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A GROSS MEASURE PROPERTY
BY

LAWRENCE R. ERNST

Abstract. We prove that there exists a subset E of [0, 1] X R2 such that the

2-dimensional Gross measure of £ is 0, while the 1-dimensional Gross

measure of {z: {y, z) B E) is positive for all y E [0, 1]. It is known that for

Hausdorff measures no set exists satisfying these conditions.

1. Introduction. A special case of [1,2.10.25,2.10.27] states that for any

positive integers k, m, n there exists c ER such that

f* W{z: (y, z)EA) dtmy < ccXk+m(A)

for all A c Rm X R", where 9C, £m denote m-dimensional Hausdorff and

Lebesgue measure respectively. It immediately follows that the same type of

relation holds with the Hausdorff measures replaced by the spherical, 9",

Carathéodory or Gillespie measures (provided k < n), since the ratios be-

tween the Hausdorff measure and any one of these other measures of the

same dimension are bounded [1, 2.10.6]. It is also known that the inequality

holds with c = 1 in the case of spherical or Gillespie measures

[1, 2.10.27, 3.2.45], but not in the case of Hausdorff measures [2].

In this paper we establish that no such relation is true for Gross measures

(denoted §) by constructing a subset E of [0, 1] X R2 for which §2(E) = 0

(Theorem 4.1), while S'{z: (y, z) E E) = 2 for ally E [0, 1] (Lemma 3.1).

The method of proof that @2(E) = 0 uses the structure theory of [1, 3.3] and,

in particular, incorporates some of the ideas of [1, 3.3.19].

One consequence of our result is that some theorems concerning (3C, m)

rectifiable sets [1, 3.2.14] do not hold for (§m, m) rectifiable sets. For example

our set E shows that [1, 3.2.22] is no longer true if % is replaced by §.

The author wishes to thank the referee for his corrections and useful

suggestions.

2. Preliminaries. In general we adopt the notation and terminology of [1].

Presented in this section are some additional definitions that we use.

Throughout this paper, unless otherwise restricted, 0 < y < 1, while n > 3
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is an integer. We also note that we do not distinguish between R2 and C or

between R X R2 and R3.

For a, b E W let [a, b] denote the closed line segment with endpoints a, b.

Define X: R -» C, |: R X C -* R X C, X(x) = exp(xi), £(x, z) = (x, zX(x))

for x E R, z G C.

The following series of definitions culminate in the definition of the set 7

referred to in the Introduction. For each closed circular disk S = B(a, r) c

R2 and positive integer / < n, let

xin(S) = inf{x: (x,w)ES} + (2/ - l)r/n,

[sup{ w: B[(xi<n, w), r/n] e S)     if / is odd,

inf{w: B[(x,-n, w), r/n] E S]     if /is even,

Fn(S) = {B[(x,.„, wln), r/n]:j = 1,..., n).

Then inductively define families G3, G4, G5,..., of closed circular disks by

taking G3 = {B(0, 1)}, G„+x = U {F„+X(S): S G G„) for n > 3 Finally let

A = n„w=3 U Gn and 7 = ¿([0, 1] X A).

Definep(x, z) = x, q(x, z) = z for (x, z) G R X R2.

For x G Rm ~ {0} let t(x) = x/|4

For w G R define pw E 0*(3, 1), pw(x) = q(x) • X(w) for jc G R3. (Note

that throughout this paper a "•" between two complex numbers denotes an

inner product, not complex multiplication.)

Take rn = 6/n\. Note that diam S = 2r„ for S E Gn.

Let Ay-En p-\y], Gny = My) X S): SE G„), K„ = {&[(j -
l)r„,jrn] X S): j = 1, 2,..., r~x, S E G„).

3. Some lemmas. In 3.1-3.5 we prove a few lemmas about the Hausdorff

and Gross measures of 7 and certain of its subsets. In the remainder of this

section the key results are Lemmas 3.10, 3.13, 3.15, each of which is used in

Theorem 4.1 to show that a different subset of 7 has §2 measure 0.

