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SOME EXPONENTIAL MOMENTS OF SUMS OF
INDEPENDENT RANDOM VARIABLES!
BY
J. KUELBS?

ABSTRACT. If {X,} is a sequence of vector valued random variables, {a,} a
sequence of positive constants, and M = sup,5, [|(X; + -« * « + X,)/a,ll, we
examine when E(®(M)) < o under various conditions on ¥, {X,}, and
{a,). These integrability results easily apply to empirical distribution
functions.

1. Introduction. Let B denote a real vector space, B a sigma-algebra of
subsets of B, and || - || a seminorm on B. We say the triple (B, ®, ||- [) is a
linear measurable space if (i) addition and scalar multiplication are %
measurable operations on B, (ii) for all # > 0 we have {x € B: ||x|| < t} B
measurable, and (iii) there exists a subset F of the 9 measurable linear
functionals on B such that

x|l = sup |f(x)| (x € B). (1.1)
fEF

Examples of linear measurable spaces are readily available in probability
theory and, of course, include the situation where B is a real separable
Banach space, B denotes the Borel subsets of B, and || - || is the norm on B.
Another important example consists of B = D[0, T] where D[0, T'] denotes
the real-valued functions on [0, 7] which are right continuous on [0, T'] and
have left-hand limits on (0, 7). In this case B consists of the minimal
sigma-algebra making the maps x — x(f), 0 < ¢ < T, measurable and the
seminorm is the sup-norm, ||x|| = supy¢,<7|*(?)|- The analogous D-spaces of
functions of several variables are also linear measurable spaces (see §4 and
[17] for further details and references).

Now assume (B, B, || - ||) is a linear measurable space, {X,} a sequence of
(B, ®) valued random variables, {a,} a sequence of positive constants, and
define
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146 J. KUELBS

X, + - +X,

M, = sup

npr

(r> 1) (1.2)

In this paper we examine when

E(®(M,)) < (1.3)
provided @ is a finite, nonnegative, nondecreasing function on [0, o) and
{X,} and {a,} satisfy various conditions.

In case ® is a function which does not grow too rapidly the application
of Theorem 3.3 of [6] and the technique of Corollary 3.4 of [7] immediately
yield results. To be precise, assume {X,} is a sequence of independent
random variables and ®(4u) < c®(u) for some ¢ > 0 and all u € [0, o0). If
P(M, < o) =1 for any r (and hence all r), then the results in [6] and [7]
indicated above imply that (1.3) holds if and only if

|

n

E < 0. (14)

n

d>( sup

For example, if the sequence {X,} is i.i.d. and E|| X || < o0 (0 < p < ),

then P(M, < o) = 1 and

E(M{ ) < (1.5)
for p’ < p provided @, = max{n, n'/?}. That is, to verify (1.5) one simply
checks (1.4) with ®(u) = u”" and this is trivial. Hence in this case M, has
moments of order p’ for all p’ < p whenever E| X,||” < oo.

Another example that we will be particularly interested in will be the
situation when {X,} is an iid. sequence with E||X,||? < o0 (p > 2) and
a, =V2nLLn (n > 1). Here Lx denotes log x for x > e and 1 otherwise,
and LLx denotes the composite function L(Lx). Then, if P(M; < o0) =1,
we have

EM{)<w (1.6)
for p’ < p. To verify (1.6) one simply checks (1.4) with ®(u) = u?.
If ®(u) = exp(u) we can apply Theorem 3.8 of [6] along with the technique
in Corollary 3.4 of [7). In this case the assumption on the individual
summands is that

zE[exp( Il 110 1 ||){m>a"’a)]<°° w

for somea > 0, a > 0,and § > 0. Then P(M, < o) = 1 implies there exists
a B > Osuch that

E (exp(BM,)) < o0. (1.8)
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However, in case ®(u) = exp{A4u?} the results mentioned above or those in

[9, pp. 3-14] do not apply, and it is this situation that we examine here. An

example of this type was established in [13] where it was proved that if {;:

J > 1} is an iid. sequence such that P(g; = 1) = 3» then for all B > 0 we
g+ +e,

have
2
V2nLLn )

We will obtain (1.9) as an easy corollary of the main result of §3, and
applications to the empirical distribution function will be given in §4.
Another aspect of the paper involves moments of the type E(exp(8|S|%)
where S =3, ,X; is a convergent series, and the {X;} satisfy certain
conditions. Theorem 3.2 and its corollaries contain these results.

