filter. However if ¢ is a grill then 7,0 need not be a filter or a

grill.

2.12 LeMMA. Let v be a Lodato nearness compatible with a T,-space X, and
let o be a v-cluster. Then

co = ¢ (N).

PROOF. Let 4 € co. Then Y \ (X \ AY is an open neighborhood G, of a.
Bute !(G,) C 4.

Conversely, suppose 4 D e~}(U,) for some open neighborhood U, of o.
Since 0 & Y \ U, there is a closed set X in X such that ¢ & K” and
Y\U,cK”Thend D X\K€E€co. O

2.13 LEMMA. Let 7 be a Lodato proximity on a set X, and let o be a grill on
X. Then o is a maximal w-clan iff co is the filter generated by r,o.

PROOF. (1) Assume o is a maximal #-clan. Note first that since ¢ is a 7-clan
we have r,6 C co. Since co is a filter, this says the filter generated by 7,0 is
contained in co. Now suppose 4 is not in the filter generated by 7,0. We wish
to show 4 & co. Note that r,6 U {X \ 4} has the fip. Let U be an
ultrafilter containing r,0 U {X \ 4}. We claim that ¢ U 9 is a #-clan.

Note o U @ is a grill, since it is a union of ultrafilters. Clearly ¢ and U are
separately #-compatible. Let S € ¢ and U € @ and suppose {S, U} €.
Then S <4 X \ U. Hence X \ U € r,¢ C U, which violates U € 9. There-
fore {8, U} € = as desired.
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Since o is a maximal w-clan, we have U C ¢. Hence X \ 4 € ¢, and
A & co.

(2) Conversely, assume co is generated by r, 0. Since 7,06 C co we have that
¢ is a w-clan. To show that o is a maximal #-clan it is sufficient to show that
for every ultrafilter AU, if 6 U U is a #-clan then U C o.

Assume o U QU is a 7-clan. Suppose 4 & 6. Then X \ 4 Z co, which is
generated by r,0. Let S}, ..., S, € o such that S; <.T; and N;7; C X \ 4.
Since 6 U U is a w-clan, X \ T; & QU for all i. Hence each T; is in U, and
X\A€EU.Thusd€o=24€¢U,and U Cco. [J

2.14 THEOREM. Let 7 be a Lodato proximity compatible with a T-space X.
Then = is an EF-proximity iff k() is Hausdorff.

PROOF. (=) Assume = is an EF-proximity.

(1) The dual of a maximal #-clan is a maximal round filter.

Let 0 be a maximal #-clan. Then by Lemma 2.13, co is generated by r,o.
Let A € co. We wish to find B € co such that B < 4. Choose S,,..., S,
€ o such that S; <, T; and N;T; C A. Since « is an EF-proximity, we can
choose U, such that S; <« U; <z T;. Then U = N,U; € co and U <« 4.

To see that co is maximal round, suppose 4 <.B with B & co. We need
X\A€co.NowX\BEocand4d < B=>A&d=>X\A4 E co.

(2) xg(7) is Hausdorff.

Let 0, 0, be ys-clusters with o, # 0,. They are maximal =-clans, by
Theorem 2.9. So each co; is a maximal round filter. Now co, # co,. Let
A € co,\ co,. Choose B € co, such that B <, A. Then X \ B € co,. Let e
denote e, . Then co; = e~ '(9,,), by Lemma 2.12. Choose G, open sets in Y, ,
such that 6, € G, and e~!(G,) c B and e"'(G)) Cc X \ B. Then G, N G, =
@.Forif 6 € G; N G, then both B and X \ B are in e~ (9,).

(<) Now assume k() is Hausdorff. To show = is an EF-proximity it is
sufficient to show that <, is dense.

Suppose 4 <.B. Then by Proposition 2.5, we have e;(4)™ N eg(X \ B)™
= @, Since every compact T,-space is normal, we can choose disjoint open
sets U and V such that e;(4)” Cc U and e;(X \ B)” C V. Again from
Proposition 2.5 we have 4 <. e;'(U) and X \ B <4 e5'(V). Thus 4 <«

e&'(U)<+B. O

Next we wish to obtain a characterization of the GN-compactifications.
These turn out to be the principal T)-extensions for which the dual of every
a*-clan converges. Here 7* is the largest LO-proximity compatible with the
topology, i.c., {4, B} E #*iff A" N B~ + @.

2.15 DEFINITION. A clan on a T)-space X is a grill ¢ with the property that
for A,B € 6 wehave A™ N B~ # @. A bunch is a clan p such that 4 € p
whenever 4~ € p.



NEARNESSES, PROXIMITIES AND Tl-COMPACTIFICATIONS 205

2.16 REMARK. Let X be a T)-space and let #* be the Lodato proximity
defined by

{A,B}Ex* iffA"NB~ #02.
Then #* is the largest Lodato proximity compatible with the topology on X.
A clan on X is the same as a 7*-clan.

