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ABSTRACT. A basic result of Haber and Levinson which describes the
behavior of solutions of &” = f(t,y,y"), a < t < b, y(a, €), y(b, €) pre-
scribed, in the presence of a reduced solution with corners is modified to
treat related classes of problems. Under various stability assumptions,
solutions are shown to remain, for small ¢ > 0, in a o(1)-neighborhood of an
angular reduced solution with the possible exception of narrow layers near
the boundaries in some cases. Each aspect of the theory developed here is
illustrated by several examples.

1. Introduction. The well known study of Haber and Levinson [4] investi-
gates the existence and the asymptotic behavior of solutions of the boundary
value problem

" =f(ty,y), a<t<p, (1.1)
y(a,e) = 4, y(b,€) = B, 1.2

as the positive parameter ¢ tends to zero, when the corresponding reduced
problem

f(t,u,u)=0, a<t<b, (1.3)

u(a) =4, u(b)=2B5, 1.4)

has an “angular” solution u = u(f). To be precise, the function u is assumed
to be of the form u(f) = u, (1), a < t < ty, and u(¥) = ug(?), t, < t < b,
a < ty < b, where u;, up satisfy (1.3) on [a, t,), [#, b], respectively, and
u; (a) = A, ug(b) = B. In addition, u, and uy are assumed to intersect with
unequal slopes at 1 = 1, i.e., u; (t)) = ug(t,) and uj (t,) # ug(ty). Finally if
these solutions are stable in the sense that f,[u, ()] = (3f/ )¢, u, (9, uz(2)
>0, a<t<tand f[ug(t)] <0, t, < t < b, Haber and Levinson show
that the full problem (1.1), (1.2) has a locally unique? solution y = y(z, €) for
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2That is, in a sufficiently -small neighborhood of u(f) the problem (1.1), (1.2) has only one
solution.
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each small ¢ > 0, provided the crossing condition

>0, u(ty) <o <up(ty),
11 L)
Slto 1t "’){ <0, ux(tg) <o < up(to),

is satisfied. Equally important, the following asymptotic estimates are ob-
tained:

uL(t)’ a<t< 10,

Jim y(t,) = {uR(t), 1o < t < b,
and

up(f), a<t<t—24,
ur(9), t,+8<t<b

for each fixed 8 > 0 independent of ¢.? The results in [4] are valid under mild
(i.e., C M) smoothness restrictions on the function f = f(¢, y, y").

Later writers have almost exclusively concerned themselves with construct-
ing complete asymptotic expansions of the solution of (1.1), (1.2) under
basically the same assumptions as in the original formulation of Haber and
Levinson. The only additional requirement is that f have sufficiently many
derivatives. In reference to such extensions, we note several papers of
Vasil’eva [11], [12], [13] and a paper of O’Malley [9]. The results of Vasil’eva
actually apply to more general systems than the scalar problem (1.1), (1.2);
however, her stability assumptions, specialized to the scalar case, are identical
to those of Haber and Levinson, and O’Malley. We remark finally that
similar phenomena are studied briefly in the paper of Dorr, Parter and
Shampine [3, §5] and in the Russian edition of the book of Wasow [15, §41.4].

In this paper we study generalizations of the basic theorem of Haber and
Levinson in a different direction. Namely, we investigate the behavior of
solutions of (1.1), (1.2) when the original stability assumptions of [4] are
modified or completely absent. Such extensions appear necessary in studying
the asymptotic behavior of solutions of problem (1.1), (1.2) in the presence of
turning points and/or singular reduced solutions. See, for example, the
discussion in [7]. To prove the results stated here, we employ a theorem of
Schmitt [10], which can be trivially extended for our purposes. In addition, a
theorem of Habets and Laloy [5] is also used. For the convenience of the
reader, these theorems are stated in the next section.

lim y'(t,€) = {
e—0*

2. Two comparison theorems. We state here the two differential inequality
results which form the basis for our treatment of (1.1), (1.2). The first is a
slight generalization of a theorem, originally proved by Nagumo, and redis-
covered by Schmitt [10].

3When such a situation obtains we shall say that a Haber-Levinson crossing has occurred.
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Consider the general second-order boundary value problem.

x"=F(t,x,x), a<t<hb, (2.1
x(a)=A4, x(b)=B, (2.2)

where F is continuous on [a, b] X R2.

THEOREM 2.1. Assume there exist continuous functions a and B which are
piecewise C® on [a, b), i.e., there is a finite partition {t;}, 1 < i < n, of [a, b]
suxh that a and B are of class C® on (4, t,,,). In addition, suppose a(t) <
B(t),a <t < b,a(a) = A4 = B(a), a(b) = B = B(b), and Dja(1)) < D,a(t;),
D,B(t) > D,B(t), where D,, D, denote lefthand, respectively righthand, dif-
Serentiation. Assume finally that on (t;, t; . ,),

a’(1) > F(t,a(d), a(r)) and B"(2) < F(t, B(2), B'(1))-

Then if |F(t, x, x)] = % as |x'| = oo, for (t,x) in compact subsets of
[a, b] X {a(r) < x < B(?)}, the boundary value problem (2.1), (2.2) has a
solution x = x(1) of class CP[a, bl with a(¥) < x(1) < B(?),a <t < b.

This theorem will be used in constructing bounding functions with
“corners” at certain points # in the interior of [a, b] which reflect the angular
nature of the solution of the perturbed problem (1.1), (1.2), for small ¢ > 0.
Our generalization of the result in [10] is in the spirit of a recent generaliza-
tion of another thoerem of Nagumo [8] given by Habets and Laloy [5].

THEOREM 2.2. Make the same assumptions as in Theorem 2.1 with the
exception that:

(i) the functions « and B are only required to satisfy the inequalities a(a) < A
< B(a)and a(b) < B < B(b);

(ii) for (t, x) in[a, b] X {a(?) < x < (D},

F(t,x,x') = O(|x']%), as|x'|—>c0.

Then the problem (2.1), (2.2) has a solution x = x(t) of class C®[a, b] with
a(f) < x() < B(t),a<t<b

This theorem complements Theorem 2.1 by allowing the function F to have
zeros for arbitrarily large values of x’, provided F is at most quadratic in x'.
We remark finally that, in either theorem, if df/dx is strictly positive for
(1, x, x')in [a, b] X {a(f) < x < B(#)} X (— o0, ), then the solution x(?) is
in fact unique.

3. Modified f,-stability. We begin now our study of the possible modifica-
tions in the original theory of Haber and Levinson which permit us to deduce
the existence of solutions of
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" =f(ty,y), a<t<b, G.0)
y(a,e)=A4, y(be) =B, (32)

which possess angular limiting behavior at one or several points of (a, b). In
the first theorem stated below we only require the sign restrictions on f,[u, ]
and f,{ug] to hold in a small neighborhood of the point of intersection of u,
and ug. The second result considers the behavior of solutions of (3.1), (3.2) in
the presence of a double crossing of reduced solutions of (3.1). Finally we
study the occurrence of a Haber-Levinson crossing when one of the reduced
solutions is semistable.

THEOREM 3.1. Assume

(1) the reduced equation f(t, u, u’) = 0 has two solutions u = u; (), u =
ug (1), defined and of class C® on [a, ty), [to, b], respectively, a < ty < b, such
that u;(a) = A, uy(ty) = ug(ty), uy(ty) # up(ty), and ug(b) = B;

(2) the function f is continuous in all arguments and of class C® with respect
toyand y in R: a<t<b, y—ut)=0(),y —u{)=00d(,e)!
where

u (1), a<t<i,
u(f) = d(t,€) = O(e),
ug (1), t,<t<b,

Jor tin[a, b]\(ty — 8, ty + 8), d(t, €) = O(|u(t) — ur(to))), for t in (ty —
0, tg + 8), where 8§ > 0 is a small constant; in addition, |f(t,y,y’)] = «, as
|y'| = o0, for (t,y) in R;

(3) there exists a positive constant k such that f(t, u,(8), up()) > k >0,
to— 8 <t <ty and f,(t, ug(t), up(t)) < — k<0, 1, < t <ty + 8, for & >
0 the same constant as in (2);

(4) there exists a positive constant I such that f,(t, u, (0), up(t)) > 1 >0,
a<t<ty— 8, andf,(t,ug(t),up() >1>0,tp+ 8 < t < b;

>0 u(ty) < w < up(to),
S (o, u (1), w) (Crossing Condition)
<0, up(ty) < w < up(ty). %)

Then there exists an &y > 0 such that for each ¢, 0 < € < &, the problem
(3.1), (3-2) has a solution y = y(t, €). Moreover, if

“Here and throughout the paper the Landau symbol is defined as: r(t, €) = O(s(t, €)) for
1 < t<tand 0 < e < g iff there exists a constant C (independent of ¢ and ¢) such that
|r(t,e)l < Cls(t,e)| fort; < t < t,and 0 < & < &
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u(t) = u, (1), a<t<ty
ug(t), t,<t<b,

then
y(t,e)=u(®)+0(), a<it<hb,

(1, &) = w(t) + O(|uy(to) = ux(to)lexp[ — k|t = to]e™"]) + O(e),
a < t < b for a positive constant k < k.