E < 0. (1.9)

exp( Bsup
n

2. Some introductory lemmas. Here we will establish some estimates to be
used in proving the results of §3.

LEMMA 2.1. Let (B, %, ||* |)) be a linear measurable space and assume
Xy, Xy, ... are independent (B, ®) valued random variables such that for
some 8 > 0,

fl}l}:E (exp( B"Xj"z)) < 0. 2.1)

If S, = Z}.,b;X; where {b;} is a sequence of nonnegative constants, then there
exists A, 0 < A < oo, such that for all n > 1 and all h we have

E (exp(R||S,|))) < exp[ RE|S,|| + h*A* 21 bjz}. (22)
ja

Proor. To prove (2.2) set Yk = Sn - kak’ Ekn = E(’qIX,, ceey Xk__l),
E,,m=m, Em = En. Then

n
ISAl= kzl T+ E||S,)| (23)

where 1, = E, . \|IS,|| — E.|IS,|| (k =1,...,n). Hence

E(exp(A]S, ) = E(exp{hEuSanhél n})

=E . (e

n—1
exp { RE|S, ||+ hkzl nk}E,, (exp{/m,})

Furthermore, by the triangle inequality and the independence of X, ..., X,
we have
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M < Epr]| Yell + Ecar]|beXidll — Eil| Y|l + Eil| b X

= b X +BE|X)] (k=1,...,n) 2.5)
and similarly,
Nk > —bk"Xk“_bkE"Xk" (k = l, coey n), (2.6)
since E; .|| Y]l = Ei|| Y|l (because Y, is independent of X;). Hence
< (X +E|Xe)  (K=1...,n), @7
so
|m| < 2bymax(| X[, R) (k=1,...,n), (2.8)

where R = sup;E||X;|| < co by (2.1). Using (2.4) and iterating we have the
lemma proved if we show

E, (exp(fmy)) < exp{Bi*A’} (k> 1). (2.9)
Now E, (1) = 0 and using (2.8) we obtain

Ev(exp(img) = 1+ 3 WE, (1)

o [ thE nzn h2n+lE 2n+1
=1+2 k('k) k(nk' )
=1 (2n)! 2n + 1)!
o [ @Qr)"E(Z2)  (2kb)" " E (22!
n=t] (2n)! 2n +1)!
where Z, = max(]leu, R).
Since (2.1) holds there exists a 8 > 0 such that
L =sup E(exp( BZ})) < oo, (2.11)
k

and hence we have for all ¢ > 0 that
P(Z, > 1) < Lexp{—B*}. (2.12)

Now if W is a mean zero Gausian random variable with variance o2, then an
elementary estimate implies

p(m> =2 L [Ten( S5 )
<\/_ —exp( ¥ ) (t>0). (2.13)

Taking 1/0% < B we have, by combining (2.12) and (2.13), a finite number
to > 0 such that
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P(Z > <\/— exp( )ds' (t > t).

Hence by standard computations (see, for example, Lemma 4.2 of Some new
results on central limit theorems for C(S) valued random variables by M. B.

Marcus, Lecture Notes in Math., Vol. 526, Springer-Verlag, New York) we
have

E(zr)=["P(z> > i) di
0
2" +2[(2n-1)(2n —3)...5:31]o™ (2.14)
and
E(Zk )2'1+|
<+ +V2/z 20+ 1)e™*[(2n - 2)2n - 4)...4-2-1]. (2.15)
Thus for 2|h|b, < 1 we have
QhbY"E(Z2)  (2Jhb)" T E(22Y)
(2n)! @n + 1)
(2h5,)™
(2n)!

