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ABSTRACT. The present paper is an approach to the local theory of Banach
spaces via the ultrapower construction. It includes a detailed study of
ultrapowers and their dual spaces as well as a definition of a new notion, the
notion of a u-extension of a Banach space. All these tools are used to give a
unified definition of many classes of Banach spaces characterized by local
properties (such as the £,-spaces). Many examples are given; also, as an
application, it is proved that any £,-space, 1 < p < o, has an ultrapower
which is isomorphic to an L,-space.

1. Introduction. Ultraproducts and ultrapowers of normed spaces have been
known for some time [7], [2] and are now commonly used by Banach space
theorists. Nevertheless,.they have been mainly considered as technical tools
and basic questions concerning their individual properties have been left
unanswered until now. The present paper is an attempt to fill this gap.! We
feel such an approach is useful: the theory of ultrapowers provides a natural
framework for the study of local properties of Banach spaces and thus may
yield a better understanding of some geometric situations. This paper can be
viewed as a continuation of §6 of [15], which included some results connec-
ting ultrapowers and finite representability. Let us also mention that
ultrapowers have been used recently by Dacunha-Castelle and Krivine [3] in
their work on subspaces of L, and by the author in order to solve the
so-called problem of envelopes [16].

As was pointed out by the referee, the study of ultrapowers of Banach
spaces is closely connected with the “nonstandard hull” construction of
nonstandard analysis and especially with work of Luxemburg, Ward Henson,
Moore ([17], [18]). Although these two lines of research have been carried on
very separately, they are quite close to each other in detail and spirit and it is
not difficult to translate a given result from one theory to another.

Before we describe in some detail the content of the paper, we recall some
definitions from [2] or [15]. Notations are standard and come from [11] or
[15).
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Let (E;);c; be a set of Banach spaces; QU an ultrafilter on the set I; let IT,
be the set of mappings (x;);<; such that x; € E; and for some A, ||x;]] < A for
any i. II, is endowed with the seminorm | || defined by ||(x,);e/ll =
limg, [},

The set N of elements of I, with seminorm 0 is a subspace of IT,.

DEFINITION 1.1. The ultraproduct 1l;c; E;/U of the spaces (E,);¢; is the
quotient space II,/N.

If x =(x);e; is in II,, then the norm of x + N as an element of the
ultrapower IT,/ N is given by the expression limg|x;||.

Let I ((E);e;) be the space II, endowed with the supremum norm.
Il;e; E;/U can be viewed as the quotient space /((E;);c,)/ N, therefore it is
a Banach space.

When all the spaces (E));c,; are identical, we use the word ultrapower
instead of ultraproduct; E//% denotes the ultrapower; the canonical embed-
ding from E into E’/9 is the mapping which associates to a given element x
the element of E’/9 given by the constant function equal to x.

It should be noted that if E is finite dimensional, E//9 is isomorphic to E
(because the unit cell of E is compact).

For this reason, in the theorems as well as in the proofs, Banach spaces will
be implicitly assumed to be infinite dimensional. The corresponding proofs in
the finite dimensional case will be omitted.

DEFINITION 1.2. Let E, F be Banach spaces, E C F; F is a u-extension of E
if there exist an ultrapower of E, E'/9L, and a mapping ¢: F — E’/% such
that:

(i) ¢ is an isometry from F into E//QL.

(ii) ¢ | E is the canonical embedding from E into E//Q.

Definition 1.2 has an “isomorphic” analog:

DEFINITION 1.3. Let E, F be Banach spaces, E C F; F is a weak u-extension
of E if there exist an ultrapower of E, E’/9, and a mapping ¢: F— E//U
such that '

(i) ¢ is an isomorphism from Finto E//Q.

(ii) ¢ [ E is the canonical embedding from E into E’ /9.

REMARK. Any weak u-extension of E is isomorphic to a u-extension of E.

Using the above definitions it is possible to enlarge a given class C of
Banach spaces in such a way that some of the local properties of the elements
of C are preserved. For example, the following observation, already made in
[15], is the starting point of our work:

PROPOSITION 1.1. Let E, F be Banach spaces; the following conditions are
equivalent:
(i) F is a subspace of some ultrapower of E.
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(ii) For any finite dimensional subspace A of F and any & > 0, there exists a
subspace B of E, 1 + e-isomorphic to A.
When (i) or (ii) holds we say F is finitely representable in E.

DEFINITION 1.4. Let E be a Banach space; we let S (E) be the smallest class
of Banach spaces containing E, closed under isometry, ultrapowers and the
formation of subspaces.

Similarly we let Q(E) be the smallest class closed under isometry,
ultrapowers and the formation of quotient spaces and containing E as an
element.

DEerFINITION 1.5. Let C be a class of Banach spaces. We let C denote the
class of Banach spaces E such that some element F of C is isometric to a
u-extension of E.

Similarly, € denotes the class of Banach spaces E such that some element F
of C is isometric to an ultrapower of E.

We now describe the organization of the paper.

In §2, we study ultrapowers and their dual spaces. Thus, if E is a given
space, (E’/9L)* is isometric to E*' /9 for any ultrafilter QL on a set I if and
only if E is super-reflexive. When FE is not super-reflexive we still have some
information on (E’/)*; for example, we show that (E//U)* is a u-
extension of E*' /.

§3 is devoted to u-extensions; we recall an alternative definition of u-
extensions and weak-u-extensions, more local in character. We also prove
that if £ is a complemented subspace of F and F is a subspace of an
ultrapower of E, then F is a weak-u-extension of E.

In §4, we apply the preceding results to the study of the classes S(E),
Q(E), C, C defined above:

(1) We prove some duality theorems on the classes S(E) and Q(E*). As
S(E) is the class of Banach spaces finitely representable in E, we have a
satisfactory answer to the rather vague question: “what is the dual notion for
finite-representability?”

(2) We show that the operation which enables us to go from a class C to the
class C formalizes a procedure which has been used in several places in the
theory of Banach spaces. Thus if C is the class of spaces isomorphic to an
L,-space, C is the class of £,-spaces [9]; if C is the class of spaces isomorphic
to a Banach lattice, C is the class of spaces with a local unconditional
structure. Using general theorems about u-extensions we prove some closure
properties for the class C. We also give the following characterization of ©
when C is closed under isomorphism and ultrapowers:

E € C if and only if E** is a complemented subspace of a Banach space F
which belongs to C and is finitely-representable in E.

