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THE IMMERSION CONJECTURE FOR RP®*7 IS FALSE!
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ABSTRACT. Let a(n) denote the number of 1's in the binary expansion of n.
Itis proved that if n=7(8), a(n) = 6, and n »= 63, then RP" can be
immersed in R**~'4, This provides the first counterexample to the well-
known conjecture that the best immersion is in R27~22®+1 (when a(n) = 1
or 2 mod 4). The method of proof is obstruction theory.

1. Introduction. In [6] we announced that we had proved the nonimmersion
part of the well-known conjecture [7], [10]:
Let a(n) denote the number of 1’s in the binary expansion of n. Let

2a(n) ifa(n) =1,2 (4),
B(n) =1{2a(n)+1 ifa(n)=0(@4),
2a(n)+2 ifa(n)=3(4).

If n =7 (8), then RP" C RP~A(®W+1 pyt RP" g R¥~AM),

Our proof was wrong [25] and, moreover, the result is wrong for a(n) = 6
(and probably also for most values of a(n)). Indeed, our main result shows
that the conjectured best immersion dimension is at least three too large if
a(n) = 6.

TuroreM 11 If n=7(@8), a(n) =6, and n+ 63, RP" CR¥ " but
RP" g R™"18,

The best immersion dimension for RP” when n + 1 is a 2-power was
established in [9] and [13]. The lesson of our paper is that the immersion
problem for RP" is much harder than was previously expected: the only
nonimmersions detected by the Adams operation y> — 1 are those of [13].

In [6] we also announced that we had obtained the conjectured immersions
when a(n) = 5, 6, 8, or 9. That proof is valid and is sketched in this paper,
although we no longer conjecture these immersions to be best possible.
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362 D. M. DAVIS AND MARK MAHOWALD

THEOREM 12. If n=7(8), RP" CR*"?; if n=13(8), RP" CR*E,
where D and E are given by the table:

am) | S 6 7 8 9 210

D | 9 11 14 16 17 18
E |9 10 15 17 17* 17*

The numbers indicated with * may be increased to 18 if n = 11 (16).

It is well known [21] that RP” immerses in R?"~¢ if and only if the map
RP" - BO which classifies the stable normal bundle 2¢ — n — 1), lifts to
BO,,_, (where L is any sufficiently large integer). When n = 7 (), this bundle
is trivial on RP7 (since KO (RP7) & Zy) and so its classifying map lifts to the
7-connected covering BO[8]. The nonimmersion of Theorem 1.1 is proved by
showing that the map RP” —2 BO[8]— BO[8]/BO,_ 58] is essential, by
studying the Adams spectral sequence which converges to
[RP", BO[8]/BO,_ 15[8]].

The immersion of Theorem 1.1 is proved by considering the diagram

n-—l4[8]

|

k
QBO[8]/BO,_4[8] x 65> 6  —> 6§/B0,_,,[8]

/ l
g ko
RP" —=— BO[8] -2 BO[8]/BO,,_,,18]

where £ is the fiber of k,. The immersion follows from

LeMMA 1.4. (a) There is a lifting | of g.

(b) There is a map f: RP" — Q(BO[8]/BO,_ 8] such that k,p(f X 1) is
null homotopic.

(c) The fibre of k, has the same n-type as BO,_ 4[8].

2. Preliminaries and discussion of Theorem 1.2. Let bo denote the connected
Q-spectrum whose 8kth space is the (8% — 1)-connected space BO[8k]
localized at 2 [10], [4]. Let BSpN denote the classifying space for symplectxc
vector bundles of real geometric dimension N, and let BY = BSpN Assp bo
denote the space which was called E? in [5]. Let h: RP%*3 > QP* denote
the canonical map. If g’: QP* — BSp classifies pH,, then g = g’ - h classifies
4pfaks s

Let E; and E? (or sometimes E; (N ) and E’(N)) denote the ith space in an
n-MPT (8] for the fibrations Vy — BSp,v — BSp and ¥y A bo— B — BSp,
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respectively. By the techniques of [15] there is a map E; — E? which respects
the projections.

Let PY = RPM/RP¥~! and Py = P\°. Py and ¥y, have the same 2N-type
[12], and since our resolutions are through degree n with n < 2N, Py and Vy
are interchangeable. A k-invariant in H™(E,) (all coefficients are Z, unless
otherwise indicated) corresponds to an element in Exti*™~!(P,), which is
tabulated in [17). Here, and throughout the paper, & denotes the mod 2
Steenrod algebra, and we have abbreviated Ext(H*(X), Z,) to Ext(X). The
tables of [17] will be used extensively without always explicitly saying so. We
will denote by &/ a k-invariant in H™(E,), where E; is the ith space in some
MPT.

Let X{i) denote the space formed from X by killing classes in Extg'(X)
for 0 < s < i. More precisely,

DEFINITION 2.1. Let X{0) = X. Let X{i) denote the fibre of the map
X{i - 1) - K(Z,, Ext%'(X{i — 1))). Then Ext}' (X{i)) ~ Exty *~{(X).

DEFINITION 2.2. Let X0, i) denote the mapping cone of the map X{i + 1)
- X.

In the stable range (which is the only range in which these constructions
will be considered) the 2-primary homotopy groups of X0, i) are those
obtained by considering the elements of the Adams spectral sequence [1] of X
of filtration < i.

