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ABSTRACT. For X a nondegenerate Peano continuum, let 2¥ be the hyper-
space of all nonempty closed subsets of X, topologized with the Hausdorff
metric. It is known that 2¥ is homeomorphic to the Hilbert cube. A
nonempty closed subspace § of 2% is called a growth hyperspace provided it
satisfies the following condition: if 4 € §, and B € 2¥ such that B> 4
and each component of B meets A, then also B € §. The class of growth
hyperspaces includes many previously considered subspaces of 2%, It is
shown that if X contains no free arcs, and § is a nontrivial growth
hyperspace, then 8 \ {X} is a Hilbert cube manifold. A corollary charac-
terizes those growth hyperspaces which are homeomorphic to the Hilbert
cube. Analogous results are obtained for growth hyperspaces with respect to
the hyperspace cc(X) of closed convex subsets of a convex n-cell X.

1. Introduction. Wojdyslawski [17] showed that for every Peano continuum
X, the hyperspace 2¥ of nonempty closed subsets of X, topologized by the
Hausdorff metric, is an absolute retract (AR) for the class of metrizable
spaces. Kelley [10] gave another proof of this result which applies as well to
any nonempty closed subspace § of 2 satisfying the following condition: if
A € § and B € 2¥ such that B O 4 and each component of B meets 4, then
B € §. We call such a subspace § a growth hyperspace of X. Note that
always X € §. Kelley’s proof shows that every growth hyperspace of a Peano
continuum is an AR.

More recently, it has been shown [6], [7], [12], [13] that the hyperspace 2¥ of
every nondegenerate Peano continuum X is homeomorphic to the Hilbert
cube Q. This result has also been obtained (with additional hypotheses, in
some cases) for certain other growth hyperspaces of X. In particular, if 4 is a
proper closed subset of X, the hyperspaces 2% = {F € 2X|F 5 4} and
2%(4) = (F € 2X|F n A # @) are both homeomorphic to Q [8]. And if X
contains no free arcs (i.e, admits no open imbedding of the line), the
hyperspace C(X) of nonempty subcontinua of X, as well as the hyperspaces
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C,(X) = C(X)n 2% and C(X; 4) = C(X) N 2¥(4), are homeomorphic to
0.
Our main objective in this paper is the appropriate extension of these
results to the general class of growth hyperspaces of a Peano continuum. Of
course not every nontrivial growth hyperspace is homeomorphic to Q
(although Edwards’ characterization of AR’s as Q-factors [4] shows that every
growth hyperspace is a Q-factor). For example, § = 2{=}4 U 2[5} is the
union of two Hilbert cubes intersecting in a point. Other examples and a
more general result appear in §5. The extension takes the following form:
under some rather general conditions, the subspace § \{X} of every
nontrivial growth hyperspace § is a [0, 1)-stable Q-manifold. As a corollary,
we obtain a useful characterization of those growth hyperspaces which are
homeomorphic to Q. The above result also has a converse: for every [0, 1)-
stable Q-manifold M and nondegenerate Peano continuum X, there is a
growth hyperspace § of X such that § \ {X} is homeomorphic to M.

For a given Peano continuum X, the class of all growth hyperspaces of X,
when partially ordered by set inclusion, forms a complete lattice, with lower
bound {X} and upper bound 2¥. For any subcollection {§,} of growth
hyperspaces, we have inf{8,} = N{8,} and sup{G,} =cl U {$,}. Thus
every closed subspace @ of 2¥ generates a growth hyperspace 8 = inf{§|§
D @}, and in fact 4= {F €2*| for some 4 € @, FO A and each
component of F meets 4}.

A growth hyperspace § which satisfies the following stronger condition is
called an inclusion hyperspace: if A € § and B € 2X such that B D A, then
B € §. Thus 2% and 2 (4) are inclusion hyperspaces. The class of inclusion
hyperspaces is a complete sublattice of the lattice of growth hyperspaces.

Finally, we consider the analogue of growth hyperspaces in the setting of
the hyperspace cc(X) of nonempty closed convex subsets of a convex n-cell
X.