In the case of spaces with a local unconditional structure this is an
improvement of results of [5].
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(3) Concerning the class @ we show the following result:

THEOREM. (i) If E is an £,-space, 1 < p < oo, there exists an ultrapower of
E, E'/Q,, isomorphic to an L,-space.

(ii) If E is complemented in an L,-space (resp. in a C (K)-space), there exists
an ultrapower of E, E' /U, isomorphic to an L,-space (resp. a C(K)-space).

This theorem answers an unpublished question of Krivine; the new infor-
mation it gives on £,-spaces shows, inter alia, that there is no hope to single
out the spaces isomorphic to an L,-space from the £, -spaces by a set of
formulas in the style of [8] or [15].

The proof of the theorem combines the Pelczynski decomposition method
with a result taken from model theory, due originally to Keisler (see [1]) and
extended by Shelah [14].

The results which come from model theory are proved in an appendix so
that the text itself can be read without any familiarity with mathematical
logic.

2, Ultrapowers and their dual spaces.
2.1. Iteration of ultrapowers.

PROPOSITION 2.1. Let E be a Banach space; U and V be ultrafilters on sets I
and J respectively; the ultrapower (E' /Y /V is isometric to E'>/ /U X V
where U X V is defined by: X € U X V if and only if {j: {i: (i,j)) € X} €
a} e .

ProoFr. We recall Definition 1.1 and we let II, be the set of mappings x;
such that x; € E and for some A, ||x;|| <A for every pair (i, /). For any
element x = (x;);c;xs of Iy we let ¢,(x) be the element of E’/% given by
(x)ier; We let ¢(x) be the element of (E'/UY/V given by (¢;(x));e,-
Clearly ¢ is linear.

To see that ¢ is onto it is enough to observe that any element x in
(E'/UY /V can be given by mapping (x;);, With ||x;|| < [|x||; similarly x;
can be given by (x;);e; With ||x;|| < ||x;||. It remains to show that if ||x||
denotes the seminorm of the element x of IL,, ||¢(x)|| = ||x||; from this fact it
follows that if N denotes the set of elements of IL, with seminorm zero, ITy/ N
is isometric to (E’ /Y /V. Now assume ||x|| = a and lete > 0; let X = {:
{i: | 1%l — «] < e} € UY; X € V; for any j in X we get | ||¢;(x)|| — a <
¢ hence | ||¢(x)|| — a] < &; as ¢ is arbitrary we have ||¢(x)|| = || x|

The next result is a consequence of a deep result of Keisler and Shelah; it
will be used subsequently in this paper. The proof is given in the appendix.

THEOREM 2.1. Let E be a Banach space, QU an ultrafilter on a set I; V an
ultrafilter on a set J; there exists a set K and an ultrafilter °§ on K such that
the spaces (E' /U)X /0 and (E’ /)X /9 are isometric.
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Another theorem from model theory will be used in this paper and proved
in the appendix:

THEOREM 2.2. Let E be a Banach space, F a separable subspace of E; there
exists a separable subspace L, F C L C E, such that L and E have isometric
ultrapowers. Furthermore if E is a Banach lattice, we may assume L is a
sublattice of E.

2.2. The dual of E' /9. Let E'/Q be an ultrapower of E; for any element
fof E¥ /A, f = (f):es letj(f) be the linear functional on E’/Q defined by
JUN(x)ep) = limg f,(x;). It is easy to see that j is well defined and that it is
an isometric embedding from E*//Q into (E'/L)*. A natural question is
the following: When is E*/ /9 equal to (E!/%)*? (By this, we mean when is
j onto?) The answer is given by the next result, which is a restatement of
results contained in [17], [18] and whose proof will be omitted.

THEOREM 2.3. Let E be a Banach space; the following conditions are
equivalent:

(i) E is super-reflexive.

(i) For any ultrafilter U, (E'/9L)* is equal to E*' /.

(iii) There exists a nontrivial ultrafilter A on N such that (EN/U)* is equal
to E*N/Q.

REMARKS. (1) When we say (E//Q)* is equal to E*'/Q we mean
(formally) that the above defined j is onto.

(2) A super-reflexive Banach space is a Banach space E such that any F
finitely representable in E is reflexive. By Proposition 1.1, E is super-reflexive
if and only if any ultrapower of E is reflexive.

Even when E is not super-reflexive, the spaces E*/ /L and (E’/QL)* are
still locally quite similar.

THEOREM 2.4. Let E be a Banach space, QU an ultrafilter on a set I, there
exist an ultrafilter V' on a set J and a mapping ¢: (E'/U)* —» (E¥ /WY /V
such that:

1. ¢ is an isometry from (E'/OL)* onto a strongly complemented subspace of
(E*' /Uy /.

2.¢ | E* /9 is the canonical embedding from E*' /9 into (E*' /UY /V.

REMARK. (1) By strongly complemented subspace, we mean a subspace on
which there is a projection of norm 1.

(2) The above theorem should be compared to Theorem 6.4 of [15], where it
is proved that there exists an isometry ¢ from E** onto a strongly comple-
mented subspace of some ultrapower E’//Q, ¢ | E being the canonical
embedding.

To prove the theorem, we need a lemma which can be compared to the
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so-called principle of local reflexivity [10]; in order to state the lemma we
introduce some notations; we assume

(8)1<x<p are given elements in (E'/U)*,

(fm)1<mcgq are given elements in E*/ /AU,

(*»)1<n<, are given elements in E7/AU,

(@m)1<m<gs1<k< p AT€ given real numbers.

