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THE COHOMOLOGY OF SEMISIMPLE LIE ALGEBRAS
WITH COEFFICIENTS IN A VERMA MODULE()
BY
FLOYD L. WILLIAMS

ABSTRACT. The structure of the cohomology of a complex semisimple Lie
algebra with coefficients in an arbitrary Verma module is completely
determined. Because the Verma modules are infinite-dimensional, the
cohomology need not vanish (as it does for nontrivial finite-dimensional
modules). The methods presented exploit the homological machinery of
Cartan-Eilenberg [3]. The results of [3], when applied to the universal
enveloping algebra of a semisimple Lie algebra and when coupled with key
results of Kostant [12}, Hochschild-Serre [9], yield the basic structure
theorem-Theorem 4.19. Our results show, incidently, that an assertion of H.
Kimura, Theorem 2 of [13] is false. A counterexample is presented in §6.

1. Introduction. Let g be a ‘finite-dimensional complex semisimple Lie
algebra, let b be a Borel subalgebra of g, and let Ug, Ub denote the universal
algebras of g, b respectively. If W is a finite-dimensional irreducible left Ub
module (W is one-dimensional by Lie’s theorem) then U, ®, W is a left Ug
module. Here we regard Ug as a (Ug, Ub) bimodule; i.e. Ug is a left Ug, right
Ub module with commuting action because of the associative law. The
“induced” modules Ug ®, W, where W varies, are called Verma modules
[1], [14], [15]. They enjoy many pleasant properties and are beginning to play
an increasingly important role in the unitary representation theory of semi-
simple Lie groups.

In this paper we give the structure of the cohomology H*(g, Ug ®, W)
of g with coefficients in Ug ® , W for all k and for all W. The main result is
Theorem 4.19. We compute the cohomology of the dual module
(Ug ®y, W)* = Homy, (Ug, W*) as well (Theorem 4.15) and, in fact, we
obtain Theorem 4.19 by applying a duality theorem (Theorem 3.4) which is
the slight independent interest.

The modules Ug ®,, W are infinite-dimensional of course and, as our
results show, the cohomology spaces H*(g, Ug ®, W) can very well be
nonzero. In contrast, the classical Whitehead Lemmas assert that when V is a
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116 F. L. WILLIAMS

finite-dimensional nontrivial g module, the cohomology spaces H*(g, V) are
always zero [11]. Even though the modules Ug ®,, W, (Ug ®,, W)* are
infinite-dimensional, Theorems 4.15, 4.19 show that the cohomology is always
finite-dimensional.

Using Theorem 4.19 in conjunction with a certain spectral sequence we
obtain a vanishing theorem, Theorem 5.9, for the cohomology of a Verma
module tensored with a finite-dimensional module.

In §6 we present a simple counterexample which shows that a result
claimed by H. Kimura in [13] is false.

We wish to express special thanks to Professor Bertram Kostant for calling
to our attention certain formulas in Cartan-Eilenberg [3] (which we have used
here decisively) and for rendering generous advice during various stages of
this work.

2. Verma modules. Throughout this paper g will denote a complex semi-
simple (finite-dimensional) Lie algebra. Choose a Cartan subalgebra s of g
and let A denote the set of nonzero roots of g relative to h. The Killing form
(,) is nondegenerate on A so for each « in A we can choose H, in h such that

_ (H,H,) = a(H) (2.1)
for all H in h. Let hy be the real vector space generated by the H,, a € A. hg
is a real form of & and (, )|, is a real inner product on k. Relative to some
lexicographic ordering on the real dual space A% of hg choose a set A* C A
of positive roots. Let 7 be a corresponding system of simple roots. We set

h= 2 ga’ ﬁ= 2 g-—a’

a€A* a€A*

- = h+ 0 =1
b=h+n, b=h+n, 8—2aezA+, (2.2)
where g, is one-dimensional root space corresponding to @ € A. Then g = h
+ n + n, n, 1 are nilpotent, and b, b are Borel (i.e. maximal solvable) subal-
gebras of g. The Weyl group U of g relative to A is by definition the group
generated by the linear transformations p,: h§ — hg where
2(¢, o)
(a @)
Q is in fact a finite group generated by the simple reflections p,, « € 7. If a
is a Lie algebra Ua will denote its universal enveloping algebra. If a, is a
subalgebra of a we will always consider Ua; as the subalgebra of Ua
generated by q;, 1.
Now let A € h* (complex dual space of k) be given. Then we can regard

the complex number field C as a b module: (H + x)-z = A(H)z where
(H, x,z) € h X n X C; see (2.2). Hence C is a left Ub module and we shall

pag = E - a, $ € h;, a €A (2.3)
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also write C = C,. Regarding Ug as a left Ug, right Ub module we can form
the left Ug module.

