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Abstract. Suppose A1 is a Banach space, Í2 c X is closed and convex, and

A : [0, oo) X Q -> X is continuous. Then if

hm \x + hA (t, x); Q\/h = 0   for all (/, x) e [0, oo) X Q,

there exist approximate solutions to the initial value problem

(IVP) u'(t) = A(t, «(/)),      «(0) = x e Í2.

In the case that A(t, x) = B(t, x) + C(t, x), where B satisfies a dissipative

condition and C is compact, we obtain a growth estimate on the measure of

noncompactness of trajectories for a class of approximate solutions. This

estimate is employed to obtain existence of periodic solutions to (IVP).

Let X be a Banach space with norm | • | and fl cA'be closed and convex.

Suppose 7: [0, oo) X 7» -> X is continuous and for each x G 7» there exists a

unique solution u(- ; x): [0, oo) -> D to the initial value problem:

(0.1) u'(t) = B(t,u(t)),      u(0) = x.

Define the translation operator U: [0, oo) X D -» D associated with (0.1) by

U(t, x) = u(t; x). Let X* with norm also denoted | • | be the dual space of X

and for x,y EX define (x,y}_ = inf{<i)(x): <p G X*, <p(y) = \y\2 - |<i>|2}.

Then if for some real number L

(0.2) {B(t,x)-B(t,y),x-y/_ <L|x-.y|2

for all (t, x), (t, y) E [0, co) x D, the translation operator associated with

(0.1) satisfies \U(t, x) - U(t,y)\ < eu\x - y\. Thus if L < 0 and o > 0

there exists unique xg E D for which U(a, xa) = xa. Consequently, if 7 is

a-periodic in t, then there exists a unique a-periodic solution u to (0.1) with

u(0) = x„. In fact, such results are available when, for each /, B(t, • ) is

possibly multivalued (Crandall and Pazy [2]).

Let C be completely continuous and suppose for each x G 7» there is a

unique solution to the perturbed problem:
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(IVP) u'(t) = B(t, u(t)) + C(t, u(t)),       u(0) = xED.

In general, the translation operator associated with (IVP) is not Lipschitz

continuous. However, under certain conditions the translation operator asso-

ciated with (IVP) does satisfy estimates involving the measure of noncom-

pactness. The measure of noncompactness of a bounded subset F of X,

denoted a[F], is the infimum of e > 0 such that F can be covered by a finite

number of sets of diameter no larger than e. In §1 rather than assume the

existence of solutions to (IVP) and consider trajectories of solutions, we

obtain a measure of noncompactness estimate on the trajectories of

approximate solutions to (IVP). We also consider a condition on B more

general than (0.2). In §2 these estimates are applied to the existence of

periodic solutions and in §3 applications and an example are indicated.

1. Measure of noncompactness estimates. In this section we obtain growth

estimates on the measure of noncompactness along trajectories of approxi-

mate solutions to the initial value problem:

(IVP) u'(t) = B(t, u(t)) + C(t, u(t)),       u(0) = zED.

The concept of the measure of noncompactness is attributed to Kuratowski

[6]. More recently, the measure of noncompactness has been applied to

existence of solutions to differential equations in Banach spaces (see, for

example, Cellina [1]; Li [9]; and Martin [11], [12]). We list without proof

several properties of the measure of noncompactness.

Proposition 1. Suppose Ex and E2 are bounded subsets ofX.

(i) //£, c E2, then a[Ex] < a[E2];

(ii) a[Ex] = a[Ex], where Ex is the closure ofEx;

(iii) a[Ex] = 0 if and only if Ex is totally bounded;

(iv) a[Ex + E2] < a[Ex] + a[E2], where Ex + E2 = {x + y: x E Ex,y E

E2);

(v) a[co(F,)] = a[Ex], where co(Ex) denotes the convex hull of Ex.

Throughout this paper let $: [0, oo) X R -» R be a continuous function

such that scalar equation

t'(0 = *(/, t(0),      r(0) = rG[0,oo)

has the property that for r = 0 there is only the trivial solution and for r > 0

the maximal solution t(/; r) exists on [0, oo). Also, we shall frequently assume

the following:
(El) D c X is closed, bounded, and convex and B and C are continuous

functions from [0, oo) X D into X;

(E2) lim^o+l* + h[B(t, x) + C(t, -)]; D\/h = 0 for all (t, x) E [0, oo)
X D, where, fory G X, \y; D\ = inf{\y - z\: z E D);
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(E3) 7 is bounded on bounded subsets of [0, oo) X D and <7(r, x) —

B(t,y), x - y)_ < W, \x - y\)\x - y\ for all (t, x), (t,y) G [0, oo) X D;

(E4) C maps bounded subsets of [0, oo) X D into totally bounded subsets

of*;

(E5) Either (i) C is uniformly continuous on [0, oo) X D or (ii) the dual

space X* of X is uniformly convex.