We let

}\m=

Wen = 8k(X,)s 1<k p;1<n<r

We assume that for any k there is an index m with g, = f,, + 3% 10,4 8-

P
fm+2 amkgk’ l<m<q’
k=1

LEMMA 2.2. For any strictly positive real e, there exists a sequence hy, . . ., h,
of elements of E*' /9 such that

14
fot D auhl<A,+e 1<m<yg,
k=1

[e(x,) = tinl < & 1<k<p;l<n<r

PROOF OF THE LEMMA. Assume that f,, is given by (f1),c,; similarly, x, is
given by (x});c;. To prove the lemma it is enough to find elements A/, i € I,
1< k< p, and a set X in QA such that for any i in X, the following
inequalities hold

p
fi+ 2 anhi
k=1

<SN+e  |B(x) = mal <e

Then, if 4, is the element of E*/ /U given by (h{),c» the sequence (h); << p
meets the requirements of the lemma. (Notice that for some my, ||A|| < A,
+¢)

From now on, we consider the space E? X R (endowed with the supremum
norm); we notice that (E? X R)! /% is canonically isometric to (E'/QU)? X
R; if (4,);c; are subsets of E? X R we let II;c; 4,/ be the set of elements
equal to some element (x,);, with x; € A4,. We let:

B! be the set of elements v/, (), ||u|| < 1 where v, = (a4, . .., Ol
fiwy =N, —¢e,1<m< gandu € E.

yh=@0,...,0, =x, 0,...,0, , — €) where —x, is the kth factor,
1<k<pl<n<gr

zl,=(0,...,0,x,0,...,0, —p, — &) where x/ is the kth factor, 1 < k
<pl<n<r

-1=(,...,0,...,0, —1).

Also, if u is a variable ranging over E/U, u = (u),,, we let
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B, = {v,,(4), ||u|| < 1} where v,,(u) is the element of (E? X R)!/9 given
by (UL(“i))i.el-

Yin = Vkn)ier

Zin = (Zin)ier-

= 1=(-Dier

It is easy to see that II;¢,; B} /U C B,,. We let H; be the convex hull of the
sets B!, 1 < m < p, and of the elements y/,, z},, 1 < k < p,1 < n < rand
—1. Similarly K is the convex hull of the sets B,, 1 < m < p, and of the
elements yy,, zy,, 1 < k < p, 1 < n < r,and —1. We claim II;¢,H;/U C
K. This follows from the next sublemma.

SUBLEMMA. Let s be a fixed integer and assume H; is the convex hull of s
convex sets (Cy)1<i<s> then ;e H;/ is included in the convex hull of the
sets ;e; Cy/U, 1 < I < 5.

To prove the sublemma, let £, = Zy,w; with 2}_,y; =1 and w; € C,, if
limg, v, = v, and if w, is the element of II,;¢,C;/U given by (w;);c; We get
t=(t)ic; = Z}=1vw and Zj.,y, = 1, so that ¢ is in the convex hull of the
sets H,'GIC','[/QL, 1<I<s.

Now let g be the linear functional on (E//)” X R such that

P

g(wl’ coey Wy g) = 2] gp(Wp) + £

k=
From the hypotheses, it follows that ||g|| < 1 + 2%,/ gl and that g is
< — eon K; if §(K) is equal to inf{||v]|: v € K} we get

8(K) > ellgll™"
From this inequality and the inclusion II;,H; /U C K we get
{i:8(H,) > ellgll”!/2} € U.

This, in turn, shows that if H; is the set of elements of E” X R whose
distance to H; is strictly smaller than ¢| g|| ~!/4 then

{(i:0¢ H/} €.
H; is convex and open, therefore there exists a linear functional 2’ on E? X R
which is strictly negative on H; (hence on H;); we may assume h'(—1) = —1

so that 4’ is given by a sequence (h/, .. ., A, 1).
From the fact that &' is negative on B}, it follows that

P
i+ 2 auhll<A, +¢
k=1

from the fact that 4’ is negative on any element y;,, z/, it follows that

[P (%0) = 1aa| < &
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This is exactly what remained to be proved.

We now prove Theorem 2.4.

Let J be the set of pairs j = (F}, X;) where F; is a finite subset of (E T/qu)s
and X; is a finite subset of E ’/ GZL J is ordered by'the relation j < j' if and
onlylfFCF and X; C X, The set of elements j = {j’: J<J}hasthe
finite intersection property and, thus, can be extended to an ultrafilter V on
J. If we let n(j) be the number of elements in F; we notice that limy(n(;))~!
= 0.

For any element f of (E’/U)* we define the element f; of E*' /9 in such
a way that

if f € F; then f;is 0,

iff€ F,n E*¥/U then fis f,

if f1,...,f" are elements of F andg,...,¢, is a sequence of + and —
then

®) S aff| <| Ses+ 00
if fisin F; and x is in X;
(++) 1£:(x) = f(x)] < (n()) ™"

The fact that the mapping f— f; exists follows from Lemma 2.2 and the
observation that (*) and (*#) include only a finite number of inequalities.

We let ¢: (E'/U)* — (E*' /UY /V be defined by ¢(f) = (f);e,. We first
check ¢ is norm preserving. Let f belong to (E'/U)*; if f € F; we get from
(®

w1
151 <A+ (»())
so that lim«f| | < || fI|.

On the other hand let x be an element of norm 1 of E//QU such that
f(x) > || fll = m; from (++) we getas longas x € X;and f € F;

1£(x) = £(x)] < (n(i)”"

so that || fll > f(x) — (n(j))~". Finally limsj| £l > f(x) > [|fll — m, as 9 is
arbitrary, we get

lim 151 > I£]-
To prove that ¢ is linear, it is enough to show that
#(f) + o(g) — ¢(h)|| <||f + & — A|.
If f, g, h are in F; we get from (%)

15 +8— Bl < If+g— Al + (r())""
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so that
[60) + $(8) - ()| =TimLf, + g — k)l < If +g = .

The fact that ¢ } E*'/Q is the canonical embedding from E*//Q into
(E* /Y /V is clear because if f € F; and f € E*' /U then f, = f.

We now define #: (E*/UY/V —>(E!/U)*; if g is the element of
(E*' /Y /V given by (g);<, we let for x in E/ /U,

7(8)(x) = lim (x).

It is easy to see that = is linear and that ||7|| < 1. To finish the proof of the
theorem, it is enough to prove that, for any f in (E’/U)*, m(&(f) = f.
Letting g = 7 (¢(f)) we have

g(x) =lim f,(x);
but if f is in F; we have

1£(0) = £ < (n() ",

so that
g(x) = lim £ (x) = f(x).

3. u-extensions of Banach spaces. The definition of wu-extensions and
weak-u-extensions has been given in §1 (Definitions 1.2 and 1.3). The aim of
this section is to give local characterizations of these notions.

