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ABSTRACT. A degenerate principal series of representations T'(p, m; -), (p,
m) ER X Z, of U2, 2), is realized on the Hilbert space of all square
integrable functions on the space X of 2 X 2 Hermitian matrices. Using
Fourier analysis, gamma functions, and Mellin analysis, we spectrally
analyze the operator equation AT (p, m; g) = T(p, m; g)A forallg € @ =
U(2, 2) on an invariant subspace of L2(X), and obtain the first main result:
For p+ 0 or m odd, T(p, m; -) is irreducible. Then we define certain
integral transforms on L?(X) the analytic continuation of which leads to the
second main result: T(0, 2n; -) is reducible.

1 Introduction. The irreducibility of representations of the nondegenerate
principal series for real semisimple Lie groups has received considerable
attention and known general results are very extensive. However, for
degenerate principal series the known results are quite specialized (cf. Stein
[8], Gross [3]) and no general theory has yet appeared.

In this paper we are concerned with a degenerate principal series of
representations T'(x; -) of the (reductive) group & = U(2, 2) consisting of all
4 X 4 complex matrices

a1.1) g= (a b), a,b,c,andd € C**?,
c d

such that gpg* = p, where

12 =(0 1).

(12) p=(° I

These representations are described as follows. Let % be the parabolic
subgroup of elements

(1.3) b= (a';)—l a*-lx), ac GL(2, C),x = x* € C2x2,
a

and for (o, m) € R X Z let x = x,,,, be the character
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14) x(b) =|det a|”[det a]”

of B where [det a] = det a/|det a|. Then the representations = T'(p, m; *) of
® induced from x comprise the degenerate principal series of interest here.
For our purposes, we realize these representations in the space L2(X), where
X is the space of 2 X 2 Hermitian matrices.

The main thrust of this work is to give a complete resolution of irreduci-
bility and reducibility of these representations. Specially, we prove

(i) For p # 0 or m odd, T (p, m; -) is irreducible,

(i)) T(0, 2n; -) is reducible.

The proofs of these results require the development of considerable tech-
niques of harmonic analysis on the space X. In particular, the proof of (ii)
necessitates the construction of a certain translation-invariant operator on
L?(X) analogous to a “Hilbert transform” relative to the natural action of
GL(2, C) on X. These ideas are of analytic interest in their own right.

Let us briefly describe the ideas involved. The irreducibility proof proceeds
in two stages. First, in the spirit of Gelfand-Naimark, we apply the Fourier
transform F on to the commuting relation AT (p, m; g) = T (p, m; g)A
restricted to the subgroup B, transpose of %. Secondly, we analyze
AT (p, m; g) = T(p, m; g)4 and for this we apply Mellin analysis. However,
since X has no natural multiplication structure and because the inverse of a
Hermitian matrix has an unmanageable denominator, we look at this relation
on the invariant subspace

L3(X) = {f €L*(X)| f(w) = f(wxu~") for all u € SU(2)}.

In the end we have simple algebraic equations to solve, and the solution leads
directly to the irreducibility theorem.

In contrast to the proof of irreducibility in which one needs only to show
the commuting operator is necessarily a scalar multiple of the identity
operator, to prove reducibility one has to exhibit a nontrivial commuting
operator which in our situation involves the construction of a “singular
integral” by analytic continuation. In particular, we are interested in the
operators

B (p, 1): f(x) —>|det x| "*[det x] f(x),
and the corresponding operators
B(p, 1) = F~'B (p, )F.

Although one knows by general consideration that B (p, 1) is convolution by
some distribution on X, for our purposes we need more explicit information.
This we obtain by a suitable analytic continuation construction, modelled
after that of Stein [14], which goes as follows: extend p to be complex.
Formally
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(B, DA)(x) = r*(o) [ f(x = y)|dety|*~*

where r*(p) is a product of I'-functions and a certain analytic function. We
observe that the functions |det x|~*[det x] and |det y|*~2 on X are locally
integrable only for p in the disjoint regions /,(p) > 0 and I,(p) < —2
respectively; nevertheless we prove that r*(p)[f(x — y)|dety|P~2dy is the
analytic continuation of (B (p, 1)f)(x) = (F~'B(p, 1)Ff)(x) for f € C&(X).
Thus we have an explicit realization of B(p, 1) from which it is shown that
B(0, 1) is a nontrivial commuting operator. This renders the second result.

In a paper in preparation, the result of this work will be extended to the
group SO(n, m) and the Kunze-Stein theory of intertwining operators,
analytic continuation, uniformly bounded representations of these degenerate
principal series will be examined. Finally, I would like to express my sincere
gratitude to Professors Kenneth I. Gross and Ray A. Kunze for their
guidance and advice in this work.

2. Representation of degenerate principal series and their intertwining
operators. To give explicit realization of the representations, we let

w={u (5
-y Y

e o-(2 2

U, €, and V are subgroups of ®, such that A and V both are isomorphic to
the group X, and C is isomorphic to GL(2, C). % is the semidirect product of
% and C.For b € D let p(b) = (Ag(b)) ' where Ag is the modular function
of 9. By calculation, p(u(x)c(a)) = |det a|~*. For sake of simplicity we often
write u(a) and x(a) for p(u(x)c(a)) and x(u(x)c(a)) respectively.