V(A) = Ug ® C,. 24
The modules ¥ (A), A € h*, are called Verma modules [1], [14], [15]. An
alternate description of V() is the following.

V(A) = Ug/ (Ug), (2.5)
where (Ug), is the left ideal of Ug generated by n (see (2.2)) and elements of
the form h — A(H)1, H € h. Indeed (Ug), annihilates the generator (highest
weight vector) 1 ®,, 1 of V' (A) and thus a homeomorphism Ug/(Ug), -
V(M) is induced such that the coset of 1 maps to 1 ® ;, 1. Using the PBW
(Poincare-Birkhoff-Witt) theorem one sees that this map is 1-1. Moreover it is
clearly a Ug map so that V'(A), Ug/(Ug), are isomorphic as Ug modules.

We shall also be interested in the contragredient action of g on the dual
V)* of V(A):

(x-f)(v) = —f(x-0) (2:6)
for (x, f, v) € g X V(A)*xV (A). The character A of b extends to an algebra
homomorphism A: Ub — C. Let Hom,, (Ug, C_,) be the space of linear maps
J: Ug — C such that

f(BA) = —\(B)f(4) @)
for (B, A) € Ub X Ug. Hom,,(Ug, C_,) is a left Ug module where Ug acts
by right translation.

ProrosiTION 2.8. V' (A\)* and Hom,,(Ug, C_,) are isomorphic as Ug modu-
les; see (2.4).
PROOF. See Proposition 5.5.4 [6].
3. A duality theorem. Let a be an arbitrary Lie algebra over a field F of
characteristic zero. Let U, ¥ be a modules. Choose a Ua projective resolution
e => Uk—) Uk_l—)' . -—)Ul‘—)Uo-') U‘—)o
of U. Then we obtain maps d,
...—> Homy,(U,, V) >Homy, (U, V)—>...
such that d,d,_, = 0. By definition Ext,, (U, V) is the cohomology of the
complex Hom,(U,, V); ie.
Ext¥, (U, V) = kerd,/Imd, _,.

The groups Extf, (U, V) are well defined, being independent of the choice of
resolution because any two projective resultions are homotopically equiva-
lent. For U = F with a acting trivially we have

H*(a, V) S Extt, (F, V). G.1)
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H¥(a, V) is the kth dimensional cohomology group of a with coefficients in V.
Now F admits a “standard” Ua projective resolution: viz.

oo Ua®p Mg -« 5 Ua ®p NuSF
where ¢ is the augmentation epimorphism. The differential d, is given by

dk(l®xl/\"‘/\xk)
k N
=D (D)@ A AZA A X

im1
+2 (=DM xIAX A A
i<j

A AEAN A% (32)

for x; in a. In view of (3.2) the definition of H k(a, V) given in (3.1) coincides
with that given by Chevalley-Eilenberg in [4].

Dual to the groups in (3.1) are the kth dimensional homology groups
H,(a, V) of a with coefficients in a right Ua module V, defined by

H,(a, V) S Tot%(V, F); (3)
see [3]. We remark that because the universal enveloping algebra Ua admits
an antipodism one can always convert left Ua modules V into right Ua
modules by settingv-x = — x-v,(x,0) Ea X V.

Now we present a basic duality theorem which is valid for arbitrary (i.e.
infinite-dimensional) modules. This theorem is based on duality formulas in

[31

THEOREM 3.4 (DUALITY). Let a be a finite-dimensional Lie algebra over a
field F of characteristic zero and let V be a left Ua module. Let V* denote the
dual space of V so that V* is a left a module via the contragredient action given
in (2.6). Then for each k > 0 we have a vector space isomorphism

H*(a, V)* =H" ¥ (a, A"a @ V*)
where n = dimpa and where N"a is regarded as a left a module via the adjoint
action.

n
X A AV =20nA AN Ay (35)
i=1
Jor x,y, in a; i.e. x is scalar multiplication by trace of ad(x). In particular if a
is unimodular (that is trace ad(x) = 0 for all x in a) then for each k > 0
H*(a, V)* =H" ¥ (a, V*). 3.6)