[+ @+ +2[@n—1)...5-31]o™

2/n[@2n-2)...4-2- 1]02"“]

(b )" [ - 20+
< [

(2n)! +2 (2n—1) 5-3.1]62n+l]

where 7, = max(f,, 2) and ¢ = max(s, 2)

2n
%[(u- )...5:3-1][a* + {3]2". (2.16)

Inserting (2.16) into (2.10) we have for 2|h|b, < 1 that
[@n-1)...5-3-1]

Ei(exp(my) < 1+ 3 Gl [2hbk + :“3)]
= exp{23(3 + ) }. @17

If 2|h|b, > 1 then by (2.7) and the definition of Z, we have
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% . E(Z¢
B (op(m) < B@%) = 1+ S (i <52
©  (2hb)Y _ ,
<145 OO ey + 5(@)
© (b)Y )
<1+ 3 o (2" +2V2/n [ - D@ -9)...4-2]0¥"
e [
+F+2[@-1)...5-3]%}
% (2hb)Y . ,
<1+ 2} ((21,’)‘? [+ +G+D[@-1)...5-3]57]
b !

where 7, = max(t,, 2) and 6 = max(o, 2)

w ChB)Y[@2-1)...5- 3][(26)2 + (2{0)2]2j

<1+ ;
ng (2./)!
sincex¥ > j + 1forx > 2
-\212
= exp{ (h2/2)4b,f[(26)2 + (21 ] } : (2.18)
Combining (2.17) and (2.18) we have for all 4 that
E; (exp(hmy)) < exp{h*bA?} (2.19)

where A = 4[(25)? + (21,)?). Returning to (2.9) we see the lemma is proved.

LEMMA 2.2. Let (B, B, || ||) be a linear measurable space, and assume

Xy, Xy, . . . are independent symmetric (B, B) valued random variables such
that

(@) L=supE||X)|* < oo, and

(b) For some sequence of positive constants {b;} we have
{2).\b,X,/0,: n > 1} bounded in probability where o} = b}

+ - + b (2.20)

Then, we have

2 bX;/0,|< . (2.21)

supE
n j"l

PROOF. Set S, = 27.,5,X; for n > 1. Then from [7] or [5, Lemma 5.4] we
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have that
l [ ] 0 - <] 2
3 fo P(IS,|> 1) dr < fo P(N,>1)dt+4 fo [P(IS)> O] &t (222)

where N, = sup;¢;¢,bl|X;|l. Pick 4 >0 so that sup,;P(||S,|| > 4o,) <
1/24. Then

1 0 . 0 l ]
3 fA CP(IS|> 1) de < Sdo, + fA PN, > f)di+ g fA CP(IS> 0 de

and hence
l [} -
5 fo P(IS,||> 1) dt < 640, + L PN, > (.
Now
n n L03
PN, >0 < 3 P(bXI> ) < 3 HERI/ ¢ <
j= j=

and hence

(2.24)

[TP,>nd< Lo [T1rar = Lo
Aa, " " Ao, A

Combining (2.23) and (2.24) we have (2.21) so the lemma is proved.
3. Some exponential moments. We will prove several theorems regarding

exponential moments of random variables of the form given in (1.2) as well as
indicate some results for random series.

THEOREM 3.1. Let (B, B, || ||) be a linear measurable space and assume
Xy, Xy, . . . are independent (B, B ) valued random variable such that

(@ E(f(X)=0foralf€EF,j>1,

() sup;5,E(exp(BIX;|P) < oo for some B >0, and

(©) for some sequence of positive constants {b;} we have
@ o?=b+--- +b2>wasn—omo,
(i) b2/s2—>0asn— oo, and
(i) {2}.,5X;/0,: n > 1} is bounded in probability. @3.1)

If §,=37.,bX; and a, =\ﬁo§LLo,f , then there exists By > 0 such that

B < B, implies
2
exp{,Bsup }

Furthermore, if (3.1)(b) holds for all B > 0, then (3.2) holds for all B > 0.