In the following theorem we define approximate solutions to (IVP) and give

sufficient conditions for their existence. For the proof of Proposition 2 see

Martin [10].

Throughout this paper we let {e„}J° be a nonincreasing sequence in (0, 1)

with limn_>00en = 0.

Proposition 2. Suppose (El) and (E2) hold. Let z ED. Then for each

7 > 0 there exists M = M (T, z) > 0 such that for each positive integer « there

is a continuous function un; [0, 7] -» D with the properties:

OK(0) = z;
(2) \un(t) - u„(s)\ < M\t-s\for all t, s E [0, 7]; and

(3) for all but a finite number of t E [0, 7], u'„(t) exists and \u'„(t) —

[B(t,un(t))-C(t,un(t))]\<en.

Furthermore, if {un)f satisfies (l)-(3) and lim„_00wn(i) = u(t) for each

t G [0, 7], then u is continuous from [0, 7] into D and satisfies (IVP) for all

t E [0, 7].

Remark 1. If 7 + C is bounded on bounded subsets of [0, oo) X D, M in

Proposition 2 may be chosen independently of z; i.e., for each 7 > 0 there

exists M = M(T) > 1 such that the family of functions

&(z, «, 7, M) = {u: [0, 7] -» £>: w satisfies (l)-(3) of Proposition 2}

is nonempty for all z E D and each positive integer «.

Recall that r(t; r) denotes the maximal solution to (IVP)S on [0, oo) with

t(0; r) = r.

Theorem 1. Suppose (El) - (E5) hold and 7 > 0. Choose M = M(T) > 0

and for each z E D and positive integer n define &(z, n, 7, M) as in Remark 1.

Then for each E c 7» there exists a sequence of continuous functions t„(-;

a[E]):[0,T]->Rsuch that

lim T„(t;a[E]) = T(t;a[E])

uniformly on [0, 7] and for sufficiently large «

a[{u(t):u E &(z,n, T,M)withz G 7}] < T„(t;a[E])

for all t E [0, 7].

Two lemmas are essential to our proof of Theorem 1. The proof of the first
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lemma can be found in Lakshmikantham and Leela [7].

Lemma 1. Let r > 0. For each T > 0 there exists ß(T)>0 such that if

0 < ß < ß(T) then the maximal solution rß(t; r) to

(1.1) T'(t) = t(t, r(0) + ß,       t(0) = r + ß,

exists on [0, T], Furthermore, lirn^o+r^f; r) = r(t; r) uniformly on [0, T],

where r(t; r) is the maximal solution to (IVP)S.

Lemma 2. Let r > 0 and choose ß > 0 such that the maximal solution rß(t;

r) to (1.1) exists on [0, F]. Then the maximal solution 9ß(t; r) to

(1.2) 0'(t) = 2i(t,e(t)x/2)O(t)x/2+2ß9(t)x/2,       0(O) = (r + ß)2,

exists on [0, T] andßß(t; r) = [rß(t; r)]2.

Proof of Lemma 2. The assertion readily follows from the observation that

if 6 is a solution to (1.2) then 9(t) 7= 0 for all t G [0, T].

Let 6([a, b]; X) denote the Banach space of continuous functions u from

[a, b] into X with norm || • || defined by ||zz|| = sup{|zz(i)|: a < t < b). Also,

we use the facts that if x,y, z EX then <x + y, z)_ < <x, z)_ + \y\ \z\ and

if m: [a, b] -> X is differentiable at t G (a, b) with p(t) = \u(t)\2 then p'_(t)

exists withp'_(i) = 2<u'(t), "(0>--

Proof of Theorem 1. For E c D and positive integer n let (Z(E; ri) =

UzeE&te' n> T, M). Suppose (E5(i)) holds; i.e., C is unformly continuous on

[0, oo) X D. Let m be a positive integer. Since &(E; m) is an equicontinuous

family of C([0, T\; X) and C is uniformly continuous, the family (C(-, zz(-));

u E &(E; m)} is equicontinuous. Also, by (E4) {C(t, u(t)): u G &(E; m) and

/ G [0, F]} is totally bounded on X. By Ascoli's Theorem there exist a

positive integer / and a finite subset {zz„ ... ,u¡) of â(E; m) such that for

each u E &(E; m) there is an z G (1,...,/} for which ||C(-, «(•))—

C(-, w,(-))ll < em/2- For each 1 < / < / let

g,- = {« G &(E; m): \\C(; »(•)) - C(-, M,-(-))| < em/2).