If F— E —” B is a fibration which is totally transgressive [8] in the range
of interest and E; is the ith stage of a MPT for p, then fibre(E; — B) = F(0, i
= 1) (in the stable range). This follows easily from the map of fibrations

F(i) ———F

| |

E—————F

| l

E,————B

The proof of Theorem 1.2 is quite similar to that of [5, 1.4, 1.3(b)]. It
involves a detailed study of the MPT"s for the lifting question

BSpy—— BY—4x+3-D

!

E; E}
k h g' l = l
RPAK+3 -> QP" > BSp + BSp

We use [5, 1.8] and maps of MPT’s for
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By ———BY

N+A
! _
BSp ———— BSp

to get QP* to lift to E? for largest possible i. The possible obstructions to
pulling this lifting back to E; are the elements of Extj*¥~1(P,) for s < i and
Jj < k which are not bo-primary, i.e. which are in the kernel of the
homomorphism Extg(Py) — Extg(Py A bo). These are just the dots in ¢ — s
= 3 (4) in the tables of [17] which are not part of the regular towers. It is the
existence of such possible obstructions which cause our inability to assert
liftings of RP”" to BO,_, for e > 18. However, we can sometimes show these
obstructions are zero by naturality using the maps of MPT’s for

és‘i’N—A - ﬁ’m

| !

BSp ————— BSp

Having lifted QP* to E, for some i we can often lift RP**+3to E,, for some
small positive integer ¢ by indeterminancy computations. This gives us a
lifting to §§i3,,, if Exty'(Py) = 0 whenever s > i + ¢ and ¢ — s < n, for then
BSpy — E,, is an n-equivalence.

We exemplify with the case a(n) =7, n =8/ + 7. Then N = 8/ — 7, a(/)
= 4, and g’ classifies 2£~2 — 2/ — 2)H,,, ;. As in [5, §4] we compute

3, i=2l-2,

v(zl--Z -2 - 2) _S5+e(l), i=2-1,
i 4, i=2l

5, i=2l+1,

where »(2°(2b + 1)) = a. Thus by [5, 1.8] g’ lifts to BY_s and g’|QP¥~! lifts
to BJ_,;- (We use here thatif 0 < e < 3andi > m,
1 ifi-—-modd,e=0,1,
P(ﬂ4i_|(P4m+¢/\b0))=2(i-M)+ -1 ifi-mOdd’€=3’
0 otherwise,

so that
0, i<2-2,
»(74i—1 (Pgr—s N\ bo)) = ‘l" : : g; -1,
5, i=20+1
Since

7y (fibre(E, (8! — 11) > EJ (81 — 11)))
= 71;_, (fibre(Pg;_;,<0, 3) — Pg;_1; A bo(0, 3))) =0
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for i < 2/, g'|QP¥~! lifts to Ey(8/ — 11). (The last equality holds because in
[17, Tables 8.6 and 8.14] all elements in columns 2, 6, and 10 occur in the
regular tower, which is also present after applying A bo). Since

#gy— (fibre( £, (8/ — 11) > E{(8/ - 5))) =0

g’|QP? lifts to E,(8/ — 11) and, hence, to E, 8/ — 7) = E(8! — 7). (The use
of 8/ — 11 was to get past the non-bo-primary element labeled 42 in [17,
Tables 8.2 and 8.10].) Since g, (fibre(Es(8/ — 7) - EX(81 — 5))) = 0, g’ lifts
to E5(8!/ — 7), and, hence, there is a lifting / of g’h to E5(8/ — 7) which sends
the k-invariants k3, 5 (corresponding to the top element in column 9 of [17,
Tables 8.2 and 8.10]) and &3, , to zero (because the lifting factors through
QP+ If I*(k,,4) # O (which it will since

,(2L-2 -2~ 2) - 5),

2l +1
we form a new lifting /' = p(xg,3 X ), where p: (Kgoy X Kgr3 X Kgrig)
X E? — EJ is the action of the fibre on the total space of the principal
fibration EQ — E?, K, = K(Z,, i), and xg,; is the map RP¥*7" 5 K, ., X
K143 X Ky, Which is nontrivial in H¥*3, p*(k3), ) = 1 X k1o + SqQ'tg43
X 1 + other terms. This can be shown as in [8] by computing the relations in
the MPT. (Alternatively, the existence of Sq" in p*(k) corresponds to the
action of A, in Ext, so this information can be read directly from the tables of
[17)) Then I"*(k3;,4) = I*(k3+4) + SQ'x%43(t143) = 0. We must also check
-that I'*(k3,,;) = 0, but this is so since Sq*xg,; = 0, Sq>Sq'xg,; = 0, and
wy((2L — 81 — 8)¢) = 0, so that if Sq%g,,; X 1 and g, 3 X w, are present in
1*(k3;47) (which in fact they are), they do not contribute to /'*(k3,., ;). Thus //
lifts to Iz RPY¥*7 — Eg(81 — 7). If I#(k§,.4) # O, it can be varied as above.
Thus there is a lifting to E; = ﬁﬁs,_,.

3. The spaces BO[8]/BO,[8]. Throughout the remainder of the paper we
shall let Cy = BO[8]/BO[8]. In this section we compute «,(Cy) fori < N
+ 14 and N odd. We also compute [P", RCy] and [P", Cy] for certain values
of N and n.

_THEOREM 3.1. There is an isomorphism of @-modules H*(BO[8], BOy[8)) =~
H*(ZP,) ® @ //@, through degree N + 16, where &, is the subalgebra of @
generated by Sq', Sq?, and Sq*.

