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ABSTRACT. For the random trigonometric polynomial
N
> £,(1) cos nf,
n=1

where g,(#), 0 < ¢ < 1, are dependent normal random variables with mean
zero, variance one and joint density function

|M|"2@2a) " expl - (1/2)@ Ma]

where M ~! is the moment matrix with p; =p, 0<p <L, i#j,i,j=1,
2,..., N and a is the column vector, we estimate the probable number of
Zeros.

1. Consider the random trigonometric polynomial

N
. #0)=9(0) = 2 5,(1) cos

where g,(¢), 0 < ¢ < 1, are dependent normal random variables with mean
zero, variance one and joint density function

(1.2) |M|"/*(2m)~"2exp[ - (1/2)@ Ma],

where M ~! is the moment matrix with p=p0<p<li#j,ij=1,
2,...,N, and a is the column vector whose transpose is a =
(8,0, ..., gy(2). In this paper we calculate the probable number of zeros of
(1.1). We prove the following.

THEOREM 1. In the interval 0 < 6 < 2« all save certain exceptional set of
Junctions ¢(8) have

13) (2N/3'72) + O (N1/13+er)

zeros, when N is large. The measure of the exceptional set does not exceed
N =21 where ¢, is any positive number less than 1/13.

The particular case when p = 0, that is the case when g,(7) are independent
normal random variables, was considered by Dunnage [3] and proved the
following.
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THEOREM. In the interval 0 < 6 < 27 all save a certain exceptional set of the
Sunctions ¢(0) have

(2/31/2)N + O(NII/IB (log N)3/13)

zeros when N is large. The measure of the exceptional set does not exceed
(log N)~ 1.

Das [1] took the class of polynomials
N
(14) >, n”(gan_1c0s N + g,,sin nf)
n=1
where g, are independent normal random variables for a fixed p > —1/2 and
proved the following

THEOREM. In the interval 0 < § < 2, the functions (1.4) have

2[@2p + 1)/ (2p + 3)]'°N + O(N"V/13+4a/134u

zeros when N is large. Here ¢ = max(0, — p) and &, < (2/13)(1 — 24q). The
measure of the exceptional set does not exceed N ~%%,

Equation (1.4) with p = 0 has been studied by Clifford Qualls [5] when the
random variables are independent and normally distributed with mean zero
and variance one. Using the somewhat more advanced techniques developed
for stationary Gaussian processes it is shown that the Das result holds for this
case also; indeed he is able to reduce the O term to O (N3/4(log N)'/?).

Estimating the average number of real zeros of random trigonometric
polynomial is the other interesting topic connected with this type of problems.
Das [2] took the trigonometric polynomial of the form

N
1.5) > g,b,cos nb,

n=1
where g, are independent normal random variables and b, are positive
constants. Das proved that the average number of real zeros of (1.5) in (0, 27)
forb,=n? (p > —1/2)is

[@ + 1)/ @ +3)]°2N + o(N)

and of order N?*3/2 if —(3/2) < p < —(1/2), for large N.

Sambandham [6] assumed that g, are independent and uniformly distribu-
ted in (—1, 1) and showed that the average number of real zeros of (1.5) in
(0, 27) for b, = n? (p < —1/2) and large N is [2p + 1)/(2p + 3)]/2N +
o(N).

When g, are dependent normal random variables and satisfying the
condition (1.2) Sambandham [7] showed that the average number of real
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zeros of (1.5) for b, = n? (p > 0) and large N is

[@p + 1)/ 20 +3)]2N + o(N).

To prove Theorem 1 we follow the procedure adopted by Dunnage and
only point out the places where changes are essential.

2. To avoid repetitions we choose the notations of Dunnage. If ¢(a)p(b) <
0 we say that ¢ has a single cross over (s.c.0.) in (a, b). In this case ¢ has at
least one zero in (a, b). Further (i) if ¢(a) > 0, ¢(a + b/2) < 0 and ¢(b) > 0
or (ii) if ¢(a) < 0, ¢(a + b/2) > 0 and ¢(b) < 0 we say that ¢ has double
cross over (d.c.0) in (a, b). This can occur only if ¢ has at least two zeros in
(a, b). Clearly

Pr(s.c.0.) < Pr(at least one zero)

and
Pr(d.c.o.) < Pr(at least two zeros).
Let
N N
Xl=@=2angn’ X2=€B=2bngm
n=1 n=1
N N
X3 = G = 2 Cn8n> X4 =0 = 2 dngn’
n=1 n=1

where a,, b,, c,, d, are given real numbers and we write

2
N N
y.,=a2=<1—p>2a3+p(2 a"),etc.,

n=1] n=1

N N N
Yo=(1-p) X a,b, + p( > a,,)( > b,,), etc.

ne=l n=1 n=1

The characteristic function of the random vector (X,, ..., X;) (k < 4)is

k
f(tl’ cee tk) = exp[(_ %) zlyr:trts]‘

As Dunnage has indicated in [3] each g, = g,(?) is a continuous function of
t (0 < 1 < 1), and hence so are @, B, C, D. We define p,(¢) and py(7) by

[, &% <0, _[1, €9 <o,
() [o, g8 >0 4 w0 [o, e >0.