E < 0. 3.2

n
an
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REeMARK. If (3.2) holds for all 8 > 0, then it is obvious that (3.1)(b) holds
for all B > 0. The interesting thing is that the converse is also true under the
reasonable assumption that {S,/0,} is bounded in probability. This, for
example, is always the case if B is a type 2 Banach space (see Corollary 3.1).

PRroOOF. First assume the {X;} are symmetric, and defineforr =1, 2,...,

M, =sup||S,/a,. 3.3)
npr

First we will show that for every 8 > 0 there exists an r(8) such that
r > r(B) implies

E (exp( BM})) < . G4
Once (3.4) is established, then (3.1)(b) easily implies that there exists a 8, > 0
such that 8 < B, implies

2

E |exp < o0. 3.5)

Bsup
n

n
an

In fact, if (3.1)(b) holds for all 8 > 0, then (3.4) yields (3.5) for all 8 > 0 and
the theorem is proved if the {X;} are symmetric. We will remove the
symmetry assumption at the end of the proof and hence our aim now is to
verify (3.4).

Set n, = min{j: o > 2*} (k > 2) with n; = 1. Further, put k(r) = max{:
n; < r}forr > 1. Then by using Levy’s maximal inequality we have

PM,>N)< X P( max -"—ﬂ>}\)

k>k(D+1 \M-1<n<nm 4,

< 2 2P(|S,)> Ma, )

k>k(r)+1
S, Ao,
=2 3 P(-I%-"J>—2-"i:'- LLo,fH)
k> k(r)+1 O O,

S
<2 3 P(I—Izi“- >%V2LL2"“) 36)

k>k()+1 On

provided r is sufficiently large so that k > k(r) + 1 implies o, /g, > 1/4.
Such an r exists since (3.1)(c)(i), (ii) implies that o, | / 0, —1 /2 as k — co.
Now by Lemma 2.1 we have A, 0 < A < oo, such that foralln > 1and A,

E (exp(h||S,|)) < exp [ RE||S, ||+ h*A? i b? ] . (3.7
j=1

Hence
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P(|S||/20, > 1) < exp{ —ht}E (exp(h|S,|/20,))

< exp{ —ht + % E||S,|+ ":;\; é bjz}
= exp{ —h(t — E||S,||/20,) + h*A?/4}. (3.8)

Minimizing (3.8) as a function of » we have
P(|S,]|/20, > 1) < exp{ —(t — E|S,|/20,)°/A%}. (39)

By Lemma 2.2 we have sup,E||S,||/0, < C < o, so for t > C we have
from (3.9) that

P(||S.||/20, > 1) < exp{—13/4A%}. (3.10)
Substituting (3.10) into (3.6) we have for all A such that
infy s kn+1A/8)V2LL2*"! > C that

A2LL2x-!
PM >N<K2 I exp{— Lot ] 3.11)
( ) k>k(r)+1 256A%

Fix B8 > 0 and choose a so that (log @)/8 > max(64 C2 512 A 2), and
r(B) such that r > r(B) and k > k(r) + 1 implies

(@) o,_,/0, > 1/4 (and hence (3.6) and (3.11) hold), and
(b) LL2*7'/256 A - B > B. (3.12)

Then by (3.11) we have
E(exp( BM?)) = j(; “p (exp(BM?) > 1) dt

<a+[7P M>(192)V2 dt

« " B
0

=a+ P(M, > 5)2ps exp{ Bs*} ds
Y ( )28s exp{ Bs?}

-] Lsz—l
<a+2 exp{—sz(——-—ﬂ)}2ﬂsds'
k> I%')H f V(oga)/8 256 A?

