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STRONG DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS
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C. J. NEUGEBAUER

ABSTRACT. Let F be a differentiation basis in R”, ie., a family of
measurable sets S contracting to 0 such that ||Mgf]|, < 4,||f||,, where Mg
is the Hardy-Littlewood maximal operator. For f € A29, we let E¢(f) be the
complement of the Lebesgue set of f relative to F, and we show that Ep has
Lpa-capacity 0, where L?9 is a capacity associated with A2? in much the
same way as the Bessel capacity B,, is associated with L.

1. With the Bessel potential space L?(R") there is associated the Bessel
capacity B,, which is defined for E C R" by

B, (E) =inf{||g|t:g € L?,g > 0,G,*g > lon E},

where G, is the Bessel kernel given by G, (x) = (1 + 473|xP)~%/2 [5, p. 132].
The capacity B,, is an outer measure on R”" and its relation to H’, Hausdorff
measure of dimension r, is given by the following [4]. If p > 1, ap < n, then
H"~%(E) = 0 implies B,,(E) = 0, and B,,(E) = 0 implies H"~*%**(E) =0
for every € > 0.

Let F be a family of measurable sets S ¢ R" with 0 < |S| < oo, and let
S — 0 stand for the generic notation for the limit as j — o0 of any sequence
{S;} C F such that, for any ¢ >0, §; C {|x| <&}, j > j(e). With such a
family we associate the Hardy-Littlewood maximal operator

Mif() = sup 7k [ i € F .

S+

The behavior of M,f is decisive in the study of the differentiability of the
integral. If, for example, |Mgf||, < 4,]|fll, (there are many interesting
families F with this property [3]), then the set

Er(f) = {x: qufs+x|f(y) —f(x)ldy-/->0asS—>0}

has measure 0 for f € L?. If f € L?, then as shown in [2] the exceptional set
Eg(/) has even B,,-capacity 0.

The purpose of this paper is to prove an analogous result for the Lipschitz
spaces AZ?(R") (see [S], [6]), using instead of B,, a “Lipschitz” capacity L.
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In view of the inclusion relations

LEcAycAYcLg P>,
r=max(p, 2), q > r, 8 < a [6, pp. 441, 452] our differentiability result lies
then intermediate to those of [2].

We recall that, if F is the family of all oriented rectangles, a nonregular
family, then ||Mgf||, < 4,]|fll,» 1 <p < oo [5]. For regular families F, i..,
those for which there is ¢ > 0 such that every E € F lies in a sphere S with
|S| < c|E|, the size of Ex(f) for f € A?? can be studied with the techniques
developed in [8], especially the mean value property [),<,.G,(x —y) dy <
cG,(x)r". One sees easily that this tool is no longer available for nonregular
families, and its substitute || Mcf||, < 4,||f],, which is not a condition on the
kernel G,, requires one to study the interplay between A?? and M.

2. Let F be a family as in §1, and let tF = {¢S: § € F},0 < ¢ < 1, where
1S = {ts:5s € S§}. Let
1
M, = —_— :S EF;.
s = supf ok [ 1SN i s € F)

Lewia 1 If [Mefll, < 4\ fll,0 S € L2, then | Mifl, < 4|\l 0 <t <
1.

PROOF. [tS|™!f 5 |f(W)] du = |s|7 54,/ f(t0)] do < ME(Bf)x/1),
where (8,f)(x) = f(¢x). Hence
P 1/p
< { [ Meor(2) ax)
I/p

- (e f prtasar ae) "< o ( [ oo )
= 41,

We note that 4, is independent of 1.
For 0 < a < 1, the Lipschitz space A2?(R") consists of all functions
f € LP(R") for which the norm

i Nf(x+ 8+ f(x— 1) = 2f(x)|I4 1/¢
0w, e ar| =

is finite [5, p. 151]; here 1 < p, ¢ < 0. If 0 < a < 1, the above norm is
equivalent to

- q /¢
(i) 1A+ { fR ” /G + ) = Sl dt]

Itln-f-aq
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[5, p. 153]. If @ > 1, A%? is the collection of f € LP(R") for which the norm
A1, + Z7-1118f/3x;||ae, < 0 [5, p. 153], where df/dx; is taken in the sense
of distribution.

