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ABSTRACT. The problem considered here is that of describing generically the
zeros, critical points and critical values of eigenfunctions of elliptic partial
differential operators. We consider operators of the form L + p, where L is
a fixed, second-order, selfadjoint, C* linear elliptic partial differential
operator on a compact manifold (without boundary) and p is a C*
function. It is shown that, for almost all p, i.e. for a residual set, the
eigenvalues of L + p are simple and the eigenfunctions have the following
properties: (1) they are Morse functions; (2) distinct critical points have
distinct critical values; (3) 0 is not a critical value.

1. Introduction. For eigenfunctions of ordinary differential equations of
Sturm-Liouville type, the zero and critical point sets are extremely simple to
describe and have very nice properties. Each consists of isolated points,
critical points do not lie in the zero set and the second derivative never
vanishes at a critical point. These are trivial consequences of the uniqueness
theorem. In higher dimensions the situation is quite different. Asking that the
zeros be isolated is unreasonable, of course. But it is plausible to hope for the
other properties (“second derivative” must be replaced by “Hessian”) for a
function satisfying an appropriate partial differential equation. Still, there
are simple examples in which these fail, e.g. for the Laplacian on the 2-sphere
[2]. However, for eigenfunctions of “most” operators, they do hold.

More precisely, let M be a C* manifold of dimension », compact, connect-
ed and without boundary. C*(M) denotes the real-valued C* functions on
M. For u € C*(M), the zero or nodal set of u is u~'(0) = {x € M: u(x) =
0}, a € M is a critical point of u if du(a) =0, where du =
(0u/dx,, ..., 0u/0x,) in local coordinates. b € R is a critical value of u if
there exists a critical point a € M with u(a) = b. A critical point a € M is
nondegenerate if the Hessian matrix ((0%u(a)/0x; dx;)) is nonsingular. We are
interested in the following properties of u € C®(M):

(E1) u is a Morse function, i.e. all critical points are nondegenerate;

(E2) distinct critical points have distinct critical values;

(E3) 0 is not a critical value, i.e. there are no nodal critical points.
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Let L be a fixed, second-order, selfadjoint, C* linear elliptic partial
differential operator on M.

MAIN THEOREM. {p € C®(M): all nonzero eigenfunctions of L + p satisfy
(E1), (E2), (E3)} contains a residual set in C*(M). (Residual means a
countable intersection of open, dense sets.)

This theorem was first announced by the author some time ago [2] for
dim M = 2. The proof, contained in the author’s thesis [3], used Sobolev
space estimates and perturbation theory. The restriction to dim M = 2 was
due to a lemma proved using complex variables (see Lemma 3.4). Later, K.
Uhlenbeck showed, using infinite dimensional transversality techniques, that
the theorem does hold in all dimensions [9], [10].

The aim of the current paper is to present the author’s original proof for
dim M = 2 (§§2,3,4,7), a Sard’s theorem argument based on Uhlenbeck’s
ideas to extend this proof to higher dimensions (§5) and some comments on
the two methods (§6). One advantage of this type of analytic argument is that
it enables one to find the generic operators, eigenvalues and eigenfunctions
explicitly. Finally, the use of a manifold without boundary and the strong
smoothness requirements serve mainly to simplify the presentation; they can
easily be relaxed.

For the proof, the main theorem is broken down as follows: The
eigenvalues of L + p can be written in an increasing sequence A, < A,
< ... <A, <...—> +oo in which each eigenvalue is repeated according to
its multiplicity. (L is assumed to be normalized so its spectrum is bounded
from below, and by eigenvalue we mean A satisfies ker(L + p — A) # 0; e.g.
L=-A)

Let A, = {p € C*(M): the first n eigenvalues of L + p are simple}. Then
A, is open and dense in C*(M) for all n [1]. Let B, = {p € A,: nonzero
eigenfunctions corresponding to the first n eigenvalues satisfy El, E2 and
E3}, with By = C®(M). The requirement that the eigenvalues be simple is
made to allow one to deal with each eigenspace by considering only one
nonzero eigenfunction, for properties (El), (E2) and (E3) are unchanged
under multiplication by a constant.

THEOREM 1.1. B, is open in C*(M) for all n.
THEOREM 1.2. B, is dense in A, N B,_, forn=1,2,....