2. Convex metrics. Every Peano continuum X admits a convex metric [1];
i.e., a metric d such that for each pair of distinct points x and y, there exists
an arc a in X between x and y which is isometric to the closed interval
[0, d(x,y)]. Such a metric d (which we may assume to be bounded by 1)
defines a natural contraction 7 of the hyperspace 2¥ to the element {X}:
simply set 9(F, ) = {x € X|d(x, F) < t}. Note that n(q(F, 1)), t) = 2(F, t,
+ t).

There are two fundamental properties of a growth hyperspace § in relation
to the map 7:

(MW@ xI)c§;

(2) the function 2X — I, defined by F — ¢, where ¢, is the smallest value of
t for which n(F, 1) € 8, is continuous. Consequently, for each pair of growth
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hyperspaces § and IC such that § c I, there is a natural strong
deformation retraction 7(8; IC): I — G, defined by H — n(H, ty), and for
growth hyperspaces ¥ c § c I, we have 7(%F; §)m(8; I) = 9(F; ). In
particular, the existence of the retraction 1(8; 2¥): 2X - 8 gives another
proof that every growth hyperspace is an AR. Note that each retraction
1(8; IC) has contractible point-inverses.

In what follows, X will always denote a Peano continuum.

3. Growth hyperspaces of Peano continua with no free arcs. For 4 € 2%,
define G,(X) = {F € 2*|F D A and each component of F meets 4}. Thus
G,(X) is the smallest growth hyperspace of X containing 4. The finite union
U/=1G,(X) of such is the smallest growth hyperspace containing
{A4,,...,4,}, and will be useful in the proof of our main result.

The proofs in [7] that 2¥ ~ Q and, for X containing no free arcs, that
C(X)~ Q, are based on the construction of inverse sequences of hyper-
spaces of local dendra imbedded in X. These local dendra are constructed as
1-dimensional nerves of partitions of X, and if X contains no free arcs neither
do the local dendra (i.e., the set of branch points is dense). In the following
proofs we again consider such local dendra and certain of their growth
hyperspaces. The local dendra themselves are most easily viewed as inverse
limits of graphs. Thus, let D = inv lim(T}, r;), where each I, c D is a
compact connected graph and each bonding map r;: T;,,»T; is a PL
retraction with contractible point-inverses. Thus the projection map r: D —

T, is a deformation retraction. We refer to I'; as the base of the local dendron
D.

LemMA 3.1. Let Ay, ..., A, be closed subsets of D such that each A; =
r=1(r(4,)) and U"_,A; # D. Then if the set of branch points of D is dense, the
growth hyperspace U;.,G, (D) is homeomorphic to Q.

PrOOF. Let § = {F € U}.,G,(D)|F Cc U{4]|F € G,(D)} uT,}. We
show that & is a Z-set in U].,G,(D), and that U7.,G,(D)\ ¥ is a
Q-manifold. The lemma then follows from a result of Torunczyk [14]: if Y is
a Q-factor, ACY is a Z-set, and Y\ A4 is a Q-manifold, then Y is
homeomorphic to Q.

For each & > 0 we must find a map f: U}_,G,(D)—> U}.,G,(D)\F
such that p(f, id) < e. Here p is the Hausdorff hyperspace metric induced by
a convex metric d on D. Using the fact that D has a dense set of branch
points, we may choose 0 < & < ¢/2 such that, for any subinterval J of the
base T, with length e/4, p(J, r~!(J)) > 8. Now define maps f; and f, of
U7-1G,4 (D) into itself as follows: fi(B)=BU {x €T,|d(x,BNT)) <
¢/2} and f,(B) = {x € D|d(x, B) < §}. Then p(f,f;,id) < ¢/2+ 8 <,
and we claim that f = f, f, maps off of ¥. Consider B € U}.,G, (D), and

im]
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suppose first that f,(B) N T', (which is simply the closed &/2-neighborhood of
B N T, inT)) is not contained in U7.,r(4;). Then clearly f,(f,(B)) € %. On
the other hand, if fi(B) N T, C U7.,r(4,), then since U7.,r(4,)# T, and
T, is connected, f,(B) N T, must contain a subinterval J of I'; with length ¢ /4
such that J N B = @. Then by the choice of 8, we again have f,(f,(B)) & 9.
Thus ¥ is a Z-setin U}.,G, (D).

