TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 240, June 1978

ERICKSON’S CONJECTURE ON THE RATE OF ESCAPE OF
d-DIMENSIONAL RANDOM WALK
BY
HARRY KESTEN

ABSTRACT. We prove a strengthened form of a conjecture of Erickson to the
effect that any genuinely d-dimensional random walk S, d > 3, goes to
infinity at least as fast as a simple random walk or Brownian motion in
dimension d. More precisely, if S} is a simple random walk and B, a
Brownian motion in dimension d, and y: [1,00) — (0,00) a function for
which £~1/3y(1)0, then y(n)~'|S¥| — oo w.p.1, or equivalently, y(¢)~'|B,]
>0 wp.l, iff PP %792 < oo; if this is the case, then also
¥(n)~|S,| = o w.p.1 for any random walk S, of dimension d.

1. Introduction. Let X, X,, ... be independent identically distributed ran-
dom d-dimensional vectors and S, = 37_,X;. Assume throughout that d > 3
and that the distribution function F of X satisfies

supp(F) is not contained in any hyperplane. (1.1)

The celebrated Chung-Fuchs recurrence criterion [1, Theorem 6] implies
that! |S,| - c0 w.p.1 irrespective of F. In [4] Erickson made the much
stronger conjecture that there should even exist a uniform escape rate for S,,
viz. that n=%|S,| = oo w.p.1 for all « < 1 and all F satisfying (1.1). Erickson
proved his conjecture in special cases and proved in all cases that n=?|S,| -
oo w.p.1 for a < 1/2 — 1/d. Our principal result is the following theorem
which contains Erickson’s conjecture and which makes precise the intuitive
idea that a simple random walk S* (which corresponds to the distribution F*
which puts mass (2d)~! at each of the points (0,0, ..., = 1,0,..., 0) goes
to infinity slower than any other random walk.

THEOREM. Let d > 3, S, and S} as above, and let {B,},, be a d-dimen-
sional Brownian motion (EB, =0, EB,(i)B,(j) = 15;;). Assume that the func-
tion : [ 1,00) — (0,00) satisfies

t=1/3y(1)]0. (1.2)
Then (n)~"|S*| — oo w.p.1 and Y(£)"'|B,| = o0 w.p.1 are both equivalent to
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foo\p(t)d"zt"’/2< 0. (1.3)
1

If (1.2) and (1.3) hold, then also y(n)~"|S,| = c0 w.p.1 whenever F satisfies
(L1).

As we shall see this theorem is almost immediate from

ProPOSITION 1. If d > 3 and F satisfies (1.1) then there exist constants
0 < T'\(F), T(F) < o such that for all k > 1 and all A > 0,

P{|S,|< 4 for some2* < n < 2**'}
<T(F){((4 + 127" + exp ~Ty(F)k}.  (14)

It is worthwhile contrasting the theorem with the observation (see [4, end of
§5]%) that even if (1.1)(1.3) hold, there may exist a deterministic sequence of
vectors a, such that

.. -1 _
lim infy(n)~'|S, — a,|=0 w.p.L 1.5)

Thus, the theorem is not merely a matter of estimating concentration func-
tions for S,. Nevertheless the result is intimately connected with concentra-
tion functions. Erickson’s proof for y(7) = t%, a < 1/2 — 1/d, uses a con-
centration function inequality of Esseen [6], and our proof makes heavy use
of the following inequalities for concentration functions in dimension two.
These estimates too are closely related to those of Esseen [S, Theorem 3], but
are more generally applicable. We note that Corollary 1 shows that in the
identically distributed case the concentration function decreases like n~.

PROPOSITION 2. Let Z,, Z,, . . . , Z, be independent random two-vectors with
distribution functions G,, G,, . .., G,. Let p, p,, pa, . . . , p, be strictly positive
numbers such that p; < p, and let A},A,, . . ., A, be sets in R* X R? such that
A; C {u € R% |u| > p;}>. Define the symmetrization Gf of G; by*

G? (B) = [, Gi(B + u) dG;(u) (16)

R

and put*
g = dG; (u), o? = inf f (0,u)* dG? (u),
[u]>p; [01=1 |yl <p,

n p?

c=> {of +— f dG¢ (u) dG; (o)}. 1.7
i=] q; u,vEA;

2More details are given in the recent article by K. B. Erickson, Slowing down d-dimensional
random walks, Ann. Probability 5§ (1977), 645-651.

3For a distribution function F and Borel set 4, F(A) denotes the mass assigned to 4 by the
Borel measure induced by F.

“u,0) denotes the usual inner product of two vectors of the same dimension.
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Finally, denote the angle between two vectors u and v, determined in such a way
that it lies in [0,7), by @(u,v). Then there exists a universal constant K; < oo

such that
< p}

n
sup P
zER?
Kp? n  p?
<—ex —_ dG; (u) dG; (v
p{chifum ? () 4G (v)

1
i=1
. P 1.8
log(l + o] |sin <p(u,v)| )] 1.8)

COROLLARY 1. Let Z,, . .., Z, be independent random two-vectors, all with
the same distribution function G, and define G* as in (1.6). If p > 0 and

q= dG* (u), o*= mff (0 u)? dG* (u),

u|>p 161=1

and if there exist sets B,,B, C {z € R%: |z] > p} and a constant ¢ > 0 such
that

o] |sin @(u,0)| > ¢ whenever u € B, v € B,, 1.9)

.

-1
<£nl-p2(l+pc-'){ -’;—LdG‘(u)LZdG‘(o)J . (1.10)

then

n
sup P

zER? 1

ACKNOWLEDGEMENT. We wish to thank Professor Erickson for making his
results [4] available to us before publication and for some helpful conversa-
tions.

2. Reduction to a two dimensional problem. In this section we shall reduce
the proof of Proposition 1 to a two dimensional problem. This problem will
then be settled together with Proposition 2, by means of estimates on two
dimensional concentration functions in §3. Throughout K|, K,, ... will be
strictly positive constants which depend on the dimension d only and whose
numerical value is immaterial for our purposes. They will not necessarily have
the same value at each appearance. I',, T,, ... and k,, k,, ... will be con-
stants which depend on F and 4 or some other parameters; where necessary
these parameters will be indicated explicitly, except that we shall not indicate
dependence on d. For any random variable Y we write Y° = Y — Y’ where
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Y’ is independent of Y and has the same distribution as Y. If Y has
distribution function G, then Y* has the distribution function G* given by

G*(B) = [G(B +y) dG(»).

The first reduction shows that we may assume that F has certain smooth-
ness properties. It is of a purely technical nature and has little to do with the
basic idea of the proof of Proposition 1. The reader should skip the proof of
Lemma 1 at first reading.

LeMMA 1. It suffices to prove Proposition 1 in the case where
F(dx) > adx onC, (2.1)
for some a > 0 and some closed cube C, C R? (which does not reduce to a
point).

PrROOF. Let F satisfy (1.1). We shall construct an F; which satisfies (2.1)
(and a fortiori (1.1)) such that Proposition 1 holds for the original S, as soon
as it holds for a random walk, S, (F;) say, whose increments have distribution
function F,. For this purpose we first find a large cube

C,={zeR"-L<z()<L1<i<d} (2.2

such that F(C,) > 0 and such that the intersection of supp(F) with C, is not
contained in any hyperplane. This is possible by (1.1). Define the distribution
functions G and H by’

Po=3F(C), G(S)=(p) 'F(SNC)
H(S)=(1-p) {1F(SNn C)+F(SnCP)l

Then we can write F = p,G + (1 — py)H, and if
I,L,...,U,U,..., V,V, ... are totally independent random variables
with

and

P{L;=0}=1-P{L;=1} =p,
P{U eS}=G(S), P{V,eS}=H(S),
then the joint distribution of {X,},5, is the same as of {U,(1 - 1)+
V.1,} ,51 (compare [9, p. 1184]). We shall therefore assume that U,V and I
are defined on our original probability space and that X, = U,(1 — 1) +

VI, Leto, < 0, < ... be the successive (random) indices for which I, = 1.
Then, with o, = 0, the 0,,, — o, are independent and all with the distribution

Plosy—o,=r}=p5'(1—-py), r>1l (2.3)

5For any set S c R?, S° denotes its complement, i.e., R\ S.
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Even more, if ¥, is the o-field generated by {U), ¥}, I;: 1 < j < n}, then for
each {%,} stopping time T and

6*(T) = smallest o; which exceeds T,
one has

P{o*(T)=T+ %} =p{"'(1-py), r>1

It is also not hard to see that the {S, — S, };50 are independent and all
with the same distribution function’

) )
Fy=3 P{o,=r}G** Ve H="3 pi~'(1 — p)G**~V « H,

r=] rm=|]

and that also, conditional on ¥, S,y — Sr has the distribution F, on the
set {T < o}. Now take

T = inf(n €[2%,2%*1) with |S,| < 4}
(= oo if no such T exists). Then, since |S7| < 4,
P{|S,|< 24 for some ! €[ 4(1 — po)22(1 - Po)2+2)}
> P{T < o0,|S,r) — S;| < 4}
~P{T < 00,0%T) = g with &[ 1(1 - p)2,2(1 - Po)2+?)}
> P(T< }F,({z €R*: |z|< 4})
—-P{T < 0,6%(T) - T > 2"}
~P{3l €[ (1 - p)22(1 - p)2**?) with o, €[2247)).  (24)
Now for some Ay = Ay(F) < w and all4 > 4,

F,({zeR%|z|< 4}) >, P{T < 0,0%T) - T >2*} < p§.
Also, with

L=[30=p)2), h=[201-p)2:*?],
the last term in (2.4) is at most

P{a, > 2or 0, < 2*2} < Tyexp -T2,

for some I';,T, < oo depending on p, only (by (2.3) and standard exponential

G « H denotes the convolution of G and H, and G*® denotes the s-fold convolution of G
with itself.
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estimates; compare [9, formulae (5.40) — (5.42)]). Thus (2.4) yields for 4 >
Ao

P{|S,|< A forsome2* < n <2¥*'} = P{T < 0}
< 2P{|S,I| < 24 for some / e[%(l - po)2k,2(1 - po)2""2)}
+2p¥ + 2T, exp — T 2% (2.5)

It is clear from (2.5) that if Proposition 1 holds for the random walk
S,(F) = S, , whose increments S, — S, all have the distribution F,, then
Proposition 1 also holds for the original S,. Actually (2.5) was derived only
for A > A,. However, for 4 < A, or even A < 2*/8, (1.4) is immediate from
Esseen’s estimate [6, Corollary to Theorem 6.2]