ProoF. Let k: BO[8]— BO and k = BO[8]/BOy[8] » BO/BO,. Let
i: ZVy = CVy/Vy — BO[8]/BO,[8] be induced from the fibration Vy —
BOy[8] - BO[8]. The Serre spectral sequence [20] of the relative fibration
(CVy, Vy) = (BO[8], BOy[8]) = BO[8] collapses through degree 2N because
it is mapped onto by that of (BO, BOy) — BO. Thus there is a vector space
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isomorphism
H*(BO[8], BON[8]) ~ {{k*W,: m > N}> ® H*(BO[8]),
where (S denotes the vector space spanned by S. Here we use the external
cup product and the fact that i*k*w,, = sa™"!, the nonzero element in
H"@Vy).
By Stong [23],
Z, i=0,8 12 14,15,
H'(BO[8]) ~ with Sq'ug = u;,4
0 otheri <16,

for i =4,6,7, and k*w, = y, for i = §, 12, 14, 15. By the Wu formula, for
i<15,

- m-1-—j\-
Sq'(k*w,,) = j%i ( iy J )k‘w,,,“_j U k*w,
J=03,12,14,15

Fori < 15,

Z, i=0,8 12 14,15,

(€/&),= { generated by Sq'.
0, otheri <16,

y: H*(CPy) ® €//@, » H*(BO[8], BOy[8) defined by y(sa™ ® Sq’) =
k*W, ., U k*w, is an @-module isomorphism in the desired range. For
example,

¥(Sq"(sa™ ® 5q°)
= \]/(( ;g)sa'"*" ®Sq + (?)sa’"‘"’ ®Sq® + (T)sa"""' ® Sq'z)
= (;';)I?"w,,,“‘ + (';')I-c.‘w,,”,6 U k*wg + (';')I;“w,,,,,,2 U k*wy
= (e (75 P o
+ (m -l. lz)l-c-‘wm,,,z U k*wy,
= Sq"(lz‘w,,,,_,) =Sq%(sa™®Sq°). OO
Thus by the change-of-rings theorem [3], [4, Lemma 3.1}, Ext}(Cy) =~

Extg (ZPy), and this is as in Table 3.2. As usual, vertical and diagonal (/)
lines indicate multiplication by h, and A,, respectively. Diagonal (\) lines are
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N=1 (%) /I
st i /
_IA,i, 7 T i3 t-s=N+

N=3(3)

@ 5 t-s =N+

13
N=5(8)
st o
-—& vy t- :N*
1 3 1 1 :
N=7 (9
! //! 1/
t-s-N+
TABLE 3.2

d,-differentials in the Adams spectral sequences, which will be established in

Theorems 3.3 and 3.4.
Extg (Py) can be computed by minimal resolution and this is listed in §6

when N =1, 5,7 (8). A second way of computing it for t —s < N+ 15 is
by the exact sequence
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- Extg'(Py ) — Extg (Py ) — Extgl (EsPN ) — Extgt"(Py) -

using the tables of Extg(P,) in [17]. This exact sequence is obtained by
applying Exto(H* Py ® —, Z,) to the short exact sequence through degree 15

0-3% /R > &/)& —>Z,-0.

THEOREM 3.3. There are d,-differentials in the Adams spectral sequences for
Cy as indicated in Table 3.2.

PROOF. As in Theorem 3.1, H*(BOy,, ,[8], BOy[8]) ~ s"*'@ //&,, and so

Exty(BOy.1[8]/B0y[8]) ~ Exty "' (2, Z,),
which begins (by [11])

6 6 8 12 t-S 'N"'I#

The d,-differential is present because
BO~+,[8]/BO,,,[8](N“” = SN¥L eN+9y eN+13
and, since 4 comes from Ext(S¥*'), by [26, 9.4] 4 represents the composite
sh+128%0 Gnar L one U ,e¥*oy N,
which is null homotopic because ¢8, », o) is, by definition, the composite
sh+12 % gn4e U ,eNizS gh+

and jo is null homotopic.

If N = 3 (8), the inclusion BOy, ,[8]/ BOy[8] » BO[8]/BOy[8] sends the
Ext-classes A and B nontrivially. Thus the indicated d,: E;N*'S(Cy) —
E;N*1(C,) when N =3 (8) is present, and the other d,’s for N =3 (8)
follow by hy- and h;-naturality. The d,’s for N =1 and N =5 follow by
naturality from the maps Cy - Cy,2. O

THEOREM 3.4. In the Adams spectral sequences pictured in Table 3.2 there are
no nonzero differentials except those indicated.
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PROOF. We first show d, annihilates the element g, of Ext3V*+!5(C,) when
N =1 (16). We consider the exact sequence

* ‘.
Ty +15(Cn/ZPy) > Tv+14(EPy) = Tye14(Cy)-
By Theorem 3.1,
H*(Cy/2Py) ~ H*(ZPy) @ R @, ~ H*(ZPy,) ® 2*¢ // @,
in our range. Thus Exty(Cy/ZPy) ~ Exte (2°Py), and 50 7y.,15(Cy/ZPy) =~
Zs by [4] or [10]. If d3(g,s) # O, then 7y, 14(Cy) = 0, so that g, is surjective
by exactness. Hence my, 14(ZPy) is cyclic. But this is not true (by [17, Table

8.2]), contradicting the hypothesis d;(g,s) # 0. (To see that my., ,4(ZPy) is not
cyclic, we reproduce the relevant portion of [17, Table 8.2]

m(R)
N=1 (16) .
®
B 1 B LN

dy: ExtlV+16(Py) — Ext4¥*13(P,) is zero, because one element comes from
Py ..o, where dj is clearly 0, while the other is 4h,, which survives the Adams
spectral sequence of PJ'*! (because of the Adams decomposition of Sq')
and, hence, survives the Adams spectral sequence of Py. Thus 5 times a
filtration 3 element of my, ;3(Py) is nonzero and so no class of filtration 3
can be divisible by 2.)