Now consider an element B of U}.,G,(D)\ ¥. Let x € B\ T, such that
x & U{4,|B € G, (D)}, and let x, = r(x). Then B, and every element of
U7-1G, (D) sufficiently close to B, must contain x,. Let Dy = (D \ r~(xp)
U {xo). Clearly, both D, and r~'(x,) are compact connected local dendra
whose sets of branch points are dense. Thus the growth hyperspace G, =
U{G,(Dy)|B € G,(D)} n 22;’ is a Q-factor, and the hyperspace of subcon-
tinua CxO(r"(xo)) is homeomorphic to Q [13]. Hence the product G, X
C.(r~'(xg) is homeomorphic to @, and clearly this product is
homeomorphic to a neighborhood of the element B in U.,G, (D). There-
fore Uj.,G,(D)\ & is a Q-manifold.

LEMMA 3.2. Let X be a Peano continuum with no free arcs, and A\, . . . , A,
nonempty closed subsets of X such that U?_,A; # X. Then for each ¢ > 0 there
exist elements B, € G, (X), ..., B, € G, (X) with B, Cn(4},¢€),..., B, C
n(A4,, €), such that U].,Gp(X) is homeomorphic to Q.

ProoF. We use the construction of partition refinements, nerves, and local
dendra detailed in [7] for the proof that the hyperspace of subcontinua C(X)
is homeomorphic to Q. This construction yielded a sequence {G;} of
partitions of X, with each G, , refining G; and mesh G; — 0, a corresponding
sequence {T;} of compact connected graphs in X, with each I'; a nerve of G,
and a sequence {D,} of compact connected local dendra in X, with each D;
based on T;; (see the discussion preceding Lemma 3.1) and having a dense set
of branch points. For each partition element g € G, we have D, N Bd g =T
NBd g and D, N g = p,'(T; N &), where p;: D, T, is the projection map.
Furthermore, there exists a sequence of C-monotone piecewise-linear maps
¢: T,,;— C(T), inducing in turn sequences of near-homeomorphisms f;:
2015 2Pand g, = flcp, )t C(Dis1) = C (D)), such that

C(X)~invlim(C(D;), g)~ Q
(using the inverse sequence Approximation Lemma 2.1 of [6]).

Foreachi < n,let Gi(4,) = {g €EG||gn 4, #Q}and 4;, = U{g|g E
G\(4)}. Then 4, C int 4;,, 4;, € G,(X), and if mesh G, is small enough,
Ay Cn(4;,¢e) and U4, # X. It follows from Lemma 3.1 that
) 7—|GA,._.nD.(Dl) ~ Q.

The construction in [7] of the partition refinement G,, nerve T',, and
C-monotone map ¢,: I, > C(T,) is such that, for arbitrary § > 0, we may
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assume that for each g € G,, ¢,(g N T, Cc U{g'|g € G, and g N Ny(g")
# ). Now set G,(4) = {g € G)lg C &' € Gy(4) and (Z N T) C 4;,),
and 4;, = U {g|g € Gy(4,)}. It follows that if mesh G, is small enough,
A; Cint 4,5 and 4;, € G, (X). Again by Lemma 3.1, U{.,G,,,~p(D) =~ Q.

We claim that the map f,: 22 — 2P, induced essentially by the map ¢,
restricts to a surjection fi: UJ_,Gy,np (D) = Uio1Gy np, (D)) with
contractible point-inverses. First note that, because ¢, is C-monotone, and
due to the choice of G,(4,), we have f|(4,, N D)) = 4;; N D, foreachi < n.
Thus fi(U{21G4,np,(D2) C Ui=1Gy,np (D). The argument that each
point-inverse of the restriction of f, is nonempty and contractible follows
from the argument given for Theorem 3.5 of [6]. Thus, for arbitrary K €
Gy,np (D)), i < n, set K’ = {x € D,|f,({x}) C K}. Then f(K') = K, and
K’ € G4, p(D,). Moreover, the “expansion homotopy” which contracts the
point-inverse f;"'(K) C 2Pz of f;: 2P2 - 2P to the element K’ restricts to a
contraction of f"'(K) N G, ,~p(Dy) to K', since G, p (D)) is a growth
hyperspace.