P{|S,|< 4} < K, (4 + 1)?supP{|S, + z|< 1}
< T4(F)(4 + 1)°n=%2, (2.6)

for some I'y(F) < o0.
F, itself does not have to satisfy (2.1). However, set

o0
G,= 2 pi ' (1 — pg)G*~Y, 2.7

r=1

so that F, = G, * H, and assume that we can find a distribution function G,
with a continuous density such that

fk X dG, (x) = fk x”dGy(x) for | < 16. 28)
(Here we use the standard multi-index notation; x” = II9_,x(i)’®, for posi-
tive integers »(i) and ||v|| = =9_,»(i).) We claim that then F, = G, * H has
the required properties. Before constructing G, we shall prove this claim. (2.1)
is obvious for F;; indeed G, has a continuous density and hence F, has a
density which is lower semicontinuous. Thus we merely have to prove that the
validity of Proposition 1 for S,(F,) implies the validity of Proposition 1 for
S, (F,) (since we already showed that Proposition 1 then also holds for our
original S,). Now fix k and 4 > 2*/%; we already saw above that (1.4) follows
from (2.6) if A < 2%/% so that these are the only values of interest. Let N,
X1 X2 - - - be independent random d-vectors, also independent of {S;},50
and such that N has a normal distribution with mean zero and covariance
matrix k ~'42 times the identity matrix, and such that each x; has distribution
F,. Then, for any n,
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P{|s,|< 24} < P{|S, ()| < 24,1 < j < d}

< P{|S, () + N()|<34,1<j<d} + i P{IN(j)|> 4}
Jj=1

; , , A2
< P{|S, + N(j)|<34,1 < j<d} + Kyexp — ——
{I a,(J) (])l J } 3 €Xp 2A2k_.|
< P{|S, () + N(j)|< 34,1 <j<d}+K3exp—§. 2.9)
Similarly
n
P{ 2 x()+N()|<34,1< < d}
i=1
Z k
<P ‘2x‘< 4d‘/2A} + Ky exp— 5. (2.10)
1

If @,,9,,¢ are the characteristic functions of, respectively, G,,G, and H, then
the characteristic functions of S, + N and Z{x; + N are

exp(_ '2’—;|o|2)<p2(0)"¢(0)" and exp(— 124_;|o|2)¢,(0)"¢(0)".

Thus, by the inversion formula,
P{|s, () + N()|<34,1< j < d}
- p{ i-élx,-(j) +NG) <34, 1< )< d}
< ﬂ-df:: ... f_":dgl .. dﬂdﬁ sin 36,4

=il b

196" = #1(6)exp( - ¢ 10F) (@)
< ( %'ri )d"f_t: e f_tlw.w) - ¢z(0)|exp(— ‘;—; |o|’) - - - di,.

But, by virtue of (2.8),



72 HARRY KESTEN

|‘P| o) - ‘Pz(a)|= e’ ®® d(G, (x) — G,(x))

f{e«o,x) _ 2 d <0 2 ] d(G,(x) — G,(x))

r=0

<747 [<0°d(6,(0) + 6,() = T [(B:xY" 4Gy (x)

<15 181 2 P 1= po)((r = L)

(see (2.7) and recall that G is concentrated on C,). Consequently, for 4 >
2¢/8 and n < 2¢*2

P{|S,(J) + N(J)| <34,1< j < d}

_P{

2
<T(Fyndéf - [ |0|'6exp(— 4 |0|’) &, - - do,

<3A,1<j<d}

< I‘7(F)nA d-d- lﬁk(d+ 16)/2 < F7(F)k(d+ l6)/22-k+2.
Combined with (2.9) and (2.10) this yields

P{|s,|< 24} < P”?xj

<4d '/ZA} + Ty(Fle~*2.  @11)

Interchanging the subscripts 1 and 2 we prove similarly

P{|s,|< 4} > P“Z':x,.

< %d"/zA} —Ty(F)e %% (2.12)

for all 4 > 2*/8 n < 2%*2, Finally, to prove our claim we appeal to the proof
of Theorem 3 in [9). Just as in the estimates on pp. 1179-1181 of [9],

P{|S,] < 4 for some 2* < n < 2¢*1}

-1 2k+2_

<(22:0P{|S,"|< A}) 2 P{|S |<24}, (213)

and also
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n
P{sz'( 4d'24 for some 2* < n < 2"*’2}
1

2k+2 n 2k+2_1 n
> > P{ > x; <8d‘/2A} s P{ >x <4d'/2A}
n=0 1 n=2k 1
2k n 2k+2_4 n
>K,| > P{ > x; <§d°‘/2A}]" > P{ > x; <4d'/zA}. (2.14)
n=0 1 n=2k 1
Since

2k
> P{|S,|< 4} > ask—>owandd > 25
n=0

it follows from (2.11)~«2.14) that for k > k(F),
P{|S,|< 4 for some 2% < n < 2¢+1}

d

> x| < 4d'/%4 for some 2! < n < 2"*2}]
1

<2K;!

e

+T'o(F) exp(—k/2).

Since 2[x; can be taken for S,(F)) (its increments x, have distribution F)), we
see from this that if Proposition 1 holds for S,(F;), then it also holds for
S,(F,) and for the original S,. (Note that we can always obtain (1.4) for
k < k, by increasing I';.)

To complete the proof of the lemma we show finally that there exists a G,
with a continuous density and satisfying (2.8). Let there be M positive integer
d-vectors » with 1 < ||7|| < 16 and consider the set

< 4d"?4 for some 2¥ < n < 2"*'}

n
lexi

m = {(z,),<“,“<,6: l2,|< 4, + 1,2, =fx' dR for some

distribution function R on R? and all 1 <||y|| < 16},
where the constants A, < oo are chosen large enough such that
B = f x” dGy(x) €[-A,A,], 1 <|p|< 16.
Then 9 is a bounded convex subset of R and p = (), ¢pyc16 € M.
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Assume first that p €9 9. Then there exists a supporting hyperplane of M

at u (see [3, Theorem 8)), i.e., there exist constants cy,c,, 1 < ||#]| < 16, not all
zero, such that

> ¢z,+c>0 forallz € M, (2.15)
1<|p} <16
and
> em+c=0. (2.16)
1<pj<16
Then, if

M
P(x)= ¢,x"+ ¢,
v=1
(2.15) implies that [P (x) dR(x) > O for all distribution functions R on RY
with

lfx'dR(x) <A +1,  1<|p|< 16.

It is not hard to see from this and (2.16) that P(x) = 0 for x € supp(G,), and,
hence, for x € supp(G*®) = {0} as well as for
x € supp(G*) = {x, + -+ - + x;:x, Esupp G} forsomes > 1.

P(0) = 0 shows that ¢, = 0. Moreover, if y,, . .., y,4, are (d + 1) points in
supp(G) = supp(F) N C, which do not lie in any hyperplane, then also, for
any integers k; > 0, ..., k., > 0, Zky; € supp(G,) and hence

S ookt k) ks + kg Yas) =0
1<[7]< 16

If we let k; - oo such that

d+1
Ki(ky + -+ + kge) !N >0 with 3 A=1,

i=]

we obtain
2 oA+ F A Ya) =0
ol =16
forall A; > 0 with 2921\ = 1, ie.,
> ex'=0
Il =16

for all x in the closed convex hull of y, . .., y,4,. Since these (d + 1) points

do not lie in any hyperplane, their convex hull has a nonempty interior (see
[3, Theorem 4]) and we conclude ¢, = 0 for ||»|| = 16. But then also
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-15
D ook F k) Pyt F kg1 Yan)’ =0,
1<[pji<15

and continuing in this way we find that all ¢, = 0. This was excluded, so that
p €99 is impossible. But then p lies in the interior of I and for each of
the 2¥ choices of a, with @, = + 1 or —1, we can find a point z(a) € M
such that

sgn(z,(a) — 1) =sgn a, (217)
and

2(e) = [x” dR, (x)

for some R, with a continuous density. Indeed any point of 9N can be
approximated by the moments of continuous densities on R It is a question
of simple algebra only to deduce from (2.17) that some convex combination
of the z(«a) equals p. Say

p=27()z(a), 1<|p|<16,

with y(a) > 0,2 ,y(a) = 1. Then clearly G, = 3 ,y(a)R, has the moments p,
for ||»|| < 16 and has a continuous density as required. []

From now on we assume that (2.1) holds. We introduce the following
quantities: 4, will be any fixed positive number not less than 2¢/%, & will
stand for a generic unit vector in RY and for any such vector we set

t(w) = t(w,k) = min{n: P{|(S,.0)|> 4} > (84 +8)7'}.

As we shall see in the next lemma (w) is bounded on |w| = 1, and we can
therefore pick an w, = w¥ which maximizes ¢(-,k), i.e. for which

t(wf) = ‘n}a)i t(w,k).

Af:ler that we can successively pick wj_, ..., w{ such that {ww) = §;
an

t(wh_imr) = max{1(w,k): (wwf) =0,d - 1< j < d}.
We define
T = T (k) = t(wf k) (2.18)
ar;d note that by our construction w,, . . ., w; form an orthonormal basis for
RY,
T(k) < t(w}k), Jj>3, (219)
and if

I = I* = span of {wf,wf} = {z: 2 = awf + Bwf},
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then
t(w,k) < T(k) forwe XK. (2.20)

Next we take M (wf,k) =1 and for all w #* w, we take M (w) = M (w,k) as
the maximum over 1 < n < T(k) of any 1— (84 + 8)~! quantile of
A7 KS, w0, i

P{A7'KS0)| < M(w)} > 1-(8d+8)7, 1<n<T(k), (221)
and for some 1 < N(w) = N(w,k) < T(k),
P{A7'[(Shw)| > M(w)} > (8d +8)7". (222)

By definition of T, (2.22) also holds for w = w, and N (w,,k) = T (k). Also,
because M (w,k) must be at least as big as a 1 — (84 + 8)~! quantile of
A7 Sy oppw) if t(w,k) < T, we may and shall choose M (w,k) such that

M(wk) > 1 forwe I. (2.23)
Observe also that #(w;) > T(k) forj > 2 and therefore

P{|(S,w)| < 24,} > P{|{S,- 10| < 4} P{|X,|< 4}
>1-(4d+4)"! (2.24)
whenever
k> k) (F), n<T(k) and w=« with2<,j<d (225)
for a suitable k,(F) < oo.
LEMMA 2. There exists a Ty = I',((F) < oo such that for all || = 1,k > 1,

t(w0,k) < Tyod?. (2.26)

Moreover there exist a universal Ky < oo and a k; = ky(F) < oo such that for
all |w| =1,k > ks,