The following result is proved in [15, §6].

PROPOSITION 3.1. Let E, F be Banach spaces, E C F; the following
conditions are equivalent:

(i) F is a u-extension of E.

(ii) For any finite dimensional subspace A of F and for any € > 0, there exists
an application ¢,: A — E such that

¢4 | A N E is the identity,

¢4 is a 1 + e-isomorphism from A onto ¢,(A4).

If F is a weak-u-extension of E, there exists an isomorphism ¢ from F onto
a u-extension of E, F’, such that ¢ is the identity on E; from this we get:

PROPOSITION 3.2. Let E, F be Banach spaces, E C F; the following
conditions are equivalent:

(i) F is a weak-u-extension of E.

(ii) There exists a real number X such that for any finite dimensional subspace
A of F, one can find an application ¢,: A — E with the following properties:

¢4 [ A N E is the identity,

¢, is a N-isomorphism from A onto ¢,(A).
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We now give a condition which is sufficient to ensure that a given space F
is a weak-u-extension of one of its subspaces E.

THEOREM 3.1. Let E, F be Banach spaces, E C F; assume E is complemented
in F and F is finitely representable in E; then F is a weak-u-extension of E.

It should be noticed that if F is a u-extension of E, the hypotheses of the
above theorem are “almost” satisfied in the following sense:

PROPOSITION 3.3. Let F be a u-extension of E, then E** is complemented in
F** and F** is finitely representable in E**.

This result is implicit in [15]: it is proved in this paper that there exists an
application #: F — E** such that:

=l < 1,

« | E is the canonical embedding i from E into E**.
But i**(E**) is complemented in E**** so that if # denotes a projection from
E**** onto i**(E**), 7 o #** is a projection from F** onto E** (we even get
|7 o #**|| < 1). F** is finitely representable in F (by “local reflexivity”),
therefore, because F is finitely representable in E, F** is finitely representable
in E, hence in E**.

Theorem 3.1 is a consequence of the following lemma, where E and F are
as in the theorem and where Q denotes a projection from F onto E.

LeMMA 3.1. Let A be a finite dimensional subspace of (I — Q)F; for any
integer n and any 8 > 0, there exists a sequence of finite dimensional subspaces
of E, say Ay,...,A, such that (1) each space A,, 1 < k < n, is 1 + §-
isomorphic to A,

() if S, denotes the unit sphere of A,, then d(S, S,) > [|Q||”'(1 + &)~ if
k# K. (d(Sis S¢) i inf e 5, e 5,1 % — | as usual)

To prove the lemma it is enough to show by induction on » that, for any »,
there exist an ultrapower of E, E’-/V, and a sequence of subspaces of
E-/%,,B,, ..., B, such that:

B, 1 < k < n,is isometric to 4,

the mutual distances of the unit spheres of B,, . .., B, are at least || Q] ~".

To get the lemma one carries back in E, via a 1 + 8-isomorphism, the
space spanned by B,, ..., B,.

The property to show is known for n = 1 (with J, = I and V, = Q). To
go from n to n + 1, consider the projection Q, from F’»/V, onto E’/V,
defined by Q,((x);e;) = (@(x));e,.- Let B,,, be the subspace A%/, of
the ultrapower F”»/V,, where A4”/V, is the set of elements (x);c; With
x; € A; B, is isometric to 4. Now, if |x|| = ||y|| =1, x € By, k < n, and
Yy € B, , we have Q,(x — y) = x because Q, is 0 on B, so that:

L= x]l = 1Qu(x =PI < NGull Ix =yl < NQI ll* =¥l
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or

lx =yl > 1@~

To finish the proof we just observe that B,,..., B,,, are subspaces of
F’ /<, which is finitely representable in F, therefore in E, and thus is
isometric to a subspace of E%+1/V, ., for some ultrafilter V,,, onasetJ,, .

We now give the proof of the Theorem 3.1.2

Let W be a finite dimensional subspace of F. Let A be (I — Q)W and let K
be the set of elements of Q (W) whose norm is at most 2. K is compact. We
claim that for a given e > 0 there exists a subspace B of E, 1 + ¢-isomorphic
to A, and such that if S denotes the unit sphere of B, d(S, K) > ||@||~'(1 -
€)/2. If this is not true we may pick an ¢’-dense sequence in K: x, ..., X,,
where ¢’ = ¢||Q||"'/4. We let 4, ..., 4,113 Sps -+« » S,y 15 given by Lemma
3.1 with § = ¢/2; as we assume d(S,, K) < ||Q]~'(1 — ¢)/2 it follows easily
that there exist an index m, 1 < m < n, and two different indexes k, k’,
1 < k <k’ < n+ 1such that

)

d(Se Se) < lQI™(1 - 5)

contradicting the choice of S, S.. Let  be a 1 + e-isomorphism from 4 onto
B.Ifw € W, T(w) is defined by

T(w)=Q(w) + 7(w — Q(w)).
We now show that for some real number A depending only on ||Q|| and ¢, T

is a A-isomorphism from W onto T(W). Also T is the identity on W N E; in
view of Proposition 3.2., the theorem follows. Clearly:

IT)) <[+ (1 + &)1 + 12 ]liwl.

In the other direction, we have

ool > 128 (=g ).

To check this, we consider two cases:
Case 1. [|Q(W)|| < 2||y|| where y = 7(w — Q(w)); then it follows from
d(K, S) > [|Q]"'(1 = )/2 that

a5y <127 (1

Nlm

d(x,, S,) < |1Q2||‘ (1-

(ST}

we get

2 The proof is modelled after the Lindenstrauss-Rosenthal proof that any complemented
subspace of an £,-space which is not an £,-space is an £,-space.
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IIQII‘ IIQII' Iyl + IIQ(W)II

@) + > —=— (1= 9lyl > —5— (1 -¢)

IIQII'

(452) aw - e+ e
Case 2. |Q(w)I| > 2IIyl|; then
1209, 1O + 11

e (w) +yIl 2 II2MW)I — Iyl > 3
> 3-(1—:,_—5 QI + lw = 2wWl)-
This finishes the proof.

REMARK. Actually, it is not difficult to derive from the above inequalities
that there exists an application  from F onto a u-extension of E, which is the
identity on E and is a (8]|Q|(2||@]| + 1))-isomorphism.