By a theorem of Chapman [4], every surjection between copies of Q which
has contractible point-inverses is a near-homeomorphism. Thus the above
restriction of f, is a near-homeomorphism.

Continuing in this fashion, we inductively set G, (4,) = {g € G,,4lg C
g € Gi(4)) and ¢, (g N Tyy)) C A4}, and Ay = U{3|g € G i(4)),
for each i < nand k > 1. If mesh G, is small enough, 4,, ,, € G, (X). As
before, the restricted map f: UL Gy, np,, (Dks1) = Uia1Gy,np, (D) is
a near-homeomorphism. Then taking B; = N ;. ,4;, for each i, we obtain

U G, (X)~1nv11m( U GA,knD,‘(Dk) fk) 0.
i=1 i=1

A Q-manifold M is [0, 1)-stable if M ~ M X [0, 1). Chapman [2] showed
that [0, 1)-stable Q-manifolds are topologically classified by homotopy type.
Wong [18] showed that M is [0, 1)-stable if and only if M is properly
contractible to infinity (i.e., for every compact subset K C M, there exists a
proper homotopy { f,}: M — M with f, = id and f,(M) c M \ K).

THEOREM 3.1. If § is a nontrivial growth hyperspace of a Peano continuum X
with no free arcs, then § \ {X} is a [0, 1)-stable Q-manifold.

PROOF. Let 4 € § \ {X}, and let {4,} be a sequence in § which is dense
in a neighborhood of 4 in §, and such that U °4; # X. By Lemma 3.2 there
exists, for each j > 1 and 0 < ¢ < 27/, elements B, .. » B/ of § such that
each B/ € G, (X), B/ c n(4,, e), and U{_IGB,(X) ~ Q We may assume
also that each B/ is a nelghborhood of 4; (sxmply replace each 4; by a
sufficiently small neighborhood 7(4;, §) before applying Lemma 3.2). Thus
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the sequence of positive constants {¢} may be inductively chosen so that
B/*' c B/ for each i < j, with N;2,;B/ = 4, for each i. Note that
Jj+1 Jj+1
U Gy(X)c U Gym(X)c UG, (X)c$

i=] i=] i=1

for each j, and

11m U Gy (X) =l U U Gyg(X) Dl U G, (X)
i=1 j=1 i=1l
is a neighborhood of 4 in § (the limit operation indicated by lim,_,,, takes
place in the space 2° of closed subspaces of §).
Now consider the inverse sequence

S b7
G (X) <G (X) U Gg(X) & ...,
where each bonding map f: U7X ,'GBM(X ) = U7.,Gp(X) is defined by

Jj+1
= ( U Gy (X); U GBN(X))

as in §2. Each f has contractible point-inverses, and is therefore a near-
homeomorphism. By the Approximation Lemma of [6], lim,_,, U{_,GB{(X )
~ inv im(U7/.,Gg/(X), f) ~ Q. Thus the element 4 has a Q-neighborhood
in §,and § \ {X} is a Q-manifold.

It remains to show that § \ {X} is properly contractible to infinity. Let K
be a compact subspace of § \ {X}, and choose ¢ > 0 such that p(K, X) > ¢
for each K € K. Let ¥ be the growth hyperspace {F € §|o(F, X) < &}.
Then the deformation {7,} associated with the retraction 9(%; §): § - &
restricts to the desired proper homotopy of § \ {X}. Specifically, define
n,(F) = n(F, ts), where s is the smallest value of s for which n(F,s) € ¥
Each 4, maps 8 \ {X} into itself, no=1id, ,( \{(XDN K =2, and
obviously {n,} is proper. Thus 8 \ {X} is a [0, 1)-stable Q-manifold.

4. Inclusion hyperspaces. We first obtain an analogue of Lemma 3.2.

LeEMMA 4.1. Let A,, . . ., A, be nonempty closed subsets of a Peano continuum
X such that U7., A,~ #= X. Then for each ¢ >0 there exist closed sets
B, =7(4,,8)), ... (A,,, 8,), with 0 < §; < ¢ for each i, such that the
inclusion hyperspace U fm12 is homeomorphic to Q.