T (k)P {[<X )| > M(w,k)4,} < K, 227
and’
T(k)o? {{Xpo)I[[<X )| < M(0,k)4,]} < Ko {M(0k)4,). (2.28)
T(k)> o and Ak|iflf1M(w’k) -0 ask— oo, (2.29)
and there exists a universal 0 < n < 1 (see (2.44)) such that for all |w| =1,
k>1,
P{[{Sp.w)| > M (0,k)4,} > n. (2.30)

"For a random variable Y, 02{ Y} denotes its variance. I{ ] denotes the indicator function of
the event between square brackets.
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Proor. For any real random variable Y its concentration function Q(Y,-)
is defined by

Q(Y,L)=supP{y <Y< y+ L}
y

It is easy to see and well known (see [7, Chapters 1.1 and 2.1]) that this sup is
taken on for some y, that for0 < L, < L,,

Q(Y.L;) < (L 'L + 1)Q(Y.L), 231)
and that for Y, and Y, independent,
Q(Y, + Y,L) < min{Q(Y,,L),Q (Y5, L)}. (2.32)

If Y,, Y,,... are independent and identically distributed with distribution
function G, then Theorem 3.1 of Esseen [6] gives

n -1/2
Q(z Y,.,L) < Ksn-'ﬂ{zﬂ f x? dG* (x) + f dG* (x)} (2.33)
1 |x|<2L [x|>2L

for some universal constant K5 < oo, independent of G, n and L. We shall
now apply this with ¥; = {X,w) for an arbitrary unit vector w. First choose L
again such that supp(F) N C, is not contained in any hyperplane, where C, is
asin (2.2). Then

I, =L"? inf {xw)? dF? (x) >0,
] =17 |<xwp| <2L

and thus by (2.31) and (2.33),
P{|(S )| < 4} < 2{L7'4; + 1}Q({S,w),L)
<2{L7 ' + KT 2 < 1 — (84 + 8)7!
as soon as

84 + 8
>(8d+7

This implies (2.26). The same argument shows for any L’ > L,
P{I<Sn"°>|<%L’} < Q(<Smw>’L’)
S(L™'L + DK~ 2< 1 - (8d + 8) ™
as soon as n > (2K;)*(L™'L’ + 1)’T';;% Thus also M (w)4, > L’ whenever

T(k) > QKs)XL™'L’ + 1)’T;;%. However, we must have T'(k) = co as k —
oo because for each fixed ¢,

sup P {|<S,w)|> 4,} < P{|S]> 28} 50, k- .
w
Thus also for each fixed L', 4, inf, M(w,k) >3 L’ eventually, and (2.29)

holds.
We turn to (2.27) and (2.28). We have for each o,

)2{2L"Ak + 2K},
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P{[(Sr_pw)| < M(w)4,} > 1 — (84 +8)7'>] (2.39)

(see (2.21) for w # w,, and the definition of T'(k) and M (w,k) =1 for
® = w,). On the other hand, by (2.31) with L, = 3 M (w)4, and (2.33), the
left-hand side of (2.34) is bounded above by

17K5(T - 1)7 2P {|{X50)| > i M (@4}
so that
(T - DP{[{X;0)|>5 M (0)4, )} < 2"K2. (2.35)
Now (2.32)for Y, = Y, Y, = Y’ shows that
Q(7°,L) < 2(1,L)
and this, together with (2.35), yields
Q(<Xp0), §M(@)4,) > Q((X70) 3 M (@)4,)
> P{KX; )| <IM(@)A4, ) > 1= (T - 1)7'2%K2  (2.36)
Finally, take T';, = T';5(F) so large that
P{|X,|> T} <3, (2.37)
and k; = k;(F) so large that for all k > k;,,
34, inf M (w,k) > T,
as well as
(T(k) —1)""2'%k2 <! and T(k) > 2.

Then (2.36) shows that there exists some interval [a,a + 3 M (w)A,] which
contains {X,,w) with a probability at least 1 — (T'(k) — 1)"'212k2 > 3. By
(2.37), for k > k; this interval must intersect [—T,,+T,] C
[— 3 M (w)A, 3 M (w)A,]. Thus we proved for k > ks,

P{[KXp0)|< M(w)4,} > P{{X0) €[a,a + ;M (0)4,]}
> 1 - (T(k) - 1)""2"%k2.

This proves (2.27) for k > ky(F).
To obtain (2.28) we again apply (2.33) with Y, = (X,w) and take L =
M (w)A).. Combined with (2.31) and (2.34) this gives

3K, (T - 1)"/21|4(a>),4,‘{fI

-1/2
{xw)? dF* (x) ]
(x,0)| K 2M (w)Ax

>1-8d+8)7'>1,

and therefore,
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() [ (xw)? dF? (x) < (KM (0)4;)
[Gx] <2M ()40

Now let Y be any random variable and ¢ > 0 a constant. Denote the
distribution function of Y by G and put

d= [ dG(y)}_'flyl“y dG(y) = E{Y||¥]< c}.

yl<e

Then |d| < c and

flyl<20y’dG’(y)> f f (71 = 2)* dG (»,)dG (¥,)

Inl<e
Iyl<e
= [[ {1 = d) + 20y, — d)(y, — d) + (y, - d)*} dG () G (1)
l ||<C
|.;z|<c
6o _(i=dida(n).
|y2|<c
Consequently,

o*(YI[|Y|< c]} < E{(YI[|Y|< c] - d)’}
= fm«(y —dYdG(y) + & f'ymda(y)
<L(P{I7I< c})“fmmy2 dG* (y) + P{|Y]> c}c®

When this is applied to Y = {X;,w), ¢ = M (w)4,, we obtain from the above
inequality:

T (k)a? {{ X I[ [ X o) € M ()4, ]}
< (K2 (P{|(Xod] < M@)44)) "
+ T(K)P {|(X )| > M(w)Ak}){M(w)Ak}z.

Together with (2.27)and (2.29) this implies (2.28).

Lastly we prove (2.30). For w = w, (2.30) is immediate since we already
observed that (2.22) holds for w = w, with N replaced by T. We therefore fix
w # w, for the remainder of the proof. Since, for any n < T, {(Sp,w) is the
sum of the independent random variables {S;z,-1,,w) and {Sy_p,-1,,0), We
have
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P {[{Sp)| <3 M ()4
< 330({Spw), 5 M(w)4,) (by (231))
< 330 ({Smm-pw)> 5 M (0)4;) (by (2.32))
< BK[T/n]~ V(P {|<S5.0)| > % M (0)4,}) (by (2.33))

< BK[T/n] "1 - ({80, 1M @A)} ™" (asin (236)). (2:38)
Now in order to prove (2.30) we only have to consider those w for which
P{|{Sp)| > s M(0)4,) <3.
For such an w (2.38) implies for alln < T,
0 ({Spw), s M (@)4,) > 1 — 2YKZnT . (2.39)
Now apply (2.39) with n = N’, where
N’ = N'(wk) = min{n: P {|(S,0)| >3 M ()4} > (84 +8)7'}.

Then, by (2.22), N'(w,k) € N(w,k) < T (k). Also, by the very definition of
N',

-1/2

P{(Syw) >IM )4} > (16)7d+ 1)~ (2.40)

or the inequality holds with {Sy.w) replaced by —{Sy.w). For the sake of
definiteness assume (2.40). Then any interval containing {Sy.w) with a
probability larger than (164 + 15)(16d + 16)! must contain points to the
right of 1 M (w)4,. By (2.39) there exists such an interval of length M (WA,
which contains {Sy.w) with a probability at least

1 —24K2N'T~' > (16d + 15)/ (16d + 16)
whenever T/N’ > 2'8k2(d + 1) + 4. In this case, therefore,
P{3IM(w)4, <{Syw)} > 1-2KIN'T! (241)
and
P{{Spw) > 1 M(w)4,)

> P {<S(j+|)N' - .S},,,,,w> >%M(Q)Ak,
0 < j <[ —NZ; ]’(ST—[T(N')-']N"(‘)> > - %M(w)Ak}

>(1- 242 )™ min P {[(S,0)] < 1M @04

8d7

15 ’
8 T18 P~ 2K2  (use the definition of N”). (2.42)
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If 2< T/N’ < 2"¥K(d + 1) + 4, we use (2.40) instead of (2.41) and obtain,
as in (2.42),
P{{Spw) > 1M (w)4,)

> P {<S(j+l)N' - SjN"“"> > %M("’)Ak’
. T 1
0<j< N ’<ST—[T(N’)"]N'a“’> 2 2 M(w)Ak

> ((16d + 16)™")" (8d + 7)(8d + 8!
> (84 + 7)(84 + 8) 'exp — (2"*%k2(d + 1) + 4)log(16d + 16). (2.43)
Lastly, if 1 < T(N)"' < 2,then N’ < N < T < 2N’ and a fortiori T — N
< N’. But then
P{|(Spw)|> s M ()4, }
> P{|[{Syswp|> M ()4} P {|{Sr_nw)| <1 M ()4, )

1 .
> 575 min P{KS,0)|<3M(@)4c} (by (222))
> (84 + 7)(84 + 8) ™% (by definition of N*).
Thus in all cases (2.30) holds with

=3t T exp - (K2 + 1) + A)log16d + 16). O (2.44)
We can now give the reduction of Proposition 1 to a two dimensional

problem. For the remainder of the proof we shall use the abbreviation
m(k) = M(wf.k). (2.45)

Next we define
o= J¥ = [ [{X0f )| > m() 4y or [(X,05 )] > 4],

v, =pk= inf{n: i 1-J)= rT(k)},
I=1

Y,=Yk= Y X, (2.46)

V1 <n<y,

Y, is the sum over a bunch of X,’s, exactly T'(k) of which satisfy |[(X,wf)| <
m(k)A; and |[{X,wf)| < A4,. It is easy to see from this that the ¥,, r > 1, are
independent and identically distributed. Moreover, we can write

Yr= 2 Xn"n + 2 Xn(l —Jn)v

V- 1<n<vy, V1 <n<vy,
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and by definition the second term contains exactly 7'(k) summands with
1 —J, # 0. Thus if a;,a5, . . ., 8,85 . . . are independent, each a; (8;) with
the conditional distribution of X, given J, = 1 (respectively J, = 0), then

> x,(1-J,) (247)
V1 <nky,
has the same distribution as
T (k)
> B, (2.48)

n=1

Moreover, the sum (2.47) is independent of =, _,¢,X,J,, which has the
same distribution as

A
> a, (2.49)

n=1

where A = A(k) is independent of all a;, B, and has the negative binomial
distribution
PA=1}=P{n—v_,=T(k)+1)

= (T ey = ya- P =™,

I
1>0. (2.50)

LEMMA 3. There exist constants T3(F) — Ts(F) < oo such that for 2¥/8 <
A, < 2*/* and any choice of the unit vector wy = wf € I* and k > 1 one has