Before proving this result we remark that assumption (3) embodies one
form of modified y’-stability in that the positivity (negativity) of f, along
u; (ug) is only required to hold on [7, — &, #)] ([to, o + 8]). These sign
restrictions have a natural interpretation in that (cf [12, §1]) for ¢ < 1, the
(linearized) initial value problem

5% "_‘j,;'y, + fyy’ )’(’o’ €)= uL(tO) +0(e), Y'(tpe) =0,
w between u; (#,) and uz(Z,), has a decaying solution provided f, > 0, while
the corresponding problem for ¢ > ¢, has a decaying solution provided
J» < 0. Finally assumption (4) is a type of y-stability assumption (see §4
below).

Proor. To deduce the existence of a solution y = y(t, ¢) satisfying the
first estimate of the theorem, we construct bounding functions « and B as
described in §2 and apply Theorem 2.1. We assume, for definiteness, that
u; (t) < up(ty). The reflected case u(fy) > ugp(t,) is handled similarly.
Define then for ¢ > 0,

u () —o(t,e), a<t<a+te,
wu()—eyl™, a+e<t<i,
ug(t) —eyl™', t,<t<b—eg
ug () —v(t,e), b—e<t<b,

a(t,e) =

[u,(6) + o(t,€), a<t<a+e
u, (t) + eyl '+ w(t,e), a+e<t<t,—3§,
ug (£) =T A7 (up (t) — ui(to))exp[kl(to - 1]

+eyL™ (exp[ A (t = (to = 8))] - 1), t,—8< <1
ug (£) =T A7 (up (1) — u}_(to))exp[)\l(t - to)]

+eyL™ (exp[ =M ((tg + 8) — )] — 1), to<t <o+ 34,
ug(t) +eyl ' + w(t,e), t,+06<t<b—g
(4D +v(1,e), b—e<t<b.

B(t,€) =
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Here o is any function satisfying 0 > 0, 6 = O(e), o' = O(e), o(a, &) =0,
o(@a+ee)>0and 0" < —m<0, a<t<a+e Similarly » satisfies
»>20,p=00(), V=00(), v(be) =0, V(b—¢e)<0and »" < —m<
0,6 — ¢ < t < b. The functions w, w are nonnegative of order O(e) and
chosen so that D,8 > D,B. The constants I';, T, are positive and satisfy
T, + T, > 1. The quantities A,, A, are the negative O (¢ "), respectively, O (1)
roots of quadratic polynomials specified below and L is a positive constant
such that |£,(¢, p, p)] < L, p = u; or ug, a < t < b. Finally, v, ¥ are positive
constants to be chosen to make & and 8 well defined® and satisfy the proper
inequalities.

It turns out that the quantities ¢ 's, e ', v, and ¥ must be chosen
sufficiently large in order that a and B are bounding functions in the sense of
Theorem 2.1. Once this is done, these quantities are additionally prescribed to
make a and 8 well defined.

We begin by noting that « < B, a(a,¢) = 4 = B(a, ¢), and a(b, &) = B =
B(b, €). By the properties of o, », w, w, T, and T, D,a(t) < D,a(t), where
f=a+e¢tyand b — ¢, and DB > DB(t), where t =a + ¢, t, — 6, ty,
1, + 8, and b — e. To verify that the differential inequalities are satisfied, we
need only check each of the subintervals (a,a + €),..., (b — ¢ b). For
example, consider a(t, €) defined on (a + ¢, y). The function f(¢, a, a’) may
be written as

St ) = f(tup, ) + {£(1, 0, up) — f(t, up, )}
+ {f(t, a, ') — f(t, a, up)}
= f(t, uy, uy) +L(’, up + 0, (o — up), up)(a — u;)
+ (8 o up + 0, (o — wp))(« — u), 0<8,6,<1.

Differentiating a and substituting into this expansion, we have for small
e >0,

ea” — f(t, 0, ') = euf — f(t,up, up) + f,[t, e]eyl ™!
> —eM+ ¢y >0,
if y is chosen greater than M. Here [, €] is the intermediate point and
luf| € M.
Similarly, on (b — &, b),
ea” — f(t, 0, &) = eug — ev” — f(t, ug, uz) + f,[t,e]v + £, {t, e}y’
> —eM—e" +lv— kv >0,

if —»” is chosen greater than M + e~ 'k»’. (Recall that »' = O(e) and

SThat is, 5(a + €), 7ty — 8), 7(te), n(ty + 8) and 7(b — ¢), for n = a or B, are uniquely
determined.
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»” < — m < 0.) The verification that « satisfies this inequality on (a, a + €)
and (¢, b — &) proceeds analogously.

As for B8, we only need to see that the correct inequality is satisfied, for
example, on (f, — 8, #y), since the other intervals are handled in basically the
same way. First consider the subinterval [t, — ¢, ], 7 > 0 and 7 = O(l). 6
Then for e sufficiently small, we invoke the differentiability of f to see that

f(t, B, B’) — eB” = f(t, ur, up)
+£[t €] { —T AT (up(tg) — up(t)) exp[?\l(to - ‘)]
+eyL™"(exp[ =2, (t — (8 — 1)) ] - l)}
+ (1, B, up){Ty(uz (1) — 4;(10)) - exp[Ay(to — 7]
—AperL~"exp[ =M (t = (1o — 7)) ]}
+ 3 4y (1 eH{Tu(uk (%0) = .(t0)) - exp[ M (1o = 1]
—AgyL™ exp[ A (1= (- 73))]}2
—euf + e\Ty(up (1o) — uy (10))exp[Ay (o — 1)]
—eAJeyL ™ "exp[ =M (1 — (o — 7)) ].

By assumption (5) f(to, uy(f5), @) > 0, uj(ty) < @ < ui(to), which is equiv-
alent to

fy'(to’ uy (1), uy (1)) + %f;;y (10> up (t0), u (20) + 0 (B’ — up)(ty))
- (up (t) = ui(to))exp[)\,(to - f)] > K>0.
We can continue then with the inequality
F(t, B, B) — eB” > (up (1) — “i(’o))exl’[)\l(’o - ‘)]
{LTAT + AT, + e\ Ty}
—exp[ =M (1 = (1o — 7€) | {ev + KAyeyL ™" + eNJeyL ™'}
+ey — eluf| — N(v)e™

Here N(y) > 314 {t £}|A\Jy’L ~%exp[ — 2A,7e]. Now choose A, as the O (e~ ")
(negative) root of eA> + kA + L = 0 where 0 < k< min{k, K} and A, as
the O(1) (negatlve) root of eA> + kA + L = 0. Then we have finally that
ft,B,B)—¢eB” > ey—eM — N(y)e? > Ofortin [ty — 7e, to] if y = M +
1 and ¢ is sufficiently small.

On the subinterval [ty — &, #, — 7¢] for 7 sufficiently large we have

SThe estimates which follow hold uniformly for 7 in the range 0 < 7, < 7 < 7| < 0.