PrOOF. We may assume that A;\ A; #* @, and that in fact 4;\ (4, ¢) #
@, for each i # j. Also assume that n(U /. 4,, €) # X. Since X is connected,
the proper closed subset U7, 4; has a boundary; reindexing the 4;, we may
suppose that 4, N bd(U7.,4,) # @. Then take B, = n(4,, €). Note that
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int B, \ U7Z!4; # @. By the same argument we may suppose that 4,_; N
bd(U,_lA)aﬁ Q Then take B,_, = 1(4,_,, 8), where 0 < § < ¢ is small
enough that int B, \ (U"Z] 4; U B,, ) # @. Note that int B, _,\ U"Z24;

@. Continuing in this fashlon we obtain closed sets By, ..., B, such that
Uj-B; # X, int B;\ U}Z]B, # @ for each i, and int B, \B #Qforz <J.
The proof of Lemma 5.5 of [8] then shows immediately that U n_2r 3~ Q-

THEOREM 4.1. If § is a nontrivial inclusion hyperspace of a Peano continuum
X, then § \ {X} is a [0, 1)-stable Q-manifold.

Proor. One uses the same type of inverse sequence construction as in the
proof of Theorem 3.1, with Lemma 4.1 taking the place of Lemma 3.2.

5. Applications and examples.

COROLLARY 5.1. Let § be a nontrivial growth hyperspace of a Peano
continuum X, such that either X contains no free arcs or 9 is an inclusion
hyperspace. Then the following statements are equivalent:

NS ~0;

(2) 8 \ {X} is contractible;

B){X}isaZ-setin§.

Proor. Obviously (1) = (2), (3). By Chapman’s classification theorem [2],
every contractible [0, 1)-stable Q-manifold is homeomorphic to Q X [0, 1).
Thus (2) = § ~ Cone Q ~ Q. The result of Torunczyk used in the proof of
Lemma 3.1 (or an earlier version due to West [16]) shows that (3) = (1).

It was shown in [8] that for 4,,..., 4, € 2%, the inclusion hyperspace
2%X(4,,...,4,) = {F € 2*|F N 4; # @ for each i} is homeomorphic to Q,
and that the growth hyperspace C(X; 4, ...,4,) = CX) N
2¥(4,, ..., A,) is homeomorphic to Q if X contains no free arcs. Alterna-
tively, these results may be deduced from Corollary 5.1. Let y € X \
U7-1bd 4;. Given & >0, choose 0 < § < ¢ such that n(y, 8§) does not
intersect U] bd 4;. By Lemma 5.4 of [8], there exists a map f: 2¥ —2X\
2% .5/ such that p(f, id) < 8/2, f(B)\n(»,8/2) = B\ q(y, 8/2) for each
B € 2%, and if X contains no free arcs, f maps C(X) into itself. It follows that
fmaps2¥(4,, ..., A,) into 2X(A,, ...,4,)\ {X}, and if X contains no free
arcs, f maps C(X A,...,A,)into C(X Ay ..., A4)\{X}.

The result (previously unpublished) that U ,_,2}'[ is homeomorphic to Q if
U7-14; # X also follows from the Corollary 5.1. Let N be any closed subset
of X \ U7. 4, with nonempty interior; then again by Lemma 5.4 of [8], there
exists for each e >0 a map f: 2¥ - 2%¥\2X such that p(f,id) < ¢ and
f(B)\N = B\ N for each B € 2¥. Thus f maps UJ.,2} into U,_,fo/\
{X}. If furthermore X contains no free arcs, then f maps U7.,C, (X) into

U7a1Cy (X)\{X}, and thus UJ.,C,(X) is homeomorphic to Q. In this
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case the same argument shows also that both UJ.,G, (X) and N{.,G,(X)
are homeomorphic to Q.

We can place these results in a more general setting by considering
Qy-decompositions. Let Q, = Q \ point =~ Q X [0, 1). A Q,-decomposition of
a separable locally compact metric space Y is a star-finite, locally finite closed
cover {B;} of Y such that each nonempty intersection B, N -+ N B,
n > 1, is homeomorphic to Q. The nerve K of { B;} is the abstract complex
whose vertices are the elements of {8} and whose simplices are those
subcollections of { 8;} with a nonempty intersection.

