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EXISTENCE, STABILITY, AND COMPACTNESS IN THE a-NORM
FOR PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIONS!
BY
C. C. TRAVIS AND G. F. WEBB

ABSTRACT. The abstract ordinary functional differential equation (a/df)u(r)
= — Au(?) + F(u), uy = ¢, is studied, where —A4 is the infinitesimal
generator of an analytic semigroup of linear operators and F is continuous
with respect to a fractional power of 4.

1. Introduction. Our objective in this paper is to investigate the local
existence, continuability, and stability properties of a class of partial
differential equations with deviating arguments in terms involving spatial
partial derivatives. As a model for this class one may take the equation

oW 22w )4
=2 +f(t, W(x e = 2 (1 - r)),

0<x<m 30,
wWO,t)=W(m1t)=0 >0,

W(x,t)=¢(x,t), 0<x<m -r<t<0,

where f is a linear or nonlinear scalar-valued function, r is a positive real
number, and ¢ is a given initial function. This work continues the inves-
tigations of [1], [2]. In [2] global existence is established for the above
equation by treating the problem as an abstract ordinary functional
differential equation in a Banach space of the form

du(t)/dt = —Au(t) + F(t,u), t>0,
‘ Uy = ¢, (1)

where — A4 is the infinitesimal generator of an analytic semigroup of linear
operators T'(f),t > 0, the domain of F is the product of [0, o) and an
appropriately defined function space, and F(¢, ¥) is autonomous, nonlinear,
and Lipschitz continuous with respect to a fractional power of 4 in the
second variable. In the present study, we wish to establish local existence of
solutions under the assumption that F is only continuous with respect to a
fractional power of 4 in the second variable. However, as is well known for
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130 C. C. TRAVIS AND G. F. WEBB

differential equations in a Banach space, the continuity of F alone is not
sufficient to assure local existence of solutions without further restrictions on
the semigroup T'(7). For our purposes, it will suffice to assume that the
semigroup T (¢) is compact for each ¢ > 0.

In what follows X will denote a Banach space with norm || - ||, » a positive
real number, and if u is a function with domain [o — r, 6 + b), then for any
t € [0, 0 + b), u, will denote the function with domain [—r, 0] defined by
u@)=u@+08),-r<6<0.

2. Local existence of solutions. In this section, we shall establish local
existence to the integrated version of the equation

du(t)/dt + Au(t) = F(t,u), t>0,

Uy = ¢, 2.1)
in the space C,. These results extend those in [2], where existence of solutions
is established under the assumption that F is Lipschitz continuous with
respect to a fractional power of 4. We shall make the following assumptions
on the operator 4 and the function F:

(2.2) A is a closed densely defined linear operator in a Banach space X and
— A is the infinitesimal generator of an analytic semigroup T(¢),¢ > 0, in X
satisfying || T (¢)x|| < Me“||x|| for ¢ > 0, x € X, and where M and w are
real constants.

(2.3) For 0 < a <1, the fractional power A* satisfies ||4°T(f)x] <
M, e”t=%||x| fort > 0and x € X, where M, is a real positive constant.

(24) A~ € B(X, X) so that D(A4%) is a Banach space when endowed
with the norm ||x||, = ||4%|| for x € D(A®). We shall denote this Banach
space by X,. Also 4~ satisfies ||(T'(f) — I)4~%|| < N,t* for t > 0, where
N, is a real positive constant.

(2.5) T (¢) is compact for each ¢ > 0.

(2.6) We shall denote by C, the Banach space of continuous functions
C(~-r, 0]; X,) with the norm

léllc,=_sup [4°(8)].
-r<0<0
(2.7) F: D - X is continuous, where D is an open setin R X C,.
PRrROPOSITION 2.1. Suppose (2.2)~(2.7) hold. For each (o, $) € D, there exist
T, > 0and a continuous function u: [0 — r, ¢ +T,) > D(A*®) satisfying

u(t) = T(t = o)p(0) + [ T(1 = )F(s,u)ds, <1< a+T,

u, = ¢. .9
Note. u(?) is called a mild solution of the equation du(t)/dt + Au(t) =
F(t, u).
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Proor. For any real B,y>0, let I,={1r0<t< B}, B,={¢y€E