Using Theorem 1.2 and the density of 4,,, it follows by induction that B, is
dense in C®(M). Hence N3 ,B, = {p € C*(M): all eigenvalues of L + p
are simple and all nonzero eigenfunctions satisfy El, E2, E3} is residual,
which implies the main theorem.

Theorem 1.1 is proved in §2. Theorem 1.2 is set up in such a way that we
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need to show only that we can perturb the operator so that the nth eigen-
function satisfies E1, E2 and E3. The proof has two parts. First we discuss
how to perturb an operator to make the nth eigenfunction satisfy E3. This is
the hard part. §3 contains information on the growth of eigenfunctions near
nodal critical points if dim M = 2. §4 uses this information to give the
original proof in dimension 2 that nodal critical points can be perturbed
away. In §5, a Sard’s theorem argument is used to extend this method to
higher dimensions and §6 contains a discussion of the two methods. Once we
know that 0 cannot be a critical value, it is easy to perturb to obtain (E1) and
(E2) and this is done in §7.

Finally we list here some standard results about Sobolev spaces and
pseudodifferential operators which will be needed in the proofs. More details
can be found in [3], [6] and [8].

Norms. Recall that the topology on C*(M) is given by the countable
family of C* norms on M, given as follows. For U C R” and u € C*®(U)
with compact support,

|]. = sup 2 |Du(x)|
* x€U |af<k

gives the C*-norm on U and this is globalized to the norm | . . . | 5, or simply
| ... |, on M by a partition of unity. Similarly,

1/2
ull, ;= 2: ( D"uz)
[l] U s _U |

gives the H* norm on U and this is globalized to the norm || ... ||, or just
l...[ls;onM.||...[|=]...|lois the usual L2 norm on M.

Pseudo differential inverse. Let P be a second order, selfadjoint, C*® linear
elliptic partial differential operator on M. Let N = ker P C C*(M); @y
denotes projection on N in L,(M). Then there is a pseudodifferential operator
Q of order —2 such that QP = I — 7y on C*(M) and Qny = 0 on Ly(M).
Furthermore, Qu(x) = [,,K(x, y)u(y) dy, where the kernel y — K(x,y)
belongs to L,(M) for fixed x € M, withp =2if v =2,p=(» - 1)/(v - 2)
ifr>2.

Facts. (1) (Sobolev’s lemma) If ¢ > s + »/2, |u|, < (const)||u||, for u €
C®(M).

) |luoll, < (const)|ul,[lo]l, for u, v € C*=(M).

(3 If Q is a pseudodifferential operator of order m, |Qu|, <
(const)]|ul .

2. The object of this section is to prove Theorem 1.1, which essentially says

that properties E1, E2 and E3 are stable under small perturbations of the
operator. It is well known from the Morse theory that El1 and E2 are stable
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properties of functions and it is easy to show that E3 is stable. The remainder
of the proof consists of showing that the eigenfunctions of L + p depend
continuously on p (Theorem 2.1).

We will always deal with one eigenvalue A of L + p at a time and
eigenvalues < A will be assumed to be simple. If A = A, is the nth eigenvalue
of L + p, by the corresponding eigenvalue N’ of a perturbed operator L + p’
we mean the nth eigenvalue A,. By a normalized eigenfunction u, we mean
llul = 1.

THEOREM 2.1. Let p € B, and let u be a normalized eigenfunction of L + p
with eigenvalue \. Let s, t be nonnegative integers with s > t + v /2. For each
€ > 0 there is a 8 > 0 such that if o’ — p|, < 0 then |’ — u|, < & for one of
the (two) normalized eigenfunctions of L + p’ whose eigenvalue N’ corresponds
to A

PRrOOF. Let p’ € C®(M) and let 4’ be either normalized eigenfunction of
L + p’ with eigenvalue X’. From (L + p)u = Au, (L + p")u’ = N'u/, we get
L+p—NWu —-u=nr/
where r = p — p’ + X’ — A. Note that |r|, < 2|p" — p|, (see [1]). Since A is
simple,
@ w —u=Q,\(rv) + nu
for some n € R, where Q, is the pseudo differential inverse L + p — A.
Rewriting (1) as
?2) w=0\(r)+ (1 +7nu
we have a decomposition of ' into components in and orthogonal to
ker(L + p — A). By the Pythagorean theorem in L,,
N2
=[x ()| "+ (1 + m)?
or
©) n? + 20+ 0y ()| = 0.

