
transactions of the
american mathematical society
Volume 240, June 1978

STRONG DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS
BY

C. J. NEUGEBAUER

Abstract. Let F be a differentiation basis in R", i.e., a family of

measurable sets S contracting to 0 such that \\MFf\\p < .4,U/H,, where MF

is the Hardy-Littlewood maximal operator. For/ e A£?, we let EF(f) be the

complement of the Lebesgue set of/relative to F, and we show that EF has
L^-capacity 0, where Lff1 is a capacity associated with A£* in much the

same way as the Bessel capacity B^ is associated with L¿.

1. With the Bessel potential space L£(R") there is associated the Bessel

capacity B^ which is defined for F c R" by

B^E) = inf{||g||£: g £ U,g > 0, Ga *g > 1 onF},

where G„ is the Bessel kernel given by Ga(x) = (1 + 47r2|jc|2)"a/2 [5, p. 132].

The capacity B^ is an outer measure on R" and its relation to Hr, Hausdorff

measure of dimension r, is given by the following [4]. If p > 1, ap < n, then

//"-^(F) = 0 implies B^E) = 0, and B^E) = 0 implies //"-*+e(F) = 0

for every e > 0.

Let F be a family of measurable sets S E R" with 0 < l^l < co, and let

S-+0 stand for the generic notation for the limit as/-» co of any sequence

{■S)} c F such that, for any e > 0, Sj C (\x\ < e), j > /(e). With such a

family we associate the Hardy-Littlewood maximal operator

MFf(x) = sup{ T±| JM/OOI dy: S E p}.

The behavior of MFf is decisive in the study of the differentiability of the

integral. If, for example, \\MFf\\p < .4,11/11, (there are many interesting

families F with this property [3]), then the set

EF(f)= {*: -^fs+y(y)-f(x)\dy^0asS^0]i

has measure 0 for/ E V. If / E LI, then as shown in [2] the exceptional set

EF(f) has even P^-capacity 0.

The purpose of this paper is to prove an analogous result for the Lipschitz

spaces A^P") (see [5], [6]), using instead of B^ a "Lipschitz" capacity L*.
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In view of the inclusion relations

L£cA?cA? cI4,   P>1

r = max(p, 2), q > r, ß < a [6, pp. 441, 452] our differentiability result lies
then intermediate to those of [2].

We recall that, if F is the family of all oriented rectangles, a nonregular

family, then HAf^/H, < .4,11/11,, 1 <p < 00 [5]. For regular families F, i.e.,
those for which there is c > 0 such that every E E F lies in a sphere S with

ISI < c|Ti|, the size of EF(f) for/ G A£? can be studied with the techniques

developed in [8], especially the mean value property f\y\<rGa(x — y)dy <

cGa(x)r". One sees easily that this tool is no longer available for nonregular

families, and its substitute \\MFf\\p < 4,U/H,, which is not a condition on the

kernel Ga, requires one to study the interplay between A£? and Af^-.

2. Let F be a family as in §1, and let tF = {tS: S G F), 0 < t < 1, where

tS = {ts:s E S). Let

MJ(x) = sup{ t¿| jts+\f(y)\ ày: S G F J.

Lemma 1. If \\MFf\\p < Ap\\f\\p, f G U, then \\MJ\\p < Ap\\f\\p, 0 < t <
1.

Proof. \tS\-xftS+x\f(u)\ du = \s\-lfs+x/t\fOd)\ dv < MF(8J)(x/t),
where (8J)(x) = f(tx). Hence

= [t"JRMAV)(u)Pdu}   '< tn/pAp[jRW)(x)\>> ax}   '

= MAI-

We note that Ap is independent of t.

For 0 < a < 1, the Lipschitz space A^q(R") consists of all functions

/ G LP(R") for which the norm

rft       1Ä _,  fr   \\f(x + t)+f(x-t)-2f(x)\\op     \x/"
0) j1L+     I    -rriT^- dt)     =\

\Jr" |r|« + «î "M       "Il-'IIAÎ»

is finite [5, p. 151]; here 1 < p, q < 00. If 0 < a < 1, the above norm is

equivalent to

nn ../..     if   II/O +')-/(*)»?   .\I/f
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[5, p. 153]. If a > 1, A™ is the collection of/ E LP(R") for which the norm

U/H, + 2;-iI|9//9*,IIa« , < °° [5, P- 153], where df/dx, is taken in the sense
of distribution.