162 F. A. HOWES

St el =5 (6 u(0), u,(0) + 0(e),

where [1, €] = (¢, u, (1), B'(¢, €)).
Clearly then

f(6. B8, B) —eB” = flu ] + {f(t, B, up) — f(t, up, up)}
+ {f(t, B, B) — f(t, B, up)}
> LT (up(2) — “2(’0))67‘1)[}\1(’0 - 1]
—ey exp[ =Mt — (o — 8)] + ey
+ kT, (ug (1) — ui(to))exp[A,(to - t)]
— kheyL™'exp[ =2, (2 — (1 — 8))]
—eM + eNTy(ux (t0) — uz(to))exp[A, (1 — 1)]
—e}\ge'yL"exp[ =N = (4 - 8))]
=—eM+ey >0, fory> M.
Here we have used the fact that A, and A, are roots of A2+ kA + L =0,
0 < k < k. We conclude by Theorem 2.1 that for each &€ > 0, ¢ sufficiently
small, the problem (3.1), (3.2) has a solution y = y(¢, €) such that a(z, &) <
y(t,€) < B(t,¢), ie, y(t,€) = u(®) + O(e), a < t < b. To derive the esti-

mate on y’ — u’, we make the substitution z = y — u in (3.1), (3.2) and obtain
a representation for z’, i.e., for ¢ in (a, #y),

ez” = f,. {t, e}, 2 + f,{t, e}z — euf (1) =f, {t, €} .2+ O(¢)
and for ¢ in (#y, b),
e2" = fy {t,e} 2 + £, (1, e} gz — eug (1) = f; {t, e} 2" + O(e)-
Here {t, &}, p are the appropriate intermediate points. Consider now just the

subinterval (g, t,); the analogous argument for (t,, b) is omitted. On (g, t, —
0) z satisfies

e" =f,{te};z2+0(), a<t<t-—34,
z(a,e) =0, z(tp—8) = 0(e),

and it follows from the maximum principle (cf., e.g., [3]) that z’(¢, €) = O (¢),
a<t<ty—98.0n(s — 8, ty) z satisfies

e"=f.{t,e};27+0(), tH—-8<t<y,
2(tp ) = 0(e),  2'(ty, €) = O(|u(to) — up(t)l)-

But assumptions (3) and (5) imply that for such ¢ f,{¢, e}, > k >0 and so
the solution of this initial value problem satisfies
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2'(t, &) = O(|uy(to) — up(to)lexp[ K (1 = t9)e™"]) + O (e),
h—08<t<y,
(cf. [12, §1)).
In the next theorem we examine conditions under which a double Haber-
Levinson crossing can occur. The extension to an arbitrary number of finite
crossings is obvious.

THEOREM 3.2. Assume

(1) the reduced equation f(t, u, u’) = 0 has three solutions u = u, (), u =
Ups (1), u = ug(t), defined and of class C® on [a, 1], [¢,, t,), [t,, b], respectively,
a <t <t <b,withu(a) = A, u (1) = up (1)), up(t;) = ug(t;) and ug(b)

= B; in addition, uy (t)) # uy,(t)) and u},(t,) # ug(ty);
(2) the function f is continuous in all arguments and of class C® with respect
toyandy'inD:a < t< b,y — u(t) = 0(c),y — u'(t) = 0(d(t, €)), where

uL(t), asiti<y,

u(?) =3uy(t), 4, <t<t,

ug(1), 1, <t<b,
and d(t, €)= O(e), for t in [a,b]\{(t; — 8,1, + S) U (1, — §, t, + 8)},
d(t,e) = O(up(t)) — up (1)), for t in (1, =8, t;, +8), and d(t,¢) =
O (lups () — up(t))), for tin (¢, — 8, t, + 8); here & > 0 is a small constant;

in addition, | f(1, y, y")] = 0 as |y’| = 0, for (t,y) in T ;
(3) there exists a positive constant k such that

L (Gu (D up () > k>0, a<t<uy,
Lt (0, up (1) < —k <0, £, <t<t+8,
Lt (0, (D) > k>0, t,—8<t< 1ty
5t ug (1), uz (1)) < =k <0, £, <t<1;
(4) there exists a positive constant | such that
5w (D), up (1)) >1>0, 4, +8<t<t,— &
fomo| 20 IONTHS o

and

>0, uy(t) <w<ug(ty),
F(ty ug (1), w){ <0, up(ty) < 0 < upy(ty).

Then there exists an €, > 0 such that for each ¢, 0 < € < &, the problem
(3.1), (3.2) has a solution y = y(t, €). In addition, for
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u (), a<t<u,
u(®) =<uy (1), 1, <1<t
ug(t)y 4 <t<b,

y(it,e)=u(®)+ 0(), a<t<b and
y'(t, ) = w () + O(luy (1)) = uy (1))lexp[ = k|t — #,]e™"])
+ 0 (|ux (1) = iy (t)lexp[ — Rt = 1,]e™']) + O (e),
a<t<pb,
where 0 < k < k.

ProoF. We proceed essentially as in the proof of Theorem 3.1. Suppose, for
definiteness, that u; (¢,) < uy,(¢,) and u,,(¢,) > ug(t,). Define fore > 0,

(4, (1) -y L~ (exp[ =M (t —a)] = 1), a<t<t,
up (1) — eyl (exp[ A, ((1, + 8) = )] = 1), £, <<+,
uy (1) —eysl ' = w(te), ,+8<t <-4,
a(t, &) = uy (£) +TA7 (up, (1) — “z'z(tz))exP[Al(tz - 1)]

—er L7 (exp[—N(1 = (2= 8)] - 1), ,-8< 1<,
ug(£) +T AT (3, (22) — up(t;))exp[ A (¢ — 1) ]
| —eysL7(exp[A(t = 0)] = 1), £<t<b,

and

([, (£) = TAT (up, (1) — ui(tl))exP[Al(tl - t)]
+ey, L7 (exp[—A(t —a)] - 1), a<t<1y,
B(t,¢) = upg () =T (3 (1)) — u(1)))exp[ Ny (2 = 1))]

+ep L7 (exp[A (e — (1, +8))] = 1), 1, <1<y +3,
uy (D +eysl '+ w(te), t,+8<t< -8,
up () + ¥, L™ (exp[ M, (1 — (- 8))] - 1), ,—-8<t< 1,
(up (1) + 7L (exp[Ay(t = B)] = 1), ,< 1< b

A

It is easy to see that a < B, a(a, €) = A = B(a,¢), a(b, &) = B = B(b, ¢),
and that the remaining differential inequalities are satisfied. Here A}, A, are
the O (e~ "), O(1) roots of eA? + kA + L = 0 and w(¢, €) is as described in the
proof of Theroem 3.1.
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These two results just given present on the one hand sufficient conditions
for solitions of the problem (3.1), (3.2) to possess Haber-Levinson behavior
under modified assumptions on the solutions of the reduced equation
f(t, u, u’) = 0. On the other hand, they can also be interpreted as demonstrat-
ing that reduced solutions can have several types of stability, namely, the
classical f,-stability of assumption (3) as well as the f,-stability of assumption
(4). In the next section we study types of stability other than f-stability, and
achieve essentially the same results.

The final situation we consider in this section involves a solution of the
reduced equation, u, or ug, which is semistable in a neighborhood of the
point of intersection £y of u, and uy, i.e., f,[u.(#)] > 0 or f [ug(9)] < 0, for ¢
near f,. Suppose, for example, that u, is semistable, but that f[u, (9] is
positive, then if uj is stable, i.e., f,[ug ()] < 0, and if the crossing condition is
satisfied at #, it is reasonable to expect that a Haber-Levinson crossing occurs
at #,. This follows because the semistability of #, and the y-stability implied
by the assumption that f,[#,] > 0 combine to allow u, to attract a solution of
(3.1), (3.2) for small ¢ > 0. The precise result is the following theorem.

THEOREM 3.3. Assume (1), (2), (4) and (5) as in Theorem 3.1. Assume either
(3) there exists a positive constant k such that

5 (tu (D, up () > k>0, t,—-8<t<1, and
5 (tug(0),up () <0, (L <t<t+ 8
in addition,
5t ug (D), uz(£)) > 1>0, t,< 1< t5+ 9,

for the same constant |l in (4); or
(3) there exists a positive constant k such that

5 (6 ug(0), ug(1)) < —k <0, 1t <t<ty+8 and

5(tu (D, u () >0, 15-8<1< ¢,
in addition,

Lu(D,u () >1>0, H-8<1t<1,
Then there exists an & > 0 such that for each ¢, 0 < ¢ < ¢, the problem
(3.1), (3.2) has a solution y = y(t, €) which satisfies for
u(t), asx?it t,
o=l LS
y(t,e)=u(®)+ 0(¢/?), a<t<b.