If |Q\(rw)|| < 1, this has roots n, = —1 + V1 — [0, (r)|? and
= —1="V1—|Q(rw)|? whichsatisfy0 > 5, > —1 > 5, > —2. But
lex (r)]| < eillr|| < erlrlollw|
< ¢yfr|, since ju’||=1
< 20" —p|, <26

s0 || Oy (rv)|| < 1 provided § < 1/2¢;, which we assume from now on. Also if
1 = 1, in (2), then n = 7, in the corresponding decomposition for —u’. This
is obtained by multiplying (2) by —1 and using 9, + 7, = —2 from (3). The
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eigenfunction sought in the theorem will be the one corresponding to n = 7,,
which will be our «’ from now on. Finally note that

@) [m| < [mm|={Qx ()] <2¢,6 < 1.
Next we start the estimate for |4’ — u|, using the right side of (1). ¢, ¢,
etc., will be positive constants depending on p, A, # and s.
| — u|, < c,||w’ — u||, bySobolev’slemma, sinces > ¢+ »/2

< &(|on (), +mlll#],) by (1)

< el +{u] )2, by @)
©) < asfr ]y < 2es8]u]-

LeMMA 2.2. If 6 < 1/4c,, then ||u'||, < cs.
el <l = o + el
< 2¢,8||u’||+||u||, from above
<z, +ul, #8<1/4cs
hence
]l < 2fjull,= es.

Returning to (5), [’ — u, < 2¢;¢56 < ¢, provided § < min(e/2c;cs, 1/4c,,
1/2¢,), so the theorem is proved.

PROPOSITION 2.3. If U C M is an open set containing all the nodal critical
points of u € C®(M), then e > 0 such that if v € CP(M), |v — u|, <,
then all the nodal critical points of v lie in U also.

COROLLARY. If u has no nodal critical points, 3¢ > 0 such that |v — u|, < e
implies v has no nodal critical points. (Apply the proposition with U = @.)

PROOF OF THE PROPOSITION. For u € C*°(M), p € M, define u(p) =
|u(p)| + |du(p)| where the norm |du(p)| comes from a (fixed) metric on the
cotangent bundle of M. Then (i) uy(p) = 0 if and only if p is a nodal critical
point of u; (ii) (u + v)y(P) < uy(p) + v4y(p); (i) |ulyy = sup, e pttqy(p) is
anormon C*(M)and|... |, is equivalent to | . .. |;, the C' norm. By (iii)
it suffices to prove the proposition using | . .. |). Let V5 = {p € M: ug(p)
< §}.

Claim. (1) If |o — ul;, < 8, then all nodal critical points of v lie in Vj; (2)
36 > Osuch that ¥; c U. (1) and (2) prove the proposition.

ProoF oF (1). If p is a nodal critical point of v, then v(;(p) = 0 by (i). Then
uy(p) < (u = 0)g(p) + vyy(p) < 8, hencep € V.

PrOOF OF (2). If U= M, § is arbitrary. For U # M let § = inf{u,(p):
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p & U}. For each p & U, u,(p) > 0 since all the nodal critical points of u
lie in U. But uy, is a continuous function, hence it attains its minimum on the
nonempty compact set M — U; thus & > 0. Finally p & U implies u,,(p) >
8,s0p & V5. Thus V; C U.

The following lemma is standard Morse theory.

LemMa 2.5. {u € C®(M): u is a Morse function and distinct critical points
of u have distinct critical values} is open and dense in C*(M).

ProOF OF THEOREM 1.1. Use induction on »n. The theorem is true for n = 0
since B, = C®°(M). Assume n > 1 and let p € B,. We will show 38 > 0 and
a nonnegative integer s such that |p’ — p|; < & implies p’ € B,. Since p € B,
C 4, N B,_; which is open, 38, > 0 and s, > 0 such that |[o" — p|, < §,
implies p’ € 4, N B,_,. Also since s > so=|p’ — pl,, < |[o" — p|, we may
replace s, by a larger s when necessary. To show p’ € B, it is now only
necessary to check the nth eigenspace. Let u, € ker(L + p — A), ||u,]| = 1. u,
satisfies E1, E2 and E3 since p € B,. By the corollary and lemma above,
Je > 0 and a positive integer ¢ such that |v — u,|, < € implies v satisfies El,
E2, E3. By Theorem 2.1, for any s > ¢ + »/2, 35, > 0 such that |p’ — p|, <
8, implies 3u, with |u, — u,|, < &; hence the functions in ker(L + p’ — A))
satisfy El, E2, and E3. Take 8§ = min(§,, §,) and the theorem is proved.