Lemma 2. Let 0 < a < 1 and \\MFf\\p < Ap\\f\\p,f E L". Then \\MJ\\A„ <

Proof. By Lemma 1 we only need to show that \\MFf\\A„ < ^H/Ha«- If

Si(x) - f(x + t), one easily verifies that \MFf(x + t) - MFf(x)\ < MF(f, -
f)(x), and the result follows from (ii).

3. If Ga is the Bessel potential of order a > 0, and if JJ = Ga*f, then Ja:

Äff -*Apa%ß is an isomorphism and the norms ||/||A«, \\JJ\\\M+t are equiva-

lent [5, Chapter 5]. This result will be used frequently in the sequel.

For 0 < a < co, 1 < p, q < co, we define, for F c R",

Lpq(E) = inf{||g||A„:g > Oandg > 1 onF}.

For 0 < y < a we define, for E E R",

Bpq(E) = inf{i|g||AÇ,: g > Oand Ga_, * g > 1 on F}.

It is easily verified that Lpq, Bpq are capacities, i.e., they are monotone,

countably subadditive, and assign 0 to F = 0 (see [4, p. 251]).

The usefulness of B¡¡q is exhibited in the following lemma.

Lemma 3. Lpq(E) = 0 if and only if there exists 0 <y < a such that

Bpq(E) - 0.

Proof. (-») Let 0 < y < a and let e > 0. Choose g E A£7 so that g > 0,

g > 1 on F, and || g||A« < e. If g = Ga_Y * $, $ E Af, then ||M|1A„ < Ke,
and BPq(E) = 0.

(<-) If Bpq(E) = 0, then there is g > 0 in Af with Ga_y *g> 1 on F and

\\g\\A? < e. As before ||G0_y * g||A„ < Kb, and Lpq(E) = 0.

Lemma 4. Lt?r 1 < p < oo. The relation between the Bessel capacity B^ and

the Lipschitz capacity Lpq is given by

(i)B^E) = 0implies Lpaq(E) = 0q> max(p, 2).

(ii) L£q(E) = 0 implies Byp(E) = 0,0 < y < a.

Proof, (i) We use Lemma 3 and verify that Bpq(E) = 0 for 0 < y < a.

Since B^E) = 0, there is g > 0 in Lp such that || g\\p < e and G„ * g(x) >

l,xEE.Ifxb=Gy*g, then ||i|/||A? < M\\g\\p < M- e [6, p. 452].
(ii) If 0 < y < a, we have P£%(F) = 0, and hence there is g > 0 with

|| g||A„ t < e and Gy * g(x) >l,xEE. Since || g||„ < e, we get PW(F) - 0.

Corollary. IfLpq(E) = 0andap>l, then H"~X(E) = 0.

Proof. Let 0 < y < a with yp > 1. Since Byp(E) = 0, we see from [4,

Theorem 22] that H"-X(E) = 0.
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The next lemma shows that/ G Apaq can be defined absolutely modulo sets

of ¿¿'-capacity 0.

Lemma 5. Let f E Apq, 0 < y < a, and f = Ga_y * \p, $ E Apq. Then

Ga_y*\rp\(x)< coforL£"-a.e.x.

Proof. Let E = {x: Ga_y * \\b\(x) = oo}. Then

B?(E)<B?{x:Ga_y*\4>\(x)>k}

= Bpyq{x:Ga_y* l-j-(x)> l} <¿|W|Ar->0   asfc^oo.

The result now follows from Lemma 3.

Lemma 6. Let uV -+f(Apq). Then there exists a subsequence {/,} jmcA that

%^fforLpaq-a.e.x.

Proof. The proof is standard and we give it for the sake of completeness.

Let 0 < y < a,f = Ga_y * g, fy = Ga_y * <f>,, g, ty E Apq. Then

B?q {x- |*, - /|(x) > e] < Bpq {x: Ga.y * % - g\/e)(x) > 1}

< H«í>y-g|lA«A-*0   as/ ->oo.