3.1. Lemma. §x(Ey) = %x(Ey) = 2.

Proof. Since £'^(7,)] = 2 it follows from [1, 2.10.8] that %x(Ey) > 2.

Furthermore, since Gn¡y covers Ey and SseGii diam S = 2 we have X1^) <

2. Finally we recall that §x < %x [1, 2.10.6]."'

3.2. Lemma. If S G G„^ then §X(S n Ey) = %X(S n Ey) = 2r„.

Proof. This lemma follows by applying the method used to establish

Lemma 3.1.

3.3. Lemma. 3(?(7) < co.
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Proof. We observe that K„ covers E, card Kn = r~2, and that diamp(S)

= r„, diam q(S) < 3r„ for every 5 E Kn. Consequently

(tt/4) 2 (diam 5 )2< 5tt/2.
sex„

Hence 3<?(F) < 5tt/2.

3.4. Definition. For w E R let I(w) = E n {x: <7(x) A a(w) = 0}.

3.5. Lemma. !K?[7(w)] = Ofor all w E R.

Proof. The result follows from Lemma 3.3 and the fact that if x E [0, \ ]

then

^[7(w)np-'([o, {-])] = <3(2[i(w + x)np-x([x,x+ {-])],

cK?[i(w)np-x{[l l])] = W[i(w - x) nP-l([{-x, i - x])].

3.6. Definitions. For 0 ^ T c S E Gn<y let ßn(T) = S and cn(T) denote

the center of S; for x E 5 ~ (c„(5)} define r/n(x) = t(zj[x - c„(S)]).

Let Afli), denote the set of all closed proper line segments [ax, a2] E p~x{y)

for which there exists S E Gnj/ satisfying {q(ax), q(a2)} c Bdry q(S), c„(S)

$ [fl„ a2\.

Let L E A„ „ define

a(L) = inf{|rjn(x)AA(y)|:xEL},

7<(L) = &(L) n {x: [cn{x}, x] n L * 0},

^(¿) = Gn+xy n {F: F c ß„(L),r,n(T) c r,fl(L)},

m(L) = card Af(F).

3.7. Lemma. 7/L E An>y, a(L) ¥=0andn> 24[a(L)]"'(diam L)~lr„, then

m(L)/(n + 1) > 2-3a(L)(diamL)r-1.

Proof. Since card[Gn+liK n (F: F c ß„(L), Py(T) n p,(F) ^ 0}] <

2m(L) + 3 and r„+, = r„/(/z + 1), it follows

[2m(L) + 3]2rJ (n + 1) > diam py(L).

Furthermore, we note that if x, w are the endpoints of L and a(L) = |rjn(x)

AAOOl.then

diam Py(L) =|t[z7(w - x)] • X(y)|diam L >\[\t\n(x)] • A(y)|diam L

= a(L)diam L.

We then combine these last two results with the given bound on n to obtain

our conclusion.
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3.8. Lemma. 7/ 7 G Anj, and n > 210(diam L)~2r2, then m(L)/(n + 1) >

2~9(diam L)2r~2.

Proof. Consider a G 7(7) n a-,(Bdry q[ß„(L)]) satisfying

k(fl) AA(y)|= sup{|r,„(x) AX(y)\: x G 7}.

Then choose 7, G An¡y with a G 7, c 7(7) and diam 7, = (diam 7)/8. We

observe that if w is either of the two points of ß„(L) satisfying Ip^vv —

c„{w})| = r„, then |a — vv| > (diam 7)/2; consequently |r/„(a) AX(y)\ >

(diam L)/(4rn). We combine this with the fact that |r/„(a) A V„(x)\ <

(diam 7)/(8r„) for all x E 7„ to obtain a(Lx) > (diam L)/(Sr„). We then

apply Lemma 3.7 to 7,.