We note that (3.6) holds if a is semisimple (or even if a is even reductive).
Also (3.6) holds if a is nilpotent. The proof of Theorem 3.4 is as follows. The
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equation
(f-x)(v) = f(x-0) (X))
(x,f,v) € a X V* X V defines a right module structure on V* (cf. (2.6)).
Then taking C’ = C, 4 = C in Proposition 3.3, p. 211, of [3] we get
(Ext’f,a(C, V))* = Tor*(V*, C) = H,(a, V*); (3.8)
see (3.3). Thus by (3.1)
H*(a, V)* = H,(a, V*). (3.9
On the other hand if W is any left @ module and W is the corresponding right
a module induced by the antipodism of Ua (see remark following (3.3)) then
H" % (a,A\"a ® W) = H,(a, W) (3.10)

by [3, p. 288], where n = dim a.

_Taking W = V* with the left module structure given by (2.6) we get
W = V* with the right module structure given in (3.7). Thus by (3.9), (3.10)
we get

H* (a, V)= H»* (a, A"a® V*) 3.1
as desired.

4. Cohomology computations. In this section we apply the duality theorem
and key results of Kostant [12] to obtain the cohomology of a Verma module
and its dual. We shall also make the Hochschild-Serre spectral sequence [9].
The starting point is a Lie-algebraic version of Shapiro’s Lemma which in
classical finite theory relates the cohomology of a module with that of the
induced module. The precise result needed is the following.

THEOREM 4.1. Let a be a Lie algebra over a field F and let a, be a subalgebra
of a. If W is a left a, module then

H* (a,, W) = H* (a, Hom, (Ua, W)).
See Proposition 4.2 of [3, p. 275].

LEMMA 4.2. Let a be an abelian Lie algebra and let W be an a module such
that A-w = p(A)w for all A in a and w in W, where p. € a*. Then H*(a, W)
=0 for all k>0 if p#0. If p=0, H*(a, W) = Hom(A*a, W) for all
k> 0.

Lemma 4.2 follows from a general result of Dixmier [7]. However a proof
for the special case at hand is rather immediate; see [8]. Now let A € h* be
arbitrary. Then by Theorem 4.1

H* (g, Homy,(Ug, ©y) = H* (b, G; 43)
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see §2 for all notation. Since » is an ideal in b given any b module W there is
a Hochschild-Serre spectral sequence { EP?} whose E, term is associated to
H*(b, W) and whose second order terms are given by

Ep% = H? (b/n, H (n, W)). (4.49)
In particular we have
E}? = H? (h, H?(n, C))). 4.5)
Now Kostant has shown, Theorem 5.14 [12], that H?(n, C) as an A module is
completely reducible and decomposes as follows:
H?(n,C) =Y Ce, (directsum),
o € U = Weyl group,
I(0) =g, (4.6)

where /(o) (the “length” of o) is the cardinality of the subset 6A~ N A* of A*
and

e" = e-al /\ te /\ e-al(o)

for 6A™ N A* ={a,..., 04}, e_, Eg_, — {0}, «a € A. Moreover the
action of & on ¢, is given by

H-2 =(od — 8)(H)E, @.7

H € h,0 € %U; see (2.2). Actually (4.6) is a special case of a much more
general result of Kostant. Writing

H?(n,C) = H%(n,C)®C, (4.8)

(4.6), (4.7) imply that H9(n, C,) has an h module decomposition
H%(n, C,) = >, Cyv, (direct sum),
o € U = Weyl group,
I(0) = 4, “9)

where v, # 0 and

H-v,= (60 — 8 + AN)(H)y, (4.10)
for H in h. By (4.5), (4.9)

E$% =Y HP (h,Cv,) (direct sum),
o € U = Weyl group,
I(o) =gq. 4.11)

Hence if A + 66 — 8 # 0 for every o in the Weyl group, Lemma 4.2, (4.10),
and (4.11) imply that E§*? = 0 for every p and for ¢ > 0 and we conclude
that (using (4.5)) for every p
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H? (b, C,) = E§® = HP (h, C,) = 0; (4.12)
the last statement of equality follows from Lemma 4.2 since our hypothesis
excludes A from being zero. Next assume A + 04,0 — & = 0 for some o, in the
Weyl group, By the regularity of 8, o, is necessarily unique. Hence by (4.10) if
6 # o, the action of 4 on Cv, must be nontrivial and thus H?(h, Cv,) = 0 by
Lemma 4.2. In other words (4.11) implies that

ppa = [ (hCo) ifq=1(a),

0 if ¢ # 1(ap). (4.13)
Hence we have for every p
HP (b, C)) = E5~ (@) = jp=1d(p, Cyy)
= AP'I("O)h; (4.14)
again the last statement of equality follows from Lemma 4.2 and (4.10) since
A + 048 — § = 0. By (4.3), (4.12), (4.14), and Proposition 2.8 we have proved

the following theorem which gives the cohomology of the dual of a Verma
module.

