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PROCESSES WITH INDEPENDENT INCREMENTS
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ABSTRACT. The Lévy-Khinchin representation for processes with indepen-
dent increments is extended to processes taking values in a Lie group.

The basis of the proof is to approximate continuous time processes by
Markov chains. The processes involved are handled by the technique,
developed by Stroock and Varadhan, of characterizing Markov processes by
associated martingales.

1. Introduction. A stochastically continuous real-valued process x(f) with
independent increments satisfies

<ei€x(1)> = exp[igm(t) — %ng (I)

) itu
+ u 1 - )M t, du ’
L—{O}(e 1+ u? ( )}

where { ) denotes expected value.

Here m(¢) is a continuous function, 4(f) is a nonnegative, increasing,
continuous function and M (7, du) is a weakly continuous, increasing family
of measures such that the integral of any bounded smooth function f with
J(0) = f'(0) = 0 is finite.

So the finite-dimensional distributions of x(f) are determined by these
three functions, parameters of the process, (m, 4, M).

The question is how does this generalize to processes taking values in a
topological group? For locally compact abelian groups Fourier analysis can
be applied; this theory is done in [7]. See also [1]. For a discussion of this
theory and for a general survey of results up to 1966 concerning probability
distributions on topological groups, refer to the article [8].

The method adopted here is basically that developed by Stroock and
Varadhan [10] to deal with the Gaussian part. The method depends on the
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4 PHILIP FEINSILVER

characterization of Markov processes by associated martingales; the funda-
mental theory for Markov processes in general was developed in [9].

To see the idea, suppose G is a Lie group. A stochastically continuous
process with independent increments, x(¢), means, by definition:

1. x(0) = ¢ with probability one.

2. Given any partition of [0,1], 0< ¢, < t, < - -+ <, < 1, the incre-
ments

x(), x(1) % (1)s - -5 % ()X ()
are independent random elements.

3. For every U, a neighborhood of &, P (x(s)~'x(#) & U) converges to zero
as |s — ¢ goes to zero, uniformly for s, ¢ in [0, 1]. '

Suppose further that the process is time-homogeneous; that is, the distri-
bution of an increment x(s)~'x(#) depends only on ¢ — s. Then x(¢) is
certainly a time-homogeneous Markov process so that the family of operators
T (¢) defined by T (1) f(x) = {f(x(#)))x(0)=x form a semigroup with an infini-
tesimal generator L, having a domain that contains C°(G)-smooth functions
with compact support. For f in C;°, the semigroup formula

T(1)f(x) = f(x) + fo "LT (s)f(x) ds

is equivalent to the statement that f(x(?)) — foLf(x(s)) ds is a martingale.
The case of time-homogenous processes is treated by the semigroup method
in [5].

In the case of processes that are not time-homogeneous, the martingale
formulation readily generalizes. In the time-dependent case it is reasonable to
expect that a process may be characterized by the condition that f(x(#) —
JSL(s)f(x(s)) ds is a martingale for any f in C;°. In such a case the process
can also be characterized by parameters (m, 4, M), analogously to the case
G =R

However, not all processes can be characterized directly by martingales.
For example, if z(¢) is determined by martingales of the form suggested above
and m(f) is a continuous function, but not of bounded variation, then
x(¢) = z(H)m(f) has no martingales due to the nondifferentiability of m(?).
Also a change in the time scale may be required. The thrust of the following
is that these are the only difficulties that arise. That is, modulo a nonrandom
change in the time scale and/or multiplication by a continuous function, all
stochastically continuous processes with independent increments are
determined by martingales of the type suggested. The basis of the proof is to
approximate the continuous time processes by Markov chains (random walks)
where the possible difficulties, such as controlling m(#), can be handled
directly.
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The paper is organized as follows. §2 consists of a detailed review of special
topics concerning Lie groups, weak convergence of measures, and martin-
gales. §3 consists of an exposition of the results. Their proofs comprise §§4-6.

Note. Most notations are standard or explained in passing. The following,
however, should be observed:

For (2, %, P) a probability space and R in L'(dP), {R> = [R dP.

Similarly, (R)>, = (R dP,.

For ¥, a sub o-field of F, (R||F,) = expected value of R given F,.

For a Lie group G, C® denotes the smooth functions with compact
support.

E denotes the complement of a set E.

A* denotes the transpose of the (real) matrix 4.

2. Review of special facts.

a. Remarks on Lie groups [4], [13]. In the following, G is a Lie group of
dimension d with Lie algebra I, and G is assumed to be second countable as
a topological space. The elements ¢ of I' are considered as left-invariant
vector fields (i.e., ‘right’ derivatives). For f in C*(G),

ORFAWCD)

Choose {£}, ¢ ;< a fixed basis for I'. Having chosen {£}, take a coordinate
system (¢, W) around e, the identity element of G, such that:

1. W has compact closure.

2.6=(dp...,0): Go>RY, ¢(e) = 0.

3.&pi(e)=0;=1ifi=j,0if i # .

Define the numbers p to equal £, (¢).

(1) Adjoint representation. An element m in G determines a C® mapping,
the inner autmorphism, aut,: G — G defined by aut,,(x) = mxm~". Since
aut, (¢) = ¢, a linear mapping Ad,,: I' > T is induced. With respect to the
basis {§}, Ad,, can be expressed as a matrix satisfying

d
Ad,(§) = kzl Adg,.