This theorem is proved in basically the same manner as Theorem 3.1. The
only important exception is that the layer correction term is a function of ¢
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and €'/2, and it depends on whether (3) or (3)' holds. For example, if
Llu(D]>0,  1,—-8<1<1,

then the layer term is of the form &'/2 exp[(e ~'/)!/%(¢ — t,)] and it is added to

u;. The order term &'/2 is required since f,[u, ()] may be zero at or near

t =t;, and consequently, the layer term has to satisfy e” = ly, where

5> 1>0

We conclude this section with several examples.
ExampLE 3.1. Consider the problem

" =y =20 +y? -1<t<1],
y(-lLe) =4, y(l,e=23, 0<4<3.
The stable solution of the reduced equation satisfying the righthand boundary
condition is ug(#) =3¢%, while the stable reduced solution u, satisfying
u; (—1) = A is given parametrically by
t=§'r+ Cr?, u, =2t — 77, ‘V33C <7<0,
for some constant C < 0. The functions u, and u, intersect at a point ¢, in
(=1, 0) with u () = 1,/2 > ug(to) = 3 t,. These solutions are stable in the
sense that f[u ()] =2u; —2t=2(r— )= —357+20r2>0, —1<¢
< t5, and f[ug(1)] = ¢, t, < ¢ < 1. It only remains to see that the crossing
condition is satisfied, i.e.,
for 31, <@ <3t Since f, =1, we deduce from Theorem 3.1 that the
problem has a unique solution y = y(¢, ¢) such that
y(t, &) = u, (1) + O(e), —-1<#t<1t, and
y(t,e) =32+ 0(), 1t <t<L
ExAMPLE 3.2. Consider next the problem
" =y? =2y, -1<t<],
y(-l,e)=A4,y(l,e)=B, A—-1<B<A+1,4A+#B.
The relevant solutions of the reduced equation are

A -1<¢<0
u, () = ? ?
() {F+A,0<t<L and
2
ux () {B, 0<r< L.
Although u;, uz are not of class C®[—1, 1], D, {u;, uz} exist and are
bounded, so the above theory applies with no real modification. For our
choice of A and B, u; (t,) = ug(t;) and uy (ty) # ug(y), where fH= —(4 —
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B)/4if0< A - B<l,andt,= (B — A)/%if 0 < B — A < 1. The stabil-
ity assumptions of Theorem 3.1 are satisfied since f[u,(r)] =2|¢| and
SAur(H] = — 2|¢|; in addition, the crossing condition is also satisfied. Theo-
rem 3.1 is not however directly applicable since f, = 0. We can nevertheless
construct bounding solutions similar to those above and deduce the existence
of a solution y = y(¢, €) such that

y(it,e)=u()+0(), —-1<t<1t, and
y(t,e) =ug() + 0(e)y, ty<t<l
ExAMPLE 3.3. The problem of Example 3.1 can be used to illustrate the

phenomenon of a double crossing treated in Theorem 3.2 by changing slightly
the boundary conditions. Consider

o' =y =20 +y? -1<t<1],
y(-Le)=4, y(l,e)=B, 0<A4,B<3.
The solution %, is given parametrically by t =27 + ¢;77% u, = 2tr — 12,
(3c,)‘/ 3< 7<0, for some constant ¢, <0, the intermediate solution is
uy, (1) = 3 £, and the righthand solution uy is given parametrically by ¢t = 27
+ 6173 up =2r — 1%, 0< 1< (3cy)'/? for some constant ¢, > 0. We
have that u; intersects u,, at ¢, in (=1, 0) and u,, intersects u, at ¢, in (0, 1),
with () = #,/2 > wp, (1)) =31, and wj,(t,) =31, > up(ty) = t,/2. The
stability requirements are met since f,[u, ()] = — 27 + 2¢;172 > 0,
-1<t<t, flu(®]=t, #,<t<t, and
Llur(@®]==31+2c,772<0, 4,<t<L
Finally the crossing conditions hold also, i.e.,
ft i 0)=(e-3t)w-11)<0, 2f<w<is,
ftr38,0)=(0-20)w-11)<0, iln<o<is,
Since f, = 1, we conclude from Theorem 3.2 that this problem has a unique
solution y = y(t, ¢) satisfying
y(t,e) =u, (2) + O(e), -1<1<y,
y(t,e)=2r2+0(), 4, <t<ty
y(te)=ug() + 0(e), tH<t<l

ExaMPLE 3.4. Finally we illustrate an application of Theorem 3.3. Take the
problem

g =y —yP—p? —2<1<1, (=2,¢)=0, y(l,e) =2.

The reduced solutions here are u; () = 0 and ugz(f) = ¢ + 1 which meet at an
angle at 4= —1. Clearly £,[0]=0, -2 < ¢ < —1, and Lt +1]=-3-
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2t <0, —1 <t < 1. The crossing condition f(—1,0, w) = w*(1 — w) >0,
0 < w < 1, also holds, and since f, = 1, we conclude from Theorem 3.3 that
this problem has a unique solution y = y(¢, ¢€) for which

y(t, ) = 0(c"?), -2<t< -1, and
y(te)=t+1+0(?), -1<t<1
4. Generalized f -stability. We consider now the effects of replacing the
stability assumptions implied by the positivity of f, with more general but

similar conditions. These restrictions have been treated in the papers of
Boglaev [1] and the author [6] for the case of problem (3.1), (3.2) with f, =0
or fuy, ug] = 0.

For simplicity we shall state the hypotheses regarding generalized f,-stabil-
ity below, and then reformulate Theorems 3.1-3.3 as appropriate. In each of
the hypotheses, f is assumed to be sufficiently differentiable with respect to y.

HI. There exists a nonnegative integer ¢ and a positive constant m such
that

aj{f(t’ u, u,) = 0: 1< .I < 2‘1,
for u = u;, uy, or uy (the solutions of the reduced equation discussed in §3);
in addition,
' 3% (t,u,u’) > m >0 forsuchu.

These relations are to hold on each subinterval where u;, u,, or u, defines the
reduced solution.

Similar remarks apply to H2 and H3 as well.

H2.There exists a positive integer p and a positive constant m such that

Yf(,u,w)>0, 1<j<p,
provided u” > 0; in addition,
oFf(t,u,u’) > m>0.
H3. There exists a positive integer p and a positive constant m such that
Wf(t,u,w) >0, 1< j<p,jodd,
3Sf(t,u,u') <0, 2<k<p,keven,
provided u” < 0; in addition,
f(t,u,u’)y > m >0, ifpisodd, while
f(t,u,u’) < —m <0, ifpiseven.

THEOREM 4.1(4.2)(4.3). Make the same assumptions as in Theorem 3.1
(3.2)(3.3) with the exceptions that assumption (4) is replaced by H1, H2 or H3 in
any of the theorems, the signs of u” are modified accordingly, and the terms of
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order O (&) are replaced by terms of order O (e'/?9*V), O (e'/?), respectively.
Moreover, in the statement of Theorem 3.3, the terms of order O(e'/?) are
replaced by terms of order O (¢'/@4+?), O (!/*+Y) respectively.

Then the conclusion of Theorem 3.1(3.2)(3.3) is valid with the order terms so
modified.

These theorems are proved in a similar fashion as Theorems 3.1-3.3. We
expand the term f(¢, o, ') — f(¢, 4, u’) (0 = a or B) as follows:
r—1
flto, ) — f(t,u,u) = D -jl—' }f(t, u, w)(o — u)
j=1 J:
+ r_l' 3f(t,u+0(c—u),uw)o—u),

0< 6§ <1,and r = 2q + 1 or p, relative to H1, H2 or H3. Then we proceed
as above.