THEOREM 4.15. Let g be a complex semisimple Lie algebra, let b = h + n be
a Borel subalgebra where h is a Cartan subalgebra of g and n = [b, b] (see
(2.2)), let A € h* be a linear functional on h, and let C, denote the correspon-
ding b module (hence Ub module) such that n- C, = 0. Thus Hom,, (Ug, C,) is
a Ug module, where Uq acts by right translation. The cohomology of g with
coefficients in Hom, (Ug, C,) is given as follows.

1. IfA # —{a8 — &) for every o in O then

H* (g, Hom,(Ug, C,))) = 0

Jorallk > 0.

2. If A = — (08 — &) for some o in U (o is necessarily unique) then

H* (g, Hom,(Ug, C))) = A*~/©p,

Here U is the Weyl group of g relative to h, /(o) (the length of o) is the

cardinality of the set 6A~ N A*, A* is the set of positive roots and

1 .
§= 3 aezA* a;
see §2. In either case
H* (g, Homy,(Ug, C,)) = H* (b, C));
see (4.3). If A = — (08 — d), as in §2, then in particular
H* (g, Homy,(Ug, Cy) =0
unless /(o) < k < dimch + (o).
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Again suppose A € h* is arbitrary. Applying Proposition 2.8 again we have
H(g,(Ug ®y C)*) = H (g, Homy,(Ug, C_y)) (4.16)
for g > 0. On the other hand by the duality theorem (Theorem 3.4)
H*(g, Ug ®y, C)* = H™7% (g, (Ug @, C)¥). (417
Thus by (4.16), (4.17)
H* (g, Ug ®y C)* = HU™8% (g, Hom,(Ug, C_))).  (4.18)

From (4.18) and Theorem 4.15 we deduce that H*(g, Ug ®,,C,) is finite
dimensional for each k and moreover

THEOREM 4.19. Let g be a complex semisimple Lie algebra, h a Cartan
subalgebra of g, b = h + [b, b] a Borel subalgebra of g, and let U be the Weyl
group of g relative to h. For o in O let l1(0) denote the length of o (as in
Theorem 4.15) and let

given a choice of positive roots A*. If X € h* is any linear functional on h and
Ug ®, C, is the corresponding Verma module (see §2) then the cohomology of
g with Ug ® ,, C, coefficients is given as follows.

1. If A % o8 — & for every ¢ in O then

Hk(g’ Ug ®,,C)=0

Jor all k > 0.
2.If X = o8 — & for some o in O (o is necessarily unique) then

H* (g, Ug ® C)) = Adime=k=llo)p
Let! = dimch = rank of g and let p = |A*| = number of positive roots. If
A = 68 — 4, as in 2, then in particular
H* (g, Ug ®, G) = 0

unless 2p — l(06) < k < I+ 2p — I(0) = dim g — /(6). Thus for Verma
modules there is no “low-dimensional” cohomology. Moreover

dimg
H*(g, Ug ®, C)= S H*(g Ug ®,, C,) (direct sum)
k=0
has dimension equal to 2°.

COROLLARY 4.20. If A = 68 — 8 then for each simple root « € w such that
I(p,0) = l(0) — 1 one has

H* (g, Ug ®y, C) = H**' (g, Ug @y, C,»_,)- @.21)
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Here pa € 9 is the simple Wey] reflection defined by «; hence pA — a =
p, A + &) — §; see (2.3). -

ProoF. Since a is simple 2(8, @)/(a, a) = 1 so that pA — a = p (06 — )
— a = p,08 — 8 by (2.3) (taking £ = §). Thus by Theorem 4.19

Hk+l (g, Ug ®Ub C ) = Adimg—(k+l)—l(p,o)h

bk —a
= Adimg-k-l(ﬁ)h = Hk(g, Ug ®Ub C)\)

since /(p,0) = /(o) — 1 by hypothesis.

Clearly formula (4.21) is quite similar in form to the “dimension shifting”
formula of Bott [2] (or Demazure [5]) for the sheaf cohomology of certain line
bundles in connection with the Borel-Weil Theorem.