2.17 LeMMA. Let k = (e, Y) be a T,-extension of a space X. Let w be the
proximity on X induced by v,. Then v, = vg(w) iff for every clan ¢ on Y, if
eX € co then co converges.

PROOF. (<) Assume that if ¢ is a clan and eX € co then co converges.
Note », C vg(7) since v;(7) is the largest nearness compatible with 7 (Theo-
rem 2.7).

Now suppose o is a w-clan. We wish to show ¢ € »,. Note first that
ceo = eco. Thus ceo is a filter, and eo is a grill. Since ¢ is a #-clan, clearly e
is a clan. Moreover, eX € eco = ces. Thus by the assumption, cesc — y for
somey € Y. We claim thato C 7(y) € »,.

Let S € 0. Then e(S) € eo and s0 Y \ e(S)~ & ceo. Since ces — y, this
saysy € e(S)";ie. S € 7(y).

(=>) Now suppose », = »;(7). Let o be a clan on Y such that eX € co. We
need to show co converges. We will show that e~ 'o is a #-clan. Since eX € co
we have that SEo=>S NeX E0. Thus 4 Ee " loe(4d)Eoc and 4 €
e~ co iff e(4) € co. From this it follows that ce~'o = e~ 'ca. Now eX € co
= e~ 'cq is a proper filter. Thus e ~'o is a nonempty grill.

If A, B € e”'o then e(A4) and e(B) are in o; but o is a clan, so e(4)” N
e(B)” # @.Thus {4, B} € v, and e~ 'o is a 7-clan.

Now y(n) = v, => e~ 's E 5. Lety € Ne(e'6)". Since eX € co, ee™ o
= 0. Thusy € No . Itis easy to check thatce - y. [

2.18 LEMMA. Let k = (e, Y) be a principal T,-extension of a space X. The
Jollowing conditions are equivalent:

(1) the dual of every clan converges;

(2)if o is a clan nad eX € co then co converges.

Proor. Clearly (1) = (2). Suppose (2) holds. Let ¢ be a clan. Then bo =
{A: A~ € o} is a bunch, and cbo is an open filter. Let & be the filter
generated by cho U {eX }.

(1) % converges.

Note that ¢¥ is a grill. Moreover, since chbos C F we have ¢% C bo and so
¢% is a clan. Since eX € ccF we have from (2) that § converges.

QIfF > ythenco—y.

Suppose F — y. We claim that since « is principal, we have that chs — y.
For let G be open such that y € G. Let U be open such thaty € U* C G.
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(See Definition 1.12.) Then U* € & and so we can choose T € cbo such
that T N eX c U*. Since cbo is open, T! € cho. We claim TV c U* C G.
Let z€ T'. Then T € 9, and e~ !(T) € e~ (9,). But e"(T) c e~ (V)
andsoz € U*.
Now since 0 C ba we have che C co. Since che — y, clearlyco —»y. O
2.19 DEFINITION. A topological space is clan-complete iff the dual of every
clan converges.

2.20 THEOREM. Let k = (e, Y) be a principal T\-extension of X. Then « is a
GN-compactification iff Y is clan-complete.

ProoF. Let k be a principal T)-extension of X. Suppose x is equivalent to
Ext(v; (7)) = kg, where 7 is a Lodato proximity compatible with X. Note that
x and kg induce the same nearness (Lemma 1.9). Since »; is cluster-generated,
we have that »; is the nearness induced by «; (Theorem 1.18). Thus v; = »,,
and also », is compatible with #. Thus Lemma 2.17 applies, and every clan ¢
with eX € co has a convergent dual. Since  is principal, this is equivalent to
Y being clan-complete (Lemma 2.18).

Conversely, suppose Y is clan-complete. Let 7 be the proximity induced by
v,. Then by Lemma 2.17, », = pg(7). Since « is principal, « is equivalent to
Ext(vg (7)) (Theorem 1.19). Thus « is a GN-compactification of X. [

2.21 CoROLLARY. Let X be a fixed T,-space. The map w — xg(7) is a
bijection from the Lodato proximities compatible with X to the clan-complete
principal T\-extensions of X.

Proor. If # is a Lodato proximity compatible with X then xg(7) is
clan-complete, by the preceding theorem. Suppose now that k;(7,) and xg(7,)
are equivalent. Then they induce the same nearness under Tr (Lemma 1.9).
Since »g(m) is cluster-generated, it must be the nearness induced by xg(7,)
(Theorem 1.18). Thus v; (7)) = »G(7,), and hence 7, = =,.

Finally, if « is a clan-complete principal T,-extension of X, then by the
preceding theorem, k is equivalent to k() for some Lodato proximity =
compatible with X. [

The final result is a form of the correspondence obtained by Smirnov [7]
between EF-proximities and T,-compactifications.

2.22 COROLLARY. Let X be a fixed completely regular Ty-space. Then the
map w— kg(w) is a bijection from the compatible EF-proximities to the
T,-compactifications of X.

PRrOOF. Theorem 2.14 and Corollary 2.21. [J
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