LemMA 5.1 [S]. Let { B} be a Qy-decomposition of Y with nerve K. Then
Y X Q~|K| X Qp

COROLLARY 5.2. Let X be a Peano continuum, with proper closed subsets
Ay, ..., A, and let K be the abstract complex whose vertices are the sets A;
and whose simplices are those subcollections of {A;} whose union is a proper
subset of X. Then U"_.2X is homeomorphic to the cone over |K| X Q. If
furthermore X contains no free arcs, then both U[.,C4(X) and U;j.,G,(X)
are homeomorphic to the cone over |K| X Q.

ProoF. The collection {2} \ {X}} is a finite Qy-decomposition of U7
\ {X}, with nerve K. Then since U7_,2} \ {X} is a Q-manifold, U7.,2}
(X}~ (UI_ 25 \{X}) X O~ |K| X Qp. Thus U7.;2% is homeomorphlc
to the one-point compactification of |K| X Q@ X [0, 1), ie, Uli2f~
Cone(|K| X Q). Similarly for U7.,C,(X) and U}.,G,(X); in the latter
case we use the result established above that ﬂ,_,GA (0.4 ) ~ Q@ if (and only
if) Uk 4, # X.

Note that the cone over |K| X Q is homeomorphic to Q if and only if |K]|
is contractible. This includes, but is not limited to, the situation where
U l-lA 5‘(" X .

1=l

COROLLARY 5.3. Let § be a growth hyperspace of a Peano continuum X, such
that either X contains no free arcs or § is an inclusion hyperspace. If for each
€ > 0 there exists an e-net {A,, . .., A,} in § whose complex K (in the sense of
Corollary 5.2) is contractible, then § is homeomorphic to Q.

PROOF. Given ¢ > 0, let {4, ..., A,} be an ¢/2-net in § with contractible
complex K. The retraction n = n(U,_,GA‘(X), 8): 8§ 5 UL,G,(X) is
within &/2 of the identity map. Now suppose X contains no free arcs. Then
U/.1G,,(X) is homeomorphic to Q, the element {X} is a Z-set in

U7-1G, (X), and there exists a map f: UG, (X) = Ul.,G, (X)\ (X}
such that p(f, id) < &/2. The composition fn: § — & \ {X} satisfies p(fy, id)
< g, thus {X}isa Z-set in §, and § is homeomorphic to Q. The analogous
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argument in the case that § is an inclusion hyperspace uses the retraction
(U125 8)

We also use the Qj,-decomposition lemma to obtain a converse for
Theorems 3.1 and 4.1.

THEOREM 5.1. For every [0, 1)-stable Q-manifold M and nondegenerate
Peano continuum X, there exists an inclusion hyperspace 8 of X such that
S\{X}~ M.

Proor. By Chapman’s triangulation theorem [3], there exists a countable
locally finite simplicial complex K such that |K| X Oy~ M. Let {¢;} be an
enumeration of the simplices of K. Choose a sequence {U;} of disjoint
nonempty open sets in X such that lim,._ml_J; = {p} for some p € X. For
each vertex v of K, define U, = U {U|v € ¢;}. Then take § = U {2}, |va
vertex of K'}. The cover {2}, \ {X}} of § \ {X} is a Qy-decomposition with
nerve K. Thus § \ {X} =~ (8 \ {X}) X Q= |K| X Qy~ M.

6. Convex growth hyperspaces. Let X be a convex n-cell, and cc(X) the
hyperspace of nonempty closed convex subsets. It is known [11] that cc(X) is
homeomorphic to Q for n > 1. A nonempty closed subspace § of cc(X) is a
convex growth hyperspace provided it satisfies the following condition: if
A € 6 and B € cc(X) such that B D A, then B € §.

Let d be the Euclidean metric on a convex n-cell X C R". Then the
contraction 7 of cc(X) to the point {X} is defined as in §2, and for convex
growth hyperspaces § c IC, we also have the strong deformation retraction
7(8; IC) of I to §. Thus every convex growth hyperspace is a retract of
cc(X), and is therefore an AR and a Q-factor.

THEOREM 6.1. If § is a nontrivial convex growth hyperspace of a convex
n-cell X, n > 1, then § \ {X} is a [0, 1)-stable Q-manifold.

