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FRATTINI SUBALGEBRAS OF FINITELY GENERATED

SOLUBLE LIE ALGEBRAS

BY

RALPH K. AMAYO

Abstract. This paper is motivated by a recent one of Stewart and Towers

[8] investigating Lie algebras with "good Frattini structure" (definition

below). One consequence of our investigations is to prove that any finitely

generated metanilpotent Lie algebra has good Frattini structure, thereby

answering a question of Stewart and Towers and providing a complete Lie

theoretic analogue of the corresponding group theoretic result of Phillip

Hall. It will also be shown that in prime characteristic, finitely generated
nilpotent-by-finite-dimensional Lie algebras have good Frattini structure.

1. Preliminaries. We employ the notation of Amayo and Stewart [3]. For a

fixed ground field f, 21, 2r» ©» 9Î denote the classes of abelian, finite-dimen-

sional, finitely generated, and nilpotent Lie, algebras respectively. If 3E and ?J

are classes of Lie algebras, then 3E2) is the class of all Lie algebras L having an

ideal / G jE with L/I E 3J. We write £2 for the class 7¡3L, and, in general,

£"+' = £"£. We also refer to £2J as the class of X-by-3J Lie algebras, and X2 is

the class of meta-ï algebras. Thus 9Î2 is the class of metanilpotent Lie

algebras.

The symbol L will denote a Lie algebra of arbitrary dimension defined over

the field f. The notation A C L, A < L, A < L, A si L means that A is a

subset, subalgebra, ideal, and subideal of L, respectively. By A <-L we mean

that A is a maximal subalgebra of L. If A, B C L, then [A, B] is the subspace

of L spanned by all [a, b] with a E A and b E B, [A,H+XB] = [[A,aB], B]

and [A,0B] - A; [a,0b] = a and [a,n+xb] = [[a,nb], b].

The Frattini subalgebra F{L) is the intersection of the maximal

subalgebras of L or is L if there are no maximal subalgebras. The Frattini

ideal $(L) is the largest ideal of L contained in F{L). In general, F{L) ¥=

*(L).

A chief factor of L is a pair (H, K) of ideals of L such that H > K and no

ideal of L lies properly between H and K. We also refer to the corresponding

factor ideal H/K of L/K as the chief factor.

If A < B < L, then
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CL(B/A) = [xEL: [B,x] Q A).

If A and B are ideals of L, then CL(B/A) is also an ideal of L.

$(L) - H { CL (H/K): H/K is a chief factor of L).

The Hirsch-Plotkin radical p(L) is the unique maximal locally nilpotent ideal

of L. The Fitting radical v(L) is the sum of the nilpotent ideals of L. We

always have v(L) < p(L). We set

9{L)/*{L) = v(L/$(L))   and   if(L)/*(L) - *(L/*(I)).

We say that L has good Frattini structure if v(L) is nilpotent and v(L) =

p(L) - iKL) = ?(L).
Let Í/ = tV(L) be the universal enveloping algebra of L and let A be an

L-module (and hence i/-module). For a two-sided ideal I of U we let

Z(L:/) = Z*(L;/)//

be the center of U/I.

We say that B/C is a chief factor submodule of A in case 5 and C are

submodules of A, B > C and no submodule lies strictly between B and C. If

W £ M are submodules of A, then

Annl/(Af/A') = {« E U: Mu £ N).

We define

yf>(A ; 17) - n {Ann^B/C): B/C is a chief factor submodule}.

Clearly ^(4; U) is a two-sided ideal of U(L), and if we consider L as a

module over itself under the adjoint action, then

L n HL; U) = t(L).

We shall prove

Theorem A. If L E S and A is a finitely generated L-module, then there is

an integer n such that A(ty(A; U) n Z*(L; Ann^)))" = 0.

Combining this with the fact that the universal enveloping algebras of

nilpotent Lie algebras have centralizing sets of generators will yield

Theorem B. If L E 2f n 9Î and A is a finitely generated Lie algebra, then
there is an integer n such that A (\¡/(A ; U))n = 0.

When f has prime characteristic, we can prove more, namely:

Theorem CZ/Leg over a field of prime characteristic and if A is a finitely

generated L-module, then there is an integer n such that A (\p(A ; U))n = 0.