3. The analytic proof that one can perturb away the nodal critical points
(§4) rcquires some detailed information about the structure of the zero set
near a nodal critical point. The restriction to 2 dimensions enters here
because of the use of complex variables in the proof of Lemma 3.4.

DEFINITION 3.1. (1) a € M is a zero of order k of u € C®(M) if D*u(a) =
0 for all g with |a] < k but there is an a with || = k such that D%u(a) # 0.
(2) A zero a of order k is weakly degenerate if there exists ¢ > 0 such that
|du(x)| > c|x — al*~! for x in a neighborhood of a.

In particular, if a is a weakly degenerate nodal critical point (ie., kK > 2)
then there are no other critical points in a neighborhood of a.

PROPOSITION 3.2. Let P be a second order selfadjoint C* elliptic differential
operator on M, with dim M = 2. If Pu =0, all the zeros of u are weakly
degenerate.

Since M is compact and nodal critical points which are weakly degenerate
are isolated, u has a finite number of nodal critical points. The proposition
follows from the following two lemmas and the fact that every zero of u has
order k, for some k < oo, by the strong unique continuation theorem [4].

Facts. (1) If P is a differential operator of order m and u has a zero of order
k at a, then Pu has a zero of order > k — m ata.
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(2) If f € C*(M) has a zero of order j and u has a zero of order k at a,
then fu has a zero of order k + j at a.

(3) A nonzero polynomial in x — a, homogeneous of degree k, has a zero
of order k at a.

LEMMA 3.3. Let P be a second order C* elliptic differential operator on M
(dim M = v, arbitrary) and suppose Pu = 0. If a € M is a zero of order k of u,
there are coordinates (x,, . . ., x,) on a neighborhood U of a such that the kth
Taylor polynomial w(x) = 2y~ D°u(a)(x — a)* satisfies Aw, =0, where
A = 3%_,02/0x? is the Laplacian. ’

Proor. If k =0 or 1, this is true for any coordinates, for A annihilates
linear functions. Assume k > 2. One ¢an choose coordinates (x,, . . ., x,) on
a neighborhood U of a so that the principal part of P is A, i.e. if

P=> g,;92/0x,0x, + T
ij=1

where T is a first order operator, then g;(a) = §;. Thus

P=A+ 3 [g;—8;]0%/oxdx; + T.

=1

Let v = u — u,; v has a zero of order > k + 1 at a. We have

14
0=Pu=Auy +Av+ > [g,j - 8y]82u/8x,.6xj + Tu
ij=1
= Ay, + f.
Since u, is a homogeneous polynomial of degree k, Au, is a homogeneous
polynomial of degree k — 2, hence either Ay, = 0 or Ay, has a zero of order
k — 2 at a. But f has a zero of order > k — 1, which implies Ay, = 0. To see
this, note: (1) v has a zero of order > k + 1 and A is of order 2, so Av has a
zero of order > k — 1; (2) u has a zero of order k and T has order 1 so Tu
has a zero of order > k — 1; (3) 9%/ dx;dx; has a zero of order k — 2, but
g; — 0 vanishes at a (zero of order > 1), s0 =%, [g; — 8;]0%/0x,0x; has a
zero of order > k — 1.
This lemma is not new; see Bers [5] for a similar result with weaker
smoothness assumptions on the coefficients of the operator.

LemMMA 3.4. Assume dim M = 2. Suppose that u has a zero of order k at a
and there are coordinates about a in which Au, = 0. Then a is a weakly
degenerate zero of u.