Let {E¡}\ he a finite cover of E for which the diameter of each E¡ is less that

a[E] + em. Let Ry = &(E¡, m) n g7 and note that for each t E [0, F] the sets

{u(t): u G Ry), 1 < z < k and 1 < j < /, form a finite cover for {u(t):

u E &(E; m)}.

Let 1 < i < k and 1 < / < / and u,vE Ry. Definep: [0, T] -» [0, oo) by

p(i) = \u(t) — v(t)\2. Thenp is continuous and for all but a finite number of

t E [0, T]p'_(t) exists with
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p'_(f) = 2<M'(/)-t/(/),K(0-t>(0>-

< 2<7(f, u(t)) + C(t, u(t)) - B(t, v(t)) - C(t, v(t)), u(t) - ü(0>-

+ £m|M(í)-t;(/)|

< 2<7(r, «(i)) - B(t, v(t)), u(t) - v(t))_ + 2em\u(t) - v(t)\

< 2^(t, \u(t) - v(t)\)\u(t) - v(t)\ + 2em\u(t) - v(t)\.

Also,p(0) < (a[7] + em)2 and thus by Lemma \,p(t) < 0j(f, a[E]) for all

t E [0, 7], where 0tm(t; a[E]) is the maximal solution to (1.2) with ß = em

and r = o[7]. Consequently, by Lemma 2,p(t)x/2 < r^(r; a[E]) and thus

sup{|«(0 - «(0|: M£^}< rjr; a[E])

for each t E [0, 7]. In addition, U ¡jRy = &(E; m) and therefore by the

definition of the measure of noncompactness

a[{u(t):uE&(E;m)}]<Ttm(t;a[E])

for all t G [0, 7]. By Lemma 1, lim^^ir, a[E]) = r(t; a[7]) uniformly

on [0, 7], and the assertion follows if (E5(i)) holds.

Suppose (E5(ii)) holds (i.e., the dual space X* of X is uniformly convex)

and let m be a positive integer. For each u E &(E; m) define Wu: [0, 7] -» X

by Wu(t) = j'0C(s, u(s)) ds. By (E4) we have the family {Wu: u E 62(7; m))

is equicontinuous and the set {W„(t): u G &(E; m) and t E [0, 7]} is totally

bounded. Let 8 > 0. By Ascoli's Theorem there exists a finite set {«,}', c

&(E; m) such that for each « G &(E; m) there exists 1 < / < / with || Wu —

Wu¡\\ < 8/2. For 1 < /< /let

Q^{uEa(E;m):\\Wu-WUi\\<8/2}.

Let {7,}* be a finite cover of 7 such that the diameter of each 7, is less than

a[E] + em. As before, let 7,-, = &(E¡; m) n Q} and let u, v E Ry for some

1 < i < k and 1 < / < /. Definep: [0, 7] -» [0, oo) by

p(t)=\u(t)-v(t)-Wu(t)+Wv(t)\2.

For all but a finite number of / G [0, 7], pL(t) exists with

p'.(t) = 2(u'(t) - v'(t) - C(t, u(t)) + C(t, v(t)),

u(t)-v(t)-Wu(t)+W0(t)>_

< 2<7(/, «(/)) - B(t, v(t)), u(t) - v(t) - Wu(t) + W0(t)}_

+ ^nJ?(i)~'2

Let e > 0. By the uniform continuity of the map (x,y) -» (x,y}_ on boun-

ded subsets of X X X (see Kato [3]) and by the uniform continuity of \¡/ on

compact subsets of [0, oo] X [0, oo) we may choose 8 > 0 such that
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/_(/) < 2{B(t, u(t)) - B(t, v(t)), u(t) - o(0>- +e/2 + 4£mp(t)x/2

< 2t(t, \u(t) - v(t)\)\u(t) - v(t)\ +e/2 + 4emP(t)x/2

< 2^{t,p(t)x/2)p(t)x/2+ 4£mp(z)1/2+ e.

By Lemmas 1 and 2 the maximal solution 94emt(t; a[E]) to the equation

9'(t) = 2t(t, t9(01/2)t9(0,/2+ 4eJ(t)x/2+ e,       6(0) = a[E] + em,

exists on [0, F] for sufficiently large m and small e. Therefore, we have

p(t)=\u(t)-v(t)-Wu(t)+Wc(t)\2<e4emie(t;a[E])

for all t E [0, T]. By Lemma 1, lim^o+t?^/; a[E]) = 9^(1; a[E])

uniformly on [0, F], where 94e^(- ; a[E]) is the maximal solution to (1.2) with

ß = 4em. Consequently, for any £ > 0 and 1 < i < k and 1 < / < /

sup{|«(0- Wu(t)-v(t)+ W0(t)\:u,vERy} <[94emt(t; a[E])]U2

for each / G [0, F] and thus

a[{u(t) - Wu(t): u G â(E; m)}] <[9^(t; a[F])]*/2

for each t E [0, T]. Noting that ( Wu(t): u G &(E; m) and / G [0, F]} is

totally bounded we have for each / G [0, F] that

a[{u(t): u E &(E; m)}] = a[{u(t) - Wu(t): u E &(E; m)}]

<[94eJt;a[E])]U2=r4Cm(t;a[E]).