Recall that Ad,, has the following essential properties:

1. Ad,, is a homomorphism from G to End(T). That is, Ad,,Ad, = Ad,,,.

2. Ad,, is a smooth function of m.

3. aut, () = mem=! = ' Adnt,

(2) Taylor's expansion. Consider U a neighborhood of ¢, U c W. Let f be
in C®. Since ¢: G — R, the function g = f¢ ! is in C *(¢(W)). Suppose a, b
are in U. Then Taylor’s theorem for functions on R? yields
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f(b) = f(a) = X (4:(b) - ¢,(a)) (¢(a))
2
+1 53 (60) ~ 9(@) (4(8) ~ 4(@) 755 (6(a)

+R(a, b)- 3 (¢:(b) — $(a))’

where R (a, b) is smooth in @ and b and converges to zero uniformly for a, b
in U as |¢(b) — ¢(a)| goes to zero.
Denote dg(¢(a))/ 3¢, by 8/ (a)/ 3¢, and 3%(¢(a))/ 34,34, by 3%(a)/ 34,34,
How can these derivatives be expressed using the Lie algebra, when a = ¢?
for the first order terms, set L,f = 9f(e)/9¢;. And for § = a, L,, by choice
of ¢,

§o,(e) = =a 3y O =
Thus, L;f = §f(e). For the second order terms, set L kf 0% (e)/ 0¢;0¢,. The
operator ,J L,.f — §£.f(e) is actually a first order operator. Defining B/
by the relation D, = =, B/%¢ yields

B{k = jk¢r = l{jk(pr - gjgkqbr(t) = _p{k'

Thus

Lif = (86 - et )50

r

Using these expressions, Taylor’s formula can be written:

£(b) - 1(e) = 2¢,(b)£J(8)+ 22¢.(b)¢,(b)(£s gpfsk)f@

+ 3rd order remainder.

(3) Functions of bounded variation. Suppose b(¢) is a continuous function
from [0, 1] to G. The path {b(#): 0 < 7 < 1} is compact and so can be
covered by a finite number of coordinate patches (¢/, N/). b(¢) is of bounded
variation by definition when each ¢’/(b(7)) is of bounded variation, equiva-
lently, when each ¢/ (b(¢)) is of bounded variation as a function from R to R.

Suppose b(s) and b(¢) are in the coordinate patch (Y, N). For f in C,
f(b(w) = A~ W(b(w) for s < u < t. Since the composed functions fiy ~!:
RY - R and yb: R — R the chain rule applies to yield

¢ d
1(60) =56 = [ 3 37 (b)) (b()

; d
= [ 2 8/ (bG)dbi(w)
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where, defining a;, () by the equation

of

57 (6(0) = Sa (WS (b(w),

¥ P
then

db;(u) = 2 a (u)d; (b (u)).

Jj

This can also be written invariantly as an equation of measures on [0, 1]:
d

UORPRTCOLACH

b. Facts concerning weak convergence of measures [3], [11], [12]. The proces-
ses considered will correspond to measures on the space D€[0, 1] = {w:
[0, 1] — G such that w(z + 0) and w(¢z — 0) exist for each ¢, w(f) = w(t + 0)
for t < 1, w(1) = w(1 — 0)}. Properties of this space regarding weak conver-
gence of measures are exactly analogous to those in the familiar case G = R.
In particular, the following are important.

(1) Condition for compactness—uniform stochastic continuity. Let P, be
measures on D [0, 1] corresponding to processes x,(f). For any stopping
time 7, let 9, denote the o-field of events up to time 7.

Define for any set E C G and T in [0, 1],

T = amount of time to exit from F starting from time 7, except
E = oo when the process does not exit from E by time 1.

CoMPACTNESS CRITERION. Suppose that for each neighborhood of €, U, and
compact sets C:

L P (riu < 6 1F,) < Yy(k, 8) a.s. for every stopping time ¢ < 1, and any
0 < & < 1 where 1t sup,_, ¥y (k, 8) = Y(8) such that 1ty gy (8) = 0.

2.

CITtG 1t sup ( sup Xé(X(I))>k= 0.

k>0 ‘0<i<1
Then the measures P, are weakly compact.

COMPACTNESS LEMMA. In the above criterion, condition 2 may be replaced by
2a.

P, (x(0) " 'x(1{0w) € C; (v < DIF,) < &(C)
for every U and o as above, where 1t sup,_, &, (C) = &(C) and lt15¢(C) = 0.
PrOOF. Define inductively:

= .0 —_ AT —_ AT
U 7 R x‘(‘r,)U)'-‘aT,,+|— X Us = o+
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Take U to be a neighborhood of ¢ having compact closure. Choose K to be
any compact set containing U. And take C to be any compact set containing
U"K", for n > 0. Then, to exit from C, the process either makes n escapes of
size U or else takes a jump at least of size K so that the first exit from
x(7,_)U is such that x(r,_,)~'x(r)) is in K and

( sup xc‘(x(t))> < Pk( é 7 < 1) + ng(K)
0<<1 k Jj=1

where C1G as K1G.
The first probability is estimated as follows:

B ) <fonft-3)) - (ool -35)),
el ool 5)

1
n—1
<e p- exp(Z T,-) < epy

1

by induction, where p, bounds (e"1||€"f,j_l)k. So p, < 1 will allow control of

the first term. From condition 1 there is a y,,(k, §) such that, on Cin <1,

Sup (e7IF, ) <sup[e7P (> 819, ) + Pu(n < 8119, )]
Jsn J

=sup[e™® + (1 - e *)P(r; < 8]|F,_)]
J

e’ + (1-e %,k 9).
And
p=ltsupp <el+(1-ed)i=t1+e¥<1
n—oo
by choosing § > 0 so that y;,,(8) < 3. Thus,

It sup ( Sup x¢& (x(t))) < ep” + ne(K),
k-0 t k

where p < 1.

Choose n first, then K large to make the right-hand side arbitrarily small as
C1G.

(2) Bounded functionals and weak convergence. Let F,(w) be uniformly
bounded functionals on D¢[0, 1] converging to a bounded continuous F
uniformly on compact sets. Let P, be any weakly convergent family of
measures with limit P. Let ¢ be a bounded continuous functional.

Then {¢F,», converges to {$pF>.
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For, choose K compact such that sup, P,(K) is less than 8/(C, + C,),
where

sup I¢(w)lsgp sgplF,. (@) < Gy sup l¢(w)] « |F(w)] < G,
Then

’ [oF, ap, - f oF dPl <[ |6F, - $F) aP,
K
+(C, + G)P,(K) +|f¢p(dp,, - dP)l

<sup [6F, — ¢F|+|f¢F(dP,, - dP)I +o
K

for large compact K, and is less than 28 as n — oo.