4. Classes of Banach spaces closed under ultrapowers.

4.1. The classes S(E) and Q(E). Let E be a Banach space; the classes
S(E) and Q(E) have been defined in the introduction. It is easy to prove the
following result:

PROPOSITION 4.1. S(E) is the class of Banach spaces finitely representable in
E.

In order to state a similar result for Q (E') we need a definition.

DEFINITION 4.1. Let E be a Banach space; a local quotient space of E is any
space F which is isometric to the quotient of an ultrapower of E by a closed
subspace.

PROPOSITION 4.2. Q (E) is the class of local quotient spaces of E.

ProoF. The only thing to check is the fact that the class of local quotient
spaces of E is closed under ultrapowers. So, assume F is the quotient space of
E'/% by one of its subspaces. Let 7: E’/Q — F be the canonical mapping
from E’/Q onto its quotient space. Define #: (E'/UY /V — F//V by
#((x)es) = (7(x);e,5 clearly ||#]| < 1. Now let y be an element of F//V
given by (1)), if € is a strictly positive real, then for each j we may pick an
element x; of E such that

7(x) =y and ||yl <IIxll < [yl +e
so that if x = (x;);, we get
#(x)=y and |y|| < |Ix]| < |yl +e.

This proves that F//V is the quotient space of (E’/U) /V by the kernel
of #. The following theorem establishes duality properties.
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THEOREM 4.1. Let E, F be Banach spaces:

(i) F is finitely representable in E if and only if F* is a local quotient space of
E*,

(ii) If F is a local quotient space of E, then F* is finitely representable in E*.

Theorem 4.1 is a consequence of Theorem 2.4 which shows that (E!/Q)*
is a complemented subspace of some ultrapower (E*' /)’ /<V.

We do not know if the converse of 4.1 (ii) is true and we ask the following
question:

Problem 4.1. Is E a local quotient space of E**?

4.2. The classes C. For the rest of the section, we let C be a class of Banach
spaces closed under ultrapowers. As in Definition 1.5, C is the class of
Banach spaces E such that there exists a u-extension F of E, isometric to an
element of C. We first state some basic facts about C.

PROPOSITION 4.3. (i) C is closed under ultrapowers.

(i) If a Banach space E has a u-extension in C then E belongs to C.

(ii) If C is closed under isomorphisms, then C is also closed under
isomorphisms.

As a corollary of 4.3(iii) we get

COROLLARY 4.1. Assume C is closed under isomorphisms; then C is exactly
the class of Banach spaces E such that there exists a weak-u-extension F of E,
which belongs to C.

We omit the proof of 4.3(ii) and (iii). To prove (i), we show that whenever
F is a u-extension of E, F//9 is a u-extension of E//. So we let 4 be a
finite dimensional subspace of F//Q and & > 0; we assume that 4 N E7/Q

is spanned by a,, ..., q, where |lg|]| =--- =|lg/l=1anda, 1 < j <k,
is given by (@‘)ie,; aj‘ € E; A is spanned by ay,...,a; by,..., b, with
byl = - - - = ||b,|| and with b, = (b)), etc. We let 4; be the span of

aj, ..., a; by, ..., b. By Proposition 4.1(ii), for each i in I, we may pick T;:
A; - E such that:

T(a)=a/,1< j<k.

T;is a 1 + e-isomorphism from A4, onto T;(4)).
If welet T: I, 4,/ — E' /9 be defined by T((x;);e;) = (Ti(x);e; then,
asl;c;4,/U is A, Tis a 1 + e-isomorphism from 4 onto T(4) and T is the
identity on 4 N E’/%. By Proposition 4.1 this proves that F//U is a
u-extension of E’/9U.

We now give some examples; the following proposition has already been
observed in [15].

PROPOSITION 4.4. Let E be a Banach space; the following conditions are
equivalent:
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(i) E has a u-extension isomorphic to an L,-space, 1 < p < 0.

(ii) E is an C,-space, i.e. there exists X such that for any finite dimensional
subspace B of E there is a finite dimensional subspace C of E which includes B
and is N-isomorphic to an I}

The above result shows that if C is the class of spaces isomorphic to an
L,-space, 1 < p < o0, C is the class of £,-spaces defined by Lindenstrauss
and Pelczynski in [9]). Similarly if C is the class of spaces isomorphic to a
C (K)-space, C is the class of £ -spaces (for a proof see [15]).

In order to give one more example, we need first a definition (due to
Dubinsky, Pelczynski and Rosenthal [4]). Before we state this definition, we
recall that if x|, . . ., x, is an algebraic basis of a finite dimensional space, the
unconditional constant of the sequence x;, . . ., X, is the real number p

n n
D &aX; > ax|<1}.

i=1 im1

DEFINITION 4.2. A Banach space E has a local unconditional structure (1.u.s.)
if there exists a real number A such that for any finite dimensional subspace B
of E there is a finite dimensional subspace C of E, which includes B and has
unconditional constant at most A.

It is proved in [5] that any Banach lattice has a lL.u.s.

==l €R,

p=sm>[

PROPOSITION 4.5. A Banach space has a local unconditional structure if and
only if it has a u-extension isomorphic to a Banach lattice.

This result is implicit in [5), where the notion of u-extension is not used and
we only give a sketch of the proof.

Assume E has a Lu.s. and for each finite dimensional subspace B of E, pick
a finite dimensional subspace Cp of E such that B C Cp and Cp has
unconditional constant at most A. Pick an ultrafilter U on the set B of finite
dimensional subspaces of E such that for any B in ®, B € AL, where
B = {B": B’ D B).Clearly, [ ;¢ 4C3/% contains an isometric copy of E and
is a u-extension of it. Also, II5c4Cp/U is A-isomorphic to a Banach lattice;
this is because each Cp is A-isomorphic to a Banach lattice and because the
class of Banach lattices is closed under ultraproducts [2].

To prove the converse implication, it is enough to notice that if E has a
u-extension with a lLu.s. then E itself has a Lu.s. (apply Proposition 3.1).
Q.E.D.

From now on we assume C is closed under isomorphisms.

THEOREM 4.2. Assume C is closed under isomorphisms, then a Banach space
E belongs to C if and only if its second dual E** belongs to C.