By Lemma 1, limm_00T4e;n(i; a[E]) = t(í; a[E]) uniformly on [0, F], and the

assertions follow.

We say that tz is a solution to (IVP) on [0, b) provided zz: [0, b) -» D and zz

is continuous on [0, b) and satisfies (IVP) for each t E [0, b).

Theorem 2. Let (El) — (E5) hold. Then for each z G D there exists a

solution to (IVP). Furthermore, noncontinuable solutions to (IVP) exist on

[0, oo) and for each E c D

a[{u(t): u is a solution to (IVP), w(0) G E}] < r(r; a[E])

for all t G [0, oo). In addition, suppose for each z G D there is a unique

solution u(t; z) to (IVP). Then solutions depend continuously on initial values;

i.e., if {zn)f c D with lim„_>00z„ = z, then linv^zzO; z„) = u(t; z) uniformly

on compact subsets of [0, oo).

Proof. Let z E D and F > 0. By Proposition 2 there exists M > 1 such

that &(z, n, T, M) is nonvoid for each n. By Theorem 1 and since a[{z}] =

0, there exists a sequence of functions t„: [0, F]-» [0, oo) such that

lim,^^/) = t(í; 0) = 0 uniformly on [0, F] and
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a[{u(t):uE&(z,n,T,M)}] < r„(t)

for each / G [0, 7]. Select a sequence {w„},° with un E (£(z, n, 7, M) for each

n. Then lim^^a^i^r): k > n}] = 0 uniformly on [0, 7] and thus for each

t E [0, 7] the set {«„(0)" is totally bounded. Also, by (2) of Proposition 2

{«„}" is an equicontinuous family on [0, 7] and therefore by Ascoli's

Theorem there is a uniformly convergent subsequence of {wn}f°, which by

Proposition 2 converges to a solution of (IVP).

Suppose « is a noncontinuable solution to (IVP) defined on [0, c) with

c < oo. (Note that by the preceding paragraph we have local existence of

solutions and thus the noncontinuable solution u is defined on [0, c) rather

than [0, c].) Then

K0 - «Ml = f'B(r,u(r)) + e(r,u(r))dr <|i-s|M,

where M, - sup{|7(r, x) + C(t, x)\: (t, x) E [0, c] X 7»}. Therefore,

lim;_,c-«(/) «■ w exists and defining u(c) = w we extend u to [0, c], a contra-

diction to the noncontinuability of u.

If « is a solution to (IVP) then u is an en-approximate solution for all «.

Thus by Theorem 1 for 7 c 7»

a[{u(t): u is a solution to (IVP), «(0) G 7}] < r(t;a[E])

for all t E [0, oo).

Finally, suppose solutions to (IVP) are unique and let {;„}* c fl with

limn_>00z„ = z. Since a[{z„}J°] = 0 from Theorem 1 we have a[{u(t; zn):

n> 1}] = 0 for each / G [0, oo). Let c > 0. Then the family {«(• ; z„): « > 1}

is equicontinuous on [0, c] and so by Ascoli's Theorem {«(•; z„): « > 1} has

a subsequence {«(•; z„k): k > 1} uniformly convergent on [0, c]. Let v(t) =

limk^o0u(t; z„k). Then v is continuous on [0, c] and since {(r, v(r)): r E [0, c]}

is compact we have

v(t) = fon z^ +f¿B(r, u(r; zj) + C(r, u(r; zj) dr

= z + f'B(r, v(r)) + C(r, v(r)) dr
Jo

for each / G [0, c]. Since solutions to (IVP) are unique v(t) = u(t; z) for all

t E [0, c], and continuous dependence follows.

2. Applications to periodic solutions. Let U be the map from [0, oo) X D

into the class of subsets of D defined by

U(t, x) = (u(t): w is a solution to (IVP), w(0) - x).

Let o > 0 and suppose
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(E6) for each x E D, B(t, x) + C(t, x) is a-periodic in t.

Then the existence of a a-periodic solution to (IVP) is equivalent to the

existence of x G D for which x G U(o, x). The results of this section rest on

this well-known fact and the following fixed point theorem due to Sadovskii

[14].
A function/: E c X -* X is said to be condensing if/is continuous on E

and for each bounded subset £0 of E with a[E0] > 0 we have that a[f(E0)] <

a[E0]. Note that a completely continuous function is condensing.