3.9. Definition. Let 7, denote the set of all points x of 7 for which {rin(x):

n > 3} is not dense in S1.

3.10. Lemma. 3(?(7,) = 0.

Proof. Consider any closed proper subarc J of S1. We will obtain our

result by showing that

(1) *? 7n fi i>:î,„(x)ë./} = 0.

To do this we let 7, denote the closed subarc of S1 with the same midpoint as

J, satisfying %X(JX) = %x(J)/2. Choose an integer v > 210(diam/,)-2 for

which r„ < %x(J)/4. Then inductively define the three sequences B„, Bv+X,

Bp+2,.. •, Dy+X, Dv+2, Dr+3,..., Cv+X, Cv+2, Cr+3,..., by taking B„ = K„,

and for n > v letting

7„+, = 7„+,n{7:7c lj7„),

Bn+i = 7.n+1 n {7: r,„(7) n (S1 ~7) * 0},

Cn+i = Dn+X n {7: Vn[T np-'{supp(7)}] C 7, ).

We observe that if x E T G C„+, and t = supp(7), then (t, q(x)X[t -

p(x)]) ETn p-'{t) and |t,„[(/, q(x)X[t - p(x)))\ A t\n(x)\ = sin[/ - p(x)]

< sin rn+x < sin[3C'(7)/4]; consequently 7n+, n C„+x = 0. Furthermore, if

S E B„, wE (supp(7): 7 G Z>„+„ 7 c S} and 7 is the line segment

satisfying the conditions 7 G A„>H„ /?„(L) = p-1{w} n 5, t/„(7) = 7„ then

from Lemma 3.8 it follows that

m(L)l (n + 1) > 2~9(diam /_)2r-2 = 2-9(diam/, )2.

Therefore, either B„ = 0 or
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W(E n U BH+l)/W(E n U B„) = (cardBn+X)/(cardDn+X)

< 1 - (card Cfl+,)/(card/>„+,) < 1 - 2-"(diam Jx)2.

Thus ^[n"-,^ n U B„)] = 0, from which (1) follows.

3.11. Corollary. %x(Fx n Ey) = 0.

Proof. If /, w E [0, 1] then

F, n Ew = {(w, q(x)X(w - 0): x E F, n E,};

consequently %X(FX n Ew) = %X(FX n E,). Furthermore, by [1, 2.10.27] and

Lemma 3.10 we have

(lXx(Fx n Ey) dtxy < (4/n)W(Fx) - 0.
•'o

3.12. Definitions. For a E R3, 0 < r < r' < oo, V E G(3, 1), 0 < s < 1,

let

X(a, r, F, s) = R3 n (x: i_1dist(x - a, V) < \x - a\ < r),

Y(a, r, r', V, s) = Clos[X(a, r', V, s)~X(a, r, V, s)].

3.13. Lemma. If aEEy~Fx, V E G(3, 1), V cp-1{°}> v E S1, Rü -

q(V), b = \v X(y)\ > 0 and0 < s < b, then

lim sup card[(7„+li), n {F: F c ßn {a) n Y(a, rn5/8, r„5, F, 5)}]/ (zz + 1)
fl-»0O

> 2-7Ai.

Proof. Let Vn = {0} x (R[r,»i]), »/ - Y(a, rni/4, rns/2, Vn, s/2). Let

A/ denote the set of all integers n such that n > sup{64/i2, 2s/(bs)), \v A

[ij„(zz)i]| < s/4 and {x: dist(x, W„) < 2rn+,} c Y(a, rns/%, r„s, V,s). We

note that sup N = 00 since a & Fx; consequently it suffices to obtain our

result with lim sup,,.,,^ replaced by inf„eAf. To do this we choose n E N and

consider ax, a2, a3 E p~\y) n q~x[Bdry q(ßn{a})] n {x: q(x - a) •

[7]„(a)i] > 0} satisfying \ax - a\ = r„s/2, \a2 - a\ = rns/4, q(a3 - a) • tj„(íz)

= 0. Let L = [ax, a2\ We note that U M(L) c {x: distfx, R (L)] < 2r„+x}.