The product B V is open and dense in & and the complement of B V in
® is of measure zero. For any x € X we write

xeX},

a € GL(2, C)},

xeX}.

x + x =Xy — Ix
(5 ) en

_xz + IX3 xl - X4
Let dx = dx,dx,dx,dx, be the measure on X. The representation T'(p, m; -)
induced from the character x = x,,, of ® is realized as a multiplier repre-
sentation on L2(X); namely for any g = (¢ %) € ® and f € LY(X)
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(T (p, m; 8)£)(x) = (T (x; 8).f)(x)
1) = |det(xb + d)|* [ det(xb + d)]" f((xb + d)”'(xa + ¢))
= (xu'/?)(xb + d) f((xb + d)"'(xa + ¢)) ae.x.

For x, y € X, define an inner product (x|y) = tr(xy) on X. Then X is
isomorphic to 4-dimensional Euclidean space. Let F be the Fourier transform
on L}(X) given by

(ENE) =F ()= %5 [ 10) .

For a bounded operator B on L(X), let B = FBF !

We shall discuss the Fourier transformed intertwining relations of the
representations.

The group action a: (x, @) - xd = a*xa of GL(2, C) on X has 3 orbits of
nonzero measure. These orbits are denoted by X;, X, and X;, and are
representated by (3 9), (} _9) and (7} _9) respectively. Let §,, 8, and §; be the
respective characteristic functions.

PrOPOSITION (2.2). (1) If m; # m,, T(p,, my; *) and T (p,, m,; *) are not
equivalent. (2) Let B be a bounded operator on LX) such that
23) BT (py, my; b) = T(py, my; b)B  forallb € B’ = CV.

Then B is of the form of multiplication by
B(x) = (Ci81 (x) + B, (x) + C38; (x))|det x| ~/®=720/2
where C,, C, and C, are constants.

ProoF. (1) is quite obvious if we observe that T'(p, m; e®I) = e™’1d where
Id is the identity operator on L*(X) and T (p, m; g) = T (p, my; ) if m; = m,
mod 2 and g € SU(2, 2). More rigorously, let B be a bounded operator on
L*(X) such that BT (p,, m,; b) = T(p,, my; b)B for allb € B’. Then,

(24) BT (p,, my; b) = T (o my; b)B forallb € B'.
By formula (2.1) and a straightforward calculation,
T (0, m; c(a)o(»)) f(x) =|det a|***[ det a]"e~"014"* f(a*xa).

In particular, when a = I, (2.4) implies that B commutes with the operators
of multiplication by e~“0'® for all y. Hence, as is well known, B must be of
multiplication type; i.e. there exists an essentially bounded measurable
function B(x) such that (ﬁf)(x) = B(x)f(x) for f € L¥X). Then, by letting
p = py, — p;, m = my — my, (2.4) reduces to

B(x) =|det a|*[det a]” B(a*xa) a.e.
In particular, by choosing
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_ eiﬂ/k 0
a= ( 0 eiﬂ/k

B(x) = (/%) B(x) ae.
Hence, if m # 0, B(x) = 0 a.e., so part (1) is proved.
Now we assume m = 0. Let Y/(x) = B(x)|det x|*/2 for x € X* (i.e. det x #
0). Then y(a*xa) = Y(x). Since |det x|~2 dx and Y(x)|det x|~ dx are both
invariant measure on the homogeneous spaces X, X, and X, by the

uniqueness of invariant measure we obtain Y(x) = C,0,(x) + C,0,(x) +
C;04(x). Hence

B(x) = (C18,(x) + C;8,(x) + Cs8;(x))|det x| ™"/ ace,

and the proposition is proved.

we have

3. Mellin analysis and the irreducibility theorem. In this section we shall
prove that for p# 0 or m odd, any bounded operator A such that
AT (p, m; g) = T(p, m; g)A for all g €® is a scalar multiple of identity
operator. Hence we obtain one of our main results, namely:

THEOREM (3.1). For p# 0 or m odd, the representation T(p, m; -) is
irreducible.

Since B’ =CV and p=(_9]) generate &, T(x; ) is completely
determined by its restriction to %’ = CV and p. Therefore, by Proposition
(2.2) we need only to consider the commutation equation

AT (x;p) =T (x; p)A

where A is multiplication by a(x) = C18,(x) + C38,(x) + C385(x). It is
convenient to rewrite the above equation as

(3.2) AFT (x; p)F~' = FT (x; p)F 4.
Consider the subspace
(33) Li(X)= {f ELZ(X)[f(x) = f(uxu~") forallu € SU(Z)}

which is easily seen to be invariant under F, T(x; p) and A. We shall Mellin
analyze the operator equation (3.2) on this subspace and see that this partial
spectral analysis is enough to give complete irreducibility results for the
representations T'(x; - ). We note here that analysis on this subspace is not
enough to obtain reducibility results, and for this we resort to other
techniques that appear in the next sections. The proof of Theorem (3.1) takes
a few steps.
Let
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refo( )

be the maximal torus of SU(2). The homogeneous space SU(2)/T, which is
the 2-sphere, consists of cosets #, = u,T and u(8,, 8,) = u(8,, §,)T, where

0<0<2'n}

=(0 1
b=(2, o)’
[} iné 0,
u(6, 0, = cos i y (sin8,)e
— (sinf,)e™"2 cos b,

for0< 0, < 7/2,0< 0, < 2.