We next show d; annihilates the element g,; of Ext3Y*1(Cy) when
N = 11 (16). We consider the exact sequence

Tn+13(Cn/ZPy) S Ty 2(EPy) = Tye12(Cr)-
From [17, Table 8.12] we have
(B
N=11(16)

{ /

MTnB% 1=+




870 D. M. DAVIS AND MARK MAHOWALD

As before, if dy(g,3) # 0, 0,(G) is nonzero in filtration 3, where G generates
7n+13(Cy/ZPy). But this cannot happen, for G o v € my, ((Cy/ZPy) =0,
whereas if x is any element of #y,.,,(Py) of filtration 3, x ° » # 0 (because
hy: Ext3V+14(P,) — ExtéV*13(P,) is nonzero, and by [17, Table 8.12] the
element in Ext4" *'8(P,) survives the Adams spectral sequence).

All other differentials are zero by naturality. []

THEOREM 3.5. If N = 7 (8), Ty 4+13(Cn) = Zj¢.

ReMARK. The content of this theorem is the nontrivial extension in the
Adams spectral sequence.

Proor. We consider the maps of Adams spectral sequences induced by the
maps

Boaz+9[8]/3031+7[8] - Bosl+13[8]/3081+7[8]
k
- Bosl+13[8]/3081+9[8]-
As in Theorem 3.1 the E,-terms are
Extg (ZP§/}7 ) — Extg (SPg/};? ) > Extg (SPg(15?).
These are in ¢ — s = 8/ + 19, 20 as below.

oA A
N T A

—_— % 9 20 19 20

The d,-differential in BOg,,4[8]/ BOg;..+[8] follows as in the proof of Theorem
3.3. Thus a homotopy class 4 corresponding to the Ext-element A is mapped
nontrivially by &, to a homotopy class correspondmg to the Ext-element B.

Thus k,,(ZA) 2B and hence 24 = C. By naturality this implies the
extension in BO[8]/BOg,,.48]. O

THEOREM 3.6. Any map P¥* - Cy,_, of filtration > 4 is null homotopic.

ProOF. One first computes

, s=4,
Exty (HY(Cuo ) HPY*)) = {22 474
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For example,
Exté‘( H*Cy_,, H* pi+6 ) - Extfg:( H*(ZPy_,), H* Pp8I+6 )
=~ Ext$(H* P, H*P")
ker(d?: Homg(27°C,, H*P'*) —» Homg(2%C,, H*P'))
~ im(d: Homg(Z°C,, H*P*) - Homg(2~°C, H'P™)) ’

where C; are the @-modules in the minimal resolution of P, given in §6. If /,
denotes a generator of C,, denote by / the @-homomorphism =~3C,—
H*P" dual to =~ Then d¥(J,) = ,, because

d} ()2 my) = b (ds (2 °myo)) = I (SP(Z %)) = Sg¥('®) = 0.
Similarly, d2(/},) = 0 and im(d?) = 0.

Thus the only possible map of filtration > 4 is the unique extension over
PY+6 of p8i+é_c g8I+4_u C. ., where c is the collapsing map and u a
filtration 4 generator of w8,+4(C8,_7). By Theorem 3.5, u factors as S¥*+4
—Y Cg_g—' Cy;_5. The composite u'c is trivial because the corresponding
element of Exty*(H*Cq_s, H"P""“)wExtéf(H‘P” H*P?) is zero since
dth,s = ko (using the notation of the previous paragraph and the resolution
of H*P, givenin §6). [J

The above proof may be rephrased as: a d,-differential in the Adams
spectral sequence (ASS) converging to [P¥*S, Cy,_,] gives rise to a d,-
differential in that of [P%*S, C;,_,].

PROPOSITION 3.7. A filtration 2 map P¥ — Cy,_,, which sends only kg _g
nontrivially is essential.

PROOF. As in the previous proof,
Ext3*(H*Cy;_,, H*P¥)
ker(d‘ Homg(27'C,, H*P'®) - Homg(2'C,, H*P'®))
lm(d* Homg(S~'C,, H*P'®) - Homg(27!C,, H*P'®))
& Chyy bysy By + h14>./ Chy + by,

where C; are part of the mm1ma1 resolution of Ps. £, corresponds to 138,_,
under the isomorphism

Hom(Z~'C,, H*P'®) ~ Hom(H*(Cq_,,(2)), H*P¥)
and so gives a nontrivial element of Ext. It cannot be hit by a differential in

the ASS converging to [P¥, Cy,_,,] because Exty'(H*Cy_,;, H*P¥) = Z,
and the nonzero class survives to give the map P¥ — V,,_,, -»QCy_,,. O




372 D. M. DAVIS AND MARK MAHOWALD

PROPOSITION 3.8. The cokernel of i,: [P¥*7, QCy_,]1 = [P¥*7, RCy,_5) is
generated by an element [ f,] of Adams filtration 2 whose restriction to P¥*3 is
trivial.