Therefore to complete the proof we need only show that R(L) c Wn and

m(L)/(n + 1) > 2~7bs.

To obtain the former relation we simply observe that

(2)      |r,„(zz) A t?„(x)| < \qn(a) A r/„(z7,)| < s/2   for every x E R (L),

while since « > 64/s2 we also have

\a3 - a\= (r2 -\a - c„{a)\2f\ (l -[l - 2/(« + l)]2),/2rfl

<2rfl/(n + l)1/2< rns/4.
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To compute m(L) we first note that diam 7 > r„s/4. To obtain a lower

bound on a(L) we let fi, - sin-'[|r,n(a) AX(y)\], «2 = Mn~'[M) AX(y)\],

83 = sin_1[|(ui) A V„(a)\]. Then since 5, > |52 - 53| it follows that

h(a) AX(y)\= sin(8x) >\sin(82) - sin(83)\

= \\(vi)AX(y)\-\(vi)Av„(a)\\

= | \v-X(y)\-\vA[vn(a)i]\ \>b-s/4> 36/4,

which we combine with the inequalities (2) and s < b to find that a (L) >

6/4. Finally we see that Lemma 3.7 is applicable since n > 2%/(bs).

3.14. Lemma. Ey is purely (%x, 1) unrectifiable.

Proof. It follows from Corollary 3.11 and Lemma 3.13 that

lim+ lim sup %x[Ey n X(a, r„s, ker py+„/A, s)]r~xs~2 = oo

for DC1-almost all a in Ey; consequently £x\pyJrv/it(Ey)\ = 0 by [1, 3.3.9].

Similarly £l[py+3„/4(Ey)] = 0. Hence Ey is purely (X1, 1) unrectifiable by

[1, 3.2.27].

3.15. Lemma. 7 is purely (X2, 2) unrectifiable.

Proof. If W is an (X2, 2) rectifiable Borel subset of 7, then it follows from

[1, 3.2.29] that X2-almost all of W is contained in the union of some

countable family of 2 dimensional submanifolds of class 1 of R3. Let B

denote a member of such a family and let M = B n W. We will complete

the proof by showing that X2(Af) = 0.

To do this we first observe that for £' -almost all y in [0, 1] we have by

[1,3.2.22(2)] that M np"x{y) is (X1, 1) rectifiable and hence X'(M n
P~'{y)) = 0 by Lemma 3.14. It then follows from [1, 3.2.22(3)] that

[ apJxP ¿X2 = C%X(M np~x{y)) dtxy= 0.
JM Jq

Consequently, apJxp(x) = 0 for X2-almost all x in M, which combined with

[1, 3.2.19] implies that Tan2(X7Af, b)=p~x{0) for X2-almost all b in M.
We next choose any b E M for which Tan2(X7Af, b)= p~x{0) and observe

that by [1,3.1.19(4)] there exists a neighborhood 7 of b in R3 such that

a|(7 n 7) is univalent, q(B n 7) is convex, 4> is of class 1 and Dty[q(b)] =

q*, where uV[a|(7 n 7)]_I. From the conditions on \p we find that there exists

a convex neighborhood 5 of q(b) in R2 such that \\D$(z) - q*\\ < \ for all

z G S; consequently Lip[(ip — q*)\S] < \, which in turn implies that

Lip[(p ° $)\S] < \. We let Z = ¡P(S) n M and note that to finish the proof
it suffices to show that X'(Z) < oo.

To accomplish this we define h: Z-» 70, h(x) = (0, q(x)X[-p(x)]). Then
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since Lip[(p ° u/)|5] < \ we see that for x, w E Z,

\h(x) - h(w)\>\q(x) - q(w)\-\p(x) - p(w)\

>{\)\q(x)-q(w)\>(5V2/4)\x-w\.