P{|S,|< Ay for some 2¢ < n < 2*'} < Tp{4,27+/2}*2

(g0

n=1

. 2 P
2k-1&rT (k) <(Ko+T o +2)2k
< 4M(w} k)4, for 0 < j < 2}

+T,exp — T sk (2.51)
PROOF. Let §, be the o-field generated by X, ..., X,, and consider for
some fixed k the {8,} stopping times
7= 7(k) = min{n: 2* < n <2¢*1,|S,|< 4,}
(= oo if no such n exists),
o =o(k) =inf{r,:9, > 7}.
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Then the set
{7 < 0, J; = 0 for exactly s indices / with
I < 7but/ greater than the last v, < 7}  (2.52)
belongs to §,. Now fixanw € I U {ws, ..., w,} and set

M(wk) ifwe X,
*x =
M*(w,k) {1 iwa{w;;,u-""d}'

Then M*(w,k) > 1 by (2.23), and on the set (2.52),
P{|(S,w)| > 4M*(w,k)4,|$,}
< P{[KS, = S,w)| > 3M*(w,k)4|8.}
= P{|(Sw)| > 3M*(w,k)4;},

where

n
v = v(s,k) = inf{n: S(U-J)=T(k)- s}
i=1
(note that only 0 < s < T'(k) can occur).
By definition y(s,k) > T(k) — s, and for each L and k > k,(F),
P{|(S,w)|> 3M*(w,k)4,}
< P{|<Sr(k)_,,w>|> 2M*(w,k)Ak}
+P{|(S, = Sruy-sw)|> M*(w,k)4,}
<@d+4)7"+P{y—(T(k)—s)> L}
+P { 1}‘3{|<Sr(k)—s+j - ST(k)—s"">l> M‘(‘*”k)Ak}

(see (2.21) and (2.24)).
Now for all s < T'(k),

T(k)—s+L

P{y(s) - (T(k) - 5) > L} = P{ S -H<T® —s}

T(k)+L T(k) + L
< P[ > >L] <%P{J,=1}.
1
Moreover, by (2.46) and (2.27), for k 3> ky(F),
P{JF =1} < P{[KXp.0F)|> M(wk k), fori=1ori=2}

< 2K, T(k)~\. (2.53)
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Since T(k)—> oo with k (see (2.29)) we can fix an L, independent of
s < T(k), such that for all k > ks,

P{y(s) = (T(k) = 5) > L} < 2K,(T (k) + L)(LT(k))"'< (84 + 8)™".
With L fixed in this way

P{ max |<Szeey-s45 = Sroo-s0)|> M '(w,k)Ak}

_1
8d + 8

as soon as inf,M*(w,k)4, is large enough. Thus by (2.29) we can find
k4(F) < oo, such that for k > k,(F) one has on the set (2.52),

P{|(S )] > dAM*(0,k)4,)8,} <(2d +2)7),

uniformly in @ and s < T'(k). Now with w1 < j < d, as right after Lemma
1 and wy € IC we have

P{r < ,/(S,.w)|> 4M*(w,k)A, for some 0 < j < d}

L
<3 P{|.s;.|> inf M‘(w,k)Ak} <
j-o le-l

< P{r< ) é P{[{S,w)|> 4M*(w,k)Afr < w0} <{P{r< o}
Jj=0

After taking complements with respect to {r < o0} and using the fact that o
equals some »,, we obtain

P{|S,|< A, for some 2¥ < n < 2¥*1} = P{r < o0}
< 2P {7 < ,[(S,)| < 4M*(w,k) 4, forall 0 < j < d}
< 2P (3, €[ 2%, (K, + Ty + 2)2%) with
S, 0| < 4M*(w,k)4, forall 0 < j < d}

+2P{r < 0,0 > (Ko + T+ 2)2*}. (2.59)

The last term in (2.54) is easily seen to be exponentially small. Indeed,
r < 2¥*! whenever 7 < o0 so that

P{r < 0,0 > (Ky+ Tyo +2)2}
< E{P{o - 1> (K +T)248,}i 7 < oo},
and on the set (2.52),
P{o—1>(Ky+T10)28,} = P{v(s:k) > (K, + Ty0)2%}

T(k)—s+ Kg2*
< P{y(s,k) — (T (k) — s) > K2*} = P{ > J> Ko2"} (2.55)
1
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(recall T(k) — s < T(k) < T'jgd2 < T}02* by (2.26) and 4, < 2*/2). Since
T(k) — s < T)g2* and P{J, =1} -0 as k— oo (see (2.53)), standard ex-
ponential estimates show that the last member of (2.55) has an upper bound
of the form I'((F) exp — T';;(F)2* uniformly in s < T'(k) (see [10, Chapter 9,
problems 12-16]).

The first term in the last member of (2.54) is more troublesome. Recall that
F is now assumed to satisfy (2.1). By taking C, smaller if necessary we may
assume that

Co={zER":|(z0) — ¢|<A 1< j<d}
for some ¢; and A > 0. Then we can write F = a(2\)? G; + (1 — a(Q\))H,,
where G; is the uniform distribution on C, and Hj is some other distribution

function on R? Correspondingly, we may assume that X, = E 8, + (1 —
E,)Y, where the E,.0,,y; are independent,

P{E,=1}=1-P(E,=0}=a()’% n>],

each §; has distribution G; and each y; has distribution H;. Now we want to
estimate for 3 < j < d the conditional probability of

IS, 0| < 4M*(w,k)4, = 44, (2.56)
given v, =5, E,=1for n=n,n,...,n, 1 <n<:::<n, <s), but
not for any other n < s, and given the values of X, n & {n,, ..., n,}, as well
as {X,w) for 0< j<2 and n € {n;,...,n,}. Given all these data we
know that forj > 3,

<Sr,""j> = <Ss"‘?i> = 2 }<0m"-}'> + D,

ne{n.,...,n,,

where

is some known constant. Moreover, we know the values of {6,,w) for
n€{n,...,n} and 0< ;<2 (Note that also the event {», =s} is
determined only by J,, ..., J, and hence by {(X,w,>, {X,w), 1 < I < s.)
However, 6, has a uniform distribution on C,, and therefore the conditional
distribution of {0,,w,), ..., <0,w), given {0,,w,> = x; and {f,w,) = x,, is
the same for all x;,x,, to wit the uniform distribution on the (d —2)
dimensional cube

Co={x=(x(3)...,x(d)): |x(i)) — ¢|]<A3< i< d}.

This remains true even if we condition on {8,,w,) as well, because {,,w,) is a
function of <6,,w,> and <{8,,w,) (since w, lies in JC, the plane spanned by w,



86 HARRY KESTEN

and w,). Thus, if 8,,8,, ... are independent random variables, each one
uniformly distributed on C,, then

P{KS,,,wj>| < 4M*(w k)4, for 0 < j < d]w, =5,

2'1 E, = p,(S,.w)| < 4M*(w,k)A4, for 0 < j < 2}

4

<supP{| 8 (J) + D| < AM*(w,k)4, = 44, for3 < j < d}. (2.57)
b ||i=1

Now the corollary to Theorem 6.2 of [6] applies to the independent identically
distributed (d — 2) vectors {§;},5, whose distribution is not concentrated on
any (d — 3) dimensional hyperplane and therefore the last member of (2.57)
is bounded by

d
P 1T (-t + 1) < ) {2
Jj=3

It follows that for fixed r,

P{, €[2% (Ko + Tyo + 2)2)
and [(S,,,0,| < 4M*(w,k) A4, for 0 < j < d}

2k
< P{ S B, <3 2P{E, = 1}}
n=|
+T(F)AZ-2 (2 'P{E, = 1})"“" >

-P[v, €[24(Ky+ T+ 2)2%), X E, >2¢"'P{E, = 1},
n=1
S, 00| < 4M*(w, k)4, = 4M (w;,k) 4, for 0 < j < 2}.(2.58)

Since P{E, = 1} = a(2\)? is independent of k, the first term in the right-
hand side of (2.58) is at most Tp(F)exp — Iy (F)2* (see [10, Chapter 9,
problems 12-16]) and we obtain
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P{3y, €[ 2, (K, + Ty + 2)2) with [(S, )]
< 4AM*(w;,k)4, forall 0 < j < d}

< > [(1‘20 exp — T2%) + (Tu(F){427*2}"7)
2k-1& rT (k) <(Kp+T o +2)2%

P{(S, 9| < 4M (0,k)4, for 0 < j < 2}]
+P {v, €[2*, (K, + Ty + 2)2%) for some

r<25Y (T (k) orr > (Ky + Ty + 2)2"(T(k))"}. (2.59)
Since », increases with r and », > rT (k) (by definition of »,) the last term in
the right-hand side of (2.59) is at most

P{v,, > 2% forn =[2""(T(k))"]}

and we leave it to the reader to show that this term again is bounded by T,
exp — 2%, Thus, since S, = 3/,_,7,, the last member of (2.54) is indeed
bounded by the right-hand side of (2.51) for k > max(k,,k3,k,) and suitable

I'); — T)s. Obviously we can then insure the validity of (2.51) for k <
max(x,,k4,k,) by increasing I',,. [0

3. Completion of the proof. Lemma 3 shows that Proposition 1 will follow
once we show that there exist ks(F) < oo and K, < oo such that for a
suitable choice of wf € I,

2s r
rgsp [ 2 (Y:’Q?’k

n=1

< 4M (w¥,k)A, for 0 < j < 2}

< K,, forallk > ks,s > 1and 4, €[2¥/82%/2].  (3.1)

Note that we can always obtain (1.4) for k < ks by increasing I';; moreover,
(1.4) is vacuously true for 4 > 2%/2, and, as observed before, (1.4) follows
from (2.6) when A < 2*/%, Note also that the last statement of our theorem
will be immediate from Proposition 1, because (1.2)«1.4) imply for all b > 0,

P {1[:(n)“'|S,,| < b for some n > 2¢}

[l
< X P{|S,|< 2'%y(2') for some 2 < n < 2"*'}
I=k

<T(F ){ > (2/7y(2)) + 1} 7727164272 4 exp — II‘Z(F)}
I=k
< KTy(F)b?~2 fz :° YO M dr + KT (F)R7RD

+T,(F){1 — exp — T,(F)} 'exp — kTy(F) >0 (k- o).
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Moreover, it is well known that if (1.2) holds, then y(n)~!|S*| = o w.p.1 or
¥()"!|B(#)] = oo w.p.1 if and only if (1.3) holds (see [2, Theorems 5,6] or [8,
§4.2.15); for S one can also use the multidimensional analogue of Remark 2,
p. 1182 in [9]). Thus to prove our theorem it suffices to prove (1.4), and this in
turn has been reduced to proving (3.1).