PROOF. g, +(RCyqy_7) = 7g,7(RCg_5) is surjective by Table 3.2.
[P¥+8, QC,,_,] can be computed from Ext§y*2“(Pg,_; A PA=3_,); this was
done in an earlier version of this paper, but the Ext computations were quite
complicated. It is much easier to use the method of 3.6 and the second
resolution of §6 to obtain

zz, s < 5, s # 2,
Ext'é'(H‘(QC8,_3 ), H‘(Ps,+6 )) = Zz @ ZZ’ s = 2,
0, s> 5.

Thus [P¥*5, QC;,_;] contains the cyclic summand of order 2¢ generated by
P86 5 Vy_3 - QCy,_3, which is in the image of i,, plus Z, generated by
[f,] which corresponds to Ext class ,,. Since Ext}’(H*(Cy,_), H*(P¥*+%) =
0 for s > 4, there are no possible differentials on this class in the ASS
converging to [P%¥*6, QCy,_5]. [

4. Proof of the immersions of Theorem 1.1. The fibrations By — BSp and
& — BO[8] are not directly comparable. We compare them by the following
maps of fibrations.

Q(BO[8]/BOL[8]) « V,—— Vy——Vp >V A bo
| | ! |
(4.1) & «————— BOy[8] — BSpiny« BSp, > BY,
| | ! L]
BO[8] «——— BO[8] — BSpin < BSp »BSp

Here we have n = 8/ + 7, N = 8/ — 7 and a commutative diagram

BO[8] ————> BSpin «———— BSp

@.1" g 7
RPBI +7 QP2I +1

where g classifies (2© — 8/ — 8)¢ and g’ classifies (2£~2 — 2/ — 2)H. Let
.17 E! « E,."[S] - E'«E - E,o
denote the ith spaces in the n-MPT’s for the 5 fibrations of (4.1).

The first step to proving Lemma 1.4(a) is to prove
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PROPOSITION 4.2. If a(n) = 6 (and N = 81 — 7), g’ lifts to E; and g lifts to
E;.

Proor. The method is that outlined in §2. As in [5, §4] we compute

2, i=2l-2,
v(zL—2_21_2)= 4+p(l), i=21-1, ifa(l)=3.
i 3, i=2l
4, i=2l+1,

Thus by [5, 1.8) g'|QP%~! lifts to BY,_,, and g’ lifts to BY,_,. Since
74— (fibre( E, (81 — 11) > E9 (81 - 10)))

~ 41 (fibre(Pg;_ <0, 1> = Pyy_1o A\ 50<0, 1))) = 0
fori < 21 — 1, QP¥~lifts to E,(8/ — 11). Since
71 (fibre(E; (87 — 11) > EQ (81 - 3))) = 0

fori = 2/and 2/ + 1, g’ lifts to E,. For this lifting the k-invariants in degrees
8/ — 4 and 8/ map to zero, because they are the images of the corresponding
k-invariants for Bg)_, and B)_,, respectively. Similarly, when this lifting g} is
followed into E,(8/ — 7) all k-invariants except possibly the one correspond-
ing to the element of Ext}(Py,_,) labeled ok in [17, Tables 8.2 and 8.10)
map to zero. If / is even, the image of this k-invariant k2 in H*(E,(8/ — 11))
can be computed to be

Sq'kg_ + Sq'ky;_ ) + Sqkg_, + (Sq* + Sq°Sq" kg4
+ (Sq° + Sq°Sq® + wg + weSq® + w;Sq' + w,Sq°Sq" + Wi)ky_s.
Thus
(1g5)*(K?) = (Sq® + Sq°Sq? + wg + weSq?
+ w,Sq' + w,Sq’Sq' + w3) 85*(kg—g)
= quxsl_s + ws((ZL'z - 21 - 2)H) . x“__a = 2x3,_3 = 0.

If / is odd, Sq®xy;_g = 0 and w; = 0, so k? certainly maps to zero. Thus all
k-invariants in H*(E,(8/ — 7)) map to zero, so there is a lifting to E,. Since
E3'[8] is the pullback of E, there is a lifting of g into E[8] and, hence, into
E;. This lifting, /;, sends k3, nontrivially and k3, , and k3., trivially. This is
because they correspond to the k-invariants in E,, where k3, maps nontriv-
ially (to QP¥*?) since by [S, 1.8] QP does not lift to BY_,, and ks, and
kll+7 map tnvxally since H8I+Z(QPZI+ I) =0 = H"’”(QP”‘H).
The relations for the k*-invariants in the MPT for & — BO[8] are
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k3 Sq'ky; + Sq?Sq’k3;_4 =0,
K3142: Sakipsy + (S4 + Sq*Sq’Sq')kd,,4 = 0,
kgre7: S9°Sq'k3;, 2+ (Sq + Sq*Sq’Sq')ki,4, + Sq'Sq'kF,
+ (Sq'°Sq? + Sq®Sq’Sq')kZ,_, = 0.
Thus (by [8]) under the action
p: Kgy_s X Kyy_y X Kgj_y X Kgy X Kgy X E3 > E3,
p*(k3) = Sq'i-, + S°SQ%G_s + 1 @ Kk,
etc. If f: RP¥*7 5 K;,_, is nontrivial, then [ = p(f X ) satisfies
I*(ka) = (f* ® I$)(Sa'G—1 + Sq’SPe3;_s + 1 ® k3))
= Sq'xg_, + B3k =0,
and, similarly, *(k3,, ) = 0 = L*(k,,,). Thus  lifts to E}.  [J
By Table 3.2, 7y, ,(Cg; ;) contains no nontrivial elements of filtration > 4.
Thus, by Theorem 3.6, since g lifts to Ej;, ko © g is null homotopic, proving

Lemma 1.4(a).
We now begin to prove Lemma 1.4(b) and (c).