LemMA 2. Let 0 < a < 1 and | Mf|l, < A, ||fll,»f € LP. Then | M,f||ppe <
A, || f1l Age-
p a

ProOF. By Lemma 1 we only need to show that || Meflam < Al fllaze- If
£(x) = f(x + 1), one easily verifies that |Mgf(x + 1) — Mgf(x)| < M(f, —
(x), and the result follows from (ii).

3. If G, is the Bessel potential of order @ > 0, and if J,f = G, * f, then J,;:
AZ? — A% g is an isomorphism and the norms || fllage, I/afllaz, , are equiva-

lent [5, Chapter 5]. This result will be used frequently in the sequel.
For0< a < 0,1 < p, g < o0, we define, for E C R",

L (E) = inf{||gllpe: g > Oandg > 1on E }.
For 0 < y < a we define, for E C R",
B (E) = inf{||gllxw: g > 0and G,_, * g > lonE}.

It is easily verified that L7, BJ? are capacities, i.e., they are monotone,
countably subadditive, and assign 0 to E = O (see [4, p. 251]).

The usefulness of B?? is exhibited in the following lemma.

LemMMA 3. L?9(E) =0 if and only if there exists 0 < y < a such that
BM(E) = 0.

PRrOOF. (—) Let 0 < y < a and let € > 0. Choose g € AZ? so that g > 0,
g>1lonE, and |gl < eIfg=G,_, >y €A, then |||¢[l|r < Ke,
and BYY(E) = 0.

(«) If B?(E) = 0, then there is g > 0in AZ? with G,_, *g > 1 on E and
llgllaw < & As before ||G,,_, * gllax < Ke, and LY(E) = 0.

LEMMA 4. Let 1 < p < 0. The relation between the Bessel capacity B,, and
the Lipschitz capacity LE? is given by

() B, (E) = 0 implies L{?(E) = 0 g > max(p, 2).

(i) L£?(E) = 0 implies B,(E) = 0,0 < y < a.

PrOOF. (i) We use Lemma 3 and verify that B2/(E) =0for 0 <y < a.
Since B,,(E) = 0, there is g > 0 in L” such that || g||, < ¢ and G, * g(x) >
L, x EE.If = G, g, then ||[Y||5, < M| gll, < M-e[6, p. 452].

@ii) If 0< y < a, we have Bf? (E) =0, and hence there is g > 0 with
| 8llage, < € and G, * g(x) > 1, x € E. Since || g||, < &, we get B,(E) = 0.

COROLLARY. If LPI(E) = O and ap > 1, then H""(E) = 0.

Proor. Let 0 < y < a with yp > 1. Since B,,(E) =0, we see from [4,
Theorem 22] that H*~Y(E) = 0.
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The next lemma shows that f € A2? can be defined absolutely modulo sets
of L?-capacity 0.

LEMMA 5. Let fEAY, 0<y<a, and f=G,_, *{, Yy € AY. Then
G-, * [¥l(x) < oo for L%-a.e. x.

PROOF. Let E = {x: G,_, * [§|(x) = c0}. Then

B (E) < BY{x: G,_, * [yl(x) > k}

¥l
k
The result now follows from Lemma 3.

LEMMA 6. Let ; — f(A%?). Then there exists a subsequence {j;} such that
Y, - ffor Lf%-a.e. x.

1
= BM {x: Gyy * (x) > l] <E"‘P"‘W—)0 ask — 0.

Proor. The proof is standard and we give it for the sake of completeness.
Let0<y<a,f=G,_,*8 Y = G,—, * ¢, 8 ¢ € AL% Then
By {x: |y, — fl(x) > &} < BY*{x: G, *(i¢ — gl/&)(x) > 1}
If we select now {j;} such that for 4, = {x: |y, — f|(x) > 1/2'} we have
Bl(A4) < 1/2,thenon 4 = N5, U 5,4, ¥, > fand B2 (4) = 0.

Levwa 7. If [|Mfll, < 4,l1S1l, and 0 < a < 1, then ||[4M,g(x) dt|lps <
A,|| 8llae where My and M, are the maximal operators associated with F and
tF.