Applications of these results yield:
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Theorem D. Any finitely generated metanilpotent Lie algebra has good

Frattini structure.

Theorem E. Any finitely generated nilpotent-by-finite-dimensional Lie

algebra over afield of prime characteristic has good Frattini structure.

As is remarked in Stewart and Towers [8] we have

Corollary F. The natural representation of L on v(L) induces a faithful

representation of L/v(L) on v(L)/$(L) whenever L G © n 9Î2.

2. The Frattini ideal. In Stewart and Towers [8] it is proposed (though their

proof is incorrect) that if L G © n 9?2, then v(L)2 Q $(L). This result is, in

fact, true for any Lie algebra as we now show.

Proposition 2.1. Let L be arty Lie algebra. Then:

(a)KL)<«KL).
(b)KL),iKL)]c*(L).
(c)[P(L),i(L))C*(L).

(d) // iKL)/$(L) is a sum of solvable ideals of L/$(L), then v(L) ** $(L).
In particular, ?(L)/$(L) is abelian andv(L)2 C $(L).

Proof, (a) Suppose that / is a nilpotent ideal and H/K a chief factor of L.

Then [H, I] + K is an ideal of L between H and K. If H = [H, I] + K, then

H = [H,2I] + K = • • • = [H,„I] + K C I" + K for any positive integer n.

Since /" = 0 for some « this would imply that H = K, a contradiction. Thus

[H,I]+ K ** K and [H, I] C K and / ç $(L).
(b) Suppose that M <-L and [v{L), y}>(L)] (£ M. Then there is a nilpotent

ideal / such that [/, «KL)] £ M. If I2 $ M, then L = I2 + M, whence

I**I2 + InM**Ir + InM for all r and so I =* I n M, a contra-

diction. Thus I2 C M and I2 Ç I n M =¿ I, L = / + M and / n M is an

ideal of L. As M <*L, /// n M is a chief factor of L and so [/, ^(L)] ç /

n M Q M, a contradiction. So [v(L), tf(L)] Ç. F(L), and since [p(L), ̂ (L)]

is also an ideal of L, we have [v(L), «/-(L)] ç $(L).

(c) follows from (b) and the definitions of v(L) and ^(L).

(d) Suppose that t//(L) *h p(L) and t|/(L)/$(L) is a sum of solvable ideals of

L/$(L). Then there is an ideal / of L contained in t£(L) such that the derived

length of I/<b(L) is minimal with respect to I2 <£ $(L). Then there is M <*L

such that L = I2 + M. Now ((/2) + $(L)) ^ / (else as $(L) < L we would

have / = J(r> + 4>(L) for all r and so / = $(L)), and hence (I2 + <S>(L))2 ç

<t>(L). In particular, if J ** I2 + $(L), then J n M < J and so J < L. Now

y/y n M is isomorphic to the chief factor J/^(L)/(J n M/<S>(L)) of

L/$(L) and, hence, [7, t£(L)] Ç/nM. This implies that (uV(L))2 ç A/,

since ¿(L) - / + tfV(L) n M and J2 C M. Thus L ** J + M C (¿(L))2 +
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M £ M, a contradiction. This proves (d). The rest follows from (a)-(d).   D

Lemma 2.2. 7/L E g and A is an irreducible L-module then Z(L; Annü(A))

is finite dimensional over f.

Proof. If f has prime characteristic, then, by a result of Curtis [5, p. 952], A

and, hence, U/Annv(A) is finite dimensional over f.

If f has characteristic zero, then by Proposition 4.1.7 of Dixmier [7, p. 131],

Z(L; Ann^/i)) is finite dimensional.

Theorem 2.3. Let LES and A be a finitely generated L-module. Suppose

that 9 is an L-module endomorphism of A such that BB £ C for any chief factor

submodule B/Cof A. Then there is an n such that A9" = 0.

Proof. Let X = L © f 0 so that A is a finitely generated A"-module. Set

V = U(X) = U(L) ®f f[0]. Then if / = AnnK(¿), 0 + / E Z(X; I).