In solving an actual problem it may be necessary to impose various
combinations of generalized f,-stability on various subintervals of the domain
of existence. The adaptation of these theorems to such cases is straightfor-
ward.

In conclusion we give one example.

ExaMpLE 4.1. Consider the problem

g” =y —-1%»? —1<t<1
y(-lLe)=A4, y(l,ey=B, -B<AKLNO.
The stable solutions of the reduced equation are u, () = — At™!, -1 < t <

0, and ug(s) = Bt, — 1 < t < 1, since f,[u, ()] = — 24 > 0 and f [uz ()] =
— 2Br2. Clearly, u; () = ug(ty) and u;(ty) = — B < uk(ty) = B, for t, =
—(—=AB™Y)'"/2 in (-1,0). In addition, f,[Bf]=2Bt >0, 0< ¢< 1, and
Sy = 2. Although f[Bf] <0, t, < t <0, there is no real difficulty because

[ r——

uR = V.
Finally the crossing condition at ¢, is satisfied. It follows from Theorem 4.1
that this problem has a solution y = y(¢, €) for which

u(d) — ey < y(t,e) < u(f), -1<1<1,
where

-4l —
u(f) = A7), —1<t< ¢,
Bt, th<t<L

5. Singular Haber-Levinson crossings. We consider now the situation in
which both of the reduced solutions u,, uz annihilate the partial derivative f,.
in a neighborhood of the point of intersection f,.” The term “singular” is

"That is, f(t, up (t), uz(1) = f(t, ug(t), uz(1)) = 0.
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applied to such a crossing since in this neighborhood a solution behaves like a
classical singular solution of a first-order differential equation. We focus
attention on a class of equations for which f(#;, u, (1p), w) = 0, w in (uz(¢y),
up (1)) or (ug(to), u(%o)). Since Theorem 2.1 is inapplicable to problem (3.1),
(3.2) with this “vanishing” property, we must appeal to Theorem 2.2 and
therefore assume f = O (|y']), as |y’| = 0.

THEOREM 5.1. Assume

(1) the reduced equation f(t, u, u’) = 0 has two solutions u = u;(f), u =
ug (), defined and of class C® on [a, ty), [, b), respectively, a < ty < b, with
u (a) = A, u (to) = ug(to), up (to) # ug(to), and ug(b) = B;

(2) the function f is continuous in all of its arguments and of class C™" with
respect 1oy and y' in &: a<t<b, y—u()=0("?), y —u(t)=
0O (d(t, €)), where

u(t) = u, (1), a<t<t,
ug(?), t, <t<b,

and d(t, €) = O(e'/?), for t in [a, B]\ (t, — 8, ty + 8), d(t,€) = O (Jup(t) —
up (1)), for t in (ty — 8, ty + 8); here & is a small positive constant; in addition,
f=00y"P)as|y|- oo;
() for t in [a, o], f,(t, u (£), £(2)) > 0, and for t in [to, B], f,(t, ur(?),
£(0) < 0, where £,(2) = up (2) + O(d(t, €)) and &,(1) = ug() + 0(d (¢, €);
(4) there exists a positive constant I such that

5t u (), u (D) >1>0, a<t<t, and
5t ug (D), upx (1)) > 1>0, t,<t<b.
Then there exists an g, > 0 such that for each €, 0 < € < &, the problem
(3.1), (3.2) has a solution y = y(t, €). Moreover, for
t), <t
u(f) = u (1), a 0
ug(t), to<t<b,
y(t,e)=u(t) + 0(e'?), a<t<b.

ProoF. The proof reduces to constructing suitable bounding functions a, 8
which satisfy the hypotheses of Theorem 2.2. Suppose, for definiteness, that
u; (t5) < ux(ty), and define fore > 0,

alt,e) = u, () —eyl™, a<it<t,
’ ug () —eyl™!, t, <t<b,

and
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u () + eyl a<t<t,

Bt €) = Fup () + (el ™) "t (10) = wy())exp[ = (e =)™Vt — 1)
+eyl™!, 1, <t<b

Clearly, a < B, a(a,e) < A < B(a,e) and a(b,e) < B < B(b,¢). The
verification that a, B8 satisfy the correct differential inequalities is straight-
forward and is omitted.

We remark that assumption (3) places an additional restriction on #; and
up in that near ¢ = ¢, not only must f,(¢, u, (¢), u;(#)) and f,(¢, u, (2), uz(?))
vanish identically but also f.(, u,(¢), £#)) must be nonnegative and
£, ug (1), §(¢)) must be nonpositive for all §(£) between u; (¢) and ug (7). We
note finally that this theorem may be extended to cover cases involving
multiple crossings, as well as to cases where more general y-stability
assumptions are made. Three examples are now given.

ExaMPLE 5.1. Consider the problem
"= -0y —-p?+y, -—-1<t<],

y(=Le=-1, y(l,e)=0.
The stable solutions of the reduced equation are u; () = ¢ and uyz(r) =0.
Here f(t,u (1),§) = —2t§>0, -6 <t<0, uz(0)=0<£(<u;(0)=1;
Stug(®), = —2t6<0,0< <8, 0<§<1. Since f[u ()] =2 and
Slur(D) =1, we deduce from Theorem 5.1 the existence of a solution
y = y(1, €) satisfying
min{¢,0} — /% < y(t,¢) < min{£,0}, —-1<¢<1?
ExaMPLE 5.2. In this example we observe a regular-singular crossing, i.e.,
the intersection of a singular solution with a semistable one. Consider

"= -10y, 0<t<]
»(0,e)=0, y(l,¢)=B, 0<B<I.

Of the reduced solutions, u; () = t and ugy(#) = B are the pair of interest,
with £(t, u (¢), ) =0, and f,(¢, ug(1), ) =B —t < 0,B<t<land0<¢§
< 1. Thus u, (¢) is singular, but stable since f,[#, (#)] = 1. On the other hand,
S[ug(D] =0, so Theorem 5.1 is not immediately applicable. Still one may

argue as above, since ug = 0, to deduce the existence of a solutiony = y(¢, €)
satisfying

min{s, B} — /% < y(t,¢) <min{s, B}, 0<¢<1?
ExaMPLE 5.3. We consider finally the case of a singular-singular crossing,

8There is no term of order O (e'/?) on the right side of the inequality because u} = uj; = 0.
9See footnote 8.



172 F. A. HOWES

i.e., the intersection of two singular solutions. The problem is

g’ =w?r=-20'+y, -—-1<t<1],
y(-Le=1 y(le=1L
The reduced solutions are the singular ones u,(f) = — ¢, —1 < ¢t <0, and

ug(f) = 1,0 < t < 1, which are stable since f, [|¢]] = 2. Moreover,
S(tu (), 8 =-2t((+1)>0, —-8<1<0,-1<§{<L;
L(tug(6), 9 =21(-1)<0, 0<t<8 —-1<E<L
Thus we can apply Theorem 5.1 to deduce the existence of a unique solution
y = y(t, ¢) satisfying
] < y(t,e) < |t + ey, —-1<t<1L

6. Boundary layer behavior. We recall that in the formulation of Haber and
Levinson [4] as well as in the previous three sections the assumption is made
that the solutions of the reduced equation satisfy a boundary condition at the
respective endpoint. Such a restriction naturally precludes the occurrence of
boundary layer behavior, i.e., nonuniform convergence of the solution y(?, €)
as ¢ — 0% for ¢ near a or b. Indeed, the nonuniformity in the solution first
manifests itself in the derivative y’(¢, €) and it is localized to the point(s) of
the angular crossing of the reduced solutions. If, however, one modifies the
original assumptions in [4] by considering various forms of stability and if
one, for example, studies singular reduced solutions, then it is reasonable to
expect the occurrence of boundary layer behavior.'” The essential restriction is
that in (3.1) f(¢,»,»") = O(|y']); as | y’| = 0. Such a growth restriction is a
necessary condition for boundary layer behavior; see, e.g., [14] and the later
discussion in [12, Chapter 2]. The three theorems presented below are basi-
cally extensions of Theorem 5.1 to include the presence of boundary layers.