5. The spectral sequence induced by filtered submodules. The tensor product
of a Verma module with a finite-dimensional module always has a finite
decreasing filtration by submodules such that the corresponding subquotients
are Verma modules. Using such a filtration we construct a spectral sequence
whose first order terms EJ*? are the p + ¢ dimensional cohomology of Verma
modules. Applying Theorem 4.19 we obtain a vanishing theorem, Theorem
5.9, for the cohomology of the tensor product.

Let a be a Lie algebra and let ¥ be an a module. Suppose V has a
decreasing filtration by submodules { ¥}, (Z is the set of integers):

...V_IDVoD V13V23....

Then there is an induced decreasing filtration {Hown(A*a, V)plpez of
Hom(A*a, V) such that

d . Hom(Aka, V) »C {Hom(A"*'a, V) p}p (5.1)

for each k and p; see (3.5). Put
A(a, V) = X Hom(A*a, V) (direct sum). (5.2

k

Then because of (5.1) we can define a decreasing filtration {A(a, V),},cz 0n
the cochain complex (A(a, V), d) (i.e. a filtration {A(a, V),},cz such that
dA(a, V), C A(a, V),) by setting

Aa, V),= %Hom(A" , V), (direct sum). (5.3)

Moreover this filtration is compatible with the grading of A(a, V). Thus
{Vs}pez induces a spectral sequence {EP?} whose E,, term is associated
with the cohomology of the complex (A(a, V), d). We have

Egrq = HOm(AP+qa9 V)p/HOm(Ap+qa)p+l- (5'4)

We shall consider elements in Hom(A*a, V') as alternate k linear maps from
a* to V. There are natural isomorphisms:
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Hom(A'a, V),/Hom(A%a, V), = Hom(A%a, ¥,/ V, ).

Moreover the diagrams

dk
Hom(A¥g, V,/V, , ;) ——— Hom(A¥+1q, VolVpi1)

d
Hom(A¥q, V),/Hom(A*a, Mp+1 —&  Hom(A**1q, V),/Hom(A**1q, Mps1

are commutative. Keeping (5.4) in mind we can therefore conclude

THEOREM 5.5. If a is a Lie algebra and V is an a module with a decreasing
filtration by submodules {V,},c ; then there is a spectral sequence { EP} such
that E  is associated with H*(a, V') and

Ep = HP*9(a, ¥,/ V).

The filtered complex {A(a, V),, d} will certainly be regular if we assume,
in particular, that ¥, = ¥V forp < 0 and ¥, = 0 for p sufficiently large. These
assumptions are satisfied in the following situation. Let ¥(A) = Ug ®,, C,
be a Verma module (as in (2.4)) and let ¥V be any finite-dimensional g
module. Then the tensor product ¥'(A) ® ¥ admits a decreasing filtration

VAN®V=V,2¥V,D-+-2V,=0 (.6)
by submodules {¥,}2=9™ ¥ such that
Vo/Vosr =V(A + 1) .7

where p, is a weight of ¥ and V(A + p,) is the Verma module defined by
A + u, € h*; see [1], [13]. Hence by Theorem 5.5 there is a spectral sequence
such that

Ep?=HP" (g, V(A + b)) (5.8)

and such that E is associated with H*(g, V(A) ® V). If for every ¢ in U
and for every weight p of ¥, A # 66 — § — p then A + p, 7 o8 — & for each
p and E{? = 0 for each p, q by (5.8) and Theorem 4.19. Hence for every p

HP (g VN®V)=E¥ =0
and we have proved

THEOREM 5.9. Let g, h, b, °US, § be as in Theorem 4.19, let \ € h*, and let V
be any finite-dimensional g module. Then
Hk(g, (Ug ®Ub C)\) ® V) = 0
for all k > 0 unless \ has the form A = 68 — 8§ — p for some o in U and some
weight p of V. -
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6. A counterexample. H. Kimura asserts in Theorem 2 of [13] that if Visa g
module generated by a highest weight vector and having A as its highest
weight then

, _[C ifA=—a,
H(s V) {0 otherwise, 6.1)

where a is a simple root. We shall show by a simple example that this
assertion is false. More precisely if g = sl(3, C) and if V is a Verma module
with highest weight A = — a, a a simple root, then we claim

H'(g, V) =0. (6.2)

Indeed we remarked in Theorem 4.19 that for Verma modules the
cohomology in low dimensions vanishes. In particular, by Theorem 4.19,
H*(g, V) =0 unless k > number of positive roots. Thus Theorem 4.19
implies (6.2). However we shall give a direct proof of (6.2)-one which is
therefore independent of Theorem 4.19. We remark that part of Kimura’s
statement is true. Namely if —\ # each simple root then H(g, V) = 0.