PROPOSITION 4.3. Through degree N + 16, there is an isomorphism of -
modules

H*(&, BOy[8]) ~ H*(Z*Py) ® & //&,,
where &, is the subalgebra of @ generated by Sq' and Sq*.

PrOOF. We use the relative Serre spectral sequence [20] for the fibration
(CF, F)— (&, BOy[8]) - &, where F = fibre(BOy[8]— &) ~ fibre(Vy —
QCy). By Theorem 3.1 in this range

H*(SF)~ H*(Py) ® R /& ~ H*(Z*Py) ® @ //@,.

The proposition follows, since H(6) = 0fori <8. []

Lemma 1.4(c) now follows immediately from a standard property of the
stable range [19, Chapter 15]-If 4 C X, then A4 — fibre(X — X/4) is an
(a + b + 1)-equivalence if A is a-connected and X /4 is b-connected.

Because of the decomposition (X X Y) = S(X A Y)VZX VY, itis
convenient to consider the suspensions of the maps in (1.3). Thus if f: RP" —
QCy is any map, [Zk, n(f X )] is the homotopy sum of three maps
' 5(5/80,[8)),

@5) =p ¥ sac,”%” 5(6/80,[8)),

(44) sprE 56
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as) =P D" s@c, A 6)"Y 5675 5(6/80,(8)),

where H(p) denotes the Hopf construction on p. We will consider two
candidates for f: f, is the composite

pcoll

P pres v, »asv, 3 ac,,
and f, is the composite

coll

P " S "-u—) QCN,
where u, is nonzero in Z,-cohomology so that [u«] is represented by the
element in Ext3"*15(Cy).
PROPOSITION 4.7. (4.5) with f = f, is null homotopic.

Proor. This follows from the general fact: If F— E —” B is a fibration
and & = fibre(B — B/E), then the composite F - QEF ->QB/E)—> & —
& / E is null homotopic. To prove this let F = p~'(b,) and view B/E as the
reduced mapping cone of p. Then & is the set of paths in B/ E beginning at
by and ending in B. The map /: E — & can be chosen to send a point e to the
path o,(f) = [t,e]. Then / restricted to F is homotopic to F—QIF—
QB/E)—> &,but E— & — & /Eis null homotopic. [J

PROPOSITION 4.8. (4.6) with f = f, is null homotopic.

Proor. Since f;|P"~! is null homotopic and /|P7 is null homotopic, f; A
I: P* A P" > QCy A & is null homotopic on the (n + 7)-skeleton. Preced-
ing this by a skeletal version of the diagonal map shows P" — QC, A\ & to be
null homotopic. []

PROPOSITION 4.9.
[PS'”, & /BOSI-7[8] ] ﬁ[P:/:xGa b /3081-7[8] ] ® "’sz+7(5 /3081-7[8])
ProoF. The splitting follows immediately from the observations
[P81+7, 5 /3081—7[8]] N[Pssllri,, 6/3081_.7[8]] and
P =PIV YV
The Adams spectral sequence converging to 7,(& /BOg,_-[8]) has E,-term

Exte'(ESPs,q) by Proposition 4.3 and the change-of-rings theorem. This was
computed in [10] to begin

e

3 7

t-s=80+
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and so the 2-component of g, (& /BOg_4[8]) ~Z,. For odd primes
p, H*(& / BOg,_,[8]: Z) =0 and so the odd component of
wg4 (& / BOg,_[8)) is zero.

[Pgisf, &/BOy_4[8]] ~ 7 (D (PSIEE ) A & /BOy_,[8]),

where D (P¥*9) is a Spanier-Whitehead (2 — 1)-dual of P%*6 [22], which
has the homotopy type of P%=%~2. The Adams spectral sequence converging
to this has E,-term Exty!(Py._g_7 A Z°Py_,), which is easily computed by
the methods of [4, §3] to be

4‘—.—1—_‘— L_.
) t-s =2

5

The d,-differential on the classes in s =0, ¢ — s = 2L is zero because the
classes are present in Extg(Py_g_7 A Z°Pg,_o), where d, is zero by hy
naturality. Thus the 2-primary component of [P¥*, & /BO,,_,[8]] is Zs,
and the odd component is zero because H*(Py_g_7 A & /BOy_4[8); Z,) =
Oforpodd. [

We shall denote by G, and G, the generators of the Zg and Z,,, respec-
tively.

PROPOSITION 4.10. (4.5) for f = f, is (up to odd multiples) 2"+ "G,

ProOF. We must determine (k,i),(«) in the exact sequence

Ta147(Pg1—7) = Tg14.9(RCq1—7)
(kii),
d "’81+1(5 /3081-7[8]) - 7g146(Pyr-17)
by considering the induced map of Adams spectral sequences. For m,(Pg,_,)
we have from [17, Tables 8.2 and 8.10, Theorem 7.4]

Y(31+9)=3 y(3i+3)=4 V(3+3)=5

v e —jﬁ,m jigi-sh
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Note that for a(8/ + 7) = 6, ] # 7, we must have »(8/ + 8) < 5. 7,(RCq;_7)
is, by Table 3.2,

6 is ﬂ,‘b-

Thus the classes of 7y, ,(2C,_-) of filtration 0 and 1 map nontrivially, while
for »(8/ + 8) < 4 a class of filtration 2 also maps nontrivially, and for
»(81 + 8) = 3 so also does the class of filtration 3. That is, the image of (k,i),
in Z,g is a subgroup of order 2¢~*(*Y, which must be generated by 2"+ 1G,.