If we select now {/,} such that for A¡ = {x: |u^ — /|(x) > 1/2'} we have

Bpq(At) < 1/2', then on A = nt)1 U i>kAit fy-I f and Bpq (A) = 0.

Lemma 7. If \\MFf\\p < Ap\\f\\p and0<a<\, then ||/¿A/,g(x) dt\\^ <
Ap\\g\\APq where MF and Mt are the maximal operators associated with F and

tF.

Proof. Let *(*) = /0Af,g(x) dt. Then U\\p < Ap\\ g\\p (Lemma 1), and

||^(x + r) - *(x)\\P  </j|A/,(gT - g)\\pdt

< Ap\\g(x + r) - g(x)\\p,

where gr(x) = g(x + t).

From Lemma 5 we deduce that for g G A™, M,g(x) G Lx(dt, [0, ID for

Lpq = a.e. x.

4. We are now ready to state and prove our differentiability results. We let

F be a family of sets as in §1, and we let tF = {tS: S G F), 0 < t < 1.

Theorem 1. Assume that for f G 7/(7?"), ||Af>/||, < Ap\\f\\p. For f G
A^(TT), let
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E,(f)=\x: limsupT^i /     \f(y) - f(x)\dy > o).
{        s-*o    lwl J's+X >

Then Lpq(E,) = 0.

Proof. We have to verify that, for a > 0, Lpq(Ea) - 0, where

E0 = f x £ E,: lim sup -±r [     \f(y) - f(x)\ dy > a).
{ S->0      Rl JtS+x )

Let 0 < ß < min(l, a). By Lemma 3 we need to show that Bßq(E) - 0. Let

t/ > 0 be given.
Let Co°(Pn) be the space of infinitely differentiable functions with compact

support. By [6, p. 444] there is a sequence (ity) C C0°° such that yV -^f(Apq).

Choose now \b/,fß E Af with G^ * iff = i/j, and Ga_ß *fß =/. Then
^/ -*fß(Apßq), and from this we get that

*jP {*: I* - /I(*) > 5} < II*ß - /*ll V* = o(\)   as/ -* oo.

If 2 = tS, we have

à JL J/0° "/wl *< w\ Um - *w *

+HM*)-/(*)|
= 4(x) +^(x) + A3J(x).

(i) Since {*: Mt(f - ^(x) > a/3} c [x: Ga_p * M,(/" - */)(*) >
a/3}, we see that

Bf {x: M,(f- tj)(x) > a/3} < (3/o)\\M,(fß - i//)|Ap

< (3/a)4|/^ - ^||Ap < „A   if/ > /, (n).

The next to the last inequality follows from Lemma 2 (applicable since

ß < 1). Since AXJ(x) < Mt(f - 4f)(x), there is a set EXJ such that Bpßq(EXj) <

vßj > /i(n), and x E F,, implies /iu(x) < o/3.

(ii) Since Bpßq{x: A3J(x) > a/3} < (3/a)||<// - fß\\Af, there is/3(r/) such

that for/ > /3(rj), /I.,/*) < a/3 except for x E E3J with Bj/¡>(E3f) < rj/2.

(iii) Let now /0 > rnax[/,(r/),/3(Tj)]. Then there is r(a) such that S C

P(0, t) implies |^o(y) - tJo(x)\ < a/3, y E tS + x. If then x <2 F„.o u FVo

and S c P(0, t), we get \S\~lh+x\f(y) - f(x)\ dy < a, 2 = /S, and hence
F„ c F1>0 U F^. Then Bj¡q(Ea) < rj, and the proof is complete.

Theorem 2. Under the same hypothesis as for Theorem 1, we have for

Lpq-a.e.x,
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(i) hm rlr f     \f(y) - f(x)\ dy = 0, a.e. t, 0 < t < 1.
S-*0   |IO|  ^/S+jc

Proof, (i) Let

E=[(t, x): limsup ̂  £+J/(y) - /(x)| ay > o},

and let Ex = {t: (t, x) G E). We must show that \EX\ = 0 for Lpq-a.e. x.