Note. Even if F is not continuous, {¢F,), converges to {(¢pF) as long as F is
bounded and P {w: F is not continuous at w} = 0, since then [¢F (dP, — dP)
still goes to zero as n — oo.

(3) Riemann approximations converge uniformly on compact sets. Let the
family of functions {x,(#)} be contained in a compact subset of D |0, 1]. Let
f be in C®, and suppose v: [0, 1]—> R is continuous and of bounded
variation. Let {#} 5 be partitions of [0, 1] such that Ay = sup, ¢ ;cnlt; — 41l
converges to zero as N — co.

Then 2 f (x, (- )v(%) — v(#_ )] converges to J8f (x,(9)) do(f) uniformly
inaas N — 0.

To prove this, v can be assumed increasing by writing it as the difference of
two increasing functions. Furthermore, note that the functions f(x,(?)) are in
a compact subset of DR[O, 1]. So,

[ 50 o0 = 3 - 0)59) = 50

=|2 7 1) = S5 et
< 27 o@)(e(1) = 0(0) + 2539 || E (o(8) - o(a))

U, (@, 5) D Js + 8- (v(1) = ¢(0))
where w* is the D®[0, 1] modulus of continuity; and J; = {: | f(x, (¢ + 0)) —
f(x,(t — 0))] > 8}, consisting of isolated points, is contained in a finite union
of arbitrarily small intervals. These terms are small for large N by compact-
ness of f(x,(#)) and continuity of v.
¢. Quasi-martingales [2], [7], [11], [12]. A real-valued process is a quasi-
martingale by definition when it can be expressed in the form g(7) = p(¢) +
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b(#), where u(f) is a martingale relative to some o-fields and b(¢) is of
bounded variation. Meyer’s uniqueness property implies the following:
Suppose that () + b,(f) = p,(#) + b,(f) are two representations of g(¢),
where g, the p’s and the b’s are uniformly bounded in ¢ and w and the &’s are
continuous.
Then b, = b, and p; = p,.

3. Results.

a. Preliminary. Let G be a second countable d-dimensional Lie group.
Choose a basis {£} for the Lie algebra I'. Then choose a coordinate system
(¢, W) at the identity, ¢, satisfying:

1. W has compact closure.

2.6 =(dp---,0): G>R? ¢(e) = 0.

3.6d(e) =6, = (lifi =4, 0if i % j}.

Define the numbers p/ to equal £, (¢). (Note below that pJ occur only in
the expression p/dd,;; where Aj; is symmetric. Choosing exponential coordi-
nates, —p/ = pf’, so these terms disappear.) Furthermore, extend ¢ to a
function in C®-smooth functions on G having compact support. U and V
generally will denote neighborhoods of .

The basic probability space (2, &, P) is as follows:

1.Q = DY[0, 1] = {w: [0, 1] > G such that w(z + 0) and w(z — 0) exist for
every ¢, w(f) = w(t + 0), ¢t < 1, and w(1) = w(1 — 0)}.

2.9 =U;50% = U;505{w(s):0< s <t}

3. P is a probability measure on (2, %).

Throughout, assume the notational correspondences x’s to P’s, y’s to Q’s and
2’s to R’s between the paths of processes and their corresponding measures
on DC[0, 1].

Define a covariance function A(¢) on [0, 1] to be a continuous family of real
d X d symmetric matrices such that:

1.A(0) = 0.

2. A(¥) — A(s) is positive semidefinite forall 1 > ¢t > s > 0.

Define a Lévy measure function M (t, dx) to be a (weakly) continuous
increasing family of o-finite measures on G such that:

1. M (0, dx) = 0.

2. For any bounded f in C*®(G) such that 0 = f(e) = §f(e), 1 < i < d,
Jf(x)M (¢, dx) is finite (and continuous in ?).

In the following B(¢f) will generally denote a continuous vector-valued
function of bounded variation with components B,(?), 1 < k < d.

b. MARTINGALE CHARACTERIZATION THEOREM. Let B(f) be a continuous
Sunction of bounded variation, A(t) a covariance function and M (t, dx) a Lévy
measure function.
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Then there exists a unique process z(t), equivalently a unique measure R on
D |0, 1], such that for every fin C,

F0) = ['L(@)] ()

is a martingale with respect to R, where

L(d)f(x) = [ (OB ORI ORICED
€ J

1

+9 S SE0) () + D8I dB (0,
i

The process z(t) is Markov and is furthermore a stochastically continuous

process with independent increments.

¢. UNIQUENESS OF PARAMETERS THEOREM.

1. Let z(t) be a process such that there are continuous functions of bounded
variation B,(t), covariance functions A,(t) and Lévy measure functions
M, (1, dx), a = 1, 2, such that for every fin C°,

fz(0) - fo "L (ds) f(2(s))

are martingales with respect to the (one) measure R on DC[0, 1], where L, is
defined as in the characterization theorem.

Then B, = B,, A, = A,and M, = M,.

2. Let z/(t) and z,(t) be processes, as in Theorem 1, determined by parameters
B,, A, M, and B,, A,, M,, respectively.

Suppose that z,(f) = z,(t)b(t) in distribution for some continuous function
b(t). Set B(t) = b(t)~". Then:

1. M (dt, dx) = M,(dt, b(t)dxb(1)™").

2. dA (1) = Adg,dA(NAdS .