Co: Illg, < v}- Let B,y be such that (6 + £, ¢ + ¢) €E D and ||[F(o + ¢, ¢
+ ¢)|| < °N for (¢, ¢)e Iz X B, Suppose ¢ € C((o — r,o + B}; X,) is the
function defined by ¢ =¢, ¢ (a + t) = T(1)$(0) for ¢ € I,. Suppose ¥y < v,
and choose 0 <7T, < B so that

MaNfoT‘e““s'“ ds < y
and
u&’oﬂ - ¢"C_< Y-y fort €1,
Let K, be the set defined by
K={nec([-r 1) X.):n=0 |nc, < ¥for0< ¢ <T,}.

Then ||F(o + £,n, + ¢, )| < N for 0< ¢ <T, and 7 € K,, since ||g, +
$pse — dllc, <Y+ v.— ¥ =2. Consider the transformation S: K, —
C(-r, T,}; X,) defined by

(Sn)(9) =j:T(z — S)F(0 + 8, bpy, + ) ds, O0<t<T,,

(Sn), = 0.
Finding the fixed points of S in K|, is equivalent to finding solutions of (2.8)
in K, since such fixed points # and solutions u of (2.8) through (o, ¢) are
related by u,, = ¢,,, + 1, Notice that S: K, — K, since if n € K, we have
that (Sn), = 0O and

IS, < fo Tt = )| |[F(o + 5. byuy + )| a5
< MaNj;T’e“"s“" ds < y.

We will show that the set {(Sn)(¢): 1 € K} is equicontinuous. For 0 < ¢, <
5, <T,

l(Sm(®) = (Sn)(2)],

=|If"A“T(t, — $)F(0 + 3, $pus + 1) d5
0

_fo"A °T(t, = 5)F(0 + 5, ¢pu, + 1,) d’"
<||f()"Aa(T(t1 =5) = T(t; = 9))F(0 + 5, by + 1) dg"

+ " f'-”A T(ty= s)F(0 + 5, &,4, + n,) ds
1
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ty—e

<"(T(e) -T(ty— 4, + e))j(; AT (t; — s — €)F(0 + 5, bpy, + 1,) dsll

h—e

+NM, f 27 hgusg=a g
0 -

n—e

<|T(e) = T(t,— 1, + &)|NM fo s~ ds

+ NMa[fee“"'s"“ ds +f”_t'+ee““s"' ds}
0 0

+NM, f " Ngusg—a g,
0

The equicontinuity now follows from the fact that compactness of T'(¢) for
t > 0 implies continuity of 7T'(¢) for # > 0 in the uniform operator topology.

Next, we show S(K,) is compact. Since we have shown S(Kj) is an
equicontinuous collection, it suffices by the Arzela-Ascoli theorem to show
{(Sn)(®): m € Ky} is precompact in X, for fixed ¢t €[-r, T,]. We shall
accomplish this by showing that for 0 < a < 8 <1 and for fixed ¢t €
[—r,T,), {(A4PSn)(1)} is bounded in X and appealing to the compactness of
A~B: X - X,. Observe that

(4 Psn))] =

f‘AﬂT(t — S)F(0 + 5, §y4s + 1,) ds"
0

t
< NMBL s B ds.

Finally, we show that S is continuous. Since F: D — X is continuous, given
€ > 0, thereisa § > 0, such that supo<,<,.'||n(s) — 1(s)]l, < & implies that

0<s:1£'r‘ ||F(o + 8, bpus + 1) — F(0 + 5, pup + ﬁ,)“ <e

Then, for 0 < ¢ <T, and supy¢,<r, ||n(s) = 1()ll4 < 6,
I(Sm)(®) = (S,

< M,j:e"’(“‘)(t - 5) |F(o + s boas + M)
— F(0 + 5, $pus + )| 25
t
< eMaJ; e“s~* ds,

and this yields the continuity of S.
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By Schauder’s fixed point theorem, S has a fixed point in K, and the proof
of the theorem is complete.