a+2 X exp{—Aloga}/A,
k> k() +1

where A, = B[LL2¥"'/256 A — B] > 1

a+2 2 —l——{; where Y= _..l_o_g.a_z.
k>k(n+1 [(k — 1)L2] B256A

< oo since (loga)/B256 A% > 2. (3.13)
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Thus the theorem holds if {X;} is symmetric. To handle the situation when
{X;} is not symmetric we introduce a sequence {Z;: j > 1} which has the
same distribution as {X;} and independent of {X;}. Letting E, (E;) denote
expectations with respect to {X;} ({Z;}), then by the previous case we have
for the relevant 8 > 0 that

-
%M&—%V%}

7

o > E|E, exp{ﬁsup
n

-

> E, exp{ BE,sup
n

i@m—av%}
Jj=1

by Jensen’s inequality

( 2
> E, exp{ Bsup sup }
n feF

by (1.1) and Jensen’s inequality applied to E,

( 2
exp{ Bsup H

since E,f(Z) =O0forallf € F.  (3.14)
Thus the theorem is proved.

S (/%) - E1(2)]/ o

Jj=

n
> E 2 bX,/a,

Jj=1

COROLLARY 3.1. Let (B, B, || - ||) be a linear measurable space and assume
Xy, Xy, ... arei.id. (B, B) valued random variables such that

@) Ef(X.)=0foralf€F,

(b) E(exp(BIIX,l1)) < oo for some B > 0, and

() {S,/Vn:n > 1} is bounded in probability where S, =

S X, (3.15)

If a, =V2nLLn , then there exists By > O such that B < B, implies

2
E [exp{ Bsup H < oo0. (3.16)

Furthermore, if (3.15)(b) holds for all B > 0, then (3.16) also holds for all
B >0.

Proor. Immediate from Theorem 3.1.

-n
a,
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COROLLARY 3.2. Let B denote a real separable Banach space of type 2. Let
X, X5, . .. bei.i.d. B-valued random variables such that

(@) EX, =0, and
(b) E (exp(B|X,]])) < oo for some B > 0. (3.17)

Then the conclusions of Corollary 3.1 hold.

ProoF. EX, = 0 easily implies (3.15)(a), and since B is of type 2 we have a
constant A > 0 such that for all n,

1/2
1/2 n 2 1/2
E|S,| < (E|S.I) ‘("E.Elllel) =4 2(Ex7) . G.19)

Thus sup,E||S,||/Vn < o and hence (3.15)(c) holds, so the corollary is
proved.

For the next corollary recall the linear measurable space (D[0, T], B,
I+ ||) defined in §1.

CorOLLARY 33. If X, X5, ... are ii.d. (D[0, T}, ®) valued random
variables such that

(@ EX,(t)=O0forallte€]|0,T]
(b) E(exp(BIIX,|I) < oo for some B >0, and
© {X;(1): 0<t< T} is amartingale on [0, T] for j > 1, (3.19)

then there exists a By > 0 such that B < B, implies

2

E |exp < o0 (3.20)

Bsup
n

n
a’l

where S, = X, + - - - + X,anda, =V2nLLn .

REMARK. Of course, if (3.19)(b) holds for all 8 > 0 then (3.20) holds for all
B >0.

Proor. This follows from Corollary 3.1 provided we show that (3.19)(c)
implies (3.15)(c). Since the norm || - || is the supremum norm and S,(¢)/ Vn
is a martingale in ¢, 0 < ¢ < T, we have by the maximal inequality that

P(IS./ VA |> A) < ATE(|S,(T)/Va |) < (EiS. (D)) /An?
=A7'(Epx, (:r)|2)'/ = 0(1/N). (321)
Hence (3.15)(c) holds and the corollary is proved.