PROOF. Let y(x) = [iM,g(x) dt. Then ||{|| » < 4,/ gll, (Lemma 1), and

WG+ =40l <[ 1,8, - o), e

<A4fg(x+1)- g(x)“p,

where g, (x) = g(x + 7).
From Lemma 5 we deduce that for g € A??, M,g(x) € L'(at, [0, 1]) for
LP = ae. x.

4. We are now ready to state and prove our differentiability results. We let
F be a family of sets asin §1, and welet tF = {tS: S € F},0< ¢t < 1.

THEOREM 1. Assume that for f € LP(R"), |Mgfll, < 4,||fll,. For f €
API(R™), let



STRONG DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS 299

. 1
E, = { x: limsup —7 - f(x > 0}.
()= {x mswp g [ 170) - 1091
Then LP(E,) = 0.
ProOOF. We have to verify that, for 0 > 0, L??(E,) = 0, where

N _
E, = {x € B timswp T [ 190) ~ 19 > o}.

Let 0 < B < min(l, a). By Lemma 3 we need to show that Bf?(E) = 0. Let
1 > 0 be given.

Let Cg°(R"™) be the space of infinitely differentiable functions with compact
support. By [6, p. 444] there is a sequence {y;} C Cy° such that y; — f(AS?).
Choose now ¢, f2 € A5 with G, g *yf =4y, and G,_p *f* = f. Then
YP - fP(A5Y), and from this we get that

B {x: [¢ = fI(x) > 8} < I¥F = fPlla/8 = o(1) asj—>co.
If 2 = S, we have

: 1
m L, O @l <z [ ;) -yl

1
+ig L, O -y &

+(x) = £(x)|
= A;(x) +Ay(x) + Ay(x).

@ Since {x: M,(f = ¥)(x) > 0/3} C (¥ Go_p * M,(S* — 4f)(x) >
6/3}, we see that

B {x: M(f — 4)(x) > 0/3} < (3/0)|M,(f* = ¥f)| s
< (3/0)4,|* - 49”"‘\5,( n/2, ifj > ji(n).

The next to the last inequality follows from Lemma 2 (applicable since
B < 1). Since 4,;(x) < M,(f — y;)(x), there is a set E,; such that B§?(E,)) <
n/3,j > ji(n), and x & E,; implies 4;(x) < 0/3.

(ii) Since Bf?{x: A3(x) > 0/3} < (3/ o)||4zj/’ - fB"Aﬁ‘” there is j;(n) such
that forj > j3(n), 43(x) < 6/3 except for x € E,; with Bf?(Ey) < 1/2.

(iii) Let now j, > max[j,(n), j5(n)]. Then there is 7(¢) such that S C
B(0, 7) implies | (¥) — ¢;(x)| < 0/3,y €S + x. If then x & E,; U E;,
and S C B(0, 1), we get |=|"f5,,|f()) — f(x)| & < o, = = ¢S, and hence
E, C E\;, U E;;. Then B§?(E,) < 0, and the proof is complete.

THEOREM 2. Under the same hypothesis as for Theorem 1, we have for
LP%-a.e. x,
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@ Imol [ f0) - ()| =0, aer 0<t<1.
§-0 ItS| t1S+x

@) tm [ Y ORNO ELEN

)
PROOF. (i) Let

e _
£ ={(wny mswp ke [ 170) -~ 1) & >0

and let E, = {¢: (¢, x) € E}. We must show that |E,| = 0 for L?%-a.e. x.

Let 4, = {x: |E,| > o}. Let 0 < B8 < min(l, ) and choose {y;} C Cg° so
that y; — f(A%?). By Lemma 6 we may assume that y;(x) - f(x) for L{%-a.e.
x. Let E,; be the exceptional set, ie., L29(E,) =0 and x & E,; implies
4 (x) > f().

We need another exceptional set E,. Since M,(f — ¢)(x) < G,_p * M,(f?
— ¥f)(x) (notation as in the proof of Theorem 1), and Y — fA(A%7), we see
that

[0 < G ['M (5 = 4f)5) e = ).