This will be done by means of certain inequalities on two dimensional
concentration functions which are contained in Proposition 2 and some
corollaries. We therefore begin with their proofs; the notation is as in
Proposition 2.

PROOF OF PROPOSITION 2. By [6, formula (6.9)]

n
supP[ DZ+:z <p}
zER? 1
2 LS (@ <0>)dG()]
< K, dfexp—| = — cos{B,u S (u
e @ [2 ,~=|fnz(
1 n
< Kp? df exp —[ 0 > {f (1 = cos{B,u)) dG; (u)
[ol<p~! i=1 \|ul<pi
1
+ — 1 —cos{8,u
2g; flul. |o|>p,[( @, )
+(1- cos<0,v))] dG; (u) dG} (o)}]
2 { é 2 i 1
< K expi — K. 0,u)° dG? (u) — —_—
o< ’.--nflu|<p,< " 467 () < 4q,

"fl‘l,oe,g [(l - COS<0,“>) + (l - COS<0,0>)]

dG; (u) dG; (v)} dg. (3.2)

Now take C as in (1.7) and apply Holder’s inequality, as in [5, p. 212] or [6, p.
294]. It then follows that the last member of (3.2) is bounded by

] Cc-'3.,0?

2
p.
K,p? d exp — KC|0] . — dG? (u) dG?
0 { [ @0 K0 S £ [ 67 (4) G ()

- log df exp — % (2 — cos(B,u) — cos{8,v)).
ol <p=" 4p;
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Clearly

2 _ 2 _T_
‘;;0|<p'ld0 exp — K;Cl|f| <j;zd0 exp — K;C|f| KsC

It is also clear that
f df exp — —% (2 = cos{B,u) — cos{8,v))
jo1<p™! 4p;

is invariant under a rotation of the pair of vectors u,v and therefore equals
(9 = o(u,v); recall also |ul, |v] > p > p; foru, v € 4))

C
dd exp — — [ (1 — cos O|u
',;0|<P" 40} [( )
+ (1 — cos(8y[v] cos ¢ + By]v] sin ¢))]

C
< dd, exp — — |1 — cos 8,|u
|0l|<p_l 1 p 4‘)’2 [ lI l]

C .
- su df, exp — —= |1 — cos(b + 6,|v|sin ¢
bEIl)!j|'02|<p" 2 4p? [ ( 210l )]

p; . -
7z (o] in o™ + 1)

bi
< Kg——— (up~' + 1) ———
® Ju|C'72 (1" +1) |o] |sin ¢|

(compare [5, p. 213])

2 p;
=K{l+ —|.
< C 6( o] |sin @ (u,0)| )

(1.8) now follows by putting these estimates together. []

Corollary 1 is immediate from Proposition 1 by specialization (take all
p; = pand 4, = B, X B,). More important for our proof, though, is the more
technical '

COROLLARY 2. Let Z,Z,, . . . be independent identically distributed two-vec-
tors and assume that there exist constants d; > 0, —o0 < d, < 0, d3 > 0 such
that

7 =P{Z;(2) > d, Z; (1) < ,Z{ (2)} >0, (33)
as well as
P=P{Z;(2)>4d,Z{ (1) > d,Z{ (2) + d;} > 0. (34)
Then for allp > Oand alln > 1,
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<pt Tt (£)2+1 (3.5)
3n |\ 4 ’

for some constant T3 = T'3(d,, p;) < oo depending on p,, p,, d, — d; only. In

Jact T3 < T(D) < oo for all p;, d; and D < oo with

sup P [
¥4

n
22i+z
1

|d))< D, dd5s'< D, py> D7, p,> D (3.6)
Moreover, forall s > 1andp > 02
r 2
E#{r €[s.2s]: VAR p} < I‘;,{(;Ip—) + 1}(1 +log2). (3.7)
1 1

If instead of (3.3) and (3.4) we assume that for some d; >0, —o0 < d, < o0,
andd, > 0,

p3=P{Z,(2)>d,Z,(1) < d,Z,(2)} >0 (3.8)
as well as
Pa=P{Z,(2)>d\,Z,(1) > d,Z,(2) + d;} >0, (39

then for eachs > 1,p > 0,
r p 2
>Z|<p <1‘5{(F) +1}, (3.10)
1 1

now with T's = T's(p;, d;) < oo depending only on ps, p4 and d, — d;. Moreover,
I's < T((D) < oo for all p;, d; and D < oo with

|d)< D, dds'< D, p;> D', py> D"\ (3.11)

Lastly, assume that (3.8) and (3.9) hold and that W\,W,, . . . are independent

random vectors each with the distribution of %_,Z,, where A is independent of
the Z,, has the distribution given by (2.50), and that for some d,,ds,

0<d, < T(k)P{J,=1}<ds<o0, P{J;=1}<3. (312

Under these conditions one has for all p > 0,

<pl<r,1 £)2+1 (3.13)
"n |\ 4, '

for some T'; = T p,,d.) depending on p,, p, and d, — ds only. Moreover,T'; <

Ty(D) < o for all p,d, and D < co which satisfy (3.11) and d, > D7,

ds < D. Estimates (3.10) and (3.13) remain valid if (3.8) and (3.9) hold with Z,
replaced by — Z, in one or both of these formulae.

Proor. We first prove (3.5) with p = d, from (3.3) and (3.4). This is an
immediate application of Corollary 1 with

E#{r €[s,2s]:

n
2W,+z

r=1

sup P {
2z

84 ( } denotes the number of elements in the set between braces.
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= {z €R%z(2) > d;, z(1) < dzz(2)}
and
={z€R:2(2) > d,z2(1) > dyz(2) + d;} (see figure).

/

(1) = d,z(2) 2(1) = dyz(2) + d,

B,

L] 22)=d,

o/

Clearly, B,,B, C {z €R* |z| > d,} and
fdG’(u) =p < q=f dG* (u), i=1,2.
B; [u|>d,

Moreover, for u € B, v € B,,

Isin @(u,0)| = (|| [o]) ' [#(2)o(1) — u(1)o(2),

and, consequently,

u(l)
|u (1)|+ u(2) u(2)

u(2) ( ) }
———{dw(2) + dy — — (2 3.14
Now u(1) < d,u(2) for u € B, so that the last member of (3.14) is positive. If
lu(1)] < (1 + 2|d,))u(2), then it is even bounded below by 1(1 + |d,))~'d;;
and if |u(1)] > (1 + 2|d,|)u(2), then necessarily u(1) < — 2|d,|u(2) and the
last member of (3.14) is bounded below by

u(2) 1 Ju(D)]| 1 .
lu(1)|+u(2) 2 u(2) °@) >3 T+ &

Thus in all cases

o] |sin (u,0)| > I v(1) - —=0(2)

o] |sin @(u,0)|> ¢ = min{d,,d, }, (3.15)
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and (3.5) follows from (1.10) with
I, =K,(1+ dic " )q(p,p,) ™"
< K (pip) "1 +4(1 +|4)))(1 + did5")}. (3.16)

Recall that we took p = d; so far. However, once we have (3.5) for p = d, it
follows for each p > 0 because any disc of radius p can be covered by at most
K,(p%d % + 1) discs of radius d,. It is immediate from (3.16) that T, is
bounded above whenever p,,d; satisfy (3.6). Also (3.7) is immediate from (3.5)
because 32 r~! < 1 + log 2.

Next we prove (3.13) by showing that (3.3) and (3.4) hold for suitable
values of p,,p, and Z replaced by W. For this purpose take B, as above.
Assume further that z,,z,,z] € B, satisfy

z,(1) = dyz,(2) < min{zz(l) - dyz,(2), z1(1) — dzz’,(2)} 3.17)
as well as

2,(2) > z;(2). (3.18)
Then
z)(1) + 2,(1) = 21(1) = dy(2,(2) + 2,(2) - 21 (2))
< z,(1) = d,2,(2) < 0, (3.19)
and
2,(2) + 2,(2) — z21(2) > z,(2) > d,. (3.20)

(3.19) and (3.20) just say that z, + z, — 2] € B,, so that z; + z, — z] € B,
as soon as (3.17) and (3.18) hold. In agreement with the notational convention
from before Lemma 1 we now take A’ an independent copy of A and put

A A
wmi=23X2z, Wi=232Z, Wi=W-W,

im1 i=1
By comparing the different orders of the quantities in (3.17) and (3.18) we
now obtain

P{Wi€B}>P{A=2A"=1)
. f P{Z, € dz,,Z, € dz,,Z] € dz)}
21,2221 € B,

(3.17) and (3.18) hold
>1P{A=2}P{n =1)
[ P{Zi€d)P{Z, € d)P(Z] € dij)
Zl,ZZ,ZGEB|

- %P{A =2)P(N = 1)}(P{Z, € B,})’ @3:21)
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Now, by (2.50) and (3.12),
P{A=2) > (T()P(J, = 1)) exp — 24, >} exp — 24
Similarly,
P{A =1} > d,exp — 2d;,
and finally, P{Z, € B,} = p, (by (3.8)). Thus
P{W;(2) > d, Wi (1) < &,W; (2)}
=P { Wi € B, } > stng exp — 4d;. (3.22)
Next consider P { W} € B,}. Assume z,,2,,z; € B, are such that
2y (1) = dyz,(2) > max{z,(1) — dy2,(2), zi(1) — dpz1(2)}, (3.23)
and (3.18) holds; then we get
z;(1) + z,(1) = 2(1) = dy(2,(2) + 2,(2) - 21(2))
> 2,(1) — dy2,(2) > d,,
and as before, z,(2) + z,(2) — z1(2) > d,. Thus, as in (3.21) and (3.22),
P{Wi€B,} > P{A=2,N =1}
- P{Z, € d2,, Z, € dz,, Z{ € dz})
21,29,21 € B:

2
(3.18) and (3.23) hold

> Kgd} exp — 4d;(P{Z, € B,})’

> Kgd3p] exp — 4d. (3.29)
(3.22) and (3.24) show that (3.3) and (3.4) hold for W7 instead of Z{ and
p1 = Kedip3 exp — 4ds, p, = Kyd}p; exp — 4d. (3.25)

(3.13) is therefore immediate from (3.5). Also the bound I; < I'y(D),
whenever (3.11) holds together with d, > D ~!, ds < D, is immediate from
(3.25) and the fact that I'; < T,(D) on (3.6). Since we may everywhere in this
argument replace Z, by — Z, without influencing the distribution of W7j, no
change is needed if Z, is replaced by —Z, in (3.8) or (3.9).