Proposition 3 (Sadovskii [14]). Suppose E c X is nonempty, closed,

bounded, and convex and f: F-» E is condensing. Then {z G E: f(z) = z} is

nonempty and compact.

Let % C([0, oo); X) he the Banach space of bounded continuous functions

u: [0, oo)->X with ||zz|| = sup{|z<(/)|: t G [0, oo)}.

Theorem 3. In addition to (E1)-(E6) suppose solutions to (IVP) are unique.

Suppose further that for each r > 0 the maximal solution r(t; r) to (IVP)S

satisfies t(o; r) < r. Then the family of a-periodic solutions to (IVP) is

nonempty and compact in % C([0, oo); X).

Proof. Define U: [0, oo) X D -> D by U(t, x) = u(t; x) where zz(/; x) is

the unique solution to (IVP) with tz(0) = x. By Theorem 2, U(a,-): D -» D is

continuous and by Theorem 2 and the assumption on the maximal solution to

(IVP)S, U(a,-) is condensing. Thus by Proposition 3 the set (z G D: U(o, z)

= z) is nonempty and compact from which the assertions follow.

In general, the author does not know if Theorem 3 is valid if solutions to

(IVP) are not assumed to be unique. However, we are able to obtain results

when the interior of D is nonvoid. The approach involves approximating the

right-hand side of (IVP) and for this we consider the scalar equation:

(2.1) x'(') = H*> x(0) + ßx(t),    x(0) = o,

where ß > 0.

Theorem 4. In addition to (E1)-(E6) suppose D has nonempty interior.

Suppose further that for each r > 0 the maximal solution r(t; r) to (IVP)S

satisfies t(o; r) < r and for each ß > 0 the trivial solution is the maximal

solution to (2.1). Then the family of o-periodic solutions to (IVP) is nonempty

and compact in © C([0, oo); X).

Remark 2. If $(t, r) < 0 for all (t, r) E [0, oo) X [0, oo) or if i//(/, r) = p(t)r

where p: [0, oo)-»R is continuous, then the trivial solution is the maximal

solution to (2.1).

In the proof of Theorem 4 we use two lemmas. The first lemma may be
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proved by a construction similar to that used by Lasota-Yorke [8]. We omit

the proof.

Lemma 3. Let (El) and (E4) hold and define 7(C) = {C(t, x): (t, x) E

[0, o] X D). Then for each e > 0 there exists a continuous function Ce: [0, o] X

D -» X satisfying

(i) |Ce(f, x) - C(t, x)\ < efor all (t, x) E [0, o] X D;

(ii) Cc(t, x) G convex hull ofR(C)for all (t, x) E [0, ct] X 7»;

(iii) Ct is locally Lipschitz continuous.

Furthermore, if C is uniformly continuous on [0, a] X 7» then (iii) may be

replaced by

(iii)' Ce is Lipschitz continuous.

Lemma 4. In addition to the suppositions of Theorem 4, suppose {A^f is a

sequence of continuous functions defined on [0, a] X D such that limn^oaAn(t, x)

= B(t, x) + C(t, x) uniformly on [0, a] X D and for each n there exists a

continuous function u„: [0, o] -» D with un(0) = u„(o) and u'n(t) = A„(t, u„(t))

for all t E [0, a]. Thus {w„}S° has a subsequence uniformly convergent on [0, ct].

Proof of Lemma 4. Let M > 1 such that

sup{|fl(/,*) + C(t,x)\:(t,x) G[0, er] X7>} < M- 1.

Since limn_KAn(t, x) = B(t, x) + C(t, x) uniformly on [0, o] X D, we may

assume un E &(un(0), n, o, M) for each «. For each « define U„ from [0, ct] X

D into the class of subsets of D by U„(t, x) — (u(t): u E &(x, n, o, M)) and

Dn = {x E D: x E U„(o, x)). Then w„(0) G D„ for each n. Suppose for the

moment that lim„_>00a[T'„] = 0. Then a[{un(0))™] = 0 and thus, by Theorem

1,

lim a\[Uk(t,x):x E {"„(0)}~}1 = Ofor each t G[0, a].

Consequently, for each t E [0, a] we have a [{«„(O}"] = 0 an(* therefore the

assertion follows from Ascoli's Theorem.

It remains to be shown that limn_>00a[£>n] = 0. Since Dn+X c D„, a[Dn] is a

decreasing sequence of positive numbers and so lim„_00a[7n] = c. Suppose

for contradiction that c > 0. By assumption the maximal solution r(t; c) to

(IVP)S satisfies t(o; c) < c and thus r(o; a[D„]) < c for sufficiently large «.