THEOREM 6.1. Assume

(1) the reduced equation f(t,u,u’) =0 has two solutions u = u;(t) and
u = ug(?), defined and of class C® on [a, t,] and [ty, b}, respectively, a < t5 <
b, with uy(a) = A, u; (to) = us(to), ur(to) # us(t), and us(b) # B;

(2) the function f is continuous in all of its arguments and of class C® with
respect toy and y' in I: a< t< b, y—u(t)=0(d(t¢), y —uw()=
O0(dy(t,e)),a<t<b—34,|y|<oo,b—38<t<b, where

u, (1), a<t<t,

t) =
u(®) {us(t), tp < t<b,
8 is a small positive constant, d\(t,€) = O(¢'/?), a <t < b— 38, di(t,e) =

10This is because singular solutions ug satisfy f,{us] = 0 and so they cannot in general be made
to satisfy either of the original boundary conditions.
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O(lug(b) — B|), b — 8 < t < b,and dy(t,e) = O(e'/?), {a < t < t, — 8} U
{to+8<t<b=8}, dt,e) = O(lup(ty) — us (o)), t— 8 <t <1+
moreover, f,., = O(1), as |y'| > oo, for (t,y,y") in T;

(3) for tin [a, to), £, u (£), u () > O; while f,(t, us(t), §) < 0,2, < t < 1y
+ 8, £ in (ur(to), us(t)) or (us(to), u.(to)), and f.(t,m, us(1) > 0,6 - 86 < ¢
< by = us(l) = O(dy(1, ©));

(4) there exists a positive constant | such that

L(tu(Dup () >1>0, a<t<ty, and
Ltmus())>1>0, 1,<t<bn—us(t)=0(d);
(5) there exists a positive constant p such that
(B—us(®)fyy>p>0 inT n[b-38,b].

Then there exists an ey > 0 such that for each ¢, 0 < ¢ < &, the problem
(3.1), (3.2) has a solution y = y(t, €). In addition,

y(t,e)=u () + 0(e?), a<t<t,
»(t,) = us(2) + O(1B = us(Bllexp| = (= )26 - ]) + (72,
ty< t < b.

THEOREM 6.2. Assume

(1) the reduced equation f(t,u,u’) =0 has two solutions u = u,(t) and
u = uy(t), defined and of class C® on [a, t,] and [t,, b], respectively, with
uy(a) # A, u\(t9) = u(to), ui(to) # uy(to), and uy(b) # B;

(2) the function f is continuous in all arguments and of class C® with respect
toyandy' in8:a< t<b,y—u(®)=0(d(te),y — u(l) = 0(dyt,¢),
a+d<t<b—-3§|y|<oo,{a<t<a+8}uU{b-08<t< b}, where

, 1<t
(1), ty<t<b,

8 is a small positive constant, di(t,€) = O(|lu(a) — A|), a<t<a+3$,
di(t,e) = 0(e'),a+8<t<b—28,dt,e)=O0(uyb)— B)), b—6< ¢
< byanddyt,e) = O(e'/), {a+ 8 < t <t -8} U {tr+8<t< b~ 8},
dy(t, €) = O (|uy(t0) — us(to))), o — & < t < 1y + 8; moreover, f,,, = O(1), as
Y|—>win§;

(3) for tin [a, a + 8), £,(t, , uj(D) < 0, — u,(£) = O(d\(t, €)); for t in
(to = 8 1], £, ui(0), §) > 0, § in (u(to), ui(to)) or (ux(to), ui(to)); while for t
in [ty to + 8), £, uy(2), &) < 0, same & as above, and for t in (b — 8, b],
f;:’(t» N Up) 2> 0,m;, — uy(8) = O (dy(t, ¢));

(4) there exists a positive constant | such that
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L, ui())>1>0, a<t<tyn —u(t)=0(d(t¢), and
Ltmpus(1) >1>0, 1< 1< bym— uy(1) = 0(d, (1, €));
(5) there exists a positive constant p such that
(4-w()f,>p>0, in§n[a,a+d), and
(B—uy(b))f,,, >p>0, in8 n(b-34b]

Then there exists an €, > 0 such that for each ¢, 0 < € < &, the problem
(3.1), (3.2) has a solution y = y(t, €). In addition, for

u(t) = {

u (1), a<t<t
u (1), tr<t<b,

y(t€) = u()) + O (|4 = wy(a)lexp[ — (=)'t — @)])
+0(1B = uy(b)lexp| = (e7'1)/%(b — 9)]) + O(/?), a<t<b.

To prove these two theorems we introduce into the bounding functions «, 8
given in §5 the boundary layer terms |4 — u,(a)|exp[— (¢ ~/)!/%(¢t — a)] and
|B — uy(b)|exp[— (¢ ~1)!/*(b — 1)]. The functions f[a] and f[B] are here
expanded to quadratic terms in y’. As an illustration, suppose we consider just
[a, t,] and let u,(a) > A. Then we define the function

alt,€) = wy (1) — (u,(a) = A)E(t,€) — eyl ™",
where E (¢, €) = exp[— (e ~'1)!/%(t — a)]. Differentiating and substituting into
ea” — fla] we have

ea” — f(t,a, &) = euy — I(uy(a) — A)E(t, &)
=fTw] = %[t e]{— (uy(a) — A)E(t,€) — eyl ™'}
— (e {7 (@) — A)E (s, ©))
— L hy (e} (e X (ui(a) — A)E(t, )} -

for [t,e] = (t, u; + 0,(a — wy), u}) and {t, €} = (1, &, u} + Ox(a’ — u})), 0 <
0,, 0, < 1. Consider first [a, a + §), then
ea” — f(t,a,a’) > —eM = I(u;(a) — A)E(t, €)
+ ey + 3 pe Y (u;,(a) - A)zEz(t, £)
>0, ify>M (Juf| < M)
On (a + §, 1), the function E (¢, ¢) is transcendentally small. Consequently, if
vy= M+ 1, then for e sufficiently small, we again have the required

inequality. The sign restriction on f,,,. near ¢ = a is necessary for the above
method of proof to succeed; however, it has a natural geometric
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interpretation. Since inside of a boundary layer, the derivative of a solution
y(t, €) is unbounded as a function of e, the curvature of y is determined by
the sign of f,,,, i.,»” =&, "% For example, if f,,, > O near t = a, then
y is convex near ¢ = a, and since u, approximates y to the edge of the
boundary layer, u,(a) must be less than 4, i.e., (u,(a) — 4)f,, <O.

In the next theorem we consider the situation in which two regular
solutions of the reduced equation have a Haber-Levinson crossing in the
usual sense, and the solution of the full problem exhibits boundary layer
behavior at one or both endpoints. For ease of exposition we consider the
case when there is a single boundary layer located at ¢ = a.

THEOREM 6.3. Assume

(1) the reduced equation f(t,u,u’) =0 has two solutions-u = u;(f), u =
ug (1), defined and of class C® on [a, ty), [to, b], respectively, with u, (a) # A,
ur (to) = ug(to), up(to) # ug(t,), and ug(b) = B;

(2) the function f is continuous in all arguments and of class C® with respect
toyandy' in :a<t<b,y—u()=0((e)),|y|<w,a<t<a+
8,y  — u'(t) = 0(dy(t,€)),a + 8 < t < b, where

u (1), a<t<y,

u(t) = {uR(t), to < t < b,
di(t,e) = 0(uy(a) —A]), a<t<a+3$, dt,e)=0(), a+ 8 <t<b,
d(t,e)=0(e), {a+8<t<t, -8 U {tp,+8<t<b}, and dy(t,¢) =
O (lup(t) — ug(t)))s to — 8 < t < ty + 8; here § > 0 is a small constant; in
addition, f,,, = O(1) in IC as | y’| — 0;

(3) there exist positive constants ki, k, and p such that f(t, u, (¢), u(¥)) <
-k <0, a<t<a+ 8 flt,u (), u(1) >k >0, tr—8<t< ¢t
Fot, ug(0), ug(D)) < — ky, <0, ty < t < b; and (A — uy(a))f,,, > p >0, in
X Nla,a+ 8]

(4) there exists a positive constant | such that

Ltmup(0)>1>0, a<t<ty—8,n—u(t)=0(d(t¢e));
>0, up(ty) <ow < ug(ty),
<0, uz(ty) <o < up(ty). ®

Then there exists an &y > 0 such that for each ¢, 0 < € < &y, the problem
(3.1), (3.2) has a solution y = y(t, €). Moreover, for

u(t) = u (1), a<t<u,
ug (1), ty<t<b,

f(to, u:(t0), “’){

y(te)=u(®)+ 0(|A - uL(a)]exp[—E,(t - a)e"']) + O (),
a<t<bfor0<k <k,.
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Theorem 6.3 is proved by adding the appropriate boundary layer term to
the bounding functions defined in the proof of Theorem 3.1.