Lastly, we prove (3.10). For this purpose let A,A,, ... be a sequence of
independent random variables, also independent of the Z,, and

P{A=1}=(1)", 150 (3:26)
(3.26) corresponds to T'(k) =1, P{J, =1} =1 in (2.50). Thus (3.12) is
satisfied with d, = ds = 1 in this case. Set 7, = 0, and for r > 1,

n=SA W,= 3 z 327)

=] im7,_+1
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Then the W, are independent, identically distributed and by what we just
proved (3.13) holds with T'; depending only on ps,p,d, — d; (since now
d, = ds = 1) and T, < Tg(D) whenever (3.11) holds. Moreover,

r
E#{r €[s25]: |2 Z|< p}( (s+ DP{ryy>s or 74 <2s)
1
+E# {r E[‘T[,/z], 1’43) 2 < p} (3'28)
1
By (3.26),
EA‘. =1, (3.29)

and by standard exponential bounds for the geometric distribution (compare
[9, formulae (5.40)(5.42))),

P{|r,— n|>in} = {EA <z norZA >; ]
< K exp — Kjpn. (3.30)
Thus, the first term in the right-hand side of (3 28) is at most
2(3 + l)K9 €xp — Klo 3 < K“
The second term in the right-hand side of (3.28) equals

E#{r [7Ta0): 22 <p}
[s/2]<j<4s i=]
© Tit+m
= 3 XIPYTZI<kpma-5>m
[s/2]<j<4s m=0 1

T+m
fP Ta—n>m S ZEd
[s/2]</<4s m=0

I=7+1
-P{ < p}

00
< X 2XP{ya-1>m) supP{

<p
[s/2]<j<4s m=0
1[(rV
< 2 E {1}+| - 1}}F7 = 4 +1 (by (313))
[s/2]<j<4s J 1

< TK, {( di, )2 + 1} (by (3.29)). (3.31)

.
>Z +:

i=1

J
SW+
1
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The last estimate works only for s > 2, but for s = 1 (3.10) needs no proof
anyway. From (3.28), (3.31) and the estimate for the first term in the
right-hand side of (3.28), we finally see that (3.28) is, for s > 2, at most

K, +I‘,K,2{(d£l)2+ 1} < K5 (T, + 1){(-‘%)2+ 1}. 0 (3:32)

We now return to the proof of the bound in (3.1). The notation will be as in
§ 2 for the remainder of this section. We distinguish two cases:

T(k)P{Jf=1}<2™% (333)
and
27 < T(k)P{Jf =1} < 2K, (3.34)

(n and K, are as in Lemma 2. (3.33) and (3.34) are the only possibilities as we
saw in (2.53).) For the remainder of the proof we are only interested in w
components with w € 3, the plane spanned by w,,w,. We shall therefore
think of all random variables as being two dimensional and specified by their
w; and w, component. We remind the reader of the notation m(k) =
M (w},k) and of the choice M (wf,k) = 1. For any random vector X we
define another random vector X € J( by scaling of the , and w, component
as follows:

£= %= A,;'{ #k) (X ok + <x,w;>w;}. (3.35)

For most quantities we shall no longer indicate its dependence on k
explicitly.

LEMMA 4. There exist kg = k¢(F) < o0 and K4 < oo such that the left-hand
side of (3.1) is bounded by K, for all s > 1 and all k 3 k¢(F) for which (3.33)
holds.

ProoF. By dropping the condition on the w, component and using the
above notation we see that the left-hand side of (3.1) is bounded above by

S P{ ReATY

r=s n=1|

< 4forj = 1,2}. (3.36)

Of course,

ld

f;r = 2 {<X~n(1 - Jn)’wl>wl + <in(l - Jn)’w2>w2}

n=p,_; +1
,’
+ 2 { <X i AN >w, + <X,,J,,,w2>w2}. (3.37)

n=y,_,+1
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By the observations made immediately following the introduction of Y, in §2
(see (2.47)) the two sums in the right-hand side of (3.37) are independent, and
if we call the first sum Z,, i.e.,

~

Zr = 2’ {<A7n(l - Jn)’wl>wl + <fn(l - Jn)""2>“’2}’

n-r,-|+l

then the two dimensional analogue of (2.32) gives

supP{ 2A{Y,0) +2z|<4j= 1,2}
z n=1
,
<supP[ 2{Zww) +2z|<4j=1, 2]. (3.38)
z n=|

Moreover, as observed in (2.47) and (2.48), each Z, has the distribution of
=7¢ B,, where the B, are independent, and each with the distribution of X,
given J; = 0. Thus the variance of each (Z,,w) equals

o*(wk) = T(k)02{<X~,,w>|Jl = 0}.
Note also that

Ifll < A7 (m KXo+ [{Xpw,)]) < 2

whenever J; = 0. Put

A = inf{oz(w,k): lw|=1,w€E ‘JC}

and apply the corollary to Theorem 6.2 of Esseen [6] to the independent and
identically distributed random two-vectors B, . . . , B,y Esseen’s x,(4) can
now be taken at least

zliflfn"z{(ﬁv‘")} =2T(K) "B
and therefore the right-hand side of (3.38) is bounded by

Kls("T(k) T(k)—lAk)_ '= Kis (’Ak)-l'
Consequently, the left-hand side of (3.1) is at most
2 -1 Kis
2 KIS (rAk) < 'Z;‘ (l + log 2).

r=s

Thus we have a bound of the desired form for (3.1) as soon as A, exceeds
some strictly positive e2. We choose ¢, as follows:

K= 32K}/ V2 +4, K= '113 (10K %12 +2)7",  (339)

1 172 K127

AT R K, +8K, "

(3.40)
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(K, and 7 are as in Lemma 2.) For the remainder of the lemma we may now
assume

A, < € (341)

By definition of A, this means that there exists a unit vector £, € } with
0%(Q,,k) < 2¢?. By Chebyshev’s inequality we then have, with p = E(Z,,Q,>
and T = T(k),

P{‘(S‘-rgﬂl) - p'|> 8817,_1/2}
<P{S;#Z}+ P{I{Z,,Q,) -pl> 8em"/2}
< P{J, =1forsomen < T} + o*(Q,k)/64elm ™"

< /32 + /32 (by(3.33) and (3.41)) = 5/16. (3.42)
We first show that (3.42) necessitates

|u|> Ky — 8em ™2 33Ky (343)
for k > ky(F) + k;(F). Indeed if (3.43) fails, then (3.42) shows
P{|(Sr)|> K1y } < u/2. (3.44)

But if
2, = (cos gp)w; + (sin @o)w,,
and we define

- . -1/2( €08 @ .
92 = {m(k) 2 COSz(po + Sm2%} (Wk)o wl + (sm¢o)w2),

then (3.44) says

P{KST,SZZ)I > K, {m(k)'zcosztpo + sin’:po}-l/zAk} < 1/2. (345)

At the same time £, is a unit vector in JC, and thus by (2.23), M (2,,k) > 1,
and by (2.30),

P{KSr0)|> 54} > P{[{Sp@)|> i M ()4} > n.  (346)
(3.45) and (3.46) together imply

K7 {m(k)™? cos’p, + Sinztpo}-|/2> i

and
sin’py < 4K{; <3, |cos @p| >3- (3.47)

However, we also have from (2.30):
P{|<Spw)| > m(K) A4} > n; (348)
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and from (2.24):

P{[(Sp)| < 24,) >% for k > ky(F). (3.49)
(3.44) and (3.48) together give

g < P{[(Spe)| > sm(k)4, and [(5r.9,)|< K7 )
= P{|{Sp.w,)| > 1 m(k)A, and
<81 cos @y + {Sp.,) sin gom(K)| < Kiym (k)4 }
< P{(Spay sin gm(k)] > m(k) Ay (4 cos 90|~ Kiz) > 3 m(k) 4, |

< P{|(Spw,)| > (16Ky;) 7' 4, ) (by (3.47)). (3.50)
(3.49) and (3.50) together show that any interval which contains {Sy,w,) with

a probability (1 — 1%) must contain both 24, and (16K,;)~'4, or both
—2A4, and —(16K;;)~'4,. Thus any such interval must have length at least

{(16Ky;) ™" = 2}4, > 10K/~ "4, (see (3.39)).
For k > ky(F), however, this contradicts

{

T (k)

(Spw) = > E{<Xm‘°2>1[l<xmw2>l < Ak]}

n=1]

> 4&/%-'/24}

T(k)
< ZlP{I<X,.,wz>I> A}

02{<X1""2>I[|<me2>| < Ak]}
k
<TRP, =1} + %— I (by (228) and M () = 1)
< 1/8 (by (3.33)). (3.51)

Thus, the assumption that (3.43) fails indeed leads to a contradiction when

k > ky + k3, and for the remainder we may use (3.43) when k > k¢(F) =
ky(F) + ky(F).

Now bring in the unit vector

Qs = (—sin o), + (cos po)w,
orthogonal to 2, in IC. If

Q(<§T’93>’Kl7) >1-1/4 (3.52)
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then there exists a constant f such that
P{[($r.9:) -~ <iKi} > 1= /4,
which together with (3.42) and (3.40) would imply ’
P{|S; — u@) — /| <3K;; +8en™ 2 < K} > 1-1/2,
and a fortiori for &, a unit vector in JC orthogonal to pQ, + fQ,,
P{|(Srf) — (u® + 12,20 =|(SpR)|< Kin } > 1 - n/2.

Apart from the change from £, to ©, this again is (3.44), which we showed to
be impossible. Thus (3.52) must fail and no interval of length K, can contain
{S7,2;) with probability 1 — /4. Thus, if » is a median of (5,2, then

P{|(Sp0) = »|>1Kir } > /4,

and at least one of the inequalities

P{($p%) > v +1K;;} > n/8 (3.53)
or
P{($r%) <v—1K;;} > n/8 (3.54)

must hold. For the sake of definiteness assume (3.53) holds. Since » is a
median of {S;,2;) we also have

P{($:.2;) < v} >1. (3:55)

We are almost ready to apply Corollary 2; we merely need an estimate on »,
or, more generally, the distribution of |S7|. Just as in (3.51) we have for any
x 2> 0and k > ky(F),

P{|(8pw,) = T()E (X o) I KX 00| < m(k)4,]}]> x}
< T(k)P{|<X 00| > m(k)A,}

G
X

2 02{<X~|"°|>1[|<X1’wl>l< m(k)A"]}
< T(K)P{J, =1}

+

T(f) {m(k)Ak}-zoz{<X1""1>1[|<X1"°|>|< m(k)Ak]}

x
< /32 + x7%K, (see (3.33) and (2.28)). (3.56)
But also by (2.21),
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P{|(Sren)| < 2} = P{[{Spwr)]| < 2m(K)4;)
>1-(8d+8)7'>3. (3.57)
Together with (3.56) this shows (take x = 8K/ ~"/2 in (3.56))
IT(k)E{(il’wl>l[|<xl’wl>| < m(k)Ak]}I < 8Ky~ + 2,
and therefore (again take x = 8K}/%~'/2 in (3.56))
P{|(Spw)|> 16K3/% ™1/ + 2} < n/16.