We shall now investigate under what conditions the mild solutions of
equation (2.1) are actually strong solutions. That is, we want to know
conditions under which every solution u(¢) of the integral equation (2.8) is
contained in C([o — r, 0 +T,); X,) N C'((s, 0 +7T,); X).

PROPOSITION 2.2. Suppose (2.2)+2.7) hold and that F: D — X is locally
Holder continuous in both of its variables, i.e., in a neighborhood of any point in
D, there exist constants L and 0 < @ < 1 such that

Jim) = FGa)| < L= i1 +n - )),

for all (t,m), (1, 7) contained in the neighborhood. Then every mild solution of
(2.1) is a strong solution.

Proor. If we show that the function g(f) = F(t,u) is locally Holder
continuous on (o, ¢ +7T,), then it follows from the theory of nonhomo-
geneous linear equations that u is a strong solution [3]. That g is locally
Holder continuous on (o, ¢ +7T,) will follow if we prove that the map
t — u(1) is locally Hélder continuous. Choose 8 such thata < 8 < 1. Then

(D) g<|| 4%~ T (2 = 0)4°6(0)| +“ fo 4 BT (t = s)F (s, u) df“

-— 4 - -
< My_e*“= (1 — 0)* Fg|| .+ M, fa =t — 5)TH|F (s, u,)| ds.

Thus, |lu(?)||s is bounded on any compact subset of (g, ¢ +T,). Now, for
o0<t<t+h<o+T,,

u(t + h) — u(t) = (T(h) — Iu(?) +f’+hT(t + h — s)F(s, u,) ds.
Thus,
lu(z + B) = u()llo < W(T(R) = 1)A~E=4bu()|

t+h
+||f A°T(t + h — $)F (s, u,) ds“
t
h
< Np_ohP=lu(tllg + sup IF(s, w)IM, [ s ds
I<s<t+h 0

B-a M"‘ T, l-a
< Ng_,llu(D)llgh + sup ||F(s, u)l| - max({1, e“’*}h' "%,
t<s<t+h

which implies the local Hélder continuity on (o, 6 +T,) of the map ¢ — u(?).
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3. Continuation of solutions.

ProPOSITION 3.1. Suppose (2.2)~«(2.7) hold and that F: D — X takes closed
bounded sets in D into bounded sets in X. If u is a noncontinuable solution of
(2.1) existing on [6 — r, b), then either b = + o0, or given any closed bounded
set U in D, there exists a sequence t;, — b~ such that (;, u,) £ U.

PROOF. Assume that b < + o and the conclusion of the theorem is false.
Then there exists a closed bounded set U in D such that (1, 4) € U for
6<t<b. Let R=supf(t,y) for (t,y) € U; thenforo <t <t+ h<b
anda< 8< 1,

lu(t + k) = u(D)llo < I(T(h) = 1)A~=242u(1)|

+

t+h
l f AT (¢t + h — s)F(s, u,) ds
t

< Np_ hB=lu(t)l + (R/ (1 — @))M,max{1,e*}n'"  (3.1)

Also, as we have seen before,
t
()l < 148~ (¢ = o)A“oO +] ['45T(t = F (5, )
[
< My_e°4=9(t — 0)* PIg|l, + MsR fo " euss =B ds.

Thus, [lu(?)|lz is bounded on compact subsets of (g, b). From this fact and
equation (3.1) it follows that u is uniformly continuous on [¢ — r, b). Hence
lim,_,,-u(f) exists and u can be extended to a continuous function on
[0 — r, b]. Since (b, u,) € D, one can find a solution of (2.1) through this
point to the right of 5. This contradicts the noncontinuability hypothesis on u
and proves the theorem.

COROLLARY 3.1. Suppose (2.2)«2.7) hold and that f: [0, ©) X C, > X is
continuous and maps closed bounded sets in [0, 00) X C, into bounded sets in X.
If u is a noncontinuable solution of (1.0) existing on [@ — r, b), then either
b= +00 orlim,_,-||ullc, = +c.