In conclusion we give some examples.

ExaMpLE 6.1. Consider the problem

ey"=y—ty'2, -1<t<1,
y(-Le=-1 y(l,e)=B<0.

We note that u, (¢) = ¢ (ug(f) = 0) satisfies the differential equation and
u (-1 =y(—=1,¢ (us(1) > y(l,€)). Consequently the function ¢(¢) =
min(z, 0} is an upper solution of this problem,'! and we anticipate that the
reduced solutions u, and ug will be important in describing the behavior of
solutions for small & > 0. Clearly f(¢, u (), § = —2t£>0, -6 <t <0,
us(0) =0 < ¢ <4 (0) = 1, and £,(¢, 1, ug(#)) = 0. Since f, = 1, ug(1) > B,
and f,, = — 2t <0,1 -8 <t <1, we can apply Theorem 6.1 to deduce
the existence of a unique solution y = y(t, ¢) satisfying

min{t, 0} + Bexp[ —e”'/*(1 = 7)] = ¢'/2 < y(t, &) < min{z, 0},
-1<¢t< L

EXAMPLE 6.2. We consider next the occurrence of a singular-singular
crossing with boundar- layer behavior at each endpoint. The problem is

o =fy?-200'+y, -—-1<t<],
y(-lLe)=4, y(l,ey=B, A,B>1.
The reduced pair consists of the singular solutions u,(f) = — ¢, -1 < ¢t <0,

uy(f) = ¢, 0 <t < 1. These functions are stable since f, = 1;'> moreover
u(—1)<A4,u(l)< B, and f,,, =2t >0, fortin [-1, -1+ &)U (1 -
4, 1]. By Theorem 6.2 there exists a unique solution y = y(¢, €) such that

[t < y(t,€) < |t] + (4 — Dexp[ —e~/2(1 + 1)]

+(B-exp[—e2(1 -]+, -1<1<1L

ExaMmpLE 6.3. This example consists of a whole family of problems. Con-

sider
" =h(t, )1 +y?)=H(ty,y) -1<t<],
y(-l,e)=4, y(l,e)=B.

Since 1 + y"2 > 1 the existence and the asymptotic behavior of its solutions
are determined by the solutions # = u(¢) of h(¢, u) = 0. Such solutions are
singular because H,(t, u, u’) = 0. If, however, two of them u, and u, intersect
at a point #, in (— 1, 1) then the full (¢ > 0) problem can be shown for small &

UThat is, ¢ satisfies the B-inequalities of Theorem 2.2.
12Since f,{u;] = f,[u;] = 0 we examine f,[u;, u,] in order to determine stability; cf. H1 of §4.
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to have a solution y = y(t, €) satisfying y(z, &) > u,(¢), —1 <t < ¢, and
y(t, &) > u(1), ty < t <1, as e>0*, provided u; and u, are stable, ie.,
satisfy H1, H2 or H3. A thorough discussion is given in [6].

ExaMPLE 6.4. We consider finally an application of Theorem 6.3. Take the
problem

ey”=y-—2ty'+y’2, -1<t<],
y(-lLe =4, y(l,ey=B, A >3 3<B<1

The reduced solutions are u, (f) = 2 12 and ug(#), which is given parametri-
cally as t =27+ cr72 up = 2tr — 7%, 0 < 7 < (3¢)'/3, for some constant
¢ > 0, chosen so that ug(1) = B. It happens that u; (t5) = ug(t), for a ¢, in
(0, 1), and u}(t)) = 2ty > ui(te) = 3 to. Since f,[u, (O] = ¢, f,[u ()] < 0,—1
<t<-—1+8 and f[u, ()] >0, 1, — 8§ <t <1y+ 4, ie., y has the cor-
rect stability. On the other hand, f[ug()] = —37+2cr72<0, /(<< ],
and f, = 1. Next we observe that the crossing condition is satisfied:

fto 3, 0)=(0 -2 to)(w—31) <0, jH<w<it

Finally u,(—1) < 4 and f,,- = 2. Thus by Theorem 6.3, the problem has a
unique solution y = y(¢, ¢) for which

32 — ey < y(tye) <32+ (A4 —2)exp[ —k(1 + 0)e™'] + ey,

uR(t)_sy<y(t’£)<uR(t)+£‘Y’ t0<t<l’
where0 < k < 1.

7. Contrary f,~stability. This section is devoted to a brief discussion of the
case when the intersecting roots of the reduced equation have the “wrong”
stability in a neighborhood of the point of intersection #,. Recall that the
reduced solution u; existing to the left of #, satisfied f,[u, (£)] > 0,2, — 8§ <
< t,, while the reduced solution ug existing to the right of #, satisfied
SAug(D] <0, 1, < t < 15 + 8. Such stability restrictions are the most natural
ones and they have formed the basis for many treatments of problems of the
form (3.1), (3.2). See, e.g., the discussions in [11], [12, Chapter 2], and [13].
However, it turns out that under special circumstances, the intersecting roots
u, and ug can satisfy the opposite inequalities, i.e., f,[u, ()] < 0 and f,{ug(1)]
> 0, and yet, the solution of the full problem, for small ¢ > 0, still treats the
crossing as a Haber-Levinson one. The only requirements are that near
t = t,, the values of f,[u, ()] and f,[ug(#)] are not too large and that the roots
u;, up possess f,-stability of the type discussed in §4. This type of result is
illustrated in the following two theorems.

THEOREM 7.1. Assume
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(1) the reduced equation f(t,u,u’) =0 has two solutions u = u; (), u =
ug (f), defined and of class C® on [a, ty), [ty b], respectively, and satisfying
ur(a) = A, u (t)) = ug(to), ur(fo) # ug(to), and ug(b) = B;

(2) the function f is continuous in all arguments and of class CV with respect
toyandy in Q: a<t<b,y—u()=0("?,y —u(@®)=0(d({,¢),
where

u(t) = u (1), a<t<ty
ug(t), to<t<b,
d(t,€) = 0('?), for t in [a,b]\(t = 8,4+ 8), d(t,€) = O(lur(to) -
up (o)), for t in (ty — 8, ty + 8); here 8§ > 0 is a small constant; in addition,
f=0(yP),as|y|— oo
(3) for tin (tg — 8, to], £,(t, ur (2), §)) < 0, &, — uy () = O(d(4, ¢)), and for t
in [ty tg + 8), £,(t, ug (1), &) > 0, &, — ug(¥) = 0(d(t, ¢)); in addition, either
S (6 u (1), €)= O(p(e)), fortin [ty —Ne), 0], or
f)‘,:(t, Ur (t)’ §2) = 0(“(8))’ for tin [th to + }‘(8)]’
where p(e), A(€) are positive order functions such that p(e) = o(1), A(e) = o(1),
and £'/% = o(\(¢));
(4) there exists a positive constant I such that
L(tu@),w(@®)>1>0, a<t<b.

Then there exists an ey > 0 such that for each €, 0 < & < &, the problem
(3.1), (3.2) has a solution y = y(t, €). Moreover, for

_Ju(), a<t<t,
u(f) = {uR(t), th<t<b,
y(t,€) = u(z) + O(max{e"? u(e)}), a<t<b.