The functions p,(f) and p,(¢) are measurable and further

[ i) de=Pr(@® <0), [ () di=Pr(CD < 0)
0 0
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and
flp.l(t)p,z(t) dt=Pr(@% < 0,C9 < 0).
0

Proceeding by the method of Dunnage we get

®
Pr( 50,8 <0,C>0)=Pr(€ >0, %8 >0,C <0)
172 1/2
_l _.]l 7%3 _._11_7_123_
2.1) T dn sin b? s a’?
-1 Y12
+ sin (l - W) ],
(ii)
1 1 vh |7
= Lgn-1l1 = 12
22) fo m (1) di= —sin (1 azbz) )
(i)
S | RS
(23) fo pa(1) di= —sin (1 c2d2) )
@iv)
1 1,1 s\
= — - 2 _qin—! —_——
fo m(D) pa(1) di= = 7 + 5 sin (1 a2b2)
(2.4) .l_ co—1 _ _.Yi
+ 3 sin” | 1 27

Af(ty, .o ty)
ffffw tt:t2t3t4 = iy dy

where A(f(t), ..., 1) = AZ(A3(A4f(t2, et with A(ty, ..o ht, . )=
Yty ntyo o) =Y.y —t,...) and f(#,...,t) denoting the
characteristic function of (€, B, C, D).

3. We divide the zeros of ¢(8) into two groups (i) those lying in the
intervals (0, €), (# — &, + €) and (27 — ¢, 2«) and (ii) those lying in the
intervals (¢, # — ¢) and (7 + ¢ 27 — €). The zeros (i) are negligible. We
prove this in §6. To estimate the type (ii) zeros we proceed like that of
Dunnage.

We choose e)XN ~3/13, This choice of ¢ is very important. Here by A(N)
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X v(N) we mean that A = O(¥) and » = O ()). If we restrict 4 to the intervals
e<f9<7m—¢and 7+¢e< 0 <27 —¢ then [ZV_, cos2nf| < (sine)™!

and we have SV_, cos2n8 = O(1/¢e) = O(N?/'). Similarly we have the
following;:

S N

>, cos’nf = = + O (N3/13),
n=1 2

N 3

> nkin?nf = N? +O(N?/13),

n=1

N
3.1 >, cos nf = O(N3/13),
n=1
N
> nsinnf = O(N'¥/13),
n=1

N
> nsinnf cos nd = O (N'¥/13),

n=1
Let us take § = O(N ~') and put
@ =¢(0), B=o0+(5/2), €=a0+3s).

We estimate the probability that ¢ has a d.c.o. in the interval (8, 8 + &). This
is only double the expression in (2.1). To compute this we need the following:

N N ‘
a®>=(1-p) > cos’nf+ p( >, cos no)

n=1 n=1

B=(1-0)3 cosz"(“%)*”(ﬁws”(“%))2

n=1 n=1

N N 2
2=(1-p) S cosn(d + 8) + p( S cos n(9 + 8))

n=1 n=1

3.2) Yi3=(1-p) § cos nf cosn(d + &)

ne=1]

N N
+ p( > cos nB)( >, cosn(d + 8))

n=1 n=1

N

N
Ta=01-p) 2 COS"(0+

n=1

)cosn(0 +6)

n=]

+ p(glcos n(o + g))( S cos n(8 + s)).
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Now we use Taylor’s theorem to expand (a%? — y2,)'/2/ac. Suppose that
a%? — yvh = ay + a8 + a,(8%/2) + a,(8%/6) + a,(8%/24).
It is not difficult to show that (showed in the Appendix)
a, = a; =0,

(33) a= (1 = p)(N*/6)[1 + O(N7T/1)],
a3 = O(N?), a,=O(NS).
Therefore
(a% = 15)""= 8(a/D)"/X(1 + es3/3e, + O (N8 )"
= 8(ay/2)"*(1 + a;8/6a, + O(N%2)).