4. Compactness of the semigroup of solutions. Throughout this section, we
will suppose conditions (2.2)—(2.7) except that we require F to be autonomous
and Lipschitz continuous, that is F: C, » X and ||F(¢) — F(¥)|| < Bll¢ —
Yl ¢, for ¢, ¥ € C,, where B is a positive constant. We also assume F(0) = 0,
which implies || F(¢)|| < Bli¢ll, for ¢ € C,. By virtue of Proposition 3.1 of
[2], there exists for each ¢ € C, a unique continuous function u(¢): [—r, o)
— D (A4*) satisfying
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u(@)(1) = 70 + [ T~ HF(u(@) ds, 130,

uy(¢) = ¢. 4.1)
It follows from Proposition 3.2 of [2] that the solutions of (4.1) define a
strongly continuous semigroup of nonlinear Lipschitz continuous operators
U(),t > 0,in C, by U(£)¢ = u,(¢). That is, the family U(¢), ¢t > 0, satisfies
U():C,»C,forallt 20, UQ)=1I1, U(t+ s)=U@)U(s) for all s,¢t >
0, and U(#)¢ is continuous from [0, o) to C, for each fixed ¢ € C,.
Moreover, for¢t > Oand ¢,y € C

U0 — U@, < P(8)e”le — ¥lic, 4.2)
where 8, P(8) are real constants.

PROPOSITION 4.1 . The strongly continuous semigroup of nonlinear operators
U(t), t > 0, is compact as a mapping in C, for each fixed t > r.

PROOF. Let {¢,: y € T'} be a bounded subset of C, and let ¢ > r be fixed,
but arbitrary. Let ||T(s)|| < M for 0 < s < ¢, and recall (4.2) and the
Lipschitz continuity of F to argue that ||F(u(¢,)]| < N for 0 < s < ¢,
y ET. Foreachy €T, define f, € C, by f, = u,(¢,). Then

t+0
£,(8) = T(t + 6)s,(0) + f T(t + 6 — s)F (u,($,)) ds

for —r < 9 < 0. We will first demonstrate that the family {f: y €T} is
equicontinuous. Let yET, 0<e<t—r, —r<§<0<0, and observe
that

4%, (8) — A%, (8)I
< | 4°T (t + 8),(0) — A°T (¢ + 6 )¢, (0)]

+|(T(e) - T(8 - 6 +¢)) fo ey ST(t+ 0 —s — €)F(u(s,)) ds"

t+60—¢

+ f'fé [A°T (¢ + 6 —s5) — A°T (¢ + 0 — 5)|F (u,(4,)) dsl’

+ [ ; AT (1 + 0 — $)F(u,(9,)) ds

< uT(t +0) = T(t+0)] 14,0l
o t+6-¢
+|T(e)— T(O -6 +e)||NMaf s ds
0

0-6+ 9-
+NM,| [fesmads + [T ewsme ds| + NM, [ e as,
0 0

0
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The equicontinuity now follows from the uniform continuity of T'(s),s €
[e, 2], in B (X, X).

We will now show that for fixed § € [—r, 0], the set {f,(f): y ET} is
precompact in X,,. Choose 0 < B such that a < 8 < 1 and observe that

145, (8)1| < [ 4P7T (¢ + 8)4°%,(0)]

fo “ AT (1 + 0 — 5)F (u,(%,)) dsu

< max({1, eU*+O)(r + 9)a_pll¢y||c,

+

+0
+NMﬂf' e“s ™8 ds.

Thus {4 Bf (9): y €T} is a bounded subset of X. The precompactness of the
set {£,(6): y €T} in X, now follows from the compactness of 4 "B XX,

We next investigate the infinitesimal generator of U(?), ¢ > 0. Define
B: C, — C, as follows:

(B$)(0) = $(0), -r<6<0, 4.3)
D(B) = {$ € C,: $ €C,, $(0) € D(4), $~(0) = —A9(0) + F($)}.
Notice that ¢ € D (B) implies that —A¢(0) + F(¢) € D(A4°).
PROPOSITION 4.2. B is the infinitesimal generator of U(t),t 3 0.