LemMA 3.1. Let (B, B, ||- ||) be a linear measurable space, and assume
Xy, X3, . .. are independent symmetric (B, D) valued random variables such
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that

(@) L = sup;E||X}|* < oo,

(b) for some sequence of positive constants {b;} we have Z32.,b? < oo and
{Z}-1b;X;; n > 1} is stochastically bounded.

Then

supE < c0.
n

n
S bx
Jj=1

ProoF. Let S, = 27_,5,X; and N, = sup, ¢ ;<,||5;X;|| for n > 1. Since {S,:
n > 1} is stochastically bounded there exists 4 > 0 such that
sup, P(||S,]| > 4) < . Hence by the reasoning used to establish Lemma 2.2
we have

E|S,||< 364 + 6 [ "P(N, > ) k.
A

Now

n
PN, > 1 < 3 P(BYI> 9
J-

n 00
<3 umpr/e<iSy/e

Letting C = LT ,b? we have sup,E||S,|| < 364 + 6C/A and the lemma is
proved.

THEOREM 3.2. Let (B, B, ||- ||) be a linear measurable space and assume
X\, X, . .. are independent (B, D) valued random variables such that

(@) Ef(X)=0forallf € Fandj > 1,
(®) sup;,,E(exp(BlIX;|%) < oo for some B > 0, and
(c) the sequence of partial sums (S, =2Z}.,b;X;, n > 1} is

stochastically bounded. (3.22)
I j>,bj2 < 0, then there exists B, > 0 such that B < B, implies
E(exp(ﬂsgp ||S,,||’)) < oo. (3.23)

Furthermore, if (3.22)(b) holds for all B > 0, then (3.23) also holds for all
B >0.

ProoF. First assume X,, X,,... are symmetric. Then Levy’s maximal
inequality and (3.22)(c) easily imply that P (sup,||S,|| < «) = 1.

In view of (3.22)(b) the theorem is proved if for all 8 > O there exists an
r(B) such that r > r(B) implies
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E (exp( Bsup|s, - S{7)) < . (3.24)
na>r
Now
P(sup|S, — S|>A) = lim P S, - 5> A),
(suplis, - 54> A) = Jim P( sup |5, - 5> 2)
and hence by Levy’s inequality
P(sup|S, — S,|> A) < 2 lim P(|Sy — S,|> A). 3.25
(suplls, = 54> 2) < 2 lim P(ISy = 5>%).  (329)
Now Lemma 2.1 implies

P(||Sy = S/||> A) < exp{—HA}E (exp(h||Sy — S,||))

N
< exp{ —h(A — E|Sy — S|) + KA 3 b}}

Jj=r+1
2 N
< expi—(A — E||Sy — S|) / 40> 3 B
Jj=r+1

by minimizing the function of A

N
< exp{—)\’ / (161\2 > b})} forA/2 > E|Sy — S| (3.26)

Jj=r+l1

By Lemma 3.1 we have sup,E||S,|| < co; so combining (3.25) and (3.26)
we have for A/2 > supy,, E||Sy — S,|| that

- 22 2 N 2
P(:t;]:"S,, 5| > )\)<2exp{ A / (16A > b,)}. (327)

Jj=r+l
Hence given 8 > 0 we have
—oenll= " QR
E (exp{ ﬁ:l;;: I1S. — S| }) j; P(exp( B'sg;: I1S: = S| ) > t) dt

) log ¢ 172
<a+ [P sup"S,,—S,")(——ﬁ—-) dt

na>r

o0
< a+f°°2ex —Iogt/ (16AZB > b})}dt

J=r+1

provided \/(log a)/B > 2sup,, E||S, — S,
(16A%832.,,, 8"
=a+2f°°(%) T a
a

00
<o if16A8 ¥ b <1 (3.28)
Jj=r+1
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Since X j>,bj2 < oo there exists r(B) such that r > r(B) implies
16A832,,\b? <1 so the theorem is proved in case X, X, ..., are
symmetric.