Let Q be the set of all real 2 X 2 diagonal matrices

Q= {w = (w1, @) =((Sl 0(’)2)

since @ 2 X 2 Hermitian matrix can be diagonalized by an element of SU(2)
into a real diagonal matrix. More explicitly, for any x € X, there exists a
u € SU(2) such that u™'xu = w € Q. € is homeomorphic to R%. We let
dw = dw,dw, be the Lebesgue measure on Q. Since #(8) commutes with all
o € @ and 4, 'wu, = u” (), w,)u, = (w,, w;) one can prove that for w such
that w, 7 w, the map (w, #) — uwu ! is continuous and one-to-one. Let

Q= {0 = (0 @) EQ| ©; > w,}.
Since the set of w for which w; = w, is of measure 0. We identify £, X

SU(2)/T with X. This gives a new coordinates system on X namely (w;, w,,
0,, 6,). The coordinate transformation is given by

W, W, € R}

X =3(0 + wy),

X, = 3 (w; — w,)sin 26, cos 8,
X3 = 3 (w; — w,)sin 26, sin 6,,
x4 = 3 (w0, — w,)cos 20,

Thus, one may think of (w,, w,, 8,, 6,) as spherical coordinates of X. Define
the measure di = di(8,, 6,) = ;sin 20, dj, df, on SU(2)/T. The following
integration formula will be used later.

(34) j:‘, f(x)dx= fﬂo j; . f(uou™")(w, — wp)’ dit do.

Let LA(Q) = {¢ € LXR, dw)|p(w) = ¢(w, @) = —$(w;, @) = $(w)}, i.e.
L¥(Q) is the Hilbert space of “antisymmetric” functions in LX().
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PROPOSITION (3.5). For f € L¥(X), define the map ® by (®f)(w) = V7 (w, —
@,) f(®)/2. Then ® is a unitary map of LY(X) onto L¥(Q) with @' given by
(@ '¢)(x) = 2(w; — wp) ' $(w)/ V7 for x = uwu~"' and w, # w,. Moreover,
we have

OFOp(w) = —i(27)"! fﬂ e/ lg(n) d,

T (x; p)®'9(w) = x(w)(det ©) " '¢(—w™") for ww, # 0,
BAD '¢(w) = a(w)d(w).

PrOOF. The fact that ® is a well-defined bijective map is a straightforward
consequence of its definition and the antisymmetric property of ¢ € L¥Q).
Let us prove that ® is unitary. Define Qf = {0'| 0w € @} = {0 € Q| w, <
wz}. Then 9 = Qo U 96, and 90 N Q(,) = {w (S Ql wl = wz} Which iS Of
measure zero in . Now

7= [ S gl ™0 ™)y = ) it o
= fo S T @) = ) di o
-[ EALCICRPNEE
= [ 5 V@ - wr) dot [ F1S @@ - e do
= [ G @F @ - e dot [ Z 1@ (o = e do

= [j@n@)’ do.

Therefore, ® is a unitary map of L}(X) onto L¥). We next compute ®F®~!
by using a well-known formula,

n o —a)m ) [ e ds
(3.6) v@E/T

= — _é_(ei(nlw) - ei(n'lw)).
In fact, let

cos 4, (sin 8,)e™

— (sin6,)e~%  cos b,

then
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-1 _ - i(mw"[w)d-
77 (@0 — w)(my — M) j; U(2)/Te 0

= @0 [ [0 - e~ m)

. ei[(nlw)cos’0.+(n’[w)sin20. ]sin 291 d02 dol.
Since
%[(’7]“’) - (’7'|‘*’)] =3 (@1 — @)(m — )
and
(n]w)cos® 8, + (n'|w)sin® 6,

=3 [(]e) + (n']w)] + 3 [(n]e) — (0'|)] cos 26,
(3.6) follows by integration.
Using formulas (3.4) and (3.6),

@)@ =72 (@ = e =m) [ e do @)

(o) u@)/T

OFO-'(0) = —i(2m)"! f%ei(nlw)¢(n) dn+iQ2m)~" f%e"‘""‘”’¢(n') dn

= —iQ27)""! fa e @ld(n) dy.

Formulas for ®7(x; p)®~" and ®AD~! are straightforward computations.
Thus the proposition is proved.

Since our analysis will only be on the space L), we shall write F, F~!,
T(x; p) and A for ®F®~!, ®F ~'®~, ®T(x; p)®~' and ®AD ! respectively.

Let £* denote the collection of w € @ for which w,w, # 0. The comple-
ment of Q* in Q is of measure 0. Hence, we will not distinguish L*2) from
L*(Q*), nor L¥(Q) from L3(Q*). Let 2* denote the group of unitary characters
of the multiplicative group Q*. The generic element of Q* is

= | “ ) b ©2 :
=i (o) ()

= Jon| [0y ] "Jeog] [ ,]”
where £, &, are in R and ¢, ¢, are either 0 or 1. We also denote A by
(¢, &1 &, £5) and identify Q* with R X Z,) X R X Z,).
For any ¢ € L¥Q) and A € Q* define the Mellin transform M by

$(\) = (M$)(\) = (87)" fﬂ |det |2\ (w)(w)]det «| " do.

From the above two formulas, one sees immediately that M is the tensor
product of the usual real Mellin transform; that is, it is the usual Mellin
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transform applied to both coordinates w; and «,. Thus, M is unitary on
L%). Let IC be the image of LX) under M. We are about to complete the
following commutative diagram. Before computing F = MFM ™!, F~1 =
MF~"M~', T(x; p) = MT(x; p)M ', A = MAM ", let us observe the
following facts.

F, F~!, T(x;p), A

Lf(Q) > L, ()
g §
g _EFLTwpd,
Let {), {5, §3, and §, be the characters of Q* given by
i‘l("")= 1’ §|=(0’0; 0’0);
(@) =[], o 152=0100),
§3 ((0) = [(02], §3 = (0’ 0; 0’ l)’

$a(@) =[w;][w2], ¢=(0,1;0,1).