PROOF. Since dim M = 2, we can use complex variables. Let
z=x + x,V—1 Since Ay, =0, u, = Ref for some complex analytic
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function f. Requiring f(a) = 0, which we may do, implies that f is homo-
geneous of degree k in z — a. Hence f(z) = (z — a)* for some complex §, so
u(z) = 1[4z - @) + & -3)"].
Now |du, (x)| = 2|0u,(z)/dz| where
9 _ 18 _y=7 .3
az—Z(Gx, ! 3x2)°
But du, /3z = ké(z — a)*~'/2, s0
|du (x)| = ki£]|z — a|* ™' > k|g]|x - al* .
Finally u = u, + v, so
|du(x)| >|du(x)| —|do(x)]
> k|g||x — a* =" — ¢|x — a|* since v has a zero of order k + 1
>3éx = o

provided |x — a| < k|£|/2c.

4. This section contains essentially the original proof (the first proposition
is strengthened slightly for use in §5) that the nodal critical points can be
perturbed away to obtain (E3). The proof uses the results of §3 heavily, so is
only valid for dim M = 2; see §6 for comments. Let p € 4, N B,_; and let A
be the nth eigenvalue of L + p, u an eigenfunction with eigenvalue A.
Consider a linear perturbation p(r) = p — 70 where r € R and ¢ € C*(M).
As in [1], [3], we get A(T) = A + 7a + 728(7) and u(7) = u + 10 + TW(7)
using Rellich’s theorem [7]. Equating the coefficient of = to zero in the
perturbation equation (L + p + 70)u(r) = 0 gives (L + p — A)vo = (¢ + a)u.
Using the pseudo-inverse Q, (see §1) gives

v = Q,(ou) + qu forsomen ER

ie.
v(x) =fK(x,y)o(y)u(y) dy + nu(x).
PROPOSITION 4.1. There exists 6 € C*(M) such that v(x) # 0 for all x with
u(x)=0.

In the proof of the proposition, we use the fact that the zero set u~'(0) has
measure zero. This is another consequence of the unique continuation
theorem [4]. For if

G,; = {x: D°u(x) = 0 but (3D°u/dx)(x) # 0}

then G,; is a submanifold of dimension » — 1 so has measure zero and
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u~'(0) = U, U ’-,G,; is a countable union, so it has measure zero.

PROOF OF PROPOSITION. Choose w € N+ N C®(M) with w(x) # 0 for all
x € u~(0). Such a w exists since if g € C®(M) satisfies g(x) =0 for
x € u!(0), then my.g =g — 0u € N* n C®(M) satisfies the same
property. Since Q) is onto N1, there is a function f € C®(M) such that
w(x) = () = [ K (6, )f(y) d. Let J = inf{|w(x)|: x € u~}(0)}. Then
J > 0since u~'(0) is closed, hence compact. Recall K,: y — K(x, y) is in L,
for an appropriate p given above. Since u~'(0) has measure zero, we can
choose an open neighborhood N of #~'(0) such that p(N) <
(J/QlIK,ll,,| flp))’, where p is the measure (Lebesgue) on M and g is conju-
gate to p. Let ¢ € C®°(M) be a bump function satisfying 0 < ¢ < 1, and
¢ =0 on a neighborhood of u~'(0) whose closure is contained in N and
¢ = 1 outside N. Then

¢f/u outside u~'(0),
c =
0 on u~'(0),

is a well-defined C* function. Let v(x) = [,,K(x, y)a(»)u(y) dy. Then
w(x) = o(x) = [ KxN)[JO) = o] &

= [ KGNSO -] &

and

1/p q 1/q
w(x) = o(x)| <[fN|K(x,y)|’dy] [lef(y)[l o] &

<||Kx||p|f]op(N)'/" since0<1-¢<1
< J/2 by the choice of N above.
Thus for x € u~(0),
[o(x)] =[w(x)] —|w(x) — o(x)|
>J-J/2=J/2>0.

REMARK. Essentially what we have shown is that {Q,[ou]: 6 € C*(M)} is
dense in N1 n C*(M) with respect to the C° norm.

PrOPOSITION 4.2. For 7 # 0 in a small neighborhood of zero, u(t) has no
nodal critical points.