Since
1_1(, %) -
?-—z(l 2 +0(N6),
where
N N N
z(8) = 2(1 — p) X, n cos nf sin nf+ 2p( >, cos nB)( > nsin n0)
n=1 n=1 n=1
we get
1/2
1 — 7123 /
a%c?
34
. = 2 1/2 a3 2(9) 282
—(8/a )(0{2/2) 1+ g&:— 2 8+0(N8 ) .

Similar reasons will lead to

1/2
1 - 7122
b

35)
= 21‘12(012/2)‘/2 1+ (6"7’ - z% )(8/2) + 0(N262)]
2
and
3 v
(-3)
3.6)
= (8/2a%)(ay/2)"* |1 + (;-:—2 - 3;2‘:) )8 + O(N%?)|.
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LEMMA 1. If the interval (8, 0 + 8) lies outside the e-neighbourhoods of 0, =,
27 and if 8§ = o(N ™), the probability that $(8) has a double cross over in this
interval is O (N383).

PROOF. As x — 0, Sin"'x = x + O(x%). Since a, = O(N?), a*> = O(N),
and (3.4), (3.5) and (3.6) are each O(NG) and: therefore o(1) as N — c0. Now
proceeding as in [3, Lemma 6] and using the result that the required value is
twice the value of (2.1) we get the proof.

If § is any interval of length § = o(N ') which does not overlap any of the
e-neighbourhoods of 0, 7, 27, let N (¢) be the number of zeros that ¢(8, ¢) has
in §. Here the zeros are counted according to their multiplicity. Further let

N() ifN(@) > 2,
0 otherwise.
LEMMA 2. [} N*(¢) dt = O(N>83).

N*(1) =

Proor. If we show that the probability that there being any multiple zeros
is zero, then the proof of this lemma follows along the lines of Dunnage’s
paper [3, Lemmas 11 and 12].

To show this we adopt the method of Dunnage [4, Theorem 3). If ¢ has a
multiple zero, real or complex, then for some 8, ¢(8) = ¢'(#) = 0 and the
elimination of 6 leads to a condition

F(g,8,.-.-,8)=0,

where F is a polynomial in the g,. This means that the N-dimensional random
variables (g, . . . , 8,) must lie on a certain space S in the space R,. Now this
random variable has a density function ®, say, and the probability that the
random variables be on S is

f@(x,,...,xN)dx,° < dxy
s

which is zero since the N-dimensional Lebesgue measure of S is zero.
Hence the proof of the lemma.

4. We now divide the interval (¢, 7 — ¢) into equal subintervals of length &
and estimate the probability that ¢(8) shall simultaneously have a single cross

over in each of a given pair of these §-intervals.
Let

4.1 A=NW3¥ K= NI\ §=0oN"A"¥)
and (0,0 +6), @+, 6 + 7+ 8) be two of the #-intervals into which
(e, # — ¢) is divided so that 7 > K3§. Let

@=9¢0), B=¢@+05), C=¢@+17), D=¢@+7+235).
Theny;; = O(e™") = O(K '8 "). Since a2 X N, ¢ X N, we get



64 M. SAMBANDHAM

Y3
4.2 lgr—lg—1y _ 1/3) —4/7
“4.2) o = ONTIK™1871) = O(N~1/\~47).

Similarly y,,/ ad, v,3/ bc, and v,,/ bd satisfy the inequality (4.2).
In §3, (0 + &) was denoted by C, but here we use % for this purpose. For
this change of notation, from (3.6)

2 2
Yia %0
“3) - =7 =5 [1+0(Ns)]

XNBEIN-6/7
where A(N)Xv(N) denotes that A = O (v) and v = O (). Similarly

‘Y§4
Uy —6/1
@44 ey 2atl 61,
Using (4.2), (4.3), (4.4) and [3, Lemma 13] we shall get

277 J fff w Af(t,",z',;,;’ ). b dtytsdt,

1 Y12 12 'Y§4 2
+ —Sin"‘(l - —) Sin"(l - —) + O\VIN—2/3)L,
2 a® c%d? ( )

Combining (2.2), (2.3) and (2.4) with (4.5) we get

foll‘l(‘) Ho(1) dt = fol (1) dt fo "ua() di= O (N =AY,

This shows that when two intervals (4,6 + 8) and (8 + 7, 0 + 7 + §) are
widely spaced (7 > K§) then the probabilities that ¢(#) has a s.c.o. in each
interval, are almost independent.

5. In this section we calculate the number of zeros of ¢(#) in the intervals
(e, # — €) and (7 + ¢ 27 — ¢). Since

N
0+ 7) =3 (—1)"g, cosnd
n=1

and (g, ...,8y) and (—g;, ..., — gy) have the same distribution function
it is enough if we consider the iterval (¢, 7 — &).