PrOOF. Assume E belongs to C; E** is a complemented subspace of an
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ultrapower E’/9) [15, Theorem 6.4]. By Theorem 3.1, E//%U is a weak-u-
extension of E**; but by Proposition 4.3(i), € is closed under ultrapowers so
that E//Q belongs to C. By Corollary 4.1, it follows that E** belongs to C.
To prove the converse just notice that E** is a u-extension of E and use
4.3(ii).

Using the same idea, we can obtain a more general result, which provides a
reasonably simple characterization of C.

THEOREM 4.3.3 Assume C is closed under isomorphisms; then a given Banach
space E belongs to C if and only if there exists a Banach space L in C such that

(1) E** is isometric to a complemented subspace of L.

(2) L is finitely representable in E.

ReMARK. If ¢, is finitely representable in E, then condition (2) is always
satisfied.

PrOOF. Assume first E belongs to C; let F be a u-extension of E, F € C;
by Proposition 3.3 E** is isometric to a complemented subspace of F**; F**
in its turn is complemented in some ultrapower F//Q. Let L be F!/%U; as C
is closed under ultrapowers L belongs to C; clearly L is finitely representable
in E and E** is isometric to a complemented subspace of L.

Now, let E, L be given spaces, L € C and assume (1) and (2) hold. By
Theorem 3.1 L is a weak-u-extension of E** so that E** is in C, in view of
Theorem 4.2; this implies E € C. Q.E.D.

4.3. The classes C, when C is the class of spaces isomorphic to an L,-space.

The class of £,-spaces [9] is in some sense the class of Banach spaces
which are locally isomorphic to an L,-space. If we want to define a class of
Banach spaces which share the “local properties” of the spaces isomorphic to
an L,-space and if we are ready to admit that a “local” property is a property
preserved under ultrapowers (which is the underlying idea of the paper), then
it is natural to substitute for £, the class C (where C is the class of Banach
spaces isomorphic to an L,-space). That these two classes coincide, at least if
1 < p < o, is quite striking.

THEOREM 4.4.* Assume 1< p < oo; any £,-space has an ultrapower
isomorphic to an L,-space.

In the case p = 1 or p = o0 we can only prove a weaker result:

3 In the case of Banach spaces with a Lu.s. this is an improvement of results in [S].

4 This result has an interesting meaning in the model-theory of Banach spaces. Let a
V3-formula be a formula which consists of a string of universal quantifiers followed by a string
of pxistential quantifiers and a quantifier free formula (we follow [15] for the terminology).
Implicit in [8] is the fact that the class of £,-spaces, 1 < p < o, is the union of countably many
classes of spaces defined by a set of V3-formulas. Theorem 4.4 suggests that considering more
complicated formulas will not yield more information, contrary to what was expected.
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THEOREM 4.5. Let E be a Banach space;

(i) If E is isomorphic to a complemented subspace of an L,-space, E has an
ultrapower isomorphic to an L,-space.

(ii) If E is isomorphic to a complemented subspace of a C (K)-space, E has an
ultrapower isomorphic to a C (K)-space.

REMARKS. (1) Theorem 4.5(ii) should be compared to the well-known
question: is any complemented subspace of a C(K)-space isomorphic to a
C(K)-space?

(2) We do not know if Theorem 4.4 is true forp = 1 orp = c0.

Problem 4.2. Find a Banach space E which is an £,-space (resp. £.,-space)
and such that no ultrapower of E is isomorphic to an L-space (resp. to a
C (K)-space). ‘

(3) Theorem 4.5 shows that the second dual of an £,-space (resp. £,,-space)
has an ultrapower which is isomorphic to an L,-space (resp. L -space).

Before we prove Theorems 4.4 and 4.5 we state some simple lemmas.

LeMMA 4.1. (i) Let 1 < p < oo; any £,-space is isomorphic to a complemen-
ted subspace of an ultrapower [} /.
(ii) Any L,-space is isomorphic to a complemented subspace of an ultrapower

/.

LeMma 4.2. () Let 1 < p < oo, if H is (4,)% /O, then IP (H) is isometric to a
complemented subspace of H.
(i) If H is c¢X /O, then c(H) is isometric to a complemented subspace of H.

PRrOOF OF LEMMA 4.1. Let E be an £,-space; from Proposition 4.4 we know
that E has a u-extension isomorphic to an L,-space, F. Actually the proof of
this result (given in [15]) shows that we may assume F = I[,c,l"®/9U. (To
define F, pick for any finite dimensional subspace B of E a subspace Cg
A—lsomorphlc to [i™ % and such that B C Cp and choose an ultrafilter U
such that B € 9 where B = {B": B2 B); Fisllge, ™ /)

Now if 1 <p < o0, E is reflexive, so that, by Proposition 3.3, E is
isomorphic to a complemented subspace of F; F is complemented in /, 1/,
to prove this, let 7;: [, - 1" be a projection of norm 1 and let #((x),c,) =
(m(x,;));e;- This finishes the proof of Lemma 4.1(i). The proof fails for
£,-spaces by lack of reflexivity; it can be carried through for L,-spaces
because any L,-space is complemented in its second dual and therefore, by
Proposition 3.3, in any u-extension.

PrOOF OF LEMMA 4.2. We only prove the first statement; as [,(,) is exactly
L, H is L,(L)*/U so it is enough to prove that, for any E, I(EK/Gllf) is
lsometrlc to a complemented subspace of (/,(E))*/W. Any element of
L(EX /%) is a sequence (x,),c x> Where x, € E"/"llf and ZF.,|[x,]l1? < oo.
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We let Z be the dense subspace of {,,(E"/ ) which consists of those
sequences which are eventually 0. (Z is not a closed subspace.) If x is an
elementof Z, x = (x}, ..., %y, 0,...,0,...)andif x,, 1 < n < N, is given
by (Xu)iex We let ¢ (x) be (X ovs Xy 0,...,0,...). (x) is an
element of /”(E) and

e (XIP = llxyell? + = = =+ [lxwellP

We let ¢(x) = (¢ (X))rexs

N 1/p
lle(x)l =liu'? llo ()l = (nE_‘,I lgzll}lllx,.kll") = [|x]|

so that ¢ can be extended to an isometry ¢: L(EX/W) - (L(E)* /. Now
if y is an element of ([,(E))*/ given by (y,)rex and if y, is the sequence