3. b(r) must be of bounded variation and

dB, (1) = 2 Adf{(,) dBy;(t) + db (1)
Jj

+ f (¢k(2) = 2qs,.(b(t)zb(t)"‘)Ad’;?f(,))Ml (dt, dz).
J

d. LIMIT THEOREM FOR UNIFORMLY SMALL VARIABLES. Suppose for each
n >0, n independent random elements X,;, 1 < j < n, with corresponding
distributions F,; are given. The X,; are assumed to be uniformly small in the
sense that

It max P(X,,j € 17) =0,

n—>x 1<j<n

Sor every neighborhood U of e.
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Define corresponding means m,; by the equation

du(my) = [0(x) dF,; (x):
Define the centered variables Y,; to equal X,im,; 1
On [0, 1] define the following:
1. The mean functions: m,(0) = &, m,(1) = I™\m,.
2. The covariance step-functions:

[n]
436 0) = 3 [ (50 = 6ma) (@) = (m) - dFye ().

3. The measure-functions: M,(t, dx) = Z\")| F, (dx).

4. Approximating x processes: x, (1) = HE"L],X,,J-.

S. Approximating centered processes: y,(t) = II}’Z], Y,.

6. Write x,(¢) = z,(f)m,(t), the product of a centered process and a mean

function. Define Z,; so that z,(f) = IV, Z, .. The variables Z,; thus equal
m (U = /W) Yym, (G = D/m)".
(Note that any family of partitions {t} such that sup;|t" — .| goes to zero as
n— oo may be used, not just those of the form {j/n}. Also, [0, 1] is used
throughout as a generic fixed finite time-interval.) Observe that x,(f), y,(t), and
2,(t) determine corresponding measures P,, Q, and R, on D€|0, 1].

THEOREM. Suppose that the following conditions are satisfied:

1. {m,(¢)} converges uniformly on [0, 1] to m(t).

2. {M,(t, dx)} converges weakly, uniformly on [0, 1], to a measure function
M (¢, dx) in the sense that

f )M, (1, dx) — f F()M (¢, dx)

Jor any bounded continuous f that is identically zero on some neighborhood of e.
3. For some U, a neighborhood of ¢, that is an M (1, dx)-continuity set,
{A,(t, U)} converges uniformly on [0, 1] to a function A(t, U).
Then
1. a. m(?) is necessarily continuous.
b. M (¢, dx) is a Levy measure function.
. A(t, U)is of the form A(t) + {fy$;(x)$;(x)M (¢, dx)} for a covariance
Junction A(?).
2. The families {P,}, {Q,}, and {R,} are convergent to measures P, Q and
R, respectively, corresponding to stochastically continuous processes with inde-
pendent increments.

3. The limiting measure R is characterized by the condition that for every f in
Ce:
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160 = [f JE@mE©me™) = 16E)
=S4 (2(9) M (ds, )
J

- % fotz %(m(s)nj(s) - %p,:fnk(s))f(z(s)) - dAy(s)

is a martingale with respect to R, where 1;(s) = Ad,, (&)

4. For limiting measures R and P corresponding to paths z(t) and x(t),
respectively, x(t) = z(f)m(t) in distribution.

5. As in #4, x(¢) is said to have a representation z(t)m(t) with parameters
" (m, A, M).

If x(¢) = z,(O)m,(t) = z,(t)my(£) are two representations of x(t) with corre-
sponding parameters (m;, A\, M,) and (m,, A,, M,), then m; = m,, A, = A,,
and My, = M,.

€. REPRESENTATION THEOREM FOR INDEPENDENT INCREMENT PROCESSES. Let
x(t) be any stochastically continuous process with independent increments. Then
there exist a continuous function m(t), a covariance function A(t) and a Lévy
measure function M (t, dx) such that x(f) has a representation z(t)m(t) with
parameters (m, A, M).

f. The proofs of the above theorems yield the following

COROLLARY. (1) Let x,(¢) be step-function processes as in the limit theorem
with corresponding step-parameters (m,, A,, M,); or

(2) let x,,(2) be processes having representations with parameters (m,, A,, M,,).

Let x(f) be a process having a representation with parameters (m, A, M).
Then x,(t) converges to x(t) if and only if:

1. m,(t) converges uniformly on [0, 1] to m(%).

2. M, (t,dx) converges to M(t,dx), away from € (i.e., as in the limit
theorem),

3. For U, a neighborhood of € and continuity set of M (1, dx), A,(t, U) in case
(1) or, in case (2),

4,0+ { [ 2.008,00M, (a0

converges to

A(r) + { fuqb,.(x)qiy(x)M(t, dx)}.
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4. The Martingale Characterization Theorem and the Uniqueness of
Parameters Theorem.

a. Martingale Characterization Theorem. Let B(f), a continuous vector-
valued function of bounded variation with components B, (), A(?), a
covariance function, and M (¢, dx), a Lévy measure function, be given.
Consider the condition that for every function fin C;®,

CORINRRNICORENCORMDIOEORICED
1 rt t
SR CORIORY S FHCORENS

is a martingale with respect to some measure R on DY[0, 1]. The theorem is
that R exists and is unique.

It is convenient if M.(¢, dx), A(), and B (¢) have densities with respect to ¢.
By a nonrandom rescaling of time this can be achieved. Such a rescaling,
inducing a one-to-one correspondence from D €[0, 1] to D[0, T}, for some
finite T, preserves existence and uniqueness of measures.

LeEMMA 1. Absolutely continuous version of parameters. Given a continuous
Sunction of bounded variation, B (t), a covariance function A(t), and a Lévy
measure function M (t, dx), there is a continuous strictly increasing function
from [0, 1] onto some finite interval [0, T] and functions b,(t), a(¢), and
m(t, dx), densities corresponding to a function of bounded variation, a
covariance function and a Lévy measure function, respectively, such that the
martingales

YCICION RS M BRI CIODRNEIO)
- 2 qu(z)éjf(Z (5)) - m(s, dz) ds
J
-3 [YOS Sa (2 &
i

- [ bz @)

determine a unique process Z (t) on DC[0, T] if and only if a unique z process is
determined on D [0, 1] by the martingales
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UCORS W RRICODENE0)
- 2 ¢;(2)&f (2(s)) - M (ds, dz)
J

TR PLCORIC

- fo '% ££(2(5)) - dB, (s).
The processes are related as z(t) = Z (1)), Z (1) = z(y~'(2)).