1. The function « restricted to @ can be written as a linear combination of
&‘j. In fact

a(®) = §(Ci + 2G5 + G @) +5(Ci — G)5 (o)
+3(Cl = G5 (w) +5(C1 = 2C; + C3)8q(w);

B7) a(w) = Ci§ 1 (@) + G (@) + Ci83(0) + Cla (@),  C=Cy,
which establishes fact 1.

ReMARK (3.8). a(x) is a constant function if and only if C{ = C; = C; or
equivalently if and only if C, = C; = C, = 01in (3.7).

2. The function (det w)|det w|~! restricted to Q* is a character. Since
det = |w,w;[[wy0,] = |wy] o[y ][wo],

(det w)|det o] ™' =[w;][w;] = 4 (@)
3. X = X(,m) Testricted to Q* is a character for
X@m(®) =|det «|*(det w/|det w])”

| e lesy)® if m is even,
@] P[@]]wy]*[w,] if mis odd.
We denote x by (p, m; p, m) with the understanding that m denotes the
integer O or 1 congruent to m modulo 2.

Before writing down the formulas of F, F~1, T(x; p) and A we introduce a
function on Q* that comes up in the Mellin analysxs of the Fourier transform.
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Let I'(z) be the usual gamma-function. For any pair ({, €) € R X Z,, let
o) = {z‘fr(g +i£/2)/T(3-it/2), e=0,
i2°0(5 +it/2)/T(3 —i6/2), e=1.
For A = (§,, ¢;; &, &,) € Q*, define
ky(A) = ky (€1 €15 &5 85) = ik (€1, &)k, (62 &2)-

PROPOSITION (3.9). For any ¢ € LX), let &’f M¢ € I, the image of ¢
under the Mellin transform M. Then for any A € Q*

(F)N) = k,(MdA™"),
(F7'9) = =M= D)k;N$A™"),

(3.10) 5 4
(AB)N) = 2] Co(Ay) with Cy = C,
-

(T (6 2)8)A) =M~ 1)$(A™%s)-
ProOF. In the following we use the fact that |det w|™' dw is an invariant
measure on ¥, as well as the identities x(—I)=1, x~' =x and
(det w)|det w| ™! = {4(w).

(T 06 P)B)A) = (MT (x; P)$)(N)
= (87)"" fa |det w]'/*A(w)x(w)(det ) 'd(—w")|det 0| 7 de
= @) [ Jdet(—o ™| A= "x(-0 )
- (det(—w™") " '¢(w)|det ] " doo
= (A)(=1)@m) " [ |det | ”/(det 0)

- (X" ATY)(@)p(w)|det o] dw
= AN~=1)@8n)" fn |det w]'/2(x ™A1 )(@)p(w)|det w| ™" do
= M-Dé(x A7) = M=1)(A™%s)-

(A:&))()\) = (MA$)(\) = (87) " fﬁ |det w]'/A(w)a(w)p(w)|det o] ™' dw

= (87)"" fﬂ |det w|'/2}\(w)( é (o4 (w))¢(w)|det o~ dw
i=1

4
= ﬁ‘, G f |det «]' /(A8 ) (@)d(w)|det 0| ' dw = X CH(AS;).
j=1 78 Jj=1
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The calculations of F and F~! are quite standard, at least in the case of the
real line. The formal calculation involves a simple interchange of the order of
integration. The rigorous proof requires a regularization procedure similar to
that which we use in proving Lemma (4.6) of the next section. Therefore, we
shall not give its computatlon here.

. From (32) AFT(X PYF~'=FT(x; p)F~ 4 on LX) if and only if
AFT(x pF-'= FT(x p)F~ 14 on .

PROPOSITION (3.11).AFT(X; p)F~'= FT(x; p)f"'/; on X if and only if
forj=1,234
(3129) Gk Nk (x8A) = Gila(§M)ka (X8a80)
ae.forAin R X Z,) X R X Z,).

PROOF. Since x ™' = x, §;™' = {and {(—=1) = 1,

R o~o~ ~ ~ 4 ~
(AFT (oG p)F'$)N) = ~ 2 Clo(ENROSENSSEA "),

- 4
(FT (x; p)F~'4d)(N) = - 3 Cha(Wk (SN SA ™).

Since §, is the identity character (i.e. {,A =), (3.12-1) always holds.
Therefore, to prove Theorem (3.1), we will find what x have the property that
(3.12-2), (3.12-3) and (3.12-4) hold only when C, = C; = C, = 0 (cf. Remark
(3.8)). Recall that we already know that C, = C;.

In the calculation below, we are going to use another formula for (¢, ¢€);
namely,

2 . .
——T(1/2 + i§)cos(1/4 + i{/2)m, =0,
v (1/2 + i§)cos(1/4 + i£/2)
A T(1/2 + it)sin(1/4 + i£/2
——T(1/2 + i{)sin + i 7, e=1,
o ( )sin(1/ /2)
which is obtained from using Legendre’s duplication formula and identity
I'(1/2 + Z)T(1/2 — Z) = 7w sec(nZ).
Case 1. mis odd; i.e. x = (p, 1; p, 1). (3.12-2) becomes

Coky(§1s €15 &2 )k (p + €1, 85 0 + €5, 8))
=Chk(§ 1 + e € e)kp+ 6, 1+ e p 6 6)

or

Gk e)ki(p + & 8) = Gk (6, 1+ e)ki(p + 61, 1 + ¢y)
or
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1.6 1,.pt4&
Czcos(z +13)¢rcos(z +z-—§——)7r

a1 Y (1, .t
= CZSIH('Z""E)”SII](Z"" 2 )'ﬂ'
or
1 + 2, . P
Cz(cos(2+z 3 )w+cosz57r)
_ p+ 2, . P
—Cz(cos(2+z 3 )'n'—cosz—z-vr
or
ipmw
C2c0s7—=

Hence C, = O for any p € R.
If &, = &,, (3.12-4) reduces to

1,6 1,.&
Qcos(z +z—2—)7rcos(4 +z—2-)1r

+ +
. cos(l +i‘o ) )wcos(% +i‘D 252 )‘ﬂ'

1,.6 (1 ,.%
Z'i'li')'ﬂsm(z'l'l—z—)ﬂ
+

. p+&Y (1, .ptE
sm(z +i 3 )71 sm(z +i 2 )w.
This further reduces to
+& +
C, cos( % +i# )w cos(i % w) =0 ae§,é.