By Lemma 7, [§M,(f® — ¢F)(x) dt € A%, and hence ¥, € A%,
Next

{x: j;lM,(f- ¥)(x) dt > e} C [x: G, p* %j:M‘(fﬁ— .pjﬁ)(x)dt > l},

and hence

By {x: fo'M,(f— Y)(x) dt > e} <%

[Ftr - spal,,

A
< —f I/ - xp}’||A5,= o(l) asj— oo.

We can now choose a subsequence {j;} so that [gM,(f — ;x) dt —> 0 for
LPM-ae. x (see e.g. the proof of Lemma 6). We may assume that {j;} = {/j}.
Let

E,= {x: fo'M,(f- %)) dt-no}.

Then L?9(E,) = 0.

We return now to the set 4, introduced at the beginning of the proof, and
we claim that, for everye > 0,4, C E, U E,.

If we deny this, then there is xo € 4, and x, € E; U E,. Then |E, | > o.If

Ep= [t: hl;ljgp TtIET f:s“olf()’) —f(xo)| dy > }\},
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then there is A > 0 with |E, ,| > a. We choose now j, so large that

() [oM(f = ¥ )(xo) dt < o\/3,
(i) |¥,(x0) — f(x0)l <A/3,
and we choose 7, > 0 such that S c B(0, 7,) implies
@iii) [¢;,(») — ¥ (X0l <A/3,y ELS + x, 0< 1< L
Since for t € E, ,,

A< M,(f = ¥)(x0) + % S c B(0, 7o),

we see that E ), C {r: M(f— ¢ )(x) >A/3). From this |E ;| <
G/NIM(f - ¥, )(xo) dt < g, a contradiction.

To prove (ii), we first observe that [{M,f2(x) dt € AZ (Lemma 7), and
hence G,_g * [(M,f*(x) dt < oo for LP-ae. x (Lemma 5) Since M, f(x) <
Gyp* M,f”(x), we see that M,f(x) € L'(dt [0, 1] for LP4-a.e. x. Finally,

£ ()] +Mf(x) >It—1¢4 £s+x[ F() - f(x)| dt >0 asS—0,

and we only need to apply the Lebesgue dominated convergence theorem to
obtain (ii).

COROLLARY. Under the same hypothesis,

. ! 1 1
Jor LF-g.e. x.

5. In this section we will study higher order differentiability. Let F be a
differentiation basis as in §1, and let §(S) denote the diameter of S. We say
that a function f € LP(R") is in #f(x,) with respect to F if there exists a
polynomial IT [(») of degree < k such that

=0

1/p

{ Ié—l [9+xo|f(y) - H‘o(y)r ‘b’} =o(3 (S)k), as S —0.

If F is the family of all balls centered at the origin, this notion is due to
Calderén and Zygmund [1], and for a general F was introduced in [2].

THEOREM 3. Let ||M,-f||,, A fl,- If f € ABI(R™), and k is a nonnegative
integer < a, then f € t(x) with respect to F for LF ,-a.e. x.

Of course, the special case k = 0 is Theorem 1. The proof of Theorem 3
proceeds along the lines of the corresponding theorem for L? [2]. We shall see
that with the help of Theorem 2 it is possible to omit the hypothesis tF C F,
0 < ¢ < 1, made in [2]. We need

LEMMA 8. Let f € AF7(R"), 1 < a < 0. Then for L?-a.e. x, f is absolutely
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continuous on H" '-a.e. ray from x, and on such a ray fix f(x + z) — f(x) =
OV f(x + 12)- z dt.

Proor. The proof is precisely the same as the proof of the corresponding
lemma for L? [2] as soon as we establish the existence of a sequence
{£} € Cg° such that for L%-a.e. x,

G *|Vfi—VA(x)—>0 asj— 0.

Let 0 < y <min(l, « — 1), and choose g € AJ? such that f=G,_, *g.
Let {f;} C Cs° such that f;, — f(A%?), and let g; € A with f, = G,_, * g.
Then g — g(Af?). By Lemma 6, f,(x)—f(x) for Lf%ae. x, for some
subsequence {f;}. Since a > 1, V f, -V f (A22), and hence Vf, — Vf=
Ga—y—1 * s B =0 (AZ7). Since y < 1, we easily see that |4,| — 0 (A2?), and
hence for some subsequence {4}, G,_, * |h|(x) >0 for L%a.e. x. Since
G, * Gy yoy # |B](x) = G,_, * |h|(x), the sequence {f;} has the desired
property.