Proor. Choose f, in C* satisfying:

Lfye) =&f(e)=0,1< i< d.

2. {Dyf(e)}, 1 < i,j < d, is a positive definite matrix, where D; = {§; —
2Pl

3.0< fy(x) < Lx#e.

Since fy(x)M (dt, dx) is, modulo a multiplicative constant, a probability
distribution of the two variables ¢ and x, it factors into the conditional
distribution of x given #, my(t, dx), times the marginal distribution of ¢,

F(dr) = [ fo(x)M (a, dx).

Define
dB
a() = %471 0), B = (7'0)
and
m(t, dx) = ﬁ-x—) mo(¥=1(2), dx) % ('),
where

d t
V() = A + [fM (L dx) + 3 [ B (s)|+ .
k=170

Substitute into the expression for the z(¢) martingales and rescale the time by

Y.
Note. The definition of ¢ implies that

d
tra(r) + [ fo(x)m(t, dx) + PACYCIESS

In the following, then, replacing Z by z and [0, T'] by the generic [0, 1],
consider a process z(f) corresponding to a measure R on D€[0, 1] with
respect to which for every fin C°, f(z(s)) — [oL(s)f(x(s)) ds is a martingale,
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where

L@)=L_mb;—1—§@@g>mua)

+ 3 3 a8 + S h(Dk
i j k

where r, denotes right translation by z, that is, r,f(x) = f(x2).

Now, for existence, approximating processes will be determined by ap-
proximating L(¢) by operators generating Poisson processes.

Before proceeding, define the following:

1. For E C G, CG°(E) = {g € C®(E): g is bounded on E}. Denote
C°(G) by just C°. For g in G(E), || gllz = sup,c £l g(x)| and || gl is a
bound on FE for g and all (right) derivatives up through order p, when these
are uniformly bounded on E (for example when E is compact).

2. For suitable v(¢, x) on [0, 1] X G, and any set E C G, define

E 1
v||"= sup [v(¢, x dt=l| sup |o(t, x " .
" | j(; xerl)s'l ( )l xei'l ( )] L'(dr)

Convergence of functions v, to v in K — L' means that ||v, — v|| > 0 for
every compact C C G.

3. For suitable functions v(¢, x) on [0, 1] X G that are smooth in x, define,
for E C G,

lols= sup_lo(t )], [ollz=llolls+ S 40l
t,xEE i
and

o=l S S el

PRIMARY LEMMA. Let v,(t, x) be measurable in t and x and smooth in x.
Suppose that, for n > 0,

1. ||v, |l g is finite.

2. ||v,ll k2 is finite for every compact K C G.
Then there are constants y,(m, C) and y,(¢, b, a, m), depending as indicated,
where C is any compact set containing a neighborhood of the origin, such that:

1. For each compact K,

K
IZ(Aoa(t, D" < Yilloallgt Yalloallc2

where KC = {kc: k € K,c € C}.

2. v, decreases to zero and v, is bounded as C increases to G, so that if, in
addition, sup,~llv,ll¢ < 0 and 1t sup,_,,||v,ll x» = O for every compact K C
G, then L(f)v,(t, x) converges to zero in K — L' as n — 0.
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PROOF.

sup |L(#)v,(¢, x)| = sup
x€K x€eK

L_{e}v,,(t, xz) — v,(t, X)
- %qu(z)gjv"(t, x) - m(t, dz)

+ 3 2 D080t %) + Db v, (%)
i J k

<ot a0 + S0l + Cledl +Ielelealm(s €)

+ (2 +"¢"G)“"n"1<c2’(m(” U) +L%¢jz(z)m(t, dz)),

where U is a neighborhood of ¢ and C is a large compact set containing U.
Integrating in ¢ yields

K -~
IL()oa (8 X)||” <|lonllg * 2M (1, C)

1 o
+||v,,||KC2[trA(l) + % fo |6e(1)] dt + @2 + 2]l )M (1, T)

+@+1le) [ ZF@M, dz)]
J

= 11llvallg + Y2llvnll xc2-
In the case ||v,||g uniformly bounded and ||v,|| x, converges to zero, choose C
large to control the first term and then choose n large to make the sum
arbitrarily small.
Define the following classes of generators:

£ = {L(7) corresponding to any appropriate set
of functions a(?), b (¢), m(t, dx)},

e, = {L(t) € L:L(1) =f(rz - )m(t, dz) + 2 Za,-j(t)é,.éj
iJ
+ D) b ()&, with ess sup m(t, G) finite},
k 0<<1

R, = {L(z) € £,: L(f) =f(r, - ym(s, dz)}



88 PHILIP FEINSILVER

and
£y = {L(r) € £,: m(t, dz) is a step function}.
LEMMA 2. Corresponding to any generator L in £, and every starting pair
(o> Xo), there is a measure R on D [0, 1] such that:
L R{z(ty) = x5} = 1.
2. Fort > ty, fin C,

1) = [LEF(=(s) &
is a martingale relative to R.

ProoOF. Since L is a step-function of bounded operators, it generates a
(stochastically continuous) Poisson process having the required properties.
The transition probabilities for the process are determined by solutions to
ou/dt + Lu = 0, u(T, x) = f(x); T in [0, 1], f in C;* given; which is solved
explicitly below (Lemma 9).

LEMMA 3. Let R be a process on D C[0, 1] corresponding to a generator L in
£. Let U and V be neighborhoods of & with compact closure, U C V. Let f = f,
and g = gy, in G satisfy:

fl. f(e) = 1.

f2.0< f<lonU.

f3.f=00off U.

gl.g=1lon U.

g2.0< g<lonV.

g3.2=00off V.

Then, for o any stopping time < 1 a.s. R,

1.

8
R(m%u < 81%) < sup [N sup |L(s)f(x)| s, as. R
0<T<1T xel

Jorany 0 < § < 1.
2.