Divide the interval (e, # — ¢) into intervals i, each of length
8(RN~-'A37) and with each i, we associate a random function p,(?)
defined as follows.
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(5.1) w() = [ 1 if ¢(8, f) has a s.c.0. in i,
0 otherwise.

This shows that p,;(¢) and py(?) of §2 are a typical pair from the arbitrary set
{p()}. Let m, = [op,(2) dt.
Lewia 3. Z,m, = (V/3/3(1 + OQA=>/7).
Proor. By (2.2)
1/2
= l in~1 1%_2_
my = T sin - a2b2
-8 4172
= (22/2a%)""(1 + O(N$))

=8 1/2 -3/7
. (N/3 )(1 + O ))
from (3.5). This is true for all m, and so
>m, = (N/vr3'/2)(1 + 0()(3/7))28.
v v
But=, 8 = 7 — 2¢ = # + O(A~>/"). Hence the lemma.
LemMMA 4. [[Z (1, (1) — m)P dt = O(N*/3)).

PRrOOF. Same as the proof of [3, Lemma 17].
Let N,(¢) be the number of zeros of ¢(0, #) in i, and let

NX (1) =[N,,(t) iva(t? > 2,
0 otherwise.
Clearly
0< N, (1) = m(t) < N2 (1)
and so by Lemma 2

1 1
62 [ D) - w()d<S [Nz (nyde= 0 (A9,
0 v v Y0
The total number of zeros of (0, f) in (¢, 7 — &) is Z,N,(f) and so we
prove
LEMMA 5. Except for a set of values of t of measure not exceeding (1/4)N ~2
SN, (1) = (N/37%) + O(N'/B+a)
v
where g, < 1/13.

Proor. From Lemma 4 we see that outside a set of ¢ of measure at most
(1/8)N ~2=
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2 (mo(1) — m,) - O (N3,

That is
S (ml0) = m) = O(N+aPNA)

and therefore

(53) 2 B, (2) = (N/3l/2) + 0(NA'3/7) + N(c.+(2/3))\|/2)

outside the exceptional set of z. Also (5.2) shows that outside another
exceptional set also of measure not exceeding (1/8)N ~2

(54) ZNo(t) = 2 ”’o(t) + O(NH'"A_6/7)
° v
and hence combining this with (5.3) we get
%No(t) = (N/3%) + O(NA™7) + O(Na+@/)\1/2)

+0(Nl+e|)\—6/7)
= (N/3l/2) + O(Ne,+(ll/l3))

outside an exceptional set of 7 of measure at most (1/4)N ~2,

Further the interval (7 + ¢, 27 — €) can be treated in the same way and so
it follows that in the intervals (¢, # — ¢€) and (7 + €, 27 — ¢) all the functions
¢(0, t) outside an exceptional set of measure at most (1/2)N ~° have

(5.5) (2N/3Y2) + O (N1/1D+u)
zeros.

6. In this section we show that outside a small exceptional set of values of
t, (9, t) has a negligible number of zeros in the intervals (0, €), (7 — ¢, 7 +
¢) and (27 — ¢, 27). By periodicity the number of zeros in (0, ¢) and (27 —
¢, 2m) is same as the number in (—¢, €) and so we confine out discussion to
the interval (—g, ¢).

We apply Jensen’s theorem to the function of complex argument

N

#(2) = ¢(z.1) = 3 g,(1)cos nz.

n=1

The number of real zeros between =+ ¢ does not exceed the number in the
circle |z| < e. Let n(r) = n(r, f) be the number of zeros of ¢(z, #) in |z] < r.
By Jensen’s theorem
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i0
n(e)log2 <[ “In(i)/t] dt = (2m)"" i o ¢(;(e;) )|,
assuming ¢(0) # 0, and thus
6.1) n(e) < (27 log 2)~"! f og #(2ee”) db.
0 ¢(0)

Now |cos(2Nee™)| < 2e*M and so

|6(2ee”)] < 2™ (|gi + - - - + [an]) < 2Ne*™ max|g,|.

Now if max |g,| > N, then |g,| > N for at least one value of n < N, so that

N
P(max|g,| > N) < X P(lg,|> N)
6.2) n=1

o]
= N(2/'7T)l/2];, e~ (/D2 gy ¢ o= (/DN?