If the sequence { X} is not symmetric, then we proceed as in the proof of
Theorem 3.2 and the theorem is proved.

The next result is related to [6, Theorem 6.1], [14], and [15].

COROLLARY 3.4. Let (B, B, || - ||) be a linear measurable space, {x;: j > 1}
elements in B, and {Y;: j > 1} independent real-valued random variables such
that

@ EY,=0( >1)and
() sup;;,E (exp(BY?) < oo for some B > 0. (3.29)

If S = £,5,Y,x; converges with probability one and S ;,,||x;||* < oo, then there
exists By > 0 such that B < B, implies

E(exp{ BIS|}) < o». (3:30)
In fact, we have

2
E exp{ﬁ’sup } <o (3.31)

n
2 Y
Jj=1

provided B > 0 is sufficiently small. If (3.29)(b) holds for all B > 0, then so
does (3.31).

PROOF. Let b, = ||x;|| and define X; = Yx;/||x;|| for j > 1. Then Theorem
3.2 applies immediately so the result is proved.

For the next result we need the idea of a cotype 2-Banach space. We say a
Banach space B with norm || - || is of cotype 2 if for all sequences of mean
zero independent B-valued random variables X, X,, ..., we have a univer-
sal constant 4 such that for all n,

n
EX, +--- + X,'> 4 -21 E|x|’. (332)
i=

COROLLARY 3.5. Let (B, ||-||) be a cotype 2-Banach space and {Y;} a
sequence of i.i.d. real-valued random wvariables such that (3.29) holds. If
S = 2,;5,Y,x; converges with probability one in B, then the conclusions of
Corollary 3.4 hold.

PrOOF. If Y; = 0 there is nothing to prove so assume the contrary. Next
observe that by Theorem 6.2 of [8] we have E||S||> < oo. Since {Y}} is an
independent sequence with mean zero and B is of cotype 2 we have for each n

that
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2

n n
E|SI*> E| 3 Y > 4EYE 3 |
J= Jj=

Hence Z,,||xI> < o0, and the result follows immediately from Corollary
34.
The next result now follows immediately from Corollary 3.5.

COROLLARY 3.6. Let (B, || |[) be a cotype 2-Banach space and (Y} a
sequence of i.i.d. real-valued random variables which are uniformly bounded. If
S = 3,5, Y,x; converges with probability one, then

2

E |exp D Yxl || <o forall B >0. (3.33)

Bsup
n Jj 1

REMARK. Since the real numbers are cotype 2 the above results easily prove
the following. If S is a square integrable real-valued random variable with
L?-expansion 3 >1Y;a; where {Y}} is an ii.d. sequence satisfying (3.29), then
there exists a 8, > 0 such that for 8 < S,,

E(exp(BS?)) < 0. (3.34)

Of course, if (3.29)(b) holds for all 8 > 0 then (3.24) also holds for all 8 > 0.
This generalizes the result [18, p. 215] regarding Fourier expansions with
respect to Rademacher functions.

4. An application to empirical distribution functions. The previous results
easily apply to the multidemsional empirical distribution function, and it is
this that we turn to now.

Let X =(U,,..., U, be a random variable with values in R? The
distribution function F of X is defined as usual by

F(xpy..,x)=P(Uy < xp...,U; < x5)  (%pp.-.,%x) ERY

If X, X,,... are independent random variables with distribution F the
empirical distribution function is given by

bu(x) = i l(_w,,](Xj)/n (xERLn > 1) 4.1)
j=1

where (— o0, x] = {(uy, ..., 4): 4 < x, 1 < j < d} and x = (x, ..., X))
Kx=(xp...,x)andy =(y),...,y,) wewritex < yif x; < y; (1 < j <
d).