PrOOF OF THEOREM 3. Since a < 1 is Theorem 1, we may assume that

1<a. Let f €A%, and let IL(y) = Zoq ik (DH (X)/ BNy — X)?; we
observe that D% € AZZ 4.

Set R.(y) = f(») — IL,(y), and let |y| = k. Then D'R,(y) = Df(y) -
Df(x). By Theorem 1, for Lf?, — a.e. x,

I—;—,TL“ID"RX(y)lay—-)O as S 0,

and by Theorem 2,

LD |
— DR dt - 0.
-I;) eS| ‘[S-i-xl < ()| & dt >

Let now |»| = k — 1. For L??,-a.e. x, D’f is AC on H"'-a.e. ray from x,
and on such a ray D’R, (y) is also AC from which

1
IDR(x + 2) = D'R(x)| < [ |V (DR )(x + tz)- | db.
0
We note that D’R, (x) = 0. As in [2] for any S (not necessarily in F)
1 1 U |
) —aT Tor D’R dz < | <7 V (D’R, dz dt.
O 55y 7 o PN % <, i L, [T ORI

If § € Fand S — 0, the integral goes to 0 for L?? ;-a.e. x.
For the next step of the proof we need

11 1 v
(ii) j‘; m—) T;ﬂ£3+xlb Rx(Z)IdZd‘r—>0

as S —>0,S € F, for L?,-a.e. x. From (i), replacing S by 7S, we obtain
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1 1 1 v
J; 5y T Jo RN e

1,11
< —_— V(DR dz dt dr
L L st L, ST @RI

and the corollary to Theorem 2 proves (ii).
If now 7 is a mutli-index, || = k — 2, we get as before

DR, (x + 2)| < [ |V (D'R,)(x + tz)- 2| dt
0

and hence for any S,

8—(‘3—) '—;—I fs PR ds < fo : |—tl§[ [SH]V(D"RX)(z)] & d.

If we divide this by § (S) > 8 (¢S), we finally obtain

11
—L_ L[ DR ()
5(s): 151 fi, PR @)

D .
<f0 ) Wf,s+,,'v(D R,)(z)| dz.

We apply now (ii).
For the step treating a multi-index of length k — 3, we need to know that
for LF? ,-a.e. x

11 1
—_— DR, (z)| dz do —0
fo 8(oS) loS| fas+J (2)] de do >

as S —0, S € F. This integral is majorized by
1 p1 l 1
5 (108) V(DR dz dt d
jc; j; 8(10S) |toS] j:as+x| (D"R,)(2)| o

Lelpl ,,
< 2-fo j(; fo |7taS| '[rtaS-}-le (DR, )(2)| dz dt do dr,

where I extends over all p with |o]| = k — 1. By the corollary to Theorem 2
this is o(1) as S -0, S € F, for LF? ,-a.e. x. The proof of Theorem 3 is now
complete.

6. We let F be a family as in §1 and we shall assume now that
@ IMcfl, < A1), 1<p < o

The family of all oriented rectangles is an example satisfying (i). If (i)
holds, then for a.e. x,

i 4 0~ sor 8=,
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f € L? and 1 < r < p. This is no longer true if r = p as the example due to
Saks [7] shows.

If f € ALY, then f € L§, a > B, and hence by Sobolov’s theorem f € L',
where 1/r=1/p— B/n > 1/p — a/n. Here, of course, we assume that
ap < n. As in Theorem 1, we wish to study the size of the exceptional set (for
which (ii) does not hold) under the hypothesis that f € A?9. For this purpose
we need a lemma.

LEMMAO. Let f € AR, 0 < a < l,andlet 1 < r < p. Then
A Nagree < 4NN 1 Alage

Proor. Recall that

If(x + 1) = FGNL "
Ilf]IA:v=I|fl|p+[ Jo. = dt}.