PrOOF. Let B denote the infinitesimal generator of U(f), ¢ » 0. We, of
course, must show that B = B and D(B) = D(B). Since the norm of X,
dominates the norm of X,

(B9)(8) = X - lim, (v (t)¢)(€) ~ ()

for allAqb € D(l?) and 8 €[—r,0]. Asin Proposi.tion 3.2 of [1], we conclude
that (B¢)(8) = ¢(0) for all ¢ € [—r, 0], and that ¢ € C,. Since

X = lim 4 ['T(t =~ )F (u(®) ds = F@)

and

U (1)$)(0) — ¢(0 ‘
(U@ )(t) 0 %LT(;- s)F (u,(¢)) ds

_ T80 =60
t
we conclude that ¢(0) € D(4) and ¢$~(0) = — A¢(0) + F(¢). Thus we have

demonstrated that D (B) C D(B) and that B¢ = B¢ for ¢ € D(B). It
remains to show that D (B) C D (B). Suppose ¢ € D (B); then ¢(0) € D(4)

4.4)
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and — 4¢(0) + f(¢) € D(A4%). Since
A°¢(0) — A*7f(9) = —A47'4%(—44(0) + f(9)),
we have that 4°¢(0) — A°~'f(¢) € D(4) and —A(4°$(0) — A*~Yf(¢)) =
A%(—A9(0) + f(¢)).

We now show that there exists a constant M,, dependent only on ¢, such
that

llu(9) = dllc, < Myt
for small positive z. Suppose that —r < ¢ + 8 < 0. Then

t+0 .
lu(@)(t + 0) = 6(8)l. = 14%(z + 8) — A%9(8)] =|| L4 ds"

<t sup oué(s)ua < 19l

0<s<t+

If0 <t + 0, then
lu(e)(t + 6) — ¢(9)ll,

="T(t +0)4°¢(0) — 4%9(0) + fo '”A«T(z + 0 — 5)F(u,($)) ds"
=l|(T(t +8) = I1)(4°6(0) — A*"'F(¢)) + (T (1 + 0) — I)4°"'F(¢)

+A4°9(0) — A°(0) + fo AT (0 + 0 - 5)F(u,(8)) ds"
=l| fo '”-AT(s)(A “$(0) — A°~'F(¢)) ds + fo °A"J>(s) ds

+ AT 0 9P - F)] o]
< Mmax({1, e }t|| — A(A°¢(0) — A*7'F(¢))Il + tll$llc,

, _
[ WL 8- ) 1

Thus for 0 < ¢+ @ and 0 < ¢ < 1, there exist real constants R > 0 and
S > 0, depending only on ¢, such that

lu(@)(r + 8) — ¢(9)ll, < Rt + St""oiur; llu(4) = ¢llc,-
s<t
Then,for0< 1< ¢, < 1,
llu (¢) = ¢ll¢, < max{R, Il<i>llc,}t1 + St:""o:ug’ lus(¢) — ¢llc,

This implies that for ¢, sufficiently small,
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sup [|u(¢) — ¢llc, < ymax{R, [$llc }(1 - Sti=%) 7,
0<1<yy
from which the truth of equation (4.5) now follows.

We are now ready to show that if ¢ € D(B), then C, —
lim,_o+(1/£)(U ()¢ — ¢) exists and is equal to ¢; that is, we will show that
¢ € D(B). We leave the case —r < 1 + 8 < 0 to the reader. Suppose that
0< 1+ 6, then

I1/9[(U(1)s)(8) — #(8)] — &(6)ll.

=||(1 JO(T(t + 0)4°(0) — 4°6(8))

b1 [T 0 9P (o) s - a%h0)]

=|asor e+ 6) - a0 - 4= pee)
+(1/0)(T(t + 8) - 1)A°"'F(9)
= (1 + 0)(1/)4%9(0) + fo AT (1 + 0 = $)F(u,(0)) ds

+ (1/)(A%(0) = A%(0)) + (¢ + 0)(1/DA*6(0) ~ 4°(0)|
1 i+ af_ _ gqaf_
<4 [T (- 400) + @) - A%(~A0(0) + Fio)

#| 4 [ aT e 8- [ Fuo) - Fo)] 4]

1

e foo[“"‘i’(s) - 4°(0)] dS“+ 14°6(0) — 4°3(8)]

<021:1L||(T(s) - 1)4%(—A4¢(0) + F())Il

+ %f’+0MLeu(t+0—S)(t + 0 - s)_adf sup Ilu,(¢) - ¢“C.
0 0<s<1t
+2 sup ||4%(s) — 4°$(0)]|
6<s<0
<o§u1:i']|(T(s) = 1A*(—A$(0) + F(®))ll

1 (t+0)'"° . .
+ — MLmax{1, e*} M.t +2 sup [|A%(s) — A%¢(0)]|.
t l -« 0<s<0




PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIONS 139

The truth of Proposition 4.2 now follows.