For the proof of Theorem 6.1 we consider the convex growth hyperspaces
cc, (X) = {B € cc(X)|B D A}, where 4 € 2%. We could of course replace 4
by its convex hull conv 4. If conv A4 # X and n > 1, it is also known [11]
that cc,(X) is homeomorphic to Q. We first obtain the convex analogue of
Lemma 4.1.

LEMMA 6.1. Let Ay, . . . , A, be closed subsets of the convex n-cell X, n > 1,
such that conv (U.,4) # X. Then U cc, (X) ~ Q.

i=1
The proof of Lemma 6.1 requires the following technical lemmas.

LEMMA 6.2. Let A € cc(X) and p € bd X \ A. Then for every ¢ > 0 there
exists a hyperplane H strictly separating A and p and such that p(X, X N H™)
< & where H* is the closed half-space of R" containing A.
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PrOOF. Let B Cint X be a compact set such that p(X, B) < e. Then
conv(4 U B) and p are disjoint, and there exists a hyperplane H strictly
separating them (Theorem 2.10 of [15]). Clearly, p(X, X N H™*) < p(X, B)
<e

LEMMA 6.3. Let A be a closed subset of the convex n-cell X, n > 1, such that
ANbdX +# D andconvA #* X. Then A N cl(bd X \ conv 4) # Q.

PrOOF. Since X is the closed convex hull of the set of its exposed points [15,
Theorem 11.6], there exists an exposed point ¢ of X which is not in conv 4.
Let H be a supporting hyperplane for X through ¢ such that H N X = ¢, and
let H' be the translate of H supporting 4 N bd X. Then H’ must also support
convAd NbdX, and we have @=H nNnAnbdX cA4nclbd X\
conv A4).

PROOF OF LEMMA 6.1. Suppose first that U%_,4, CintX. Let = (B €
U,-,ccA (X)|int B z A; for each i}. We claim that % is a Z-set in

Uk jcc 4,(X) and U%_cc 4 (X)\Fisa Q-mamfold The e-expansion defined
by B — n(B, ¢) gives a mapf U,_,ccA X)-» U,_,ccA (X)\ & with p(f, id)
< &. And for any B € U}_ cc, (X)\ ¥, we have A; C int B for some j, thus
ccy (X) is a Q-neighborhood of B in U,-,ccA (X ). Then the theorem of
Torunczyk previously cited implies that in this case the Q-factor U¥_cc 4,(X)
is homeomorphic to Q.

Now suppose that U¥_,4; N bd X # @. The proof is by induction on k.
By Lemma 6.3 we have UX_ 4, n cl(bdX \conv(U*_,4,)) # @, and we
may assume that 4, N cl(bd X \ conv(U%.,4,)) # @. Let Bk be a sufficiently
small closed neighborhood of Ak in X, so that conv(U%Z4; U B,) # X. We
claim that the hyperspace U,_, cc 4 (X) U ccp (X) is homeomorphic to Q.
By the induction hypothesis U Zi'cc, (X), ccp (X), and their intersection
Uklec 4,08, (X) are each homeomorphlc to Q. If we can show that
UfZlec, 5 (X) is a Z-set in U 'ce 4,(X), the claimed result follows from
Handel’s Sum Theorem for Hilbert cubes [9]

There exists p € (B, N bd X) \ conv(U%.,4,). By Lemma 6 2 there exists,
for every e > 0, a hyperplane H strictly separating conv(U ¥Z'4,) and p, such
that the nearest-point map 7: X - X N H* satisfies d(r, id) < ¢, where H*
is the closed half-space of R" containing conv(U%Z/4,). Then the map f:
U,_,ccA X)- U,=,cc,, (X) \ ccg (X), defined by f(D) = conv 7(D),
satisfies p( f,id) < e. Thus U%Z e 4, (X ) Uccg (X ) is homeomorphic to Q.

We may now routinely obtain the hyperspace Uk cc 4, (X) as the limit of a
monotone inverse sequence of hyperspaces of the above form UkZlec 4,(X)
U ccg, (X), by considering successively smaller neighborhoods B, of 4,, and
using as bonding maps the retractions derived from the expansion map 7.
This construction is the same as that given in the proof of Theorem 3.1. Thus
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by the inverse sequence approximation lemma, U¥_,cc 4,(X) s
homeomorphic to Q.