Consequently Lip(A_1) < 4/51/2, which we combine with [1,2.10.11] and

Lemma 3.1 to conclude that

%\Z) < Lip(A~x)%x[A(Z)] <(4/5'/2)%x(E0) < oo.

4. Principal theorem. We prove here that §2(E) = 0. This result and

Lemma 3.1 establish the claim made in the Introduction.

4.1. Theorem. §2(E) = 0.

Proof. Consider any 9 E 0*(3, 2). We will obtain our result by showing

that L2[9(E)] = 0. To do this we first choose v E S2 satisfying Rv = ker 9. If

q(v) ^Owe then take any e > 0 and apply Lemma 3.5 to obtain a closed

proper subarc J of S1 whose midpoint is t[í<7(ü)] and which satisfies

W[U {I(w): X(w) E J)] < e; we then let F2 = U (7(w): X(w) E J). On the

other hand, if q(v) = 0 we take F2 = 0. For z E q(E ~ F^ define o(z) E S2,

y(z) E R X R2, g(z) E [0, tt], by o(z) = t[(1, \z)\, y(z) - (0, q(v) - \p(v)z)

and g(z) = |arg(iz7[y(z)])|. Let H = q(E ~ FJ n {z: g(z) < 1}, and define

f:H->RX R2,f(z) = (g(z), z) for z E 77. Finally let

K= F~[F, U F2U/(T7) Up-'iO, 1}]-

We next show that to complete the proof we need only establish that

(3) t2[9(K)]=0.

For it follows from the definition of y, g and / that / is Lipschitzian, which

together with Lemma 3.15 implies 3<?[F n /(77)] = 0. Recalling Lemmas 3.1,

3.10 and the definition of F2, we would then have 3(?(F~ K) < e, which

together with [1, 2.10.8, 2.10.6] would yield

£2[9(E~K)} < §2(E~K) < y2(E~K)<e.

Finally this last result and (3) imply &[9(E)] = 0.

To obtain (3) we consider any a E K, let b = |T[<7(y[z7(a)])] • X[p(a)]\, and

note that b > 0 since a & f(H). We will show that

(4) lim   lim sup D(?[ E n X(a, rns, ker 9, j)lr-2s-4 - oo.

We then immediately have (3) by [1, 3.3.9].

To deduce (4) we first choose vx, v2 E S2 so that v, vx, v2 is an orthonormal

basis for R3 and o[q(a)\ is a linear combination of v and vx. Let P = {a + dv

+ tv2: d,t ER),V = Ry[q(a)]. For x E R3 define
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ü(x) = x- ([(x - a) ■ vx]/[o[q(a)] • vx])o[q(a)].

We note that lim ß c 7 since [Q(x) - a] • vx = 0 for ail x G R3. We also

observe that since y[q(a)] = v - p(v)(l + [q(a)]2)x^2o[q(a)] is a linear com-

bination of v and vx, it follows that [ß(a + xy[q(a)]) — a] ■ v2 = 0 for all

ïER and hence

(5) ß(a + V) c a + ker 0.

Let k = inf{|a[a(a)] A t(x, - x2)\: xx, x2 E P, xx=£ x2). We note that

since a G 72 it follows that o[q(a)] $ Rv and consequently k ^ 0. We then

choose 5 satisfying 0 < 5 < inf{4b/k, dist[p(a), {0, 1}]} and let

7„ = P_1 [p(a)) n Y(a, At„í/32, fcr„5/4, V, ks/4),

Yn = 7 n Y(a, A:r„j/64, /-„s/4, ker 9, s/2).