Let A0 = {x: |7iJ > a). Let 0 < ¿8 < min(l, a) and choose {uV} c Cq0 so

that i/j- ->/(A£?). By Lemma 6 we may assume that i//,(x) ->/(x) for Lpq-a.c.

x. Let £, be the exceptional set, i.e., Lpq(Ex) = 0 and x £ F, implies

We need another exceptional set E2. Since Af,(/ - ^yX*) < Ga_ß* M,(fß

— \rf)(x) (notation as in the proof of Theorem 1), and 4f-*fp(^ß% we see

that

(XMt(f- *,)(x) dt < Ga.ß * flM,(f - */)(*) dt = %{x).
JQ «'0

By Lemma 7, ¡x0Mt(fß - ^>f)(x) dt G Af, and hence % G Apaq.
Next

|x: j*M,(f- 4>j)(x) dt > e} c {x: Ga_ß * ± j\{f - */)(*) aï > l},

and hence

ÄJ» fx: /V,(/- *,)(*) a"/ > e) < -J-1/V(/* - */)(*) *
V     •'o )      e \\Jo Ag»

We can now choose a subsequence {/} so that /¿Af,(/- ^)(*) a*r->0 for

Lpq-a.e. x (see e.g. the proof of Lemma 6). We may assume that {/,-} = {/}.

Let

E2=\x:j\(f-^(x)dt-~o}.

ThenLpq(E2) = 0.

We return now to the set A0 introduced at the beginning of the proof, and

we claim that, for every o > 0, A„ c Ex u E2.

If we deny this, then there is x0 G A0 and x0 £ Ex (j E2. Then |Ti,J > a. If
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then there is X > 0 with \EX¿\ > o. We choose now/0 so large that

(■)!loM,(f-*j)(xJdt<oX/3,

(ü)l^a)-/(^o)l<V3,
and we choose t0 > 0 such that S c P(0, t0) implies

(üi) llfc.00 - lf>.(*a)l < A/3, y E tS + xo, 0 < t < 1.
Since for t E EX(X,

X<M,(f- ^o)(x0) + f ,    ScB(0, t0),

we  see  that  F^  c {/:   Mt(f - ^)(x0) > X/3).   From  this   \EXJ <
(3/a)/0M,(/ - ^j)(x0) dt < o, a contradiction.

To prove (ii), we first observe that ¡x0MJß(x) dt E Äff (Lemma 7), and

hence Ga_ß * Jx0MJß(x) dt < co for Lpq-a.e. x (Lemma 5). Since MJ(x) <

Ga-ß * MJß(x), we see that MJ(x) E Lx(dt, [0, 1]) for Lpq-a.e. x. Finally,

\f(x)\ +M,f(x)>-±îfis+x\f(y)-f(x)\dt^0   asS-+0,

and we only need to apply the Lebesgue dominated convergence theorem to
obtain (ii).

Corollary. Under the same hypothesis,

l^ofr!--- l\tt   .\.tS\I c      I/W-/WI**!-"'**-0S^O^o •'0    1*1*2    '    lkä\ Jtlt1-tkS+x

for Lpq-a.e. x.

5. In this section we will study higher order differentiability. Let F be a

differentiation basis as in §1, and let S(S) denote the diameter of S. We say

that a function/ E LP(R") is in #(x0) with respect to F if there exists a

polynomial LT^y) of degree < k such that

If F is the family of all balls centered at the origin, this notion is due to

Calderón and Zygmund [1], and for a general P was introduced in [2].

Theorem 3. Let \\MFf\\p < Ap\\f\\p. Iff E Apq(R"), and k is a nonnegative
integer < a, thenf E tk(x) with respect to F for Lpq_k-a.e. x.

Of course, the special case k = 0 is Theorem 1. The proof of Theorem 3

proceeds along the lines of the corresponding theorem for Lp [2]. We shall see

that with the help of Theorem 2 it is possible to omit the hypothesis tF c P,
0 < / < 1, made in [2]. We need

Lemma 8. Letf E Apq(R"), 1 < a < co. Then for Lpq-a.e. x,fis absolutely
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continuous on H"~ x-a.e. ray from x, and on such a ray fix f(x + z) — /(x) =

fx0Vf(x + tz)-zdt.