5. Stability in the autonomous linear case. In this section, F will be as in §4
except that we require F to be linear. For each A € C, define the linear
operator A(A): X, — X, by

AQA)x = —Ax — Ax + F(eMx),
D(A() = {x € X,:x € D(A4), — Ax + F(Mx) € D(4%)}.  (5.1)

If AQA)x = 0 for some nonzero x € D (A(A)), we say that A is a characteristic
value. With the aid of Proposition 4.1, the following results concerning
stability may be established as in Proposition 4.1 of [1].

PROPOSITION 5.1. (i) A is an eigenvalue of B iff AA\)x = O for some nonzero
x € D(AN)).

(ii) There exists a real number B such that if A is a characteristic value, then
ReA < B.

(iii) If B is a real number satisfying (ii), then for every y > 0, there exists a
constant K (y) > 1 such that for allt 3 0,¢ € C,,

IU(0)sllc, < K()e®* ¢l

PROPOSITION 5.2. Let B be the smallest real number such that if X is a
characteristic value, then Re A < B. If B < 0, then for all $ € C,, || U(0)9l|c,
—0ast—c0. If B =0, then there exists ¢ # 0 € C, such that |U(0)9| ¢, =
¢llc, for all t > 0. If B > O, then there exists ¢ € C, such that || U ()¢l ¢, —
00 as t — o0.

ExampLE 5.1. To illustrate the theory we have developed, we shall
demonstrate that equations of the form

W W W
(00 = S5 () + f(W(x,t 1 P (x, 1 - r)),

0<x<m, t>0,
W@O,t)=W(mt)=0, >0,
W(x,t)=¢(x,t), 0<x<am —-r<t<0, (52)

where f: R X R— R, f(0,0) =0, f is continuous in its first variable and
Lipschitz continuous in its second variable satisfy the assumptions (2.2)~(2.7).
Let X = L0, 7] and let 4: X — X be defined by

AY = -Y",
D(4)={Y € X: Y, Y’ are absolutely continuous,

Y'E€X,Y(0)=Y(m)=0}. (53)
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"~ Then

0
AY = D n¥(Y,Z,)Z,, Y € D(A),
n=1]
where Z,(s) =V2/wsinns,n=1,2,..., is the orthonormal set of eigen-
vectors of 4. It is well known that — A is the infinitesimal generator of an
analytic semigroup T'(¢), ¢ > 0, in X given by

0
T()Y = > exp(—n%)Y,Z,)Z, YEX.
n=1
T (1), t » 0, satisfies the inequality in 2.2) with M > landw > —1.
If we choose a =1, then 4 satisfies (2.3) with —1 <w <0, M, n=
1/(2e(1 + w))'/?, since

0
AT ()Y = D) nexp(—-n*)(Y, Z,)Z,, Y EX,
n=1

and
42T ()Y < sup {n’exp(=2n"0}|I Y|’ Y EX,
n>1

and m?%exp[—2t(n*> + w)] < 1/2e(1 + w) for n = 1,2,.... In addition, (2.4)
is satisfied for a = 1, since

0
A~y = (1/n)(Y, Z,)Z,, Y EX,

and

A-V T (Y = S (I n)exp(=n¥0)(Y, Z,)Z, Y E X,

n=|

and thus
(T (1) = DA™Y | <sup {(1/n*)(exp(—n%) = 1)} ¥
n>1

Since (exp(—n%) — 1)*/n> < t/2 for n=1,2,..., we may choose
N 1/2 =1 / \/E .