[P+, 9Cy_, AB] & [P¥*1,9Cy._; A BO[S], and [P¥*7, BOIE]
is a cyclic 2-group such that the map “8i¢” classifying the vector bundle 8if is
i times the generator.

PROPOSITION 4.11. Suppose q: P¥*7 > QCy,_, A\ & is such that (1 A\ p)q =
Jo N“8i&” for some odd integer i. Then =k, - H(p)- =q is nontrivial in H%*2
and hence is a\G, + b,G,, where a, is an odd integer and b, is some integer.

PrOOF. There is a commutative diagram of exact sequences in the stable
range defined using [8, 2.9].

— H*(5, BOL[8]) > H**1(BO[8],6) — H*+1(BO[8], BOy[8]) —
H*k} l ~ l u'*
— H*(QCy x &) = H**!(g, QCy x 6) = H**1(§) —————
where as usual N = 8/ — 7. H*(QCy) has classes (2)*wy, for i > 0, where

J: BO[8]/BOy[8] - BO/BOy, and these classes are also present in
H*(BO[8], &). If z is the first nonzero class in H*(&, BOy[8]), then

8z = (Sq® + we)wyy +[(N +1)/8]Sqhwy,s,
and hence
prhtz =SqPwy, @1+ wy, @ ws
+[(N + 1)/8]Sq%wy s ® 1 + 1 ® something.

Thus the A-component of p*k}z is wy,, ® wg, which is the first nonzero
class in H*(QCy A 6).
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4*(Wn+1 ® wg) = f§ (Wy41) - “Bif"*(ws) = x™ - wg(8i§) # 0
sinceiisodd. [

COROLLARY 4.12. If I: P¥*7 5 & is a lifting of 8i¢, then (4.6) with f = fy is
ia,G, + ib,G,, where a, is an odd integer and b, is an integer.
Proor. Under the homomorphisms
[P, 2Cy] ®[ P", BO[8]] »[ZP", 2QCy A BO[8]]
1A%~}
) (=P, 300, A 6]
Sky o H(p)
5 [=P7, 2(6/B0N(8])].
[Zky o H(p) ° 2(fy A\ 1)) is the image of fy A“8i§”, which is i times the
image of f, A\“8¢”.
In order to show that this pairing is a homomorphism we note that since
n< N+ 15

[#", 9Cy A BO[8]] ~[ P", 2Cy A (2o[8]™)],

where BO[8]"? denotes the 15-skeleton. Hence [P", BO[8]] may be replaced
by [P", BO[8]"]. But BO[8]"? is a stable space and so the Whitney sum and
stable (= 2%S*) additions agree. It is well known that if stable addition is
used in all spaces, the smash product gives a homomorphism. [J

In order to show that f can be chosen so that the sum of the maps
(4.4)(4.6) is zero, we must get some hold on what (4.4) can be. To do this, we
use the fact [18] that there is a lifting of P" to BO, _,[8]. There is a map of
(1.3) into the corresponding diagram with n — 14 replaced by n — 10.

u ky
QC,_14 x & > & »&/BO,_4[8]
jlez l]z , l]g
' ”' ' kl ’
ﬂcn-lo x & >& >6 /Bon—lo[sl

[P", & /BO,_ 811~/ [P", &'/ BO,_ (8]l is a surjection Z; ® Z\s > Z, ®
Z; sending G, - G{ and G, > G;. By Proposition 3.8 the cokernel of
[P", RC,_1] =" [P", RC,_o] is generated by an element f, of Adams
filtration 2 whose restriction to P%*3 is trivial. The analogue (with N = n —
10 and & replaced by &) of (4.6) with f= f, is null homotopic by the
argument of Proposition 4.8, and the analogue of (4.5) with f=f, has
filtration > 2 so that it is a multiple of 4G;.

Let I: P" — & be some lifting of g. Since P" lifts to BO,_ (8], there exists
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some f': P"—>QC,_,, such that kjp'(f' X j,/) =0. Either ' or f' —f,
factors as P" —/ QC,_,,~' C,_,o- Thus k| p'(jy; X j)(f X 1) is trivial or
4G;, and hence k,p(f X I) is 4aG, + 4bG, for some a €Z,, b € Z,. If
a = 0, then

klﬂ((f“ b- 22—v(l+l)fl) X 1) =0
by Propositions 4.8 and 4.10. If a = 1, then by Propositions 4.7 and 4.12,

kip((f+ 227704 f) X 1) = 4¢G,
for some ¢ € Z, and

kl”«f + 22-r(l+l)fo -c- 22—y(l+l)fl) X 1) =0,
proving Lemma 1.4(b).
5. Proof of the nonimmersion of Theorem 1.1. It suffices to prove a(/) = 3
implies
P S o8] oy

is essential. We shall again use diagrams (4.1), (4.1'), and (4.1”), with
N = 8] — 11. The coefficients

,,(2L~2 -2~ 2)
]
are as in Proposition 4.2, and by the method of Proposition 4.2, g’|QP2' lifts

to E, and g| RP¥ lifts to E;.

PROPOSITION 5.1. There is a lifting of RP¥ to E; sending only kg_g
nontrivially.