Proof. The proof is precisely the same as the proof of the corresponding

lemma for Lp [2] as soon as we establish the existence of a sequence

Uj) C C0°° such that for Lpq-a.e. x,

Gi*|v\>5-V/|(x)->0   as/-»oo.

Let 0 < y < min(l, a - 1), and choose g E Apq such that / = Ga_y * g.

Let U) C C0~ such that f, ->/(A**), and let g, E Apq with / = Ga_y * g¡.
Then g¡^*g(Apq). By Lemma 6, /*(x)-»/(x) for Lpq-a.e. x, for some

subsequence {fk). Since a > 1, V/*-».V/ (Apaq_x), and hence Vfk - V/ =

Ga_y_x * hk, hk-*0 (Apq). Since y < 1, we easily see that |A*| -»0 (Apq), and

hence for some subsequence {A,}, Ga_y * |A,|(x)->0 for Lpq-a.e. x. Since

07, * 07„_y_, * |Ay|(x) = 07„_y ♦ |A,|(x), the sequence {ff) has the desired
property.

Proof of Theorem 3. Since a < 1 is Theorem 1, we may assume that

1< a. Let / G Apq, and let 11,0) = ^<\ß\<k(Dßf(x)/ß\-%y - x)ß; we
observe that Dßf E Apq_\ß\.

Set Rx(y) =f(y) - Tlx(y), and let |y| = k. Then DWx(y) = D^f(y) -
Dyf(x). By Theorem 1, for Lpq_k - a.e. x,

±Js+\DWx(y)\dy-*0   asS-»0,

and by Theorem 2,

Let now \v\ = k - 1. For Lpq_k-a.e. x, D'fis AC on TP-'-a.e. ray from x,

and on such a ray D"Rx(y) is also AC from which

\D"R(x + z) - D"Rx(x)\ < fl\V(D''Rx)(x + tz)-z\ dt.

We note that D"Rx(x) = 0. As in [2] for any S (not necessarily in F)

(i) -e) à LP™ * *X' m Uv iD'R-m * "•■
If S E F and S -* 0, the integral goes to 0 for Lpik-a.e. x.

For the next step of the proof we need

asS-*0,S E F, for Lpq_k-a.e. x. From (i), replacing S by tS, we obtain
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</„'/„' m /„j'(^x.)i***
and the corollary to Theorem 2 proves (ii).

If now r/ is a mutli-index, |r/| = A: — 2, we get as before

\D»Rx(x + z)| </,|V(^^)(^ + tz)-z\ dt

and hence for any S,

m à Lr*Az)\ * « £ m Í J7 (c,Ä*>(z>i& *
If we divide this by 8(S) > S (tS), we finally obtain

We apply now (ii).

For the step treating a multi-index of length k - 3, we need to know that

for Lpq_k-a.e. x

Jo  S(oS)2  \°s\ JoS+J      xK "

as S -» 0, S E F. Tnis integral is majorized by

*2/;/;/;^ljv(^)wi****.
where 2 extends over all p with |p| = A: - 1. By the corollary to Theorem 2

this is o(l) as 5 -» 0, S E P, for Lpq_k-a.e. x. The proof of Theorem 3 is now

complete.

6. We let P be a family as in § 1 and we shall assume now that

(0 \\mfA\p< Ap\\A\p>       K/Xco-

The family of all oriented rectangles is an example satisfying (i). If (i)

holds, then for a.e. x,

1
ñ>w\Um-nx)í*"*
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/ G Lp and 1 < r < p. This is no longer true if r = p as the example due to

Saks [7] shows.

If / G Apq, then/ ELj¡,a> ß, and hence by Sobolov's theorem/ G U,

where l/r = \/p — ß/n > l/p — a/n. Here, of course, we assume that

op < ai. As in Theorem 1, we wish to study the size of the exceptional set (for

which (ii) does not hold) under the hypothesis that/ G Apq. For this purpose

we need a lemma.