Evidently every L-submodule of A is an ^-submodule. Suppose it is false that

AO" = 0 for some n. Now X is finite dimensional and so A is a noetherian

X-module, whence there is a submodule N of A maximal with respect to

AO" c£ A' for any n.

By replacing A by A /N we may assume that if 0 ¥= B Qx A then A9" £ B

for some n. Thus if a E A and a9 = 0, then aV9 = a9V = 0 and so a - 0.

Thus 9 is a K-module monomorphism of A.

By the proof of Theorem 3.3 of Stewart and Towers [8, p. 214] we can

embed A in an Jf-module M such that M = Al[T] = AU(X © ÎT), is a

finitely generated (X © f 7>module, 9 is an (X © f 7>module automorphism

of M and T9 - 1 = 9T - 1 E Annw(M), where W = U(X © f T).
Let N be a nonzero W-submodule of M. Suppose, if possible, that N n A

= 0. Let a0,..., ak E A and b = a0 + axT + • • • + akTk E N \ 0 be such

that k is minimal. Then k *= 0 and ak E A9. But b9k - ao0* + a,0*_l

+ • • ' + 0,0 + aAENn.¿=0 and, hence, ak E A9, a contradiction.

Thus tf n A ¥* 0, whence ̂ 0" £ W n A for some n and so ,4 = AB'T" £

¿VF" £ /V, so that Al[T] Q N and N = M. Thus M is an irreducible JK-

module. By Lemma 2.2, Z(M; Ann^(M)) is finite dimensional, so there is a

polynomial / of minimal degree with Mf(9) = 0. Let /(/) = \t* + • • • +

\. As 0 is an automorphism of M we have X„ *£ 0. If a E A, then

a = V'(V) « -K\W) - A» 6 >!*•

So j4 = /40 and, therefore, ^4 is an irreducible Jf-module, whence /I is an

irreducible L-module and so A = A9 = 0, a contradiction. This proves the

result.   □

The proof of Theorem 2.3 also yields the following useful corollary:

Corollary 2.4. Let L E g, A a finitely generated L-module and z + I E
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Z(L; AnnyL4)). If B is any submodule of A maximal with respect to Az" £ B

for any n, then B is a maximal submodule of A.   □

Let U be an arbitrary associative i-algebra and A a i/-module. Then we

may define $(A; U) as before and Z as the center of U. Then U is said to

have the chief annihilator property if z E \f>(A; U) n Z and A a finitely

generated 17-module implies Az" ** 0 for some n.

We denote by CAP the class of Lie algebras L such that U(L) has the chief

annihilator property. Evidently Theorem 2.3 states a stronger property,

namely that if z G \(/(A ; U) n Z*(L; Ann(t7)) then also Az" = 0 for some n.

We refer to the class of Lie algebras with this property as SCAP (strong chief

annihilator property). Then we have

Corollary 2.5. g < SCAP.

We leave open the question of whether or not the inclusion is strict. We

note also that SCAP is closed under homomorphic images.

3. Proofs of the main results.

Proof of Theorem A. Let L G gf and A be a finitely generated L-module

and set N « $(A; U) n Z*(L; Annu(A)). Clearly each element of Z*(L;

Ann£/(i4)) induces an L-module endomorphism of A and so if z E N, then by

Theorem 2.3 there is an « = n(z) such that Az" = 0. Using standard argu-

ments and the fact that N mod r\.nnv(A) is commutative, it follows that given

any finite-dimensional subspace S of N there exists n = n(S) such that

AS" = 0. Now U(L) has the maximal condition on right ideals and so

UN = NU — SU — US (mod Ann^L^)) for some finite-dimensional sub-
space S of U, whence A(NU)n = A(SU)n Ç AS"U = 0 for some n and

Theorem A is proved.   □

If L is a Lie algebra and / is an ideal of U(L), then a subspace S of U(L)

is said to be L-invariant (mod /) if [s, x] = sx - xs E S + I for any x E L

and s E S. Now if L is nilpotent then for any u in U there is a c minimal with

respect to [u,cL] = 0. From this it follows easily that

,#>        if L is nilpotent and S is L-invariant mod /, then either

S ç I or else (S + I) n Z*(L; I) $ I.