T (1), t > 0, satisfies (2.5) since an analytic semigroup is compact for each
t > 0 if and only if 4~'/2 is compact. The compactness of 4 ~'/2 follows
from the fact that the eigenvalues of A~'/2are, = 1/n,n=1,2,....

Let F: C;,, — X be defined by

F($)(s) = f($(=)(s) $(r)(5)), ¢ € Cipp,s €[0, m].
That F is well defined follows from the fact that f is continuous in the first
variable, Lipschitz continuous in the second variable, and that ¥ € D (4'/?)
implies Y is absolutely continuous and Y’ € X. F satisfies (2.7), since for
¥ € Cypy
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I9(=r) = $(=rY I = [T16(=)(s) = $(=rY ()P ds
= 3 3 (0=1) — U= Z)6(=1) = U1 Za)(Zi Z2)

n=]l m=1l

2 2(¢( r) = ¥(=r), Z,)(@(=r) = ¥(=1), Z,)(- Z, Z

n=1 m=l

= 3 (@(=1) = $(=1) Z,)n? = A2 (g(~1) — $(~ DI

nm=l

<llg =¥z,
and

19(=) = (=Nl = ["16(=)(s) = $(=)(s)P s
= 3 6(-n-4(-n.2)'< E o= - ¥(-n. 2,

< A2($(=1) = Y= M) < lIp = ¥,
Thus the mapping from C),; » X X X defined by ¢ — (¢(—r), ¢(—7r)) is
continuous. The continuity of F now follows.

We have now demonstrated that equations of form (5.2), where f is
continuous in the first variable and Lipschitz continuous in the second
variable, satisfy assumptions (2.2)-(2.7). As a final application of the theory
we have developed, we will determine necessary and sufficient conditions for
the asymptotic stability of two particular equations of form (5.2) in the case
where f is linear.

ExXAMPLE 5.2. We wish to determine the exact region of stability of the
linear equation

& (x, :)— ( - a2 (0 - bW(x -1,

W(O, t) = W(vr, N=0 130,
W(x,t)=¢(x,1)y, 0<x<a —-r<t<0. 54
Equation (5.4) can be written in the form (1.1) where A4 is defined by (5.3)
and F: C/, - X is given by F(¢) = — a¢(0)’ — b(—r). The characteristic
equation is then given by
AQ)f= —Af — M — af — be™™, (5.5)
where f # 0, f € D (A4), and — Af — af’ — be~™f € D (4'/?). By Proposition
5.2, the zero solution of equation (5.4) is asymptotically stable if and only if
B < 0, where B is the smallest real number such that if A is a characteristic
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value, then Re A < B. Since the eigenvalues of the operator M: L0, 7] -
L0, 7] defined by Mf=f" — af’, D(M) = {f € LY0, 7]: f, f are abso-
lutely continuous, f” € L0, 7}, f(0) = f(w) = 0} are given by A, = — n* —
a*/4,n=1,2,..., we have from (5.5) that the zero solution of equation
(5.4) is asymptotically stable if and only if all of the roots of the equations

A+ad*fa+be™™=-n% n=12,...,

have negative real parts. The exact region of stability of equation (5.4) as a
function of a, b, and r is indicated in Figure I.
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FiGURE 1

ExaMPLE 5.3. Consider the equation

W (x1-2)-bW(x 1=,

W(O, t) = W(';r, )=0, >0,
W(x,t)=¢(x,1)), 0<x<m —-r<t<O0. (5.6)

Let X = L0, 7] and 4: X — X be defined by (5.3). Then equation (5.6) can
be written in the form (1.1) where F:C,,,— X is given by F(¢) =
— a¢(—r/2) — bp(—r). The characteristic equation is then

(x, t) = (x, t)—a

AN f = —Af — M — ae™N/Y" — be™Yy, (6X))

where f# 0, f € D(A), and — Af — ae /%" — be~f € D(A'/?). It now
follows from Proposition 5.2 that the zero solution of equation (5.6) is
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asymptotically stable if and only if all of the roots of the family of transcen-
dental equations

A+a%eV/4d+be™=-n’ n=12...,

have negative real parts. The exact region of stability of equation (5.6) as a
function of a, b, and r is given in Figure II.
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