(Vimdnen We let m,(») = (Vundkex- 7, is a mapping from (L,(E))*/U into
EX /9 ; furthermore

N N N
S WO =2 lmlyulP=lim 3 [yal°< IyI°
n=1 n=1 w u n=]

so that 2., l|7,(MIP)'/7 < |\ y|l. Finally if #(y) = (m,(»)en 7 is_an
application from (L(E))*/%W into L,(EX/); it is easy to see that 7 © ¢ is
the identity on Z and therefore on [,(E)* /U so that L,(E)X /9 is isometric
to a complemented subspace of (/,(E DAL

Before we give the proof of Theorem 4.4 we make one more observation
which will be used repeatedly: if E is isomorphic to a complemented subspace
of F, then E’/V is isomorphic to a complemented subspace of F//V. The
proof is straightforward: if ¢ is an isomorphism from E onto a complemented
subspace of F and 7 is a projection from F onto ¢(E), then ¢ defined by
#(%);e,) = (#(x));es is an isomorphism from E’/<V into F//V and #
defined by #((3;);e,) = (7(3))), e is a projection from F//V onto ¢(E”/V).

PrOOF OF THEOREM 4.4. It is known that any £,-space (1 < p < o) hasa
complemented subspace isomorphic to /, (see [11, Proposition II, 5,5]). From
Lemma 4.1, we know that any £,-space, E (1 < p < o), is isomorphic to a
complemented subspace of an ultrapower I; /U.

By Theorem 2.1, there exists an ultrafilter U on a set K such that Ip" /U
and () /U)X /9 are isometric. Let H be [X/W, H is an L,-space and the
following facts are true:

EX /9 is isomorphic to a complemented subspace of H.

H is isomorphic to a complemented subspace of EX /9.

[,(H) is isomorphic to a complemented subspace of H (this is proved in
Lemma 4.2(3)).

The Pelczynski “decomposition method” [12] asserts precisely that the
above facts imply that H and EX /9 are isomorphic. Q.E.D.
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The proof of Theorem 4.5(i) is exactly similar. To prove 4.5(ii), we need one
more result due to Pelczynski [13].

THEOREM 4.6 (PELCZYNSKI). Let K be a compact metric space and Y be a
separable Banach space; if C (K) is isomorphic to a subspace of Y, then C(K) is
isomorphic to a complemented subspace of Y.

In the nonseparable case this theorem has the following consequence.

PROPOSITION 4.5. Let Q be a compact space and Z be a Banach space; if
C () is isomorphic to a subspace of Z, then there exist an ultrapower of C (),
X\, and an ultrapower Z,, of Z, such that X, is isomorphic to a complemented
subspace of Z,.

PROOF. Let X be a separable sublattice of C(£2) which contains the unit as
an element and is such that X and C(2) have isometric ultrapowers. That
such an X exists is a consequence of Theorem 2.2. X is a closed sublattice of
C () with a unit, therefore X is a C (K)-space for some compact K; as C(K)
is separable K may be chosen compact metric. C(K) is isomorphic to a
subspace of Z; we let ¢ stand for an isomorphism from C(K) into Z. By
Theorem 2.2, there is a separable Banach space Y such that

HC(K)CYCZand

Y and Z have isometric ultrapowers.

By Theorem 4.6, C(K) is isomorphic to a complemented subspace of Y. If
C(K)' /U and C(R)/V are isometric it follows that C ()’ /V is isomorphic
to a complemented subspace of Y//L.

Now, it is an easy consequence of Theorem 2.1 that the relation L ~ M
defined by L and M have isometric ultrapowers is an equivalence relation.
Therefore Y7 /9L and Z have isometric ultrapowers. Assume (Y//L)"' /U’ is
isometric to an ultrapower of Z, it follows that (C(Q)/V)'' /U’ is
isomorphic to a complemented subspace of an ultrapower of Z. Q.E.D.

We now prove Theorem 4.5(ii). Assume E is complemented in C(£). It is
known that any infinite dimensional complemented subspace E of a C(Q)-
space, where Q is a compact set, has a subspace isomorphic to ¢, [11,
Proposition 11.4.33]. By replacing E by a suitable ultrapower of E, E;, we may
assume E, has a complemented subspace isomorphic to an ultrapower of ¢,
and E, is complemented in a space C (). Now C (&) is finitely representable
in ¢, so it is a subspace of an ultrapower of ¢,; by Proposition 4.5, there is an
ultrapower of C () isomorphic to a complemented subspace of an ultrapo-
wer of ¢,. Finally, by replacing E, by an ultrapower E,, we get the following
situation:

E, has a complemented subspace isomorphic to cg /.

E, is isomorphic to a complemented subspace of cj/V. We let U be an
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ultrafilter on a set K, such that (c¢f/U)X/UW and (cJ/V)X/UW are
isometric; if we let H = (¢{/U)%/U, E; = EX/U, we get

E, is isomorphic to a complemented subspace of H.

H is isomorphic to a complemented subspace of E;.

co(H) is isomorphic to a complemented subspace of H (by Lemma 4.2(ii)).

By the Pelczynski decomposition method it follows that E; and H are
isomorphic. But E; is an ultrapower of E and H is isomorphic to a C(K)-
space; this finishes the proof.

5. Appendix. Proof of Theorems 2.2 and 2.3. In this appendix we consider
structures of the following type:

A= (IQII, +%, (qm)qu’ Bw)
where

|| is a set (the domain of %)

+¥ is a function from |%|? to |%|.

q" is a function from |%| to || for each rational number q.

B% is a subset of |%|.

The appropriate language L to discuss such structures includes

variables (v);en-

a binary function symbol +.

for each g € Q, a unary function symbol q-.

a unary predicate symbol B.

We assume the reader is familiar with model theory.

By a normed Q-space we mean a Q-vector space E with a mapping ||x||
from E into R* such that

llx +yll < lix)i + |yl

ligxll = lq| lix|l, ¢ € Q, and

[lx]] = 0if and only if x is 0.

It is clear that to any normed Q-space E, one can associate a structure
A(E): + is interpreted by the addition in E, ¢+ by the multiplication by ¢
and B by the set of elements of norm at most 1.