Proof of Theorem B. Let L G 5 n % U ** U(L), and A be a finitely

generated submodule and M = \j/(A ; U). Clearly if £ is a submodule or

quotient module of A, then M Q \p(E; U). Suppose that AM" i* 0 for any n.

ksA is a noetherian «7-module we may replace A by a suitable quotient of A

and assume then without loss of generality that if B is a nonzero submodule

of A then AM" C B for some n depending on B. Consider the set of ideals of

U which are annihilators of nonzero submodules of A and let / be a maximal
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element (U is noetherian) and B a nonzero submodule of A with / *»

Annv(B). If M £ I, then AM" £ B and so AMn+l = 0 for some n, a

contradiction. Assume that M <£ I. Then M + I ¥= I and M + I is an

L-invariant (mod /) subspace of \¡/(B; U) (M is an ideal of U), and, hence,

by (*), NX = (M + I)n Z*(L; I) ¿ /, and NXCN=* t(B; U) n Z*(L; /).

By Theorem A there exists r minimal with respect to BNr « 0, whence

I <NU+ 1= UN+ I ç Ann^BN''1) and BArr_1 is a nonzero sub-

module of .¿, and this contradicts the maximality of /. This proves Theorem

B.   □
Theorem C will follow from the more general Theorem 3.1 below. From

Amayo and Stewart [3, pp. 225-232] we have the definition of the class

Max-cu as consisting of all Lie algebras L with the property that if U =

U(L), then there exists a noetherian subring R = f[z,, z2,..., zm] of the

center of U such that U = Rux + • • • + Run is a finitely generated R-

module. By the results of Curtis [5] and Amayo and Stewart [3, Chapter 11]

we have the following facts:

(1) 5 n St < Max-cu.
(2) In prime characteristic, $ < Max-cu.

(3) For L E Max-cu, U = U(L) and R = f[z,,..., zs] £ center of U, such

that £/-/?«,+ ••• + Ru„;

(a) every irreducible L-module is finite dimensional;

(b) U is a noetherian J?-module and so satisfies the maximal conditions on

left and right ideals;

(c) there exists n = n(L) such that to any u E U there correspond

r,, r2,..., r„ E R for which

(**) a" + rxu"~x + • • • + r„_xu + rn = 0;

(d) every finitely generated L-module is noetherian.

Let A be an L-module and U = U(L). Clearly for any submodules B, C of

A with C £ B, we have \L(A; U) £ ty(B/C; U). We refer to the factor

module B/C and any L-module isomorphic to it (as L-modules) as an

L-module section of A.

Theorem 3.1. // L E Max-cu and A is a finitely generated L-module, then

there is an integer m such that A (^(A ; U))m = 0.

Proof. Let U = U(L) = Rux + • • • + Ru„, where R = f[z,,..., zs] £

center of U as above and let A be a finitely generated L-module for which the

conclusion fails. Define

£ «■ [4i(X; U): X is an L-module section of A and

X($(X; t/))"V0forallm}.
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As U is noetherian there is a section Y of A for which N — ip( Y; U) is a

maximal element of £. Pick a submodule £ of y maximal with respect to the

property that YNn $ £ for any m. Then if Ax ** Y/E we have N Q

if/(Ax; U) and soAx\p(Ax; U)m ¥= 0 for any m, whence

JV = \p(Ax; U) =* \p(B; U)   and   AxNk C B   forsome*,

for any nonzero L-submodule B of Ax. Let f, = {Ann^B); 0 *M B QLAX)

and pick A2 such that/ = Anny(i42) is a maximal element of f,. Finally let

£2 - {AnnÄ(a): O^ae^}

and let A3 = ai/ be such that P ** AnnR(a) is a maximal element of f2. By

replacing A by ̂ 3 we now have:

(i) N - t/<(i4; U) - uV(5; 17) for any nonzero submodule B of A;

Cii) if 0 == C QLB QL A, then B(\b(A; U))k C. C for some k = k(C);
(iii) / = Ann^A) - Ann^Ä) if 0 *= 5 £L /I ;

(iv) P = AnnÄ(/l) = AnnA(¿) for all 0 ¥= b G A.