Now we assume g is the Lie algebra sl(3, C) of 3 X 3 complex matrices of
trace zero. There are two simple roots a;, a,:

A* ={ap o a3}, 7= {a, a}, (6.3)
where a; = a; + a,. Let x;, y; denote generators of the one-dimensional root
spaces (for nonzero roots) so that

% =Cx, 8_,=0Cy 6.4
o; € A*. We may assume

[xv xz] = X3 [)’p)’z] =Js (6.5)

PROPOSITION 6.6. Suppose V = V' (A) is a Verma module for g = sl(3, C) with

highest weight A\ = — a, where a is a simple root. Then 0 is not a weight of V,

no positive root is a weight of V, and — 8 is not a weight of V if B is a simple
root #\ = — a.

The proof follows since every weight of ¥ has the form —a — na; — nya,
for suitable nonnegative integers n,, n,. We consider ¥ as in Proposition 6.6.
To establish (6.2) we must show the following: If w € Hom(g, V) is any
I-cocycle, i.e.

w([xy])=x-w() -y w(x) (6.7)
for all x, y in g, then w is trivial; i.e. there exists a v in ¥ such that
w(x)=x-v 6.7

for all x in g. Thus suppose w € Hom(g, V) is given which satisfies (6.7).
Considering V as an A module (4 a Cartan subalgebra) one has

H'(h, V) =0. (6.8)
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Indeed
H! (h V)= EH ! (h, V“) (direct sum) (6.9)
I

where
V=3V, p=weightof ¥,

is a direct sum decomposition of V into weight spaces ¥,. Since 0 is not a
weight of ¥, by Proposition 6.6, (6.8) follows from (6.9) and Lemma 4.2; cf.
Corollary to Lemma 1 of [8].

Now w], is a 1-cocycle for ¥ as an h module so by (6.8) w|, is trivial; i.e.
there exists a v in ¥ such that

wH)=H-V (6.10)

for all H in h. Let a € A be any nonzero root, let x € g,, and let H € h be
arbitrary. Then by (6.7)

a(H)w(x) =w([H,x])= H-w(x) — x-w(H) (6.11)
and by (6.10)
xwH)=x-(H-v)=[x,H] v+ H-(x-0)
=—aq(H)x-v+ H-(x-v) 6.12)

so that (6.11), (6.12) imply
a(Hw(x)=H-w(x)+ a(H)x-v— H- (x-v);
ie.,
H-(w(x) = x-v)=a(H)(w(x) = x-0) (6.13)

for H € h,x € g,, a € A. If @ € A* in particular then by Proposition 6.6 a
is not a weight. Thus by 6.13 we must have

w(x)=x-0 =123 (6.14)
see (6.4). To be specific assume A = — a,. Then —a, is not a weight by
Proposition 6.6 and, similarly, (6.13) implies (see (6.4))

w(y2) =yy 0. (6.15)

The highest weight space of V' is one-dimensional and is spanned by a
nonzero vector, say, v,. (6.13) implies that w(y,) — y,- v (¥, € g_,, by (64))
is in the highest weight space and therefore
w(y)) —y1-v=co, (6.16)
for some complex number c. By (6.5), (6.7), (6.15), and (6.16)
w(ys) = W([Yp)’z]) =y w(y2) —y2rw(n)
=y1"(y2:0) =y (1" 0 + cvy)
=)V3 0= 0y O 6.17)
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Since [y, 3] = 0, (6.7), (6.15) and (6.17) imply
0=w([ypr:]) =r2-w(rs) = y3:w(»)
=y (I3 0= @ ) —y3- (127 0) =[y2 3] 0 — @3 0
- 2
- c’))z . OAO

But for a Verma module Un (see (2.2)) acts without zero divisors. Hence
¢ = 0 and (6.16), (6.17) imply

w(y) =y10, w(ys) =y3 0. (6.18)
Clearly (6.10), (6.14), (6.15) and (6.18) imply (6.7) and we have thus proved
(6.2) for A = — a,. The case A = — a, is entirely similar.

The above example can be generalized, of course, and much of our
arguments remain valid up to a point for any cyclic module with a highest
weight. However the crucial property of Verma modules which we exploited
was the absence of zero divisors with respect ot the Un action.
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