On the other hand if B is elementarily equivalent to A(E), it is possible to
associate to B a unique normed-Q-space [B] as follows: we first let I = {x:
x € |B| and for some ¢ > 0 (B, x) k= B(q-v)}. Iy is closed under +® as
the formula

Yo, Vo, (B(q,* ;) A B(g;* v;) > B(g5" (v, + 1y)))

is true in A(E) with ¢, > 0, ¢; > 0and ¢; = ¢,4,/(q, + ¢2). Iy is also closed
under ¢%, ¢ € Q. We now let

Ny = {x: x € || and for all ¢ > 0(B, x) = B(q-v)}.
Ng is closed under +® as the formula
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Vo, Vv, (B (2¢-v;) A B(2q-v;) > B(q- (v, + Uz)))

holds in %(E). Also Ny is closed under ¢®. [%8] is the quotient space I/ Ng.
For any element x in [Iy we let

x|l = [sup{q: g>0and (B, x) = B(q- v)}]—'.

To prove ||x + y|| < ||x|| + |||, pick € > 0 and let g,, ¢, such that 1/¢, <
lx|l + ¢ 1/g, < ||y|l + ¢ and

(1) (B, x) = B(g, " v),

(2) (B,y) E B(g," v).
From (1) and (2) we get

B3 @B, x+y)E B(g:9,/0 + ¢, v)
because the formula

Vo, Vo, (B(‘h ‘o) N\ B(q;° ;) > B( qqlqz 0 + "2))

1+ 4

holds in A(E).

(3) implies
at+aq

992
as e is arbitrary we get ||x +y|| < x|l + |yl llgxll = |q] lIx]| for any
q € Q. ||x|| = 0if and only if x is in Ny,

Finally the space I,/ Ny endowed with ||x|| is a normed-Q-space [B].

e+ )< < lxll + Iyl + 2e,

LeEMMA 5.1. If B and B’ are isomorphic and elementarily equivalent to A(E),
then [B) and [*B'] are isometric.

REMARK. An isometry from a normed Q-space onto another is a Q-linear
mapping which is norm preserving.

ProOF. We let ¢ be an isomorphism from B onto B'. ¢ is Q-linear and
maps I1 one-one onto Ily, and Ny one-one onto Ny ; therefore it induces a
Q-linear bijection ¢ from [B] onto [B]. To see that ¢ is norm preserving
consider a given x in Iy

]| =[sup{q: g>0and (B, x) = B(q-v)}]-l

-1
=[sup{g: ¢ > 0and (B, ¢(x)) = B(¢-0)}]| = llo(x)Il
LEMMA 5.2. Let E be a Banach space; QU an w-incomplete ultrafilter on a set
I; if Ey is a Q-vector space which is a dense subset of E, [(Ey)' /U] is
isometric to E' /..

REMARK. An ultrafilter 9 is w-incomplete if there exists a countable set of
pairwise disjoint sets (X,),cn such that X, & U and U PX, = I.
PROOF OF THE LEMMA. We let B stand for A(Ey)' /U, and we define a
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mapping §: Ily— E//; assume x is the element of Iy, (x;);c; then,
because x € [Iy there is a ¢ > 0 such that (B, x) = B(q- v); this means that
{i: llgx;|| < 1} € A so that (x;);e; represents an element in E//; we let
Y(x) be this element. Clearly i is linear. ¢ is norm preserving: to see that, we
have to show

lim |lx]) =[sup{q: ¢ > 0and (8, x) = B(g-0)}]”"
but we have
sup{q: ¢ > 0and (B, x) = B(q-v)} = sup{q: {i: |lgx;|| < 1} € U}
. . _l
= sup{q: ¢ lim x|l < 1} = (lim|}x1)

¢ is onto: let y be in E//QU, and assume y is given by (y,);<;; let (X,),en be
a sequence of pairwise disjoint elements, X, & U and U{X, = I; for a
given i € I, let n(i) be the unique integer such that i € X,,,; for each i pick
x; in E, such that ||x; — y;|| < 1/n(i). Clearly (x;);¢, is in the range of  and
represents y as well as ()¢,

To finish the proof of the lemma, it is enough to observe that ¢ induces an
isometry from Ily/Ng onto E7/9U.

We now give the proofs of Theorems 2.1 and 2.2 which we restate.

THEOREM 2.1. Let E be a Banach space, O an ultrafilter on a set I; <V an
ultrafilter on a set J. There exist a set K and an ultrafilter °U on K such that
the spaces (E' /)% /U and (E’ /)X /9 are isometric.

ProoF. The structures A(EY /AU and A(E)Y /V are both elementarily
equivalent to A(E), therefore, by the Keisler-Shelah theorem, there exists an
ultrafilter U on a set K such that A(E) *X /U x U and A(EY *X/V x U
are isomorphic. By Lemma 5.1 it follows that [Y(E)Y X/ X 9] and
[UEY *X/V X U] are isometric (as normed Q-spaces). By Lemma 5.2, this
means that E/*K/Q x 9 and E’*X/V X 9 are isometric as normed
Q-spaces and therefore as Banach spaces. But E’*X/qL x 9 is
(E'/U)%/9% and E/*X/V x QF is (E’/VYX /9 (by Proposition 2.1).

THEOREM 2.2. Let E be a Banach space, F a separable subspace of E; there
exists a separable subspace L, F C L C E, such that L and E have isometric

ultrapowers. Furthermore if E is a Banach lattice, we may assume L is a
sublattice of E.

ProoF. Let F, be a Q-vector space which is a dense countable subset of F.
By the Lowenheim-Skolem theorem there exists a countable structure, B
which is an elementary substructure of %(E) and whose domain |B| contains
Fy; if E is a lattice we may assume || is closed under the lattice operations.
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We let L be the closure of |8 in E; L is a separable Banach space and if E is
a lattice L is a closed sublattice of E. By the Keisler-Shelah theorem, there
exists an w-incomplete ultrafilter U on a set X such that 85/ and
AE)X/U are isomorphic. By Lemma 5.1, it follows that [8%/9U] and
[U(E)X /U] are isometric. By Lemma 5.2 it means that LX /9 and EX/U
are isometric. Q.E.D.
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