Hence |¢(2ee®, 1) < 2N %2 outside a t-set of measure at most e~ /2N,
The distribution function of |¢(0, )| = Z¥_, g,(?) is

Gy =| @/ [Cema, x>0,
= 0

0, x <0,

where A2 = (1 — p)N + p(N — 1). From this we see that |¢(0, #)] > 1 except
for a set of values of ¢ of measure

1 2 2
(2/70)* [(em 1 War< 2/ w2) "2,
b €
Combining this with (6.1) we get that for all 4,
o(2ee”, 1)
¢(0)

outside an exceptional set of values of ¢ whose measure does not exceed
e~V 4 (2/mAY)"/? which itself does not exceed (1/4)N =21, if N is large
enough. From (6.1) and (6.3) we see that outside the exceptional set
6.4) n(e, 1) <1+ (2log N + 2Ne)log 2 = O (N'/13),

This gives an upper bound for the number of zeros of ¢(8, ¢) in (—e¢, ¢).
Similar result can be obtained for (7 — ¢, 7 + ¢).

Combining (5.5) and (6.4) and adding together all the exceptional sets we
get the proof of Theorem 1.
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APPENDIX. Now we show

p=0,=0 ay=(1- ,;)“"T4 [1+0(N"7)]
a3 = O(N*), a,=O(N®).
We have used these values from §3 to §6 of this paper.
% = (az‘:2 - 7123)5-0

- {[(1 - p) ﬁ cos? nf + ps*(9)

n=1

x[(l -p) év: cos? n(f + &) + ps*(0 + 8)]

n=1

n=1

- ’(1 - ) § cos nf cos n(0 + &) + ps(8)s(0 + 8)2]}
L §=0

=0.

[ d
o = 78'(“2‘-‘2 - st)]

|

X

§=0

n=1

(1-p) ﬁ cos® nf + ps2(0)]

-2(1 =p) § ncosn(6 + 8)sinn(f + §)

n=1

+ 2ps(8 + 8)s'(0 + s)]

- 2[—(1 -p) % n cos nf sin n(6 + &)

n=1

+ ps(0)s'(6 + 8)]

x[(l -p) § cos nf cos n(f + &)+ ps(8)s(6 + &)

n=1

..

= 0.
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2
o =[ 5 (@2~ )

6=0

n=1

= {[(l -p) § cos? nf + ps2(0)]

X[Z(l -p) § n? sin® n(9 + §)

n=1

-2(1-p) % n?cos® n(0 + 8) + 2p(s'(8 + 8))2

n=1

+2ps(0 + 8)s"(0 + a)]
2

- 2[—(1 -p) % n cos nf sin n(8 + 8) + ps(0)s'(0 + 8)]

n=1

- 2[(1 -p) % cos nf cos n(0 + &) + ps(9)s(8 + 8)]

n=1

n=1

x[-—(l -p) ﬁ n? cos nf cos n(6 + &) + ps(0)s"(0 + 8)”
5=0

=[(1 -p) ﬁ cos? nf + ps2(0)][2(1 -p) § n’sin’nf
n=1 n=1

N
- 2(1 = p) X n?cos® nf

n=1

+ 20(s'(8))” + 205 (0 )s"(o)l

2
- 2[(1 -p) % n cos nf sin nf + ps(0)s'(0)]

n=1

- 2[(1 - p) ﬁ cos? nf + ps*(9)
n=1

n=1

x[—(l -p) % n? cos® nf + ps(0)s”(0)].
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Using the values in §3, we find that only the last product in the above
contains the maximum value. That is

— (1N ¢ -7/13
=(1-p) —6—-[1+0(N / )].
Similarly successive differentiation gives
= O(N*) and a,= O(NS).

REFERENCES

1. M. Das, The number of real zeros of a class of random trigonometric polynomials, Math.
Student 40A (1972), 305-317. MR 49 #1584.

2 , The average number of real zeros of a random trigonometric polynomial, Proc.
Cambridge PhllOS Soc. 64 (1968), 721-729. MR 38 #1720.

3. J. E. A. Dunnage, The number of real zeros of a random trigonometric polynomial, Proc.
London. Math. Soc. (3) 16 (1966), 53-84. MR 33 #757.

4. , The number of real zeros of a class of random algebraic polynomials, Proc. London
Math. Soc. ( (3) 18 (1968), 439-460. MR 37 #5903.

5. Clifford Qualls, On the number of zeros of a stationary Gaussian random trigonometric
polynomial, J. London Math. Soc. (2) 2 (1970), 216-220. MR 41 #2757.

6. M. Sambandham, On a random trigonometric polynomial, Indian J. Pure. Appl. Math. (to
appear).

7. , On random trigonometric polynomial, Indian J. Pure. Appl. Math. (to appear).

DEPARTMENT OF MATHEMATICS, ANNAMALAI UNIVERSITY, NAGAR 608 101, INDIA

Current address: Department of Mathematics, Ayya Nadar Janaki Ammal College, Sivakasi,
626124, India