_ - 1
R(2(0)™'2(1%0)0) € V5 (aw) < 111F,)< f sup |L(s)g(x)|ds a.s.R.
0 xew
ProoF. Referring to Theorems 2.1 and 3.1 of [8a], the martingales f(z(¢)) —
[5L(s)f(z(s)) ds and g(z(?)) — [4L(s)g(z(s)) ds relative to R are martin-
gales also with respect to the conditional distribution given ¥, the o-field of

events up to time o. So assume T = 0 (by translation), 6 = 0 (by the remark)
and z(o) = ¢ (by translation). Then
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R(%wu < 8)|F,) = R(:3 < 8) < ((1 — f(2(5 A 8)))(r8 < 8))

]
<{(1=f(z(xh A 8))) <f sup |L(s)f(x)| ds,
0 xeT
since by Doob’s stopping theorem,

(1= £(2(5 N 8))) = - <fO'L(s)f(z(s)) ¢g>,
where 7 = 79 A 8 A 1. Similarly,
R(Z(o)—lz(Tzo(a)U) € 17; (Tzo(o)U < I)Hga)

= <x,;(z(1-?,)); (7% < l)) <j: sup |L(s) g(x)| ds,

xeU
as above.

LemMA 4. Given L in £, let- R, be measures on DY[0, 1], all starting at
(> xo), corresponding to generators L, in £ such that for every f in C&,
I\L,f — Lf]|° - 0as n— .

Then the measures R, are compact and any limit point R satisfies the
condition that f(z(2)) — [; L(s)f(2(s)) ds is a martingale relative to R for every
fin C&.

ProoF. For compactness, apply Lemma 3 and the Compactness Lemma of
part 2b, #1.

For condition 1:

T+8 1
Vu(8) =ltsup 4y (% 8) =ltsup sup [T M sup|L, (5)1, ()] ds

n—x© 0<T<1

<1t [ supl(Ly(s) = LSy (] &

T+6
+sup [ sup|L(s) o (x)] ds

< constant - || f| g, * sup
T

j;r+8(m(s, U) +j;j§¢j2(z)m(s, dz)

?

+ 2 |be(s)| + tr a(s)) ds
k

which decreases to zero as §0.
For condition 2:
Let K be a compact set containing U, and set
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V = UKU = {uku,: u;,u, € U,k € K}.
Then, choosing g, = 1 on UK = {itk: i € U, k € K}:
1 1
Itsup ¢, =1t supf sup |L,(s)g(x)| ds<f sup |L(s) gyy (x)| ds.
n—c JQ xel 0 i7

n—o0 xeU

Sinceg=1on 17, the derivatives of g are zero there and, furthermore,

i ’::% L6 e )] ds= [ ‘f:% (/1 - sGzimes, ae))

< M(1, K) = ¢(K),

decreasing to zero as K1G.
Let R be any limit point of R,. Restrict to a subsequence of R, converging
to R. The above conditions imply stochastic continuity of R since

R(z()7'2(r) & Uy Js — 1|]< 8) <ltinf R,(2(s)"'z() € Uy s - 1| < 5)
<lt sup sup Rn (T:(s)U < 8”9.3) < 4’U(8)

n—00 s
as above,
Now consider the martingales

t

() = £(20(D) = [ Lo() 1 (20(s)) s

0
for a general f in G®. These are uniformly bounded functionals on D ¢[0, 1]
as seen in the above estimate for y,,(8) (take T =0, 8 = 1).
As a functional, f(z,(#)) = f(w(?)) relative to R, and is independent of n.
The term

o= [ La(5)S (2a(5)) ds= [ Ly(5)f (w5)) s

(relative to R,) and

[ sop L)1) ds - [sup |L()f ()] ds
so that

t
I 1= L(s)f(z(s)) ds
JRZONCO)
as n — oo, uniformly on compact sets of D [0, 1].

PROPOSITION. For every bounded continuous functional ¢ on DC[0, 1],

{8(w) 1, (1)(w)) converges to {$(w) p(1)(w)).

Proor. To apply part 2b, #2, check that R {z: f(z(?)) is not continuous at
z} = 0. Convergence of z, to z in D®[0, 1] means that there are continuous
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monotone increasing transformations A, of [0, 1] such that z(A,(£))~'z,(¢)
converges to ¢ and A, (7) — ¢ converges to 0 uniformly in ¢ as n — co0. And

|£(za(1) = f(z(0))]
<|f(z () = S| +]F A1) = f(z (D),

which for n large, U C W (coordinate neighborhood) is
< d|| fllwidiam ¢(U) + If(z()\n(’))) - f(z(t))l,

and this last term goes to zero in probability by stochastic continuity of z.

The martingale property (u(9)||%,) = p(s), for s < ¢, is equivalent to
{1 (1)) = {¢,p(s)) for every J,-measurable bounded continuous functional
¢,. Since p,, (7) is a martingale,

<¢.\‘I’Lﬂ(t)>n= <¢S’“Lﬂ(s)>n’
and now apply the proposition, letting n — oo, to get the martingale property
for p(?) relative to R.

LEMMA 5. Let L be a generator in C,. Then there exists a sequence {L,} C £,
such that:

1. For every g in C;°, L,g converges to Lg in K — L.

2. For every fin C®, | L,f — Lf||C converges to zero.

PrROOF. L(#)g(x) = [g(xz) — g(2)+ m(t, dz). Take my to be the dyadic
partition of [0, 1] with spacing 27¥. And set L,(f) = L(t) conditioned on
my = Z(0)- 21, L () ds, where [, = [ — 127", 27",

Then for ¢ in I(¢), K compact,

J @ sup |L()8(x) = Ly()8(x)
=fdt sup

xEK

<f d’[”g”c;

+ sup
xEK

f[g(xz) - g(x)] [m(t, dz) — 2~f1 (’)m(s, dz) dsH

m(t,G) — ZNL(I)m(s, G)ds

[a(xzym(s, dz) - 2 fz, . [ g(x2ym(s, dz) ds

Set
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A(t, x) = [ g(xz)m(t, dz),

my (1, dz) = 2N ,dz)ds, and A,(t,x) = my (1, dz).
iy (1, dz) &mMSA and Xy (%) = [ g(xz)iny (1, de)
Then
_ - K
ILve - Lg|*<| 2|, f dijm(1, G) = iy (1, G)| +|A = Xy -