Now let tv G A/ \ 0. Then there exist by (**), r,, r2,..., r„ E R such that
(v)«" + rxun~x + • • • + rH »0.

Suppose if possible that for some /, rt ç? P and let i be maximal such and set

r = r¡. Thus r,+x,..., /■„ G F in case i < «. Then r defines an L-module

monomorphism of A by (iv). As in the proof of Theorem 2.3 we can embed A

in an (L © f 7>module M ** Aî[T] such that rT » Tr = identity map on M.
By(v),

rw"~' + r/_I«**,+1 + • • • + r,«"-1 + m"

= element of Ft/ ç J Q Ann(M),

and hence

Mu"'1 ** (Mr)u"-' Q Mu"-'+l C. Mu"-'.

Thus

00

A/m"-' = H Muk** Mu".

Let V - i/(L 0 f F) = Í7(L) ®( f[F]. Then K = Ä,t/, + Rxu2 + • • • +
Rxu„, where Ä, = R ® ifF] a f[z„ ...,zs,T]Q center of K and so L, = L

© f T E Max-cu. Suppose B is a nonzero submodule of M. Then it is easy to

check that B n A¥*0, and so Auk Q B n A for some k(u G A'Jby (ii) and

hence Muk Q B. Thus if p(M) ■ D {5: 0 t6 B is a submodule of A/} then
Mu" Q p(M). Now if p(M) ¥* 0, then p(A/) is an irreducible L,-module and
so is finite dimensional, whence p(M) n A = D is a finite-dimensional

nonzero submodule of .4, so ZW' = 0 for some / and, hence, ANk+l Ç DN'

** 0 for some k, a contradiction. So Mu" C. p(M) * 0, and Au" « 0.
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Thus given u E N \ 0, we have that u satisfies (v) for some ry in R. If all r¡

are in P, then Au" = 0. If not, then as above, Au" = 0 anyway. Therefore

N/J is a nil ideal of U/J and U/J satisfies the left and right ascending chain

conditions and so, by a well-known result (see, for example, Divinsky [6,

Theorem 16, p. 51]), N/J is nilpotent, so Nm £ J for some m or ANm = 0

for some m, a contradiction.

This proves Theorem 3.1.   n

4. Applications.

Theorem D. Every finitely generated metanilpotent Lie algebra has good

Frattini structure.

Proof. Let L E © n 9Ï2. To show that L has good Frattini structure it is

enough, as in Stewart and Towers [8], to assume that L E © n 219^ and to

show that yV(L) = v(L). Let A be an abelian ideal of L for which L/A E ©

n <m . g n K, and let N - rb(L) and X = N/A < Y + L/A. Consider A
as an L-module under the adjoint action. Then A is a finitely generated

L-module (Amayo and Stewart [2]) and so' a finitely generated y-module.

Now X £ }p(A; U), where U = U(Y) and so, by Theorem D, there exists m

such that 0 = AXm « [A,mN\. But Nc £ A for some c, and hence Ne+m = 0

whence N » ^(L) £ v(L) £ i/<(L) and the proof is complete.   □

For a Lie algebra L and ¿ E L we define

£¿ (b) = | je E L: [^;,n¿] = 0 for some n — n(x, b)).

The Lie algebra L is said to be an Engel algebra in case L = EL(b) for any b

in L.

The class Max is the class of all Lie algebras satisfying the maximal

condition on subalgebras. By Amayo and Stewart [2], Max-cu < Max.

Furthermore by Amayo [l],Sn Max < g n 9?, where (£ denotes the class of

Engel Lie algebras.

Let L E © n (9Ï Max-cu) u © n (3 Max-cu). Evidently N = v(L) E 31
and L has good Frattini structure if and only if L/A/2 has good Frattini

structure (see Amayo and Stewart [3, p. 133] and Proposition 2.1). Thus to

show that L has good Frattini structure we may assume that v(L) is abelian.