Now |[f(x + OF = |fG = (f(x + O] = |f(x)hr- x"™', where x is
between | f(x + 1), | f(x)|. Hence, if y(x, £) = max(|f(x + ?)|, | f(x)]), we get
|1fGx + ) =|fG|< A f(x + £) = FE (e 1)

For B < p we have

/8
"lf(x + 1) = |f )| 5 < r{f]f(x + 1) = f(*)|B(x, t)ﬂ(r-l)dx) .

If we let s=p/B, 1/t=1—-1/s=(p— B)/p, and apply Holder’s
inequality, we get

7Gx+ OF = 170,
{ [+ ) - s o N { fotx, pro-vero=e

We let now 8 =p/r. Then B(r — 1)p/(p — B) =p, andp- (p — B)/PB =
r — 1, and hence

I£Gx + OF = 1£ G, < AF G+ 1) = £, (e 1)

Since Y(x, #) < [f(x)| + |f(x + 1)], we see that ||Yy(x, )|, < 2|/ f]|,- Since,
clearly, [l f1'll,/- = Ifl,Ilf II5™", the proof of the lemma is complete.

Let C,, C, be two capacities on R", and let [C,, C,)(E) = inf{ C\(E") +
C,(E")}, where the inf is extended over all E’, E” with E= E’' U E". It is
easy to check that this is a capacity, and that [C,, G )(E) <
min(C,(E), C(E)). If {C,} is a collection of capacities on R”", then C(E) =
sup, C,(E) is also a capacity on R".

Let f € A%9, ap < n. As we have seen, f € L for 1/r > 1/p — a/n. If
p<r<s 1/s=1/p—a/nletforr<t<s,a,=a—-n/p+n/t We

@-p)/p1'/R
<r } ] .
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define now the capacity C,, by

[L9, L2/ 9)(E), 1< r<p,
Cra(E) = sup[ Ly, L/ *|(E), p<r<s.
t>r

THEOREM 4. Assume that |Mgf||, < A|Ifll,, 1 <p < co. Let f € AF,
0<a<l,ap<n,andlet1/r > 1/p — a/n. Then for C,-a.e. x,

l—;—lfwu(y) — )| & >0 asS—0.

PROOF. We assume first that 1 < r < p. Let

E= {x= lirg_fgp I%I fs+x|f(y) -f)| &> 0},

and let 0 < B8 < a. By Lemma 3 it suffices to show that there exists a
decomposition E = E’ U E” such that Bf?(E’) = 0 and Bﬁ/ "4E")=0.
Let {\[«j} C Cg° such that ; — f(AZ?). Then for each j

1/r

1 1/r
* [ 787 Sy 400~y dy] () = F(0)

= Ay;(x) + Ay(x) + A3(x).
We claim that there is j; <Jj, <+ - - such that Mz(|f — §;|')(x) >0 as
i — oo for B§/"%-a.e. x.
By Lemma 9 |f— ¢,/ € A2/"9, and hence |f— y|"'=G,_z*g, g €
AB/79, Since
{x: 4y(x) > €} C {x: Go_p * Mpgi(x) > &'},
we obtain

BY9 (5 Ay(x) > ) < T [Meglag o< & [ glagre (Lomma)

By Lemma 9, | f — ;" — 0 (AZ/"9), and hence g, — 0 (A%/"). The claim now
follows (see Lemma 6).

Let E” = {x: lim sup;_,Mg(|f — ;|")(x) > 0}. Then Bﬁ/ "4(E") =0.We
may assume that y; (x) - f(x) for L2%-a.e. x, and if E’ is the exceptional set,
we have Bf?(E’) = 0. We show that E C E’' U E”.

Letx & E’ U E”, and let ¢ > 0. Choose jj such that 4, (x) < /3, 4;(x)
< &/3, and then choose 7, such that S C B(0, 7o) implies 4, (x) < e/3. It
follows then that x & E.

fp<r<s 1/s=1/p—a/nletr<t<s,andleta,=a—n/p+
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n/t. By [6, p. 441}, f € AJ. Consequently by the first part of the proof,
(L, L;,/ "¥|(E) = 0, and the proof of the theorem is complete.
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