This implies C, = 0, for any p € R.
Case 2. m is even; i.e. x = (p, 0; p, 0). (3.12-2) becomes

con{ il

=G, s1n( 52'- )w cos( ‘1‘ 2 -; b )w,

Czsmziw—o

Hence C, = 0 for p # 0. (3.12-4) becomes
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C4k2(§1, €y, 'fz’ ez)kz(P + 'gp 1+ E;p+ §2, 1+ 52)
=Cho(b 1 + e &5 1 + &)k (0 + & e 0 + £ 8)

If p = 0, the above equality holds independent of C,. But, if p # 0, ¢, = &,,
then

1.4 1 §_2_
C4cos(z +17)wcos(4 +i 3 )w

or

1, . 20+6+8 1, .6t+6
C4cos(§+1+)'rr=c4cos(2+z > |7 ae. §, &,

We now conclude that when p # 0, C, = 0.

In summary, for p # 0 or m odd, C, = C; = C, = 0. In view of Remark
(3.8) we have that for p # 0 or m odd, a(x) is a constant function. Thus
Theorem (3.1) is proved.

4. Analytic continuation and some singular integrals. Roughly speaking the
commuting operators are limits of intertwining operators. This and other
reasons lead to further study of the intertwining operators. Forj = 1, 2, 3 and
p ER,let

@.1) (B (0)f)(x) = & (x)|det x|"*f(x) forf € L*(X)

where §; is the characteristic function of the orbit X;. Let

“42) Bi(p) = F'B,(p)F

where F is the Fourier transform on L%(X). As it is well known Bi(p) is
convolution by a distribution. We extend p to be complex and consider the
three regions which are specified by the inequalities Im(p) > 0, 0 > Im(p) >
—2 and Im(p) < —2 respectively. One observes immediately that |det y|?~2
is locally integrable for Im(p) < —2. Hence, if Im(p) < =2, Cfyf(x —
Y)ldet y|?=2 dy is well defined for f € C2(X). Furthermore, as a function of
p, Clxf(x — y)|dety|*~2 is an analytic function. On the other hand, for

f € C2(X) and Im(p) > 0, F~'B, 3,(p) Ff exists by a well-known property of
Fourier transform, and (F ~'B, 3:(p) f)(x) is an analytic function.
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1 . .
Y(p) = -5 T(2 — ip)I (1 — ip),
27

ki(p,y) = v(p)(e ™78, (¥) + 8,() + €8 (»))]det y|* 7,
(43) ky(p,y) = —v(p)(28; (») + (77" + €)B, () + 265(y))|det y|* %,
ks(p,y) = Y(0)(¢°8, (¥) + 8,(») + €778, (y))|det y| 7
where T’ is the usual gamma-function. Our main result of this section is
THEOREM (4.4) Let f € CZ(X) and x € X. Then for j = 1, 2, 3 the function
o (F'B,(0) Ff)(%)
= ”_4L(@(x)ldety|_ip_/;(f(z)ei(zw dz)e—i()'lx) &

originally defined for Im(p) > 0, has an analytic continuation into the whole
complex plane and is equal to the function

p— f F(x = )k (p,y) & when Im(p) < —2.
X

This theorem will imply the reducibility theorem in the next section. The
analytic continuation technique is seen in [8]. In this section, p will be a
complex number except in B;(p). lij(p), J = 1,2, 3, are given in (4.1). To avoid
ambiguity we will not use B;(p) given by (4.2) for complex p.

For any x € X, let 7, denote the translation by x, i.e. (r./)(y) = f(y — x).
Clearly, 7, is a bijective map of CZ(X) onto itself and

J S = Dk(0.3) dr= [ (1) =)hp:7) -
Since (Frf)(y) = e “(Ff)»),
(F'BEf)(x) = (v_F ~'B;(0) F)(0) = (F ~'B;(p) Fr_f )(0)-
Therefore, Theorem (4.4) follows from
PROPOSITION (4.5). Let f € CZ(X). The meromorphic function
¥(p)= fx F(=9)k(p.y) &

originally defined for Im(p) < —2 has an analytic continuation into the whole
complex plane such that

H(p) = (F'B,(p) F)(0)
= 772 [ §,(y)\dety| "(E)(y) & for Im(p) > 0.

Recall X* = {x € X|det x # 0} = X, U X, U X;. Therefore, for ¢ €
C&(X*) c CZX(X)andj = 1, 2, 3 the function
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1 0) = [ $(=2)k(0.) &

is a meromorphic function with poles —i, —2i, —3i ... . (They are poles of

1(0).)
LEMMA (4.6). For p such that Im(p) > 0 and ¢ € CS(X*),

fx o(=y)ki(p,y) dy= 72 fx 8, (x)|det x|~ "P(Fg)(x) dx

= (F'5,()Fo)0).