Lemma 9. Letf EApq,0<a< 1, aAia" let I < r < p. Then

lU < ̂ Mir'MlAp.
Proof. Recall that

Í r   ll/(* + 0-/(*)lïï     l1/?
\\n\^=\\A\P+{fR      \,r«     *} •

Now   |/(x + z)]' - |/(*)|' - (|/(x + 01 - \f(x)\)r- xr~\  where  x  is

between |/(x + r)|, |/(*)|. Hence, if ^(x, t) = max(|/(x + r)|, |/(x)|), we get

i \f(x + or -i/(x>ii < rW + o -/(*)i*(*. or_1-
For ß < p we have

\\\f(x + Of -|/(*)f !,< r{f\K* + 0 ~f(x)\ßHx, t)ßi'~x) ax}     .

If we  let s=p/ß,   l/t = 1 - l/s = (p - ß)/p,  and  apply  Holder's
inequality, we get

¡i/(x + or - \f(x)\%

\f(x + t) -f(x)\p ax]     |/^(x, ,)^-»^-/»)j< r

We let now ß = p/r. Then ß(r - l)p/(p - ß) = p, andp • (p - ß)/pß =

r — 1, and hence

iii/(x + or - i/wriu< r\\f(X + t)-f(x)\\p |K* our1.
Since i^(x, 0 < I/WI + |/(x + 01- we see that ||^(x, Oil, < 2||/||,. Since,
clearly, |||/|r||,/r = ||/||,||/||^_l, the proof of the lemma is complete.

Let C„ C2 be two capacities on 7?", and let [C„ C2](Ti) = inf{C,(Ti') +

C2(E")), where the inf is extended over all E', E" with E = E' u E". It is

easy to check that this is a capacity, and that [C„ C2](7s) <

min(C,(Ti), C2(E)). If {C„} is a collection of capacities on R", then C(£) =

supaCa(7s) is also a capacity on 7?".

Let / G Apq, op < ai. As we have seen, / G Lr for l/r > l/p - o/n. If

p < r < s, l/s = l/p - a/n, let for r < t < s, at = a - n/p + n/t. We



STRONG DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS 305

define now the capacity Cra by

\[Lpq,LpJrq](E),      Kr<p,

C™ (£) = ' sup [L%, L'J'q](E),    p<r<s.

Theorem 4. Assume that \\MFf\\p < Ap\\f\\p, 1 <p < oo. Let f E Apq,

0 < a < 1, ap < n, and let l/r > \/p — a/n. Then for Cra-a.e. x,

15fi+J/W-/(*)f*->0   asS^O.
Proof. We assume first that 1 < r < p. Let

F = {x: lim sup t|t ¿J/OO -/(*)f* > <>},

and let 0 < /? < a. By Lemma 3 it suffices to show that there exists a

decomposition F = F' u F" such that Bpßq(E') = 0 and Bpß'r q(E") = 0.

Let [\¡>j) e C0°° such that ty ->f(Apq). Then for each/

{ m /s+j/(>,) -/wr*}1 '< w- «feir)w},/r

- ¿y(x) + Ay(x) + ¿„(x).

We claim that there is/, </2 < • • • such that A/p(|/— t^|r)(x)-»0 as

/->ooforP|/''9-a.e. x.

By Lemma 9 |/- >fc|r E A^r?, and hence |/- */ = (7a_fl *g,, g, E
A£/'9. Since

{x: ¿v(x) > er} c {x: G^ * A/^.(x) > er},

we obtain

Bp* {x: ¿v(x) > •'} < 1 ||Mfg,||A5/„< £ ||g,||Ag/„   (Lemma2).

By Lemma 9, |/ - tyf -> 0 (A£/r «), and hence g; -» 0 (A^r?). The claim now

follows (see Lemma 6).

Let F" = {x: lim snpt^MF(|/ - uV |r)(x) > 0}. Then B^rq(E") = 0. We

may assume that »^.(x) ->/(x) for Lpq-a.e. x, and if F' is the exceptional set,

we have BPq(E') = 0. We show that F c F' u E".

Let x E F' U F", and let e > 0. Choose/„ such that A XJo(x) < e/3, A3jo(x)

< e/3, and then choose t0 such that S c P(0, t0) implies A2Jfx) < e/3. It

follows then that x (B E.

If p < r < s, l/s = I/p - a/n, let r < t < s, and let a, = a - n/p +
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n/t. By [6, p. 441], / G A'q. Consequently by the first part of the proof,

[L£, L^/rq](E) = 0, and the proof of the theorem is complete.
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