ProOF. By the results in §3, the original eigenfunction u has a finite
number of nodal critical points a,, . . ., a,. (The argument for n = 1 is given
in [2].) By the preceding proposition, we can choose ¢ so that the correspond-
ing v satisfies v(a) # 0 for i = 1,. .., n. Choose neighborhoods V; of g; so
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that (1) [o(x)] > J >0 for all x € V= U/., V; and (2) on V;, we have
[u(x)| < ¢|x — al%, |du(x)| > c/|x — al"~'. (2) says that the nodal critical
point g; is a weakly degenerate zero of order k;; §3 justifies this assumption.
By continuity, for any sufficiently small neighborhood of = 0 we have (3)
|o(7)(x)| > J/2 for x in V, where v(r) = v + w(7), and (4) u(r) has no
nodal critical points outside V. But u(7) has no nodal critical points inside V'
either, for if x € V is a critical point of u(), we have

0 =[du(r)](x) = du(x) + [ dv(7)](x)
and by (2) above
Ix — a| "' <|du(x)|/c; =|r||dv(r)(x)|/¢; < ¢/'|7|
and
u(r)(x)] = |u(x) + o(r)(x)|
>|r||o(T)(x)| —]u(x)|
> Jj7|/2 = hjx — a|*
> J|r|/2 = h(c})/ % DR/ D
> Jir|/4 provided |7| < (J/4R)""! /¢!
#0 if 7] 0.
Thus if 7 is small enough and nonzero there are no nodal critical points of
u(7).

5. One can also use Sard’s theorem to prove that the nodal critical points
can be perturbed away. This proof works in all dimensions. We give a direct
proof here, which is essentially a very simple special case of one of K.
Uhlenbeck’s iransversality results [9], [10]. The idea for completing the higher
dimensional case in this way came from reading her paper and trying to see
just where the two approaches differed (see §6).

Using Proposition 4.1, let o be such that v(x) # 0 on u~'(0).

PROPOSITION 5.1. For such a o, the set of 7’s close to zero with u(t) having no
nodal critical points is the complement of a set of measure zero.

PROOF. Let ¢: R X M — R be given by ¢(r, x) = u(r)(x). The equation
(7, x) = 0 gives the zeros of u(r). Using the implicit function theorem, this
equation can be solved for 7 as a function of x near 7 = 0. For ¢(0, x) =0
corresponds to u(x) = 0, so 3¢(0, x)/ 37 = v(x) # 0 by the choice of . Thus
there is a neighborhood N, of each x € u~!(0) and a C* function f: N, »>R
such that near (0, x), ¢ ~'(0) = {(f.(»),»): ¥ € N,}. By compactness of M,
there are neighborhoods ¥ of r = 0 and N of u~'(0) and a function f: N »>R
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such that ¢ ~1(0) N ¥ = {(f(x), x): x € N}. For x € N, ¢(f(x), x) = 0, and
differentiating with respect to x yields (9¢/97) - df + d[u(r)] = 0. But x is a
nodal critical point of u(7) if ¢(r, x) = 0 and d[u(7)}(x) = 0. Since d¢/dr #*
0 on V, x is a nodal critical point if and only if df(x) = 0, i.e. x is a critical
point of f. This implies u(r) has nodal critical points if and only if = is a
critical value of f. But by Sard’s theorem, the set of critical values of a C*
function has measure zero.

6. Some comments on the two preceding sections are in order. In the proof
of §4, we used heavily the fact that solutions of second order elliptic
equations in 2 dimensions have only weakly degenerate zeros. It would be
nice if this were true in higher dimentions but it is not. For example, view the
circle S! as [0, 277] with endpoints identified and take

u(xy, X, X3) = sin x; sin x, sin x;
as an eigenfunction of
FLR L
ox}  0x3  ox?
on S'x S'x S (0,0,0) is a nodal critical point which is not isolated,
hence not weakly degenerate. Thus it is not possible to extend this proof to
higher dimensions without more information on the growth of eigenfunctions
near nodal critical points.

The reason why this method works only in such a special case, in contrast
to the method of §5 and transversality methods in general, may be related to
the fact that it actually proves slightly more. What was shown in §4 (for
dim M = 2) was that passing through each p € C®(M) there is a family of
line segments p’ = p + 70, forming a “star” as in the diagram, such that for
any p’ # p in this set, the nth eigenfunction has no nodal critical points. The
result in §5 shows that along each segment in the star, only certain 7’s (the
complement of a set of measure zero) work.