The first term goes to zero since the averages of an L! function converge to
the original function in L'. For the second term, let U be any neighborhood

of & with compact closure and let {Ux,, ..., Ux,} be a finite cover of K.
Then

A=A <[ @t max

1<j<n

Mt ) = R (5, )]

+ [ @ max sup (]A(r, w5) = At )|+ [Ny (1, w5) = Ry (5 5)])-

1< j <n uelU
The first term again goes to zero as above. The second term is

< Zf dtf sup sup | g(uxz) — g(xz)|m(t, dz).

xX€EK ueU

And, choosing C compact such that M (1, ) < & /2l gl g

fdtf sup suplg(uxz) g(xz)|m(t, dz)

x€K uelU

<f dtfc sup sup|g(uxz) g(xz)|m(t, dz)

xe€K uelU
+2|gllgM(1, C) <28
as U|{e} by uniform continuity of g on UKC. #1 follows. Similarly, for f in
2,
G _ - G
ILwf = LA < WG [ defm(t, G) = iy (2, G| + [Py = X -
But, for K compact, F = support of f,

= %] = [ @t sup [ 1) [ m(t, dz) ~ (1, di) ]

< | dt su
f xer:;

fK f(x2)[m(t, dz) — Ay (1, dz)]

+ | dt su
Ja s

[k f(xz)[m(t, dz) — iy (1, dz) ]

<[ a s f f(x2)[ m(t, dz) = iy (1, dz)]

so that #2 follows just like #1.

+2lIfllM (1, K)
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LEMMA 6. Any L in £, can be approximated by generators {L,} C £, as in
Lemma 5.

PrROOF. Let g,(t, dx) be a Gaussian measure on R? with mean m =
(my, ..., m,) and covariance (c;) where

i " 1
me= 4 (50 + 3 St 0) ama o= L0
L

Recall that b, () and tr a() are bounded.
For (¢, W) the standard coordinate system at ¢, let p, (¢, dx) = g,|,w, and
set G, (1, A) = p,(t, $(4)), for A C W.
Define
L,(t) = [(r. = \)(m(s, dz) + nG, (¢, dz)).
Then for a neighborhood of ¢, N C W, by Taylor’s expansion,

sup |L(1)g(x) = L,(t)g(x)|

< sup
xekK

% 2 Zaij(’)&%g(x) + %bk(t)gkg(x)
i

_f (2 o (2)68(x) + ‘;‘ 2 2‘1’.(2)%(2)
N\ & i J

x [sisj - gpzfsk] g(x))nc.. (1, d2)
+ Il gl eysdiam o(N) - [ T 92 (2)nG, (1, d)
Nk

+ 2|l gllgnG, (1, WN).

The boundedness of b,(f) and tr a(f) implies that g,(z, $(N)) goes to zero
exponentially as n — o0. So,

It sup |L(1)(x) — Ly(1) 8()] "

< ,,_l,tw constant (d) - || gll kw3

- (diam ¢(N) + 1) + diam ¢(N)- sup tra(s)
0<<1

= constant (d)- || 8|l xkn3 - diam ¢(N )+ sup tra(?).
0<<1
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Since N is arbitrary, It,  ||L,g — Lg||* = 0. For f in C®, replace the
bound || gll k3 bY | fll 63-

LEMMA 7. Any L in £ may be approximated by generators {L,} C £, as in
Lemma 5.

PRrROOF. Set
L,(1) =j;7n(rz -1- ?qu(z)g)m(t, dz)
+ 2 zay(t)gigj + % b (1§
i
=f(r2 = Dm,(t, dz) + ; Za,.j(t)g,.ﬁj
J

+3 (800 - [ outemr, e

where U, are neighborhoods shr~inking to e and m,(¢, dz) = x; (2)m(s, dz).
Note that m,(t, G) = m(¢, U,) is finite since it is bounded by
(1/uy,,)/ fo(x)m(t, dx) where u,, = inf, ¢ g fo(x) > 0. And

IL()&(x) = Ly(t)g(x)]|" < (constant) || gl xo| [ Se2(2)M (1, d2)
Un j

by Taylor’s expansion. For f in C°, the bound || f]| 5, replaces | g|| kU2
Finally,

LEMMA 8. Existence of R. Let L be in £. Then, for every starting pair (2 Xq)s
there exists a measure R on D°[0, 1] such that:

LR{z(ty) = xo} = 1.

2. ForfinCZ,t > t,

F) = [ L(6)f(2(5)) ds
is a martingale relative to R.

Proor. By Lemma 2, there exists a process for every L in £,. Apply
Lemma 4 to generators L in £, that approximate L. This is possible by
Lemmas 5-7.

For uniqueness, consider the problem TP: Given an L in £, T in [0, 1] and
fin G, does there exist u(t, x) on [0, 1] X G such that:

1. ||u|| 5 is finite.

2. u(¢, x) and its derivatives in x are jointly continuous in 7 and x.

3. |L(#)u(t, x)||¥ is finite for every compact K C G.
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4. For0< s5,2< T,
u(t, x) = u(s, ) = = ["L(o)u(o, x) do; (T, x) = f(x).