Let f € CZ(X). For 1 > & > 0 choose ¢, € CZ(X*) such that ¢, # f only
on a set X, of measure less than ¢. Set

I; (p) =fx¢e(—y)kj(p,y) &, j=123.

LEMMA (4.7). If (p) converges uniformly on any compact subset of the strip
{p € C| — 2 < Im(p) < 0} that is bounded away from p = — i and p = —2i.
PROOF OF PROPOSITION (4.5) Since f € C&(X), F~'B/(p)Ff exists for
Im(p) > 0. Hence,
77 [ & (x)ldet x|~ (B)(x) dx= (F~'B,(0) F)(0)

is continuous for Im(p) > 0 and analytic for Im(p) > 0. Also

o) = [ F(-»)k(e.5) &

is continuous for Im(p) < —2, except p = — ni, and meromorphic for Im(p)
< —2. By Lemma (4.7), lim, ,I7(p) is continuous on the strip and
meromorphic inside the strip {p € C| — 2 < Im(p) < 0}. We shall show that
this limit coincides with (F"ﬁj(p)Ff)(O) and ij (p) on upper boundary and
lower boundary respectively. It is clear from our choice of ¢, that, for
1< p< o, ¢ —fin L? as e -0 and hence F¢, —» Ff in both L!(X) and
L¥(X) as ¢ > 0. By Lemma (4.6) and the Lebesgue dominated convergence
theorem, when Im(p) = 0

lim Jf = lim [ 6.(~»)k(p.y) &
= lim =~ J8,()ldet x|~ *(Fo,)(x) dx
=72 f lim (8, (x)|det x| ~"(Fg,)(x)) dx

= 772 [[§ (x)|det x| TP(E)(x) dx
and when Im(p) = -2
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lim I (p) = lim fx (—3)ki(p,y)
= fx F(=»)k(p,y) dy= I/ (p).

Therefore, Proposition (4.5) follows by analytic continuation.

We shall prove Lemma (4.7) first, then Lemma (4.6).

Proor oF LEMMA (4.7) Since T'(2 — ip) and I'(1 — ip) have only simple
poles at p = — i, p = —2i in the strip, we can choose a rational function
P (p) of p such that |P(p)] < 1 and
I(2 - ip)T(1 - ip)

273
Forn = 1, 2, 3 consider P (p)I; (p).
When Im(p) = -2,

PO ) < [16.0)] & =[]
When Im(p) = 0,

PO ()] =PO)] 1I; (0)] < [ |Fou(x)| dx =|[Fb

[P (@) (p) — P ()17 (p)] < Max(|[,, = u,|,» [[Fe, — Fsy)
on the strip by the maximal principle. Since ¢, converges in L'-norm,
P(p)I;(p) and thus I:(p) converges uniformly on any bounded subset of the
strip. The lemma is proved.

The proof of Lemma (4.6) involves regularization of divergent integrals.
The following lemma, which is verified through long computation, is needed
in the regularization process.

Write x = oqo~! where n €Q, and 6 € SU(2)/T. Then dx = (q, —
n)? db dy (cf. (34)). Forj=1,2,3and 0 < e < 1, let

4.8) k; (p,y) = W_4Le_‘(|""+"'2')@ (x)|det xl-ine-i(yIX) dx.

< 1.

P(p)

LEMMA (4.9). For any fixed p # — ni and each j, |kf(p, y)| is uniformly
bounded on every compact subset of X* and

lim K (p.) = k(p.).
PROOF OF LEMMA (4.6).

72 fx §,(x)|det x|~ "(Fg)(x) dx

=4[ (8, (0jdet 5/ [£80) ) .
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Set x = vqv~!; then |det x| = |n,n,|. Write p = ¢ + iz, 7 > 0. For any posi-
tive number &

|e=<ml* g, (x)|det x|~ Pe O 9g(y)|

= Ie-—e(lml+lnzl)8j (x)|n,n2|’¢(y)|
and

f e~ el 1D my|"(ny = m,)? < oo
Q

0

Since ¢ € CZ(X*), by formula (3.3)
e—e(lml+lnzl)3j (x)|det x| —ipy i(yIX)¢( )

is integrable with respect to dy dx = (n; — n,)* dy db dn. By the Lebesgue
dominated convergence theorem and Fubini theorem,

72 fx 8, (x)|det x|~ P(F)(x) dx

=lim 72 f e~e(ml+imDg (x)|det x| P(Fe)(x) dx

e—0 X
- 11_13(1) .”-4[Ye—e(lm|+lnzl)3j (x)|det xl—tpLei(ylx)¢(y) dy dx

= 11_1:% Lgb(—y)(ﬂ-4Le~e(lnnl+lnzl)@ (x)[det xl-ipe—i(ylx) dx) &
=lim [ 6(=)k(e.y) &
= [ #(=»)lim & (0,3) dr= [ $(~»)k;(o,) &-

X e—0 X

The last two equalities follow from Lemma (4.9). Thus, Lemma (4.6) is
proved.