A=

\

o

This comparison is interesting also from a constructive viewpoint. Again
assuming we can find o, in two dimensions we can explicitly write down p’
because of §4 whereas in higher dimensions we cannot in general. There is an
extremely important special case for which we do have the same “star” of
admissible perturbations in all dimensions. If the manifold and the operator
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are analytic, so are the eigenfunctions u(7). Since u(7) is analytic in 7,
&(1, x) = u(7)(x) is analytic in (7, x). The implicit function theorem then
implies 7 = f(x) (see §5) is an analytic function of x. But the critical values of
a real-analytic function on a compact manifold are isolated [3]. Hence there is
an interval about 7 = 0 for which () has no nodal critical points.

7. Once the nodal critical points are eliminated, the perturbation yielding
(E1) and (E2), i.e. nondegenerate critical points with distinct critical values, is
fairly straightforward. Suppose (L + p = Au with A simple and # having no
nodal critical points. We want to prou..e p’ near p whose corresponding
eigenfunction satisfies (E2) and (E3). To do this, we construct «’ first and
show that it is an eigenfunction of an appropriate p’ (with the same eigenval-
ue ).

First choose a bump function ¢ € C®(M),0< ¢ <1, with¢=1o0na
neighborhood of the nodal set #~'(0) and ¢ = 0 on a neighborhood of the
critical point set du~'(0) of u. Let

v, = inf{|u(x)]: x € 67" (1)}, v, = inf{|du(x)|: x & ¢7'(0)}
and
y = min{y,, 1,}.
Then y > 0; e.g., since ¢ =1 on a neighborhood of u~'(0), y, >0 and
similarly for v,.

LEMMA 7.1. Given a function v such that |v — u|, < v/2,if v’ = ¢u + (1 —
®)v, then the zero sets of W' and u coincide and the critical point sets of u’ and v
coincide.

Proor. We show the statement about the zero sets. First, ¥’ has no zeros

when ¢ # 1, for then |u| > v, > y and
|u—uw|=]1 = ¢)(v — u)| <o -y < v/2
)
[W)|>u|—ju—w|>y—v/2=7/2>0.

Second, when ¢ = 1, ¥’ = u so the only zeros of #’ occur at the zeros of u.
The other statement is proved similarly, with ¥’ replaced by du/, etc.

One consequence of the lemma is that if v satisfies (E2) and (E3), then #’
satisfies (E1), (E2) and (E3) since u has no critical points in the neighborhood
{¢ = 1} of its zero set and &’ = u there. By the Morse lemma we can find

such a v as close as we want to u. A second consequence is that we can define
o’ as follows. Let

,_ | ' = Lu)/u’ whenu #0,
P P when¢ = 1.
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Since u’ # 0 whenever u = 0 by the lemma, the first part is well defined.
Also, the two parts agree on the overlap {x: ¢(x) = 1 and u(x) # 0} since
' =u+#0 there and (\u — Lu)/u = p. So p’ is well defined and C*.
Furthermore, «’ is clearly an eigenfunction of L + p’ with eigenvalue A. It
remains to show that by choosing v close to u, we get p’ close enough to p.
Let V = {x: u(x) # 0}. Then

, AN - L - (L+p—=N)(u—u)

PF—p==—7=—-0» 7

since (L + p — Nu = 0. Thus

1
IP' - pls,V < G 7 I(L + p= A)(u - u')ls,l’
s,V
1
<q v \ Vlu - u,|s+2,l’
1
<6l S,V|“ = Vgaa
Now
— ’
li, < 1 u Iu
u s,V u s,V uu s,V
1 1 1 ‘
< l u s,V * C4 u L,V u, s,Vlu " ls,V
1 1
<| U sy T u Is,Vlu vls,V‘
Thus if
[u = 0], , < 1/2¢s [l/u'|“,< 2|l/u|s,,,
and

0" = |5y < Coltt = 0] 451

But since p’ = p on a neighborhood ¢~'(1) of u~'(0), |p’ — pl, < cqlu —
v],4, on all of M.

Thus given & > 0, choose v satisfying E2, E3 such that |u — v|,,, <
min{e/cg, 1/2cs, v/2) by Lemma 2.5. Then u’ = ¢u + (1 — ¢)v satisfies El,
E2, E3 and is an eigenfunction of L + o/, p’ as given above, with eigenvalue A
and |p’ — p|, < . Hence B, isdensein 4, N B,_,.
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