Also, from Theorem 1 and Lemma 1 there exists a sequence of continuous

Tn(S a[D„]): [0, o] -> [0, oo) such that lim„_œT„(t; a[D„]) = r(t; c) uniformly

on [0, ct] and we have

a[D„] = a[{Un(o,x): x G />„}] < t„(ct; a[D„]) < c < a[D„]

for sufficiently large «. Since this is impossible we conclude that limn^œa[D„]
= 0.
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Proof of Theorem 4. Let 5„ -» 0 + and for each n approximate C:

[0, o] X D -» X with C„ satisfying properties (i), (ii), and (iii) or (iii)' of

Lemma 3 with e = 8n. Lety0 be an interior point of D and choose r > 0 such

that (x EX: \x — y0\ < r) c D. For each n define A„ = 38„/r and A„:

[0, a]X D by A„(t, x) = B„(t, x) + C„(t, x) where Bn(t, x) = B(t, x) +

\(y0 — x). Let zz be a positive integer and (/, x) G [0, o] x D. For each

h > 0 sufficiently small there exists (by (E2)) xh = xh(h, t, x,n)ED such

that |x - xh\ < r/3 and |x + h[B(t, x) + C(t, x)] - xh\ < hX„r/3. Thus

|x + hAn(t, x) - (1 - hXn)xh - hX„y0\

<|x + h(B(t,x) + C(t,x)) - xh\ + h\C„(t,x) - C(t,x)\ +hX„\x - x„\

< hX„r.

It follows that if z = x + hA„(t, x) then \(hX„)~ \z - xh) + xh - y0| < r and

thus (hX„)~\z — xh) + xh E D. By the convexity of D

z = (1 - h\)xh + h\,[(hK)-\* - xh) + xh]ED

and, consequently, lim^o+l* + hAn(t, x)> D\/h = 0- Also, since for x,y E

X and fl£R,(jt + ay,y}_ = <x,y>_ + a\y\, we have

<5„(t, x) - B„(t,y),x-y)_ = (B(t,x)-B(t, x),x-y)_- A„|x -y\

<yp(t,\x-y\)\x-y\.

By Theorem 2 there exists a solution zz: [0, oo) -» D to

(2.2) zz'(0 = Bn (t, u(t)) + C„ (t, u(t)),       u(0) = z,

for each z E D. Suppose z G D and zz, v are noncontinuable solutions to

(2.2) satisfying zz(0) = z = ü(0). Letp(í) = |zz(/) - ü(/)|2. Since C„ is locally

Lipschitz there exist ß > 0 and e > 0 such that for each t G [0, e]

pL(t) = 2<B„(t, u(t)) + Cn(t, u(t)) - B„(t, v(t))

-C„(t,v(t)),u(t)-v(t))_

< 2*(t, \u(t) - v(t)\)\u(t) - v(t)\ +ß\u(t) - v(t)\2.

Let q(t) = p(t)x/2. Since the trivial solution is the maximal solution to (2.1)

we have by Lemma 2 that q(t) = 0 and solutions to (2.2) are unique. By

Theorem 3 the suppositions of Lemma 4 hold and by that lemma there exists

a solution zz to (IVP) with tz(0) = zz(o). The assertions readily follow.

Theorems 3 and 4 may be applied to existence of critical values when

B + C is autonomous.

Theorem 5. Suppose (E1)-(E5) hold and either solutions to (IVP) are unique

or the interior of D is nonvoid. Suppose further that B(t, x) + C(t, x) = B(x)

+ C(x) for all (t, x) E [0, oo) X D and ^(t, r) = $(r) for all (t, r) E [0, oo)
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X R with maximal solutions to (IVP)S satisfying t(î; r) < r for all r > 0 and

t E [0, oo). Let 0 denote the zero ofX. Then Z = {z G D: B(z) + C(z) = 0}

is nonempty and compact.

Proof. By Theorems 3 and 4 for each positive integer « there exist x„ G 7»

and u„: [0, oo) -> 7» such that un is a solution to (IVP) with u„(0) = xn and

h„(0) = m„(«-1). Furthermore, since 7 + C is autonomous we may assume

that w„(0) = u„(in~x) for all / G (0, 1, 2,... } and in particular u„(0) =

u„(l). Suppose, for contradiction, that a[{-x,,}n > 0. Then by Theorem 1

«[{*.>n - *[M))?] < *p! «[ wn, < «[ wn
which is impossible. Thus ct[{.x„}n = 0 and there exist z E D and

subsequence [x„ }"_, of {x„}? such that limÄ_00x% = z. Since for each k

\(o) = «„(«*-') - «jo) +/*"*K(/-)) + c(«nt(o) <*■
•'O

it follows that /o'"'7(w„t(r)) + C(u„k(r)) dr = 9 and thus

h~ fk"B(z) + C(z) - B(Unt(r)) - C(Unk(r)) dr\B(z)+ C(z)\= lim
fc-»oo

= 0.