Suppose if possible that L does not have good Frattini structure. As L

satisfies the maximal condition for ideals (trivially if L E © n © Max-cu)

and, by Amayo and Stewart [3, pp. 225-240], if L E © n 91 Max-cu and

v(L) E 21), we may factor out an ideal I of L maximal with respect to L/7

not having good Frattini structure. Replacing L by this quotient we may now

assume that

(i) If 0 =£ J < L, then L/J has good Frattini structure.

(ii) A = v(L) is abelian.
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(iii) LG© and has an ideal / such that L/I E Max-cu and either / is

abelian or else / is finite dimensional.

Let N = \p(L), M ** P(L) and F = p(L). Then A may or may not be zero.

If L G g then by Barnes and Newell [4], L has good Frattini structure, a

contradiction. So L is infinite dimensional.

Claim l.M<N.

Let B / Che a chief factor with [B, M] £ C. If C * 0 then L/C has good

Frattini structure and (M + C)/C ç v(L/C) = uHL/C), hence [B, M] ç

C. Suppose then that C = 0. If J < L and J ¥= 0, then (B + J)/J is zero or a

chief factor of L/J and so 0 * [B, M] Q B n J < B. Thus

B Cp(L)** n{J:0¥=J<L).

If / = 0, then L G Max-cu, B is an irreducible L-module and so B is finite

dimensional. If / =f=- 0 and / is finite dimensional, then B C I, so B is finite

dimensional. If / *£ 0 and / is abelian, then 0 =£ B C I, I is a finitely

generated L//-module and, by Amayo and Stewart [3, pp. 225-240], this

implies that /, and so B, is finite dimensional. So in all cases B is finite

dimensional and L G Max. Now let x G M. Then for some r,

eo

[B,rx]=[B,r+xx]-O [B„x]
/-I

(B is finite dimensional) and, since also M < L and Mc C B for some c

(L/B has good Frattini structure), we have

00

[£*+,+,*] £[B,rx] = Pi [B„x] Q[L,e+2+rx].
i-i

Thus with s = c + r + 1, we have

[L„x] = [L,J+,x],   and,hence,   L = £L(x) +[L,,x] - £¿(x) + 5.

Let Z> = Q(5) < L. Then L/Í» G g and L G g, so D *M 0 and 5 Ç D
(since 5 ç p(L)). Then D ¥= B, as otherwise, L G g and D = Z) n (£¿(x)

+ fi) = (Z> n EL(x)) + B. Evidently, EL(x) n D < EL(x) and [EL(x) n

Z>, 5] = 0, and so 0 *M EL(x) n D < L, so that B ç EL(x) n D. Therefore,

L = £L(x) and M = £w(x), whence Mein Max < g n 9?. Thus M =

v(L) < ^(L), a contradiction which proves Claim 1.

The proof of Claim 1 also shows that we may assume that:

(iv) L has no minimal ideals (in particular, if / # 0 then / is not finite

dimensional).

(v) If /,, J2 are nonzero ideals of L, then Jx n J2¥z 0.

(vi) F = p(L) < }p(L) (proved in the same way as Claim 1).

If now / =£ 0, then from above, / is abelian and a finitely generated L/I

module under the action u(x + I) = [u, x] for u E I and x E L and,
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evidently, (N + I)/I £ if>(I; U(L/I)) and L/I E Max-cu and, hence, by

Theorem 3.1, [I,rN] = 0 for some r. But Nc ç I for some c (L/I has good

Frattini structure) and, hence, Nc+r £ [I,rN] = 0, a contradiction. Similarly

if A = v(L) ¥* 0 we obtain a contradiction.

So we may finally assume that / = 0 and L E Max-cu n ©, v(L) = 0,

N = \p(L) D v(L) + p(L). But then L is finitely generated as a module over

itself under the adjoint action and N £ ip(L; U(L)), whence by Theorem 3.1,

0 = L(NY » [L,rN] for some r. Thus Nr+X » 0 and AT < v(L), a contradic-

tion.

So we have proved

Theorem 4.1. 7/L E © n (9Î Max-cu) or L E © n (3 Max-cu), then L has

good Frattini structure.

Since we do have 3 < Max-cu in prime characteristic, Theorem 4.1 implies

Theorem E. Further, Corollary F follows from Theorem D and the remarks

in Stewart and Towers [8].
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