Now we turn to prove Lemma (4.9). In the proof we shall use the following
well-known formula of I'-functions. Let z be a complex number such that
—7n/2 < argz < w/2 then

o0
[Tem=tem dr=T(w) .
0

PROOF OF LEMMA (4.9). First, it is easy to verify that k7 (wyu~") = k?(y) for
u € SU(2), and hence k; is determined by its value on Q. Let w € Q, then, by
formula (3.4),

ke , W) = :”-—4 e—e(lﬂll"’l"lz')s. det —ip
5 (pr ) fﬂ o fs . ) (m)|det ]

e o — ) b
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By formula (3.6),
f e~ i@lo™) gy
SUQ2)/T
= — —27% (wl — wz)_'(nl —_ nz)-](e"i(“’l"l) —_ e-i(wlﬂ')).
Hence,
kt(p, @) = —_i e~ s(ml+Dg covidet ml~#(n, —
() 27 (w0, — @y) fﬁo y(n)idetal™"m = m,)

. (e—i(wln) - e-i(wln’)) n,

Le_c(l"'l+|"21)‘%(")|det ﬂl_ip('fh — n,)e~ ) gy

0

f%e-e(lmlﬂnzl)aj ()| det /| ~"*(m = my)e =" dy

- fﬂoe-e(lmlﬂnzl)aj (m)|det n|~"(m, — m,)e~ I dn,

Therefore,

. =1 -elml+hd =~ (p — p Ve~ iwln)
(0 0) = S foeT g ()l det | (ny = my)e ™0 dy

+ f e~e(nl+inDg. () det n|~P(n, — g,)e ="l dy
%
i

=—0T -’(I"'Il"'l"hl)s. det —ip _ )
e e e
273 (w; — wp) ./;; 5 ()|det m| ™ P(ny — M) dy

=t (%% e+ —ipr
= e . 5
27% (w0, — wy) f_oof_w ) (M mma| ™ (m — m2)

e~ ilwm+em) d"h d'?z-

Since
1 ifn; >0,m,>0,
8 = I 2
1(n) 0 otherwise,
1 ifgm, <0,
s = 12
2(7) { 0 otherwise,
and

’:f m < 0’ M < 0’
otherwise,

sm={,
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ki (p, 0) = iv(p) (@ = @) (e + i) (e + ity)” "
— (e +iw)? (e + iwz)i”-z),
ks (o, @) = iv(p)(wr = @2) (e + i)™ *(e — iay)* ™!
+ (e + iw))? (e — iwy)*?
= (& = iw)* (e + iwy)®!
-(e— iw,)i"_'(e + iwz)ip"z),
k3 (p, w) = —iy(p)(w; — ‘*’2)—I(('s - i“’l)ip_z(e - "‘*’2)“’_l
= (e = iw)* (e - iwz)i”_z).

We note here that we use only the principal branch of logarithm; i.e. for
example

(e + iw)* 2= exp((ip — 2)Log(e + iw,))
= exp((ip — 2)(ogl + iy |+ sre(e + i)

where — 7 < arg(e + iw,) < .

By (4.10), (¢ + iw,)*~% is a continuous function of w, and &. Hence, if € is
bounded, say 0 < & < 1, then |(e + iw,)*~?| is uniformly bounded on every
compact subset excluding 0. A similar conclusion holds for other terms.
Therefore, |7 (p, w)| is uniformly bounded on every compact subset of 2*. So
|k (0, »)| is uniformly bounded on every compact subset of X*. Thus, the first
part of Lemma (4.9) is proved.

Clearly, lim, 4 k7 (p, y) also satisfies the invariance condition. Therefore,
we only have to calculate lim,_ k7 (p, w) for w € Q3. Since

. . . _ i'I'T/2 if W) > 0,
lim i arg(e + iwy) = [ —im/2 ifw; <0,

(4.10)

by (4.10)

|o.>,|""'2e‘("‘“2")"/2 if w, >0,
|w,|'."_2e(”‘“2")"/2 ifw, <O0.
The other limits have similar formulas. Therefore, (1) if w, > w, > 0

Si_% ki (p, w) = iy(p)(w, — wz)"|wlw2|fp-2(e—(p+2i)n/2e-(p+,-),,/2w2

lim (e + iw;)* *= {
e—-0

_ wle—(p+i)7r/2e-—(p+2i)1r/2)

= iy(p)(w; — "92)-]|"~’1°’2]ip_ze—(zp“i)"/z(‘*’z - w)

= 'Y(Af’)"’_'wr|‘»*’|“’2|ip_2



248 YANG HUA

and similarly,
lim k5 (p, &) = =2v(p)|ral*

. e —_ ied ip=2,
lim k5 (p, @) = y(p)e™|wiy|" "5
Qif 0, > 0> w,,
lim ki (p, @) = ir(p)(01 = 0)™ oy * (e~ 20~ ay)

_ e—(p+i)1r/28(p+2i)w/2wl)

i (p)(wy = @)™ i *TH (e () = e uy)

= 'Y(i")l“’l“’zlip"2
and similarly, '
lim k5 (0, @) = —7(o)(e™"" + €™ )|wy,| "%,

lim &5 (p, @) = y(p)|reer| "

B)if 0> w; > w,
lim &f(p, ) = iy(p)|wyey]®~H(e® 2" D/~ )
- e(p+i)w/2e(p+2i)ﬂ/2(_wl))

= iY(P)I“’l“’zlip—zem (em/z (—w) - eBn/2 (“"1))

= y(p)e"|wreo| "~
and similarly,
lim &5 (p, &) = ~2y(p)jwrer|*

lim k5 (p, @) = y(p)e™""|wre| %
€l
Combine all these three cases and we have

lim K (p, ) = Y(o)(e "8, (©) + 8, () + €78, (@) *

= kl(p’ w)’
lim K5 (o, ) = ¥()(~ 28, (@) = (7" + €™)8, (@) = 28, ()|
= kz(P, w)’

lim &5 (p, ) = 7(p)(e"™8, (@) + 8,(6) + 7778, (@) |y, 2

= ky(p, w).
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By the invariance condition, lim, 4 k7(p, ¥) = k;(p, y). Thus Lemma (4.9)
is proved.