Therefore Z is nonempty. Suppose, for contradiction, that a[Z] > 0. Then by

Theorem 1

a[Z] < t(1; a[Z]) < a[Z]

which is impossible. Also, by the continuity of 7 + C we have Z is closed

and thus compact.

3. Applications. In this section we apply our results first to the situation

when X is finite dimensional and then to a system of integrodifferential

equations.

Suppose X is finite dimensional and A : [0, oo) X 7» -> X is continuous with

limA->o+l* + hA(t> x)l D\/h = 0 for each (r, x) E [0, oo) X D. Since

approximate solutions constructed in Proposition 2 are equicontinuous and

uniformly bounded, the existence of solutions to the initial value problem

(3.1) k'(0-"4('>"(0)>       u(0) = zED,

follows from Ascoli's Theorem. Thus if solutions to (3.1) are unique, the

translation operator U(t,x),is defined and continuous on [0, oo) X D and

U(o, • ) leaves D invariant. By the Brouwer Fixed Point Theorem U(a, • )

has a fixed point and thus there is a c-periodic solution to (3.1) when A is

CT-periodic in t. When solutions to (3.1) are not unique but 7» has nonempty

interior, then we employ the approximation techniques of Theorem 4 to

obtain existence of periodic solutions.
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Krasnoselskii [5] establishes these finite dimensional results for the special

case when D is defined by D = (x G R": 77, (x) < 0 for all 1 < i < k) where

{ir,}* is a (finite) family of continuously differentiable functions from R" into

R.

Suppose A is a closed cone in R" (i.e., A is closed and for each £, tj G A

and t, s > 0 we have ti- + sq E A). We apply our results to the system of

integrodifferential equations:

9zz(-
-37 e>s) = fi('> s> "i0>s)' • • • » w«('>s))

(3-2) r,
+ I   g,{t, s, r, ux(t, r),..., un(t, r)) dr

Jo

subject   to   the   condition   that   u¡(0, s) = z¡(s)   and   «(/, s) =

(zz,(í, s),..., u„(t, s)) G A.

Let X = G([0, 1]; R") be the Banach space of continuous functions x from

[0, 1] into R" with |x| = max{|x(f)|: 0 < / < 1}. Let

K(A) = [xEX:x(t) G A for all/G [0, 1]}.

Conditions on the functions /■» (/,,... ,fn) and g = (g„ ..., gn) for appli-

cation of our results to the system (3.2) are given in the following two

lemmas. Let < , >_ be defined as before on the Banach space R". Note that if

R" has the Euclidean norm then < , >_ = < , >, the usual inner product on R".

Lemma S.Letf: [0, oo) X [0, 1] X A -» R" be continuous and satisfy

(1) </(/, s, ¿,) - /(/, s, £2), £, - £2>_ < Ht, II, - fcDISi - &l M aU C ')
E [0, oo) X [0, 1] and $„ |2 G A;

(2) lim^o+|l + hf(t, s, I); Aj/A = Ofor all (t, s,Qe [0, oo) X [0, 1] X A.
Define B on [0, oo) X K(A) by [B(t, x)](s) = f(t, s, x(s))for all s E [0, 1].

Then B is a continuous function from [0, oo) X K(A) into X which is bounded

on bounded subsets of[0, oo) X K(A) and satisfies

(1)' (Bit, x,) - B(t, Xl), x, - x2>_ < W, |x, - x2|)|x, - x2| for all

(/, x,), (/, x2) G [0, oo) X K(A); lim^o+l* + hB(t, x); K(A)\/h = 0for all
(t, x) G [0, oo) X K(A).

Proof. The proof of the continuity and boundedness of B on [0, oo) X

K(A) is straightforward. Let x„ x2 G (B([0, 1]; R") and t0 G [0, 1] for which

l*i('o) - x2(t0)\ = |x, - x2|.   Define  <i»:   G([0, 1];   R") -> R  by  <p(y) =

OOo), xx(t0) - x2(t0))_. Then

(B(t, xx) - B(t, x2), x, - x2>_ < <b(B(t, x,) - B(t, x2))

= <f(t, xx(t0)) - f(t, x2(t0)), xx(t0) - x2(t0))_

< H1' \xi((o) - ^('o)l)ki('o) - *2('o)| = H<> \xi - *2|)|*i - ^21-

See Martin [12] for the proof of (2)'.
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Lemma 6. Let g: [0, oo) X [0, l]2 X A -» A be continuous and define C on

[0, oo) X 7(A) by

g(t, s, r, x(r)) dr
o

for all s E [0, 1], Then C is uniformly continuous on bounded subsets of

[0, oo) X .rv (A)  and completely   continuous from   [0, oo) X K(A)  into  X.