The same inequality holds when w, is replaced by w, (use (3.49) to get (3.57))
and, therefore,

P{|(Sp2)|> 32K/ '/ + 4}
< P{|S;|> 32K}/7~1/2 + 4} < q/8 <3.
In particular, we must have
|| < K6 = (32K~ /% + 4) (see (3.39)). (3.58)

We can now complete the proof of the lemma by means of an application of
Corollary 2. By (3.43) either p > 0 or p < 0. For the sake of argument take
p > 0. Then (3.42) and (3.43) give

P{K/4<p/2< p—8em 2 < (Sp.9) < p+ 8em~'/2}
>1-1/16. (3.59)
(3.59) and (3.55) yield
P{($p2) >1Kin(Sp) <(v +1Ky;7) ™' (Sp.2:))
> P{u - 8en ™2 < (S0,9)) < p+ 82 (S1) < v}

>P{<§,,93)<p}—-1"3>-;--116>%. (3.60)

In exactly the same way one obtains from (3.59) and (3.53):
P{<S~T’Ql> > K, <‘§T’Q3> > (" + %Kn)l-"—l(jr’ﬂx) + %Kn}
> P{ p=8en 2 < (Sp) < p+8en2 (S1.0) > v + -;-K"}
> /8 —1/16 =n/16. 3.61)
Lastly, we observe that
- - 4] T
P{Y,# S} = P{zx,, aeEX,,} =P{yn#T}
1 1

< P{J,=1forsomen < T} <57 (by(3.33)),
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so that with
dy=%4Ky dy=(v+ Ko™, d=1Kp
(3.60) and (3.61) give
P{{Y, Q) > d, (¥, Q) < d,{¥,,Q,)} > 1/4 = n/32 > 1/8,
and
P {<)‘;1»Q|> > d,( l‘;1’93> > d2<17',,ﬂ,> + da} >n/16 —9/32=2"".

These inequalities are just (3.8) and (3.9) for Z|(1) = (P2, Z,2) =
(Y,2,) and p; =34, p, = 2™%. Moreover, dyd;"!, ps, p, all have strictly
positive lower bounds which are independent of F, whereas (see (3.43) and
(3.58))

1 - 1 -
|d2l < Kl6 + ry K|7 IP:I |< 2 K]6 + iy Kl7 K]7 I.
8 8

It follows there from (3.10) and (3.11) that for some K;g < o0 and all s > 1,
(3.36) is bounded by

E#{r €[s,2s]: 2 (7,09, + <f',,,sz3>sz3}|< 8}

(because 2,2, is an orthonormal basis of J()
< K {(32k5') +1).
This gives the desired bound for (3.36) and (3.1) under (3.33).

LEMMA 5. There exist a k; = k,(F) < oo and Ky < oo such that the
left-hand side of (3.1) is bounded by K,g for all k > k(F) for which (3.34)
holds.

PROOF. Set

l;f,r = 2 {(fn']mwl>wl + <X~n"n’w2>w2}‘ (3'62)
’l'll,_|+]
As mentioned in (3.37) and the lines following it, Y =Z + W, and all
Z,W, r > 1,s > 1, are independent. Just as in (3.38) the two dimensional
analogue of (2.32) therefore gives for any unit vectors €; € I and x; > 0,
i € I (some finite set of positive integers)

supP{ < > )7,,,9,.> +z|< x,i € I}
V4

n=1
( 2 Wn,9i> + Z;

n=1

Sx,i €1 } (3.63)

<supP{
z
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The distribution of

was given in (2.49) and (2.50). As there we take a;,a,, . . . independent and
each with the conditional distribution of X, given J, = 1. Then & has the
conditional distribution of X, given J, = 1 and W, the distribution of SA_ ..
Moreover, by (2.46),

P{[{@,w,»|> 1or [{@,w,)|> 1}
= P{|{Xpw)|> m(k)A, or [{Xpw)|>A, =1} =1,
and a fortiori
P{la|>1} =1 (3.64)
Now consider the unit vectors

= (cosaz + 1) T Jor + (sin(2z + 1) Z Jor  1=0,...,7,

all of which lie in 3C N {z € R% z(2) > 0}, and are such that every vector in
IC makes an angle at most 7 /16 with some u, or —u, Thus one can choose
a 0 < / < 7 such that

~ T - T 1
P {(p(a,,u,) <{g °r o(d,—u) < 16 } > 8 (3.65)
With / fixed in this way one can also find two orthogonal unit vectors 2,,%, in
IC such that (R,,4) < 7/16,

P{(p(&,,ﬂ,) < w/8or p(a,—Q,) < /8,
(@) - {a@p) > 0} > 1/16 (3.66)
as well as
P{o(a,Q) < /8 or p(&,—-) < 7/8,
(@@ )@,y < 0} > 1/16. (3.67)

Note that (3.66) merely says that there is a probability at least & for &, to lie
in the first or third quadrant with respect to the ;, 2, axes and even within
/8 from the positive or negative , axis. (3.67) says the same thing with first
and third quadrant replaced by second and fourth quadrant; such 2,,Q, are
easily obtained by continuity considerations, for if one chooses &, first along
one boundary line of the set in braces in (3.65) then there is probability at
least § that & lies in the first or third quadrant, and when £, is rotated to the
other boundary line then one ends up with probability at least 3 that & lies
in the second or fourth quadrant. Note that 2,,2, really depend on k, since &,
does. The same holds for ¢, and w, below, but this will not influence the



d-DIMENSIONAL RANDOM WALK 103

sequel. Assume
2, = (—sin ¢,)w; + (cos )w,, 2 0or — 2 = (cos @)w; + (sin @),
and fix wp, a unit vector in IC, K,y < oo and &, > 0 as follows:
wo = {m(k) *cos’p, + sinztp,}_'/2
. {m(k)"(cos @)w,; + (sin <p,)w2}, (3.68)
Ly=[32Km~ '] +1, xo=24Kp™'+1, (3.69)
Ky = min{(64Ly) "' 27 (12xy + 3)7'}, & = (32Ly)™'y. (3.70)
For brevity we shall write
@ = 8(k) = { m(k) cos’p, + sin’p, }'/*.

We consider three separate cases now. Which case we are in depends on
which of the inequalities (3.71)—(3.73) holds:

P{K&n@)| >3} > & @.71)
P { KM (0pk)O(k) <[<@, 20| <3} > &, (3.72)
P {[<a@,2)|> KxoM (04,k)0(k)} < 2e,. (3.73)

First assume (3.71); without loss of generality we may then assume (if
necessary replace 2, by —, and/or ©, by —,) that

P{Ka @) >1,<a,2,) > 0} >1e, (3.74)

In this case we take

1 1
Q=—{-9,+92,), Q=—1{Q, +9,}).
3 \/E{ 1 2} 4 \/E{l 2}

@, and @, are orthogonal unit vectors, bisecting the second (resp. first)
quadrant with respect to §,, ;. Obviously <&, 2, > 3, (&,2,> > 0 entails

(@) = —<@,Q) + V2 (@,Q,) > (a2 +1/V2

as well as

@, Ry > 2732,
Thus (3.74) implies

P{C@R) > 27/2(a,8) > — (@) + 2712} > %e,. (3.75)
But also, from (3.64) and (3.67), one has
P {(&,,SL) > cos %” L2 < —<&,,9.4>} > %

or the same inequality with &, replaced by — &,. Thus if we put
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dl”%’ d,=-1, d3=2"/2, P3=?lz" P4"%'Q’

then (3.9) holds with Z,(1) = {&,,25), Z,(2) = {&,,2,), and (3.8) holds with
the same replacement or with — Z,(1) = {&,,2;), —Z;(2) = {&,,%). More-
over, by (3.34) and (2.29) we also have (3.12) with d, = 2%, d; = 2K, as
soon as k > k, for suitable k; = k,(F) < 0. Thus, by (3.63) and (3.13),

r
supP{ DY) +z|<4,j= 1,2}
z n=1
r ~
<supP{|> W, +z|< 8} < Kyr™!
. n=1

for some K,; < oo depending on ¢,,m and K, only. Thus K, does not depend
on F, and in the case where (3.71) holds we obtain the bound

2s
> Kyr'< Ky (1 + log 2)

r=s

for (3.36) and the left-hand side of (3.1).
Next we consider the case where (3.72) holds. Again we assume that the
signs of 2,92, have been chosen such that

P{ KM (0pk)O(k) <@ <3.£@p@) >0} >4e,  (3.76)

(compare (3.74)). Since |&| > 1 w.p.l (see (3.64)), <&, Q)| <3 implies
[<@,,2,Y| > 3. Thus, if we define for any random vector X,

X = (X929 + {M(0pk)0(K)} ™ (X,2,)9,
= (X098 + M(w0pk) ™ {m(Kk) costp, + sinyp, } X200,
then (3.76) implies
P{@,;) = a2 >3 {a,%) > Ky } >3 3.7
Also, (3.67) together with (3.64) gives

P{[@2)]> cos T (@)@ <0}
> P{|&)|> 1, (&) < 7/8
or p(&;,— Q) < 7/8, (&, ){&,) < 0} > 1/16,

so that

P {(&,,ﬂ,) > cos %, {a,2,) < 0} > % (3.798)

or
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P{(-a@@) > cos T (~&) <0} > % (3.79)

If we take

d=3, =0, dy=Ky P3='3l—2, Ps= %82,
then (3.77) is again (3.9) with Z,(1) = {a,;,),Z,(2) = {a,,2,>; (3.78) be-
comes (3.8) and (3.79) is (3.8) with Z replaced by — Z. As before we also have
(3.12) with d, = 2% and d; = 2K, for k > k, from (3.34) and (2.29). Thus,
by (3.13) and (3.63),

supP{ > (1.9) +z|<8,)= 1,2]
z n=1
<supP{ > (W,,,Sg) +2|<8,j= l,ZJ
z n=1
<supP{ S W, +z|< 16] < Kyrol (3.80)
z n=1