PrOOF. We first show that there is a lifting of QP to E sending only
kg, g nontrivially. The underlying reason is that

28212\ o ; 2L-2-2/-2
"( 21-2 ) 2 Whﬂ”( i )>2

for i = 2/ — 1, 2I; this becomes a proof by using naturality of k-invariants

and the fact that [5, 1.8] implies QP%~2 does not lift to BJ_,,, QP! lifts

to BY_,o, and QP lifts to B _.

Since Extg**!(Py,_,,) — Ext4**!(Py,_,; A bo) is an isomorphism for i <
21, there is a lifting of QP to E, sending only kg,_g nontrivially, and hence
there is a lifting /, of RP¥ to E;[8] sending only kg_g nontrivially. By
computing the induced map of minimal @(BO|[8])-resolutions, we see that
RP® % EJ[8]—' Ej also sends only kg,_g nontrivially. For example, there
is a k-invariant ki, € H¥(E;) due to the element in Table 3.2, N =5 (8),
s =2,¢— s = N + 11, which is annihilated by A,
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i*ky = Sq'kg_; + Sq’ky;_, + Sq°Sq'kg_3
+ (qu + SqGqu + Ws)kal_a.

Then 1#i*k}, = (Sq® + Sq®Sq? + wg)x¥ 8 = 0, since Sq®x¥~® 5 0 if and only
if wy(QL - 81 -89 #0. O

There is a map from this MPT into an Adams resolution of Cg,_,,, and so
5.1 and 3.7 imply that our map P¥ — Cy,_,, isessential. [J

6. Minimal resolutions. In this section we tabulate the minimal &,-
resolutions of P,, P, and P, which were used in §3. See [19, Chapter 18] or
[2]. We form an exact sequence

0—HPy Rt B
of @,-modules, where C; is free, such that ker(d) C &, - C,. Then Extg!(Py)
~Homy (27'C,, Z)).

We shall denote generators of C, by g, b, k, I, myn,p for s =
1,2,3,4,5,6, 7, respectively, with a subscript to denote ¢ — s, and primes to
denote a second generator for the same s and r. We omit Sq for Steenrod
squares; thus 62g denotes Sq°Sq’%s. H*(Py.s) =~ H*(Z*Py) as @,-modules so
all Extg (Py) for N = 1, 5, 7 (8) follows from these tables.

Resolution of H*P, for t — s < 15.

generators a;, a;, &, Qys,

8,: 2a (this means di(g,) = Sq’x,),

g3 la; + 2la,

84 4ay,

86 4,

g7 la; + 4la,,

8s: 2a; + 42a;,

81s: lals + 27“7,

hy: 1g; + 2g,,

hy: 1g; + 23g,,

h3: (4 + 31) g, + 6g,,

hg: 21g4 + 6g5 + (7 + 421) g, + 23g,,

hg: 2gg + 3g, + 4g,,

hys: 18,5 + 27g,,

1s: (46 + 73) g + 651g, + (67 + 463) g,,

kq: 1hy + 23h;,,

ko: 2hg + (7 + 421)h;,,

kyg: 51hy + (7 + 421)hg + 71k, + (10, 2 + 831)h,,

kls: lhls + 27h7,

1s: 1his + S2hg + (27 + T2)h, + 27h, + (13 + 12, 1 + 94 + 841)h,,
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ly: 21k,

12 3ky + 41k,

L koo + 42ky + T1k,,

Lis: 1kys + 27k,,

lis: 1kis + 2kyy + (T + 421)ky + 27k,,
myy: 21,

my: 1y, + 21,

myg 1, + 41y, + 61,

mys: 15 + 231,

nyy: Imyy + 2myg,

ns Imys + 23my,

Pis Inys + 23my,.

Resolution of H*Ps for t — s < 15.
generators as, a;, @;s,

86 2as,

g+ la; + 2la;,

83s: 2(!1 + 405,

gu: 4lay,

815t lays + 4241 a,,

hy: 1g7 + 28

hyy: 18y + 212g5,

hyp 28y, + 6g; + 23gg + (7 + 42]) g,
hyg: 4gyy + 62g,,

1
b 1g,s + S21gs + 27 + 72 + 621) g5,

»

15 (62 + 521)gg + (27 + T2 + 63 + 621) g, + (10 + 82 + 91) g,

kyy: 1hy, + 23h,,

ki3t 2hy5 + 3hy, + (7 + 421)h,,
ki 1hyy + 210y, + 4hy, + 62h,,
kys: 1hys + 41hy,,

li3: 21ky,,

hig: 1kyy + 2k,5 + 4k,

list 1kys + 23Kk,

myg: 2y,

mys: 115 + 2115,

ns: lmys + 2my,.

Resolution of H*P, for t — s < 19.
genel‘ators 0, Oys,

8o: 21“1,

gu: 4lay,

812¢ 42“7,

8is: lays + 45a,,

381
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8i6: 2a;5 + 424a,,
hyo: 285,
hyy: 18y, + 2lg,
hyg: 42y + 6g,
hys: 125 + Tgy + 421g,
1s: (4 +31) g, + 61g,,
hyy: 2816 + 385 + 4281, + 528y,
Kyt 1hyy + 2k,
kys: 1hys + 41hy,,
kyg: 21hyg + 6hyy + (7 + 421)hyg,
kyg: 3hyy + Shys + Shis + 6hyy + (631 + 82 + 10 + 91)h,q,
list ks + 23ky,,
Lyt 2k + (7 + 421k,
myy: 21,
myg: 31, + 4115,
nyg: 2mys,
ng: Imyg + 21m,,
P Inyg + 21y
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