Furthermore,

lim \x + hC(t,x);K(A)\/h = 0

for all (t, x) G [0, oo) X K (A).

Proof. The uniform continuity and complete continuity of C is well-known

(see e.g., Krasnoselskii [4]). The remaining assertion follows from the obser-

vation that if x E K(A) then C(t, x) G K(A) and since K(A) is a cone in X

it follows that x + hC(t, x) E 7(A) for all « > 0.

For x,y E X let (x,y)+ = sup{<i>(x): 4> E X* with <b(y) = |.y|2 = |<i>|2}.

Proposition 4. In addition to the suppositions of Lemmas 5 and 6 suppose

there exist R > 0 such that for x E K(A) with \x\ = R we have (B(t, x) +

C(t, x), x}+ < 0 for all t E [0, oo). Let K(A)R = [x E 7(A): \x\ < R).

Then for each z = (z,)" G K(A)R there exists a solution u = («,)": [0, oo) -»

K(A)R to the system (3.2).

In addition, suppose for each r > 0 the maximal solution r(t; r) to (IVP)S

satisfies r(o; r) < r. If B + C is o-periodic in t and either solution to (3.2) is

unique of A has nonempty interior, then the family of o-periodic solutions to

(3.2) is nonempty and compact in ÍB 6([0, oo); X).

Proof. The assertions follow if

(3.3) lim \x + h[B(t, x) + C(t, x)]; K(A)R\/h = 0

for all (t, x) E [0, oo) X 7(A)*. Let (t, x) E [0, oo) X K(A)R. If |jc| < R

then (3.3) follows from Lemmas 5 and 6. Suppose \x\ — 7 and let e > 0. For

sufficiently small h > 0 by Lemma 5 there exists x„ G K(A) for which

\x + hB(t, x) - xh\ < he/2. Let yh = xh + hC(t, x) G K(A). If \yh\ < 7
then yh E K(A)R and we are done. Suppose |j>A| > 7. By the Hahn-Banach

Theorem there exist for each h > 0, <í>A G X* such that

and

*h(x + h[B(t, x) + C(t, x)]) -|* + h[B(t, x) + C(t, x)]\.

Thus, there exist hn > 0 with Yim^Ji,, = 0 and £ G X* such that lim,,.,,^

= <p in the weak star topology. Since (B(t, x) + C(t, x), x)+ < 0 we have



298 J. H. LIGHTBOURNE III

<t>(B(t, x) + C(t, x)) < 0 and

|x + h„(B(t, x) + C(t, x))\ = <bK{x + h„(B(t, x) + C(t, x)))

= \(x) + K\(B(t>x) + C(t,x))

< \(X) + V/- <H + V = R + Kt
for n sufficiently large. Consequently,

\yK\ <|x + h„(B(t, x) + C(t, x))\ +\yK~x- h„(B(t, x) + C(t, x))\

< R + h„t/2

and

|x + A„(5(/,x) + C(^x));/i:(A)fl|

<|x + hn(B(t, x) + C(t, x)) - yh\ + \yK - (*/KlK|

<h„e.

Also,  since  K(A)R   is  convex  the  map  A-» |x + h(B(t, x) + C(t, x));

K(A)k\/h is decreasing as h -» 0 + and (3.3) follows for |x| = R.

Our final theorem illustrates application of the results.

Proposition 5. Let z G C([0, 1]; R) such that z(s) > 0 for all s E [0, 1].

Suppose g: [0, oo) X [0, 1] X [0, 1] X [0, oo) ̂  R is continuous with g(t, s, r, Q

> 0 for all (t, s, r, £) and lim^^l g(t, s, r, £)]/£3 = 0 uniformly on compact

subsets of [0, oo) X [0, 1] X [0, 1]. Then there exist R > 0 and a continuous

function u: [0, oo) X [0, 1] -> R such that 0 < u(t, s) < R and

(3.4) fí ('>*)= -[u(t,s)]3 + fg(t,s,r,u(t,r))dr

for all (t, s) G [0, oo) X [0, 1] with u(0, • ) = z(-). If, in addition, g is a-peri-

odic in t then there exists a a-periodic solution to (3.4).

Remark 3. Under the suppositions of Proposition 5, Theorem 5 applies to

the equation [z(s)f = fx0g(s, r, z(r)) dr, 0 < z(s) < R.
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