ProOF OF THEOREM 6.1. Let 4 € § \ {X}. There exists a closed neigh-
borhood 9 of 4 in § such that for each subset {4,,...,4;} C N,
conv(U¥X_,4;) # X. Let {4,} be a dense sequence in 9, and consider the
inverse sequence

b’
cey(X) Lec, (X) Uy (X) & - -,

where each f; is the 7 retraction. By Lemma 6.1 each coordinate space is
homeomorphic to Q. The limit space is the closed neighborhood {F €
cc(X)|F D B for some B € 9} of 4 in §, and the approximation lemma
applies, showing that this neighborhood is homeomorphic to Q. The argu-
ment that § \ {X} is properly contractible to infinity is the same as in the
proof of Theorem 3.1.

COROLLARY 6.1. Let § be a nontrivial convex growth hyperspace of a convex
n-cell X, n > 1. Then the following statements are equivalent:

M8~ Q;

(2) 8 \ {X} is contractible;

B){X}isa Z-setin§.

COROLLARY 6.2. Let A,, ..., A, be closed subsets of the convex n-cell X,
n > 1, with each conv A; # X, and let K be the abstract complex whose vertices
are the sets A; and whose simplices are those subcollections {A;} for which
conv(U 4;) # X. Then Uk icc,, (X) is homeomorphic to the cone over |K| X
0.

COROLLARY 6.3. Let A be a nonempty closed subset of the convex n-cell X,
n > 1. Then the convex growth hyperspace cc(X; A) = {F € cc(X)|F N A #
@} is homeomorphic to Q, unless A is precisely the vertex set {v, ..., v} of a
polyhedral X, in which case cc(X; A) is homeomorphic to the cone over
Sk=2 x Q.

Proor. The complex K(x;, ..., Xx;) associated with a collection
{xi ..., x} of points in X, as in Corollary 6.2, is obviously contractible if
conv{xy, ..., X} # X. On the other hand, if the convex hull of some proper
subcollection of {x,,...,x.} is X, this subcollection must include all the
vertices of X; there exists some x; which is not a vertex; the complex
K(x;,...,x) is star-shaped from x;, and therefore contractible. Thus
K(x,, ..., x) is contractible unless {x,, ..., x,} is a minimal spanning set
for X, i.e., the vertex set of X, in which case K(x,, ..., x;) is a combinatorial
(k — 2)-sphere.

If A is not the vertex set of X, there exists a dense sequence {x;} in 4 such
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that for each k, {x,, ..., x} is not the vertex set of X. Then by the above
argument and Corollary 6.2, the hyperspace U%_ 16¢,, (X) is homeomorphic
to Q for each k. Since lim,_, , U f=1°°x,. (X) = cc(X; A), consideration of the

inverse sequence

f J;
cc, (X) e, (X) Uce(X) & -+,

where each f; is the 7 retraction, shows that cc(X; 4) is homeomorphic to Q.
The result in the case where A is the vertex set of X follows directly from
Corollary 6.2.

As before, Theorem 6.1 has a converse.

THEOREM 6.2. For every [0, 1)-stable Q-manifold M and every n > 1, there
exists a convex growth hyperspace S of a convex n-cell X such that 8 \ {X} ~
M.

ProoF. First consider the case n = 2. Let X be a convex 2-cell with a
countable set of exposed points E = {x, X3, ..., X}, such that x; — x,,
and bd X =x_x,Ux;x,Ux,x;U - - - . Let K be a countable locally finite
simplicial complex such that M ~ |K| X Q,, and let {o;} be an enumeration
of the simplices of K. For each vertex v of K, set E, = E \ {x]|v € g;}.
Define § = U{ccg (X)|o a vertex of K}. Then § is a convex growth
hyperspace of X, and the cover {ccy (X)\{X}} of §\{X} is a Qp
decomposition with nerve K. Thus § \ {X} ~ (6 \ {X}) X O~ |K| X Qy~
M.

For n > 2, we consider the convex n-cell X X I""% and take § =
U{ccg xm-oX X I"72)).

A final remark: one can routinely verify (using projections onto finite-
dimensional convex cells) that all the results of this section remain valid when
X is an infinite-dimensional compact convex set in Hilbert space.
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