5. Reducibility theorem. In this section we shall use the different realization
of B(p) = F~ 'Bj(p)F provided by analytic continuation to show that

= F-l(él ©) - B,(0) + ﬁ3(0))F= F~'B(0,1)F
is a nontrivial commuting operator for T(0, 2n; -). Therefore, the represen-

tation T'(0, 2n; -), n € Z, is reducible.
From formula (1.2) and the fact that det x is real, for f € L*(X)

(T(p, 2n; ) f)(x) =|det x|*2f(—=x7") ae.
In particular,
(5.1) (T (0,2n; p) f)(x) = (To(0)f)(x) =|det x| 2f(—x7T) ae.
For any complex p and f € C2(X), define
(B (o, 0)f)(x) =|det x| f(x)
(5.2 = (8,(x) + 8,(x) + 8;(x))|det x| ™" f(x)

= ((Bi(o) + B, (o) + B5 () f)(x)
and
(B (p, 1)f)(x) =|det x|~ [ det x] £(x)
(5.3) = (8, (x) — 8,(x) + 8(x))|det x| ™" f(x)

= ((Bi(e) = B2(p) + B3 (p))f)(%).

Clearly, when Im(p) = 0, B(p, 0) and B(p, 1) are unitary operators, and in
particular B(0, 0) = I is the identity operator. Notice that B(0, 1) is a
nontrivial operator in the commuting algebra of T'(x; +)|g Where B’ = CV
(cf. Proposition (2.1)). When Im(p) = 0, let B(p, 1) = F -3 (p, 1)F. Thus,
B (0, 1) is a nontrivial operator in the commuting algebra of T(x; *)|g- = T(p,
m; *)lg (.. T(p, m; cv)B(0, 1) = B(0, )T (p, m; cv) for all cv € B’ =
CV). Moreover, we have

THEOREM (5.4) T(0, 2n; p)B(0, 1) = B(0, 1)T(0, 2n; p) and hence the
representation T (0, 2n; -) is reducible.

The proof of this theorem involves proving a more general lemma. First let
us extend the use of the notation B(p, 1) to complex p; more explicitly we
mean that for f € CP(X)and x € X

(B (e, D)) = (F~'B (p, 1 Ff)(x)
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originally defined for Im(p) > 0 has analytic continuation into the whole
complex plane and when Im(p) < —2

5.5 (B DA) = [ (x = )h(e.y) &
where

hi(p.y) = ki(p,y) = kx(p,7) + ks(p,7)
= y(p)(e”" + e™P" + 2)|det y| >
(cf. Theorem (4.4) and formulas (4.3)).

LeEMMA (5.6) Let p # — i, —2i,....For f € CZ(X*)and x € X*

(5.7)  |det x|'2(B (0 DTo(p)f)(—x7") =|det x|“i"(B (o, l)ﬁ (ps O)f)(x).
PrOOF OF THEOREM (5.4) Let p = 0in (5.7) then for f € C.(X*), x € X*
(To(P)B (0, ) To(p)f)(x) = (B (0, 1)f)(x)-

Since X* is dense in X, C2(X*) is dense in CX(X) and hence also in L%(X).

Therefore

To(p)B(0, )Ty (p) = B(0, 1).
Since T(0, 2m; p) = Ty(p), and T(0, 2m; p)~' = To(p)~' = Ty(p),
T«(p)B(0, 1) = B(0, 1)Ty(p) and the theorem is thus proved.

Now we turn to prove Lemma (5.6).

PRrROOF OF LemMma (5.6) First we observe that C2(X) is invariant under
Ty(p) and B(p, 0); hence the equation (5.7) is well defined. For x € X* both
sides of (5.7) are meromorphic functions of p on the whole complex plane by
Theorem (4.9).

We are going to show that (5.7) holds for Im(p) < —2 and hence for all
complex p by analytic continuation.

Let Im(p) < —2. From formulas (5.1) and (5.5) by making the change of
variables y — y ~! and noticing dy ! = |det y|~* dy, then

|det x| "2(B (p, 1) To(P)S)(—x7")
= |det x]‘zj;{f((x" +y)_l)|det(x"' +y)|_2h,(p,y) dy

=|det x|'zj;(f(y)h,(p,y‘l - x")ldety]"zaj’

and ) .
|det x| ~"(B (o, 1)B (p, 0)f)(x)

=|det x|""’fx|det(x = )| 7"F(x = ) (p,y) &

=|det x|~p£{f(y)|dety|'iph,(p, xX—y)a.
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Hence it is left to verify that
|det x| ~%|det y| %k (o, » " — x 1) =|det x|~ *|det y| "k, (o, x = )
or to verify that

|det x| 2|det y| ~*|det(y " - x")[""_2

(5.8) ) . o2
=|det x|~ "*|det y|~*|det(x — y)|" .
If
xl + x4 _XZ - X3
x=(—x2+ix3 X; = X4 )EX
then

Xy — x4 x, 4+ ix
x~1 = (det x) '( N 3).

For x,y € X, let {x|y) = x,y; — X3¥, — X3¥3 — X4, Then
det(x =) = (x; = »1)’ = (%2 = »2)’ = (x3 = y3)" = (x4 = »4)’
= det x + dety — 2(x|y),
det(y~' — x7') =dety ™' +detx™' = 2(y~|x7"),
(y“"lx“) = (det x)"(dety)"(x]y).
Hence
det(y~!' — x71) = (det x dety)"(det x + dety — 2{x|y))

= (det x det y)~'det(x — y).

Thus (5.8) holds and hence the lemma is proved for Im(p) < —2. By analytic
continuation the lemma is proved in general.
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