Of course, {&,(x): x ER? n > 1} is a sequence of stochastic processes
indexed by R? and for each x € R,

E(8,(x)) = F(x). 42)
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By the law of large numbers we thus have
lim|&,(x) - F(x)) =0 (x €RY), 4.3)
and if F is continuous it is easy to see that we actually have
lim sup |&,(x) — F(x)| = 0.
x€R?

If d = 1, the distribution of D, = sup,|&6,(x) — F(x)| is the same for all
continuous F, and Kolmogorov [12] first computed the limiting distribution
of n'/2D, as n — oo. Furthermore, Chung [2] gave a bound on the error term
which showed that the law of the iterated logarithm

P( Tm Vn/2LLn D, = 1 /2) =1 4.4)

holds.

If d > 1, the limiting distribution of n'/2D, was proved to exist by Kiefer
and Wolfowitz [10], and its form depends on F unlike the case d = 1.
However, (4.4) holds for all 4 > 1 provided F is continuous, as proved by
Kiefer [11]. In addition, functional laws of the iterated logarithm are also
known in this setting [4], [17].

What we do here is examine the integrability of the random variable

M =supVn/2LLn D,. 4.5)
n

Before stating the integrability results for M we need to define the linear
measurable space (D (R%), B, || - ||). That is, we call a function x: R* > R'a
step function if x is a finite linear combination of functions of the form

t=>1gx... xE,(t)

where E; is a left closed, right open subinterval of R}, and 1;; is the indicator
function of the set E. Then D (R?) is defined to be the uniform closure, in the
space of all uniformly bounded functions from R? to R!, of the linear
subspace of step functions. A characterization of D(RY) in terms of
continuity properties can also be made. If ¢ € R? and if, for 1 < j < d, R;is
one of the relations < and >, let Qp . g(f) denote the quadrant
{(sp-..,5) ERY 5Rt, 1 < j < d}. Then it is known that x € D(R?) iff
for each ¢ € R?, we have x, = lim,_,,,c,x(s) existing for each of the 2¢
quadrants Q = Qg Rg(t)’ and x(f) = xg. for 0* = Q,, . Hence we
say the functions of D (R?) are continuous from above (or the right), and have
limits from below (or the left). The sigma-algebra % is the minimal o-algebra
making the maps x — x(¢), ¢t € R all measurable, and the norm | - || is the
usual sup-norm given by

[|x||= sup |x(t)|.
teRY
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That (D (RY), B, || - ||) is actually a measurable linear space follows easily
from the fact that an element x € D (R%) is uniquely determined by its values
on any fixed countable dense subset of R?, and then emphasizing the ideas of

3]

THEOREM 4.1. Let X, X,, ..., be independent R? valued random variables
with common distribution function F. Then for all B > 0 we have

E(exp{ BM?*}) < 4.6)
where M is defined as in (4.5).

PROOF. Setting Y;(1, w) = 1_ o, 4(X;(@)) — F(¢) for j > 1 and ¢t €R? we
have {7} a sequence of iid. (DR, B, ||-||) valued random variables
which are uniformly bounded by one. Furthermore, we have

é Y,/V2nLLn

Jj=1

M=

’

and hence (4.6) follows immediately from Theorem 3.1 if we have

n
[2;;./\/;:01} @)
j=1
bounded in probability in (D(R?), B, | - |[). That the sequence
{7.,Y;/Vn: n > 1} is bounded in probability follows immediately from
[11, Theorem 1(m)] so the proof is complete.

REMARK. Since P(M < o) = 1, we easily see that

sup |6,(x) = F(x)| = O(VLLn/n), 438)
x€R?

and this gives a rate of convergence for the empirical distribution &, to F.
One can prove more than (4.8) (provided F is continuous), and this is done in
[11, Theorem 2]. Furthermore, the integrability result in (4.6) could also be
obtained directly from [11, Theorem 1(m)}, but this would require a good bit
of additional work. A result related to (4.8) whend = 1 and X,, X,, ..., are
independent, but possibly nonidentically distributed random variables,
appears in [16].
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