We next show that ß(7„) cL To do this we consider any x, w G

í"'{í(fl)}, ríw. Then since |p(a[a(a)])| > 2_I/2 > \ we have

|x - w|/2 <|a[a(a)] A(x ~ w)\ <\x - w\,

while the definition of k yields

k\Q(x) - Ü(w)\<\o[q(a)] A[ßW - ß(w)]|<|ß(*) - ß(w)|.

From these inequalities and the relation \o[q(a)]A(x ~ w)\ = |o[a(a)] A

[fi(x) - ß(w)]| we obtain | < |S2(jc) - ß(w)|/|x - w\ < \/k, which we then

combine with (5) to conclude ß(7„) c Y„.

Let

Z„ = {cn+x(S): S E G„+Xip(a),S C A, {a} n 7n}.

For x£Z„ define

T(x) = (p[ß(*)], a(x)A(p[ß(x) - x])),

Q„(x) = {(y,zX(y -p[r(*)])): \y -P[T(x)]\< 2~*krns2,

z E q{ßn+x[T(x)})}.

Applying [1, 2.10.27], Lemma 3.2, and also noting that p[Qn(x)] c [0, 1]

because of the choice of s, we deduce that

X[7 n Ö„W] > (ir/W\p[Qn(x)])2rm+l = 2~Wns2/(n + 1)

for all x E Z„. Furthermore from Lemma 3.13, with s replaced by ks/4, it

follows that

lim sup (card Z„)/ (n + 1) > 2~9kbs.
n-*oo

We then combine these last two results to obtain
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lim sup 3(? E n  U Qn(x) r~2 > 2-x\k2bs3.
"^°° L i£Z„ J

Consequently to complete the proof of (4) we need only establish that for n

sufficiently large,

(6) U Qn (x) C X(a, r„s, ker 9, s).
xez„

To obtain (6) we choose x E Z„ and observe that since fl(x) E Y„, we have

dist[ñ(x), R3 ~X(a, r„s, ker 9, s)] >\2(x) - a\s/2 > 2~1kr„s2.

Furthermore, it follows from the definition of Q„(x) that if w E Q„(x) then

\p[w - T(x)]\ < 2~skr„s2, \q[w - T(x)]\ < rn+, + 2_8Ar„s2. We then com-

bine these last three inequalities to deduce that to conclude (6) it suffices to

show

(7) Mm [sup{|ß(x) - T(x)|: x E Z„ }/>„] = 0.

To prove (7) we consider any n > 5 and x E Z„. We then let A = p[ß(x) —

x], wx = ç[0(x) - x], w2 = q[T(x) - x], u = q[x + T(x)]/2. Since fi(x) E

Yn we see that |A| < rns/4 < r„. We also note that |w,| = \q(a)\ • \h\ < rn,

\w2\ = 2|?(x)|sin(|A|/2) < r„, |zj(x - zz)| < kr„s/4 < r„. Then since

|u - q(a)\ <\w2\/2 + |zj(x - a)\ < 3r„/2,

|z7(a)| > \ and « > 5, it follows that

T[z?(a)]-T(«)>(l-9r2),/2>l-V

Furthermore, if A > 0 then t(wx) = t[<7(íz)í] and t(w2) = t(zzí), while if A < 0

then t(h>,) = r[q(a)(-ï)] and r(w2) = r[zz(-i)]; consequently in either case

t(w,) • t(w2) > 1 — rn. Finally we conclude (7) by using this last inequality to

compute

|ñ(x) - r(x)|2 = |w, - w2|2 = h|2-rK|2- 2|w,|-|w2|t(w,)-t(w2)

< (K| - K|)2+ 2|w,|. |w2|rn < (|w,| - K|)2+ 2r3,

and then combining this result with the relation

I KI-KI | = | Kfl)|-|A|-2|z7(x)|sin(|A|/2)|

<(|z7(x)| + r„)|A|-2|z7(x)|sin(|A|/2)

<|A| + r„|A|-2sin(|A|/2)

< r„ + r2 - 2 sin(r„/2).
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