Proor. The theorem is proved by applying Theorem 2.2. Suppose, for
example, that u; (f)) < uz(t), and that f.(¢, ug(?), &) = O(u(e)), for ¢ in
[t0s to + A(€)], then we define fore > 0

w(t)—eyl™, a<t<t,
a(t,e) =
ug(t) —eyl™!, t,<t<b,
u () + vl La<t<t,
- -1 /2, , ’ -1 1/2
B(t,e) = {up(t) + (&1 7") " *(up(t0) = ur.(to))exp[ —(e71) (¢ = )]
+v(e)yl™Y t,<t<b,

where »(e) = max{e!/2, u(e)} and the v,, v, are chosen sufficiently large and
to make B(¢, £) well defined. It is now straightforward to verify that « and 8
satisfy the inequalities of Theorem 2.2.
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We discuss now the boundary layer analog of Theorem 7.1, that is, we give
sufficient conditions for the existence of a solution possessing boundary layer
behavior at one or both endpoints.

THEOREM 7.2. Assume

(1) the reduced equation f(t, u, u") = 0 has two solutions u = u; (), u =
ug(f), defined and of class C® on [a, t,), [t,, b, respectively, with u,(t;) =
ug(to) and uy (tg) # up(to);

(2) the function f is continuous in all arguments and of class C® with respect
toyandy inP:a<t<b,y—u(t)=0(d5¢)y — u@)=0(d(,e)
where

u(t) = {u,_(t), a<t< 1,
ug(t), ty<t<b,
d(t,e)=0(4 — u(a)]) + O(e'?), a<t<a+3,
d(t,€) = O(|B — ug(b)|) + O (e'/?), b—6<t<b,
and d(t,e) = 0("/?), a+ 8 <t<b-86;d(t,e) = 0", a<t<a+
8, if u(a)#* A, di(t,e) = O(e™"), b — 8 < 1 < b, if ug(b) + B, d(t, €) =
O(|lup(t) — up(t), to— 8 <t <ty + 8, dy(t,e) = O(e'?), {a+ 8 <t <
to— 8} U {to+ & < t < b — §)}; moreover, f,,, = 0(1), as | y'| > oo;

@) for tin (tg = 8, 1o, £, (1, u (1), &) < O, & — w (1) = O(dy(t, ¢)), and if
u (a) # A, f(t,u (t), up()) < —k <0, a< t<a-+d for some positive
constant k; similarly, for t in [to, ty + 8), f,(t, ug(®), &) > 0, & — up(?) =
0 (d\(1, €)), and if ug(b) # B, f,(t, ug(t), uz(1)) > k > 0, in addition, either
St up(0), &) = O (p(e)), for t in (tg — N(e), to] or f(t, ug(2), &) = O (p(e)),
Jor t in [ty, ty + N(¢)), where u(e), A(e) are positive order functions such that
p(e) = o(1), Ae) = o(1) and &'/? = o(A(e));

(4) there exists a positive constant | such that f,(t, u(f), u'()) > 1 >0,
a+é6<t<b-34;

(5) there exists a positive constant p such that (A — uy(a))f,, > p >0, in
P Nla,a+8),if u(a)# 4; (B~ ug(®))f, > p>0,in @ N (b— 8, b),
if ug(b) #+ B.

Then there exists an €5 > 0 such that for each ¢, 0 < € < &, there exists a
solutiony = y(t, €) of (3.1), (3.2) such that, if

u() = u (1), a<t<i,
ug(?), t,<t<b,

y(t,€) = u()) + O(|4 = up(a)lexp[ =k (1 + 1)e™"])
+0(|B — ug(b)lexp[ —k (1 — He~'])
+0(max{e'/% p(e)}), a<t<b 0<k<k
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This theorem is proved in the same manner as Theorem 7.1 by adding the
appropriate boundary layer terms to the functions « and 8 given above. The
result can be viewed as a generalization of Theorem 4 in [2]. We further
remark that these theorems can be extended in an obvious way to the case of
more general f,-stability as discussed above.

Some applications of these theorems are now given.

ExaMmPLE 7.1. As an example of a case of one-sided contrary f,-stability,
consider

o' =%+ +y, ~—1<t<],
y(-Le =2 y(l,e)=0.
The reduced solutions of interest are u, () = — 2¢ and ugz(¢) = 0, which have
an angular crossing at £, = 0. As regards u;, f,[u, ()] = -3t >0, -1 < ¢ <

0, i.e., 4, is stable on [—1, 0); however, f,[ug()] = ¢ > 0,0 < ¢ < 1, so that
ug has the wrong stability on [0, 1]. In particular, (¢, ug(5), §) = 12 + 1) =
O('™), 0<t<Ne)=¢'"% 3 <p<1, and f, =1, so we can apply
Theorem 7.1 to conclude thai this problem has a unique solution y = y(t, )
for which

y(t, &) =max{—2£0} + O(e'™?), —-1<r<L

We note that if the above problem is furnished with the boundary condi-
tions y(—1,&) =2, y(1,&) = B >0, then for small ¢ > 0, the solution
passesses, in addition to Haber-Levinson behavior at 7, = 0, boundary layer
behavior at ¢ = 1. This follows directly from Theorem 7.2 since f,[ug(#)] > 0,
for ¢ in (1 — &, 1], ug(1) < B, and f,,, =2t > 0, for ¢ in (1 — §, 1]. Indeed
we have the estimate
max{—2t,0} — &' Py < y(t, &) < max{—2¢,0} + B exp[ —k(1 — 1)e!]

+e'7fy, —1<t<1,

where0 < k < 1.

ExaMpLE 7.2. We consider next an example with a slightly more subtle
form of contrary stability, namely,

o’ =p?—y, -1<t<],
y(-1l,e =4, y(l,ey=B, A>0,B<0,4> —-2B.
The reduced pair to consider is u, (f) = — At and ug(f) = Bt. We observe
that f[u, ()] = — At >0, —1< <0 and f[us()) =Bt <0,0< < I;
however,
Lt u (0,8 =@+ A k0,

—8<t<0, —4 <¢{< B. Consequently we cannot apply Theorem 5.1
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since the domain of stability of #, is not large enough. Nevertheless,

5t u (2), §) = O1), £, ug(), §) = O(0), f[u (D] = 4 >0, and f[u (9]
= - B >0, so we can apply Theorem 7.1 to deduce the existence of a
solution y = y(t, €) such that

max{—At, Bt} < y(t, &) < max{—At, Bt} + ¢'"*y,
-1<1<L,3<p<1.

ExaMpPLE 7.3. We give finally an example of a Haber-Levinson crossing
with two-sided contrary f,-stability. Take the problem

r ”2 -
sy,,=[y+ty p?+3, —-1<1<0,

v+ + 7 0<1<1,
y(=L,e=4>1 y(l,e)=B >0,
and consider the reduced solutions u, (f) = — ¢ and ugx(#) = 0. Here 7, = 0,

Sl @] =31 <0, -1 < <0, and f{uz()]=¢>0,0< <L IfA4=1
and B = 0, we can apply Theorem 7.1 to deduce the existence of a unique
solution y = y(t, ¢) satisfying

y(te) =max{—1£,0} + O(e'™?), —-1<t<li<p<l
More generally, if 4 > 1 and B > 0, since u;, and uy are stable with
respect to boundary layers at ¢ = — 1 and ¢ = 1, respectively, and since

Sy =2lt] >0, -1<t< —1+8and 1-6<1<1, we apply Theorem
7.2 to deduce the existence of a unique solution y = y(¢, ¢) for which

max{—1¢,0} — '~y
< y(t,e) < max{—1,0} + (4 — Dexp[ —k;(1 + )e™']
+Bexp[—k(1— e '] +e7%, —1<1<],
where 0 < k; < 3,0 < k, < 1 and y is a positive constant.

8. Concluding remarks. In the sections above we have indicated how
solutions of certain boundary value problems can behave roughly like those
first studied by Haber and Levinson when their original stability assumptions
are modified. Our approach has been based largely on the observation that it
is the interplay between y’-stability and y-stability which ultimately de-
termines the behavior of solutions for small ¢ > 0. In general, to study the
existence and the asymptotic behavior of solutions in cases where f,, is zero at
isolated points or along various curves one must check the reduced solutions
for y-stability before reaching conclusions based solely on the presence (or
absence) of y’-stability. This is particularly important when some reduced
solutions possess the weak instability described in §7. In this regard a priori
estimates which establish bounds on solutions may be of use in obtaining
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more precise information on those solutions which have boundary and
interior layer behavior.
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