Again K, < oo depends neither on F nor k. However,

) -5 00

=A;‘{— S (Yo —Lsingy + 3 (V) cos .p,} (3.81)

nm=1 m(k) n=1
and
|2 ()| (6o | 3 (R

= {AkM (“’o’k)Q(k)}—l

r l r ..
2 (Y0 k) cos @ + X (¥,w,) sin %l

n=1 n=1

,
= A7'M(w0p,k) 7| S (Y000 (3.82)
n=1
It follows that the condition
2 (Y| < 4M(w,k)4, (3:83)
n=1

forj = 0 is equivalent to
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S (7,2)

n=1

<4,

and condition (3.83) forj = 1 and 2 implies

r —
> (Y,,,Q,)\ < 4sin ;| +4|cos ;| < 8
n=1

(recall M (w,,k) = m(k), M (w,,k) = 1). Thus, (3.1) is bounded by

2s r _
> supP[ > (Y,,,Qj> + 2
n=1

r=s 2z

<8,j= 1,2}

< § Kyr~! (see (3.80)) < Ky (1 +log2).

r=s

This settles the case where (3.72) holds and we are left with the case where
(3.73) holds. Without loss of generality we may also assume that (3.71) fails.
We begin with an estimate on the distribution of {(S;,,> in this case.
Analogously to (3.82),

[(82:)| = @R A ![<Speo),
so that by (2.30),
P{|(Sr.2,)|> 10(k) M (wp,k) } > m. (3.89)
Obviously,

T T
S.T = 2 Xn"n+ 2 Xn(l - Jn)’

n=1 n=1

Moreover, forany L > 1,

P{ S (£ ,8)> %e(k)M(wo,k)}
n=1

< P[ é J, > L] + P{ i I<&,2)| > %G(k)M(wo,k)}; (3.85)
i=]

n=1

indeed once we know that J, = 1 exactly for n € {n,, ..., n,.} and no other
n € [1,T], the conditional distribution of

> £, (3.86)

n=]

is simply the distribution of

D& (3.87)
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(compare (2.49) and (2.50)). The right-hand side of (3.85) is bounded by

%EJ, +LP { K9] > ZlZ O(k)M(wo,k)}.

Now take L = L, (see (3.69)). Then it follows from (2.53), (3.70) and (3.73)
that (3.85) is at most

(T/LP{J, = 1} + LyP (K& :)] > Kx®M (wpk))

<(2/Ly)Ky + Ly2e, < /8.
When this bound for (3.85) is combined with (3.84) we find

P {
Next we need an estimate for the distribution of
T
2. X, =T)e),  j=12
n =

which is a slight variation on (3.56). E.g., take j = 1 and write temporarily
1, = I (X, 0| < m(k)4,] = I[[{X,0)| < 1].
Then, as in (3.56), for k > ky(F),
> x}

g
< (T(k)/x2)°2{</\71a‘°|>1[|<xbw1>| < m(k)Ak]} < Ko/ x%. (3.89)
But also

T
2 <A7n(l - Jn)’92>

n=1]

>3 ®(k)M(w0,k)} > -;-n. (3.88)

T ~ ~
2 <ann’wl> - TE<XI’wl>Il

n=1]

L= (1= J,) = I[KXpe)| < 1, [{X 0| > 1],
so that

T T
2 <Xn(l - Jn)""’l> - gl <ann’wl>

n=1

T ~
< 2] |<Xm‘"l>| Il - Jn - Inl
n=
< #{n < T: KX 0| < 1, KX 0,0 > 1}

T
<>J,.

n=1

It follows that
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> Xx
n=1

P{
< x~'T(K)EJ, < 2x7'K, (by (2.53)).
Combined with (3.89) this estimate yields

P{
< Ky(2x~ '+ x72).

This inequality remains valid when w, is replaced by w, throughout and thus,
if we define

T

S LX, (1= T,) ) —TE(f,,w,)I[l(f,,wl>| < l]l > Zx}

nw=|l

p=p(k) = _E<’\7hwl>1[l<il’wl>| < l] sin @,

+ E(X o) I [{X 50| < 1] cos
then

P{
Now observe that by (2.21) and (2.24),
P{|<S~T,Q|)| < 3} > P{I(S-T,wl>| < l, l<S~T,w2>l< 2}

> 1 = P{|(Spw)|> m(k)A,} — P{|{Spw)|> 24, }

>1-3@8d+8)"! >%.

§ X.a-7)9)- T(k)p(k)l > 4x} <2K,(2x7' + x7%).  (3.90)

n=]

Thus, for x, as in (3.69) we have
2K, (2x5 "' + x52) < /4 < 1/4,
and

{

> P{|(§,,sz,)|< 3,

Using the relation between the distributions of (3.86) and (3.87) we obtain

S (R ) + T(R)(K)

nw=]

< 4xy + 3,

T
> (X, (1= 7,).2,) — T(k)p(k)

n=]

< 4xo}

< 4XO} P 1/4.

é Rl = 1)) - T(R)e(k)
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ﬁ (X, T + T(k)p(K)

=1

< 4x, + 3}

+ § P { él,. =1 }P{Ié@,a,} + T(k)p(k)| < 4x, + 3}
1

I
<T4 maxP{I >{a ) + T(k)p(k)I <dx, + 3}
8 Ik 1

(compare the estimates for (3.85)). Thus, for some 0 < /; < L,

d

Similarly we get from (3.88) and (3.90),

b

21<&,.,sz,> + T(k)p(k) . 3.91)

00 | =

<4x0+3}>

b

§7' < P{ é <X~n(l —Jn)’92>

n=1

> Ili O(k)M (wyk),

S (£,(1 - 7)) — T(k)o(k)

n=1

<P{$J,,>Lo]

< 4xo}

=1 i
gl < Bn’szZ) > Z O(k)M(wO’k)’

+maxP{
I< Ly

Tg':(ﬁn,ﬂ.) — T(R)o(k)

< 4x0},

where we used the same notation as in (2.47) and (2.48). Again there exists a
0 < /; < Lysuch that

|

T"l.

S ()| > 3 OIM (vok),

T- l‘

2 (Boh) = T(k)e(k) . 392)

(S]]

< 4x0} >
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But, by (2.29) and (2.53) we can choose k,(F) < oo such that for k > k;,
T ~
Pl X (Boh)
T-hL+1
4
2 <Bj’“’0>
Jj=1

o

< I|P{|X|| P (81| )—IM(wo,k)AkIJI = 0}

> é— @(k)M(wo,k)}

> % M(wo,k)Ak}

< L(P{I =0))T'P{|X,|>(8,) "M (wp.k)4;} < 1/8.

A similar estimate gives for k > k-,

d

and we therefore conclude from (3.92) that

T ~
21 < Bn’92>
ﬁ (B,,) — T(k)p(k)|< 8xo} >3 693

P{
n=1| 4

However, with a;, 8; and A independent, ¥, has the distribution of Z7_, 8, +
S 10, (see (2.46)+2.50)); (3.91) and (3.93) together therefore give

P{|KF.2,0| > 1 0(k)M (we,k),|[{ ¥,,2,)| < 12x0 + 3)

S (A.)

T

2 (B'mﬂl>

P 4x° < %" N
T—l|+l

> -}; O(k)M (w,k),

>P{A=1, }p{ > %O(k)M(wo,k),

< > Bﬂ> — T(K)(k)

n=1

< 8xo}

lo
: p{' 3 (&)< T (k)M (wp k)

)

2 <&, + T(k)p(k)

i=]

< 4x, + 3}

>P(A=1h) L pP{[a2)]> Kn®(k)M (work))
213

>anP{A =1} (see(3.70) and (3.73)). (3.94)
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Moreover, by (2.50) and (3.34) for any /,
P{A=1}>1)(TP{J,=1}))'(1 - 2K,T")"
> (11)7'(27%) exp — 4K,

as soon as K,T(k)™' < 1, ie, for k > ky(F) if ky(F) is chosen large enough
(see (2.29)). Thus, in terms of Y,, (3.94) yields for k > k, and some K,; > 0,
independent of F and k,

P{v, =T+ 10,I<)7|,92>|>ll6’

(72| < 16012, + 3)|(17,,92)|} > Ky
We can therefore find a number x, = x,(F,k), |x,| < 16(12x, + 3) such that
Plo =T+ 1, (Y, %) >5%, (1.0) < x(1%)} >5Kn (399
as well as

P{v, =T+ 1, (V,2,) >,

(7,9,) > x, ()7,,92)} >1K,, (3.96)

or both of these inequalities hold with (Y,,2,> replaced by —(¥,,2,>. By
changing the sign of Q,, if necessary, we may restrict ourselves to the case
where (3.95) and (3.96) hold. Lastly, we observe that (3.64), (3.70), the
inequality |x,| Ky < 16(12x, + 3)Ky < 3, (3.73) and the fact that (3.71) fails
imply

P {I(&l¢,+l’ 92)' < Ky |<51°+|’ 91>| >|x, (azo+b Q2>|"‘ %}
> P{[&+19)| < min{ }, K®(k)M (ok) b {@or 12| > 4}
> P{|C&,+ 12| < min{ 3, Ky ®(K)M (0pk) },|d 14| > 1}

P l "'82—232 >%.
Let us assume that

P{K&zﬁvﬂz)l < Ky, (EIo+l’Ql> >'x1<&10+1,92>|

+3> (@ 1) +%} >3
(If this fails then we have

P{[( @+ 1%)| < Koy (1) < = |1 (@ 12))|

— 1 < 0 {(@4 %) —%} >3
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this can be treated analogously.) Then we have from (2.50), (3.96) and (3.34),
P {( )—’|,92> > l—|6' —Kzo > '3!2‘, < 7[,91) > xl ( )_,1,92) + % }

oP{< S &+3 E.,92> > 5%

1<i<ly n=1

< s &,-+§Em9,>>x.< > &,-+§Bmﬂz>,

I<i<h n=1 1<i<ly n=1
|<&Io+bﬂz>| < Ky (bzlo.,.],ﬂ]) > xl<&lo+l’92> + _}}

>

&l

P{A=1I+1}
_ﬁ_a_f_lo_}_p{ =T+, (YV,.9,) >,

< )71’91> ? X ( i71,92>}

>LK,TRK)P{J, =1}y +1)7' 52 %K, (Ly+ 1) =K, (397)
say, with K,, > 0 independent of F and k. We can now complete the proof
by a final application of Corollary 2 as before. (3.95) and (3.97) again are
versions of (3.8) (resp @G. 9)) with Z,(1) = (¥,,2), Z,2) =<Y,,.Q,), d, =
1/32,d, = x,, d; =, p3 = § K33, P4 = K. Thus, by (3.10) we have for some
Ky < oo,
2s r
3r{|5v
rms 1
As in (3.81)~(3.83) the left-hand side of (3.98) is, however, an upper bound for
the left-hand side of (3.1). Thus (3.1) holds also in this last case. [J

Lemmas 4 and 5 prove (3.1) with ks = max(ke,k;), K; = max(Kj4, Kjo). As
observed in the beginning of this section, this proves Proposition 1 and our
theorem.

< 12} <Ks s>L (3.98)
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