LEMMA 9. TP is solvable for L in £,.
PrROOF. On [0, T], L(¢) = 2}"_ 1Xy (t)L;, where L/s are bounded operators
on C,°, since

ILe@)]=|[ 8(x2) — 8(x)- m(dz)

where m; = x,m. For I; = (_,, ], A; = ; — t;_,, define, for # in I, k(1) =
kandd(f) =t — t(or T — tif tisin Iy).
Then

<2ligllg sup m;(G),
Jj

o(t, x) = ed0hL. . . eAN-lLN-IeANLNf( x)
satisfies property #4. (For integrability of L(o)v(a, x), see below.)
PROPOSITION. Each L; generates a contraction semigroup on C,°.
PROOF. Let L be an L; and let g be in C,;°. Then
Lg(x) = [ g(xz) = g(x) - m(dz) = A [ g(x2) = g(x)- p(d2),
where [u(dz) = 1. S0 |{g(x2) u(d2)] < | gllg> and

|e*g(x)| = [exp N[ f r.n(dz) = l] -8(x)

(frnta)) 50

Property #1 follows, |[v(¢, x)|l¢ < ||fllg.- Since L acts on the right, L
commutes with left derivatives, £, of any order. And the semigroups e'”s
commute with & . Thus, u(t, x) = £ v(¢, x) exists and satisfies property #4
with u(T, x) = £, f(x), and ||§,v]¢ < ||£.f|l¢ as above. On compact subsets
of G, right derivatives can be bounded in terms of left derivatives. Thus,
vl x5 is finite for every compact K C G. Property #3 now follows by the
Primary Lemma. And, for any o satisfying #1, #3 and #4, by the estimate
in the Primary Lemma and uniform boundedness of the space derivatives of
v, for x and y in a compact set,

[o(t, x) = (s, )| =|o(t, x) = v(s, x) + v(s, X) = v(s,y)|

<ftL(o)v(o, x) do +|v(s, x) = v(s, »)|

is bounded by a constant times (r — s)(||v||g + ||v]l xc2) + &(x,y) where y is

a Ak
=e M T < lglle
k=0 ¢
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in K, a compact set containing a neighborhood of x, C is a compact set
containing a neighborhood of ¢, and ¢/(x,y)—0 as x~' converges to ¢
uniformly in s, depending only on the boundedness of the first derivatives in
xofvon[0, 1] X XK.

This is property #2.

LeMMA 10. TP is solvable for L in L.

ProOF. Suppose L is in £,. Take L, converging to L as in Lemma 5.

Let u, be the solution corresponding to L,. Then as in proof of Lemma 9,
ll#,)lg and ||u,|| x, are uniformly bounded in n. The proof then shows that,
furthermore, the u, are equicontinuous. Apply the Ascoli-Arzela Theorem to
u, and a similar argument to the left derivatives £ u, to conclude that there
exists a smooth u satisfying properties #1, #2 and #3 such that sup, /|4,
— ul| is finite and ||u, — u|| x5 converges to zero as n — oo.

Finally,

ILatty — Lu|X<||(Lp = L)ty — )|+ |[Lu = Lu)* +]|L(, — w)]|".

The bounds in the proofs of Lemmas 5 (and 6 and 7) of the type || gll¢»
|l 8]l x2» and || g]| k3 for the functions », — u and u are uniform in # so that the
corresponding estimates are valid. The first two terms thus go to zero, and the
Primary Lemma applies to the third term.

So TP is solvable for L in £,. By applying Lemmas 6 and 7 in similar
arguments, it follows that TP is solvable for all L in £.

The existence of solutions to TP will yield the uniqueness of R for a given
L. Assume an L in £ is given. R is any measure corresponding to L, as in
Lemma 8.

LemMA 11. Let u(t, x) be jointly C*® in t and x such that u(t, x) = 0 for x
outside of some compact set. Let R be as in Lemma 8, starting at (o, x,). Then

u(t, 2(9) = [ 3 (0, 2(0)) + L(0)u(0, 2(0)) - do
1
is a martingale relative to R for t > t,.

Proor. Fort > s > 1,
(u(t 2(8)) = u(s, 2())N%)
= (u(t, 2(0)) = u(t, 2(NIF,) + u(t, 2(5)) = u(s, 2(s))

=£’ L(w)u(t, z(w)) + %’:— (w, 2(s)) - dw
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=f' g—:- (w, z(w)) + L(w)u(w, z(w)) - dw
+]: L(w)u(t, z(w)) — L(w)u(w, z(w)) - aw

+j: g_% (w, z(s)) - %::— (w, z(w)) - dw.

Since 0u /9w is in G°(G) for each w and L(w) commutes with differentiation
in time, the ‘error’ terms

[ [Lom %% (0, z(w)) do dw—j:'f;wL(o) g_:i (w, 2(a)) do dw

vanish since the first integral is over {s < w < o < ¢} and the second is over
{s < 6 < w < 1} and o and w are switched in the second integral.

LEMMA 12. Let u(t, x) be a solution of TP for L. Then, relative to any R for
any starting pair (to, xo), u(t, z(%)) is a martingale, for ty < t < T.

ProoFr. Translate time so #, = 0.

Let Yx(x) be in C*(G) such that:

1. Yx(x) = 1, for x € K, a compact set.

2.0 Y < L.

3. The support of Yy is in K’, a compact set containing K.

Let, on R, p,(#) be an approximate §-function with support that shrinks to
Zero as € goes to zero.

Now define

e (1, %) = e (x) [u(t = 5, X)p,(s) d.

U, is smooth in ¢ and x and has compact support in x. Lemma 11 implies
that

0

uKe(t’ Z(t)) _j: :f’ (S, Z(S)) + L(S)uKe(S’ Z(S)) - ds

is a martingale.

PROPOSITION. Set u, (¢, x) = Y, (x)u(t, x). Then
e (t 20) + (2O L5, 25)) = L(u(s 2(5)) - ds

is a martingale.

Proor. The martingale property will hold if
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G

5 (6:%) + g () L(Du(t, x)

ou
It sup|ug, (¢, x) — ug(t, x)| + ’
el0 x

+ L (13 = LOwe(t, )|

equals zero.
First term.

sup |ug, — uyl <f sup |u(t — s, x) — u(t, x)|p(s) ds
X xeEK’

< sup [u(t = 5, %) = u(t, x)| + 2ullg- [ p(s)ds
o is

which goes to zero as )0 by uniform continuity of # on [0, 1] X K’, choosing
8 appropriately. The second term is identically zero for small enough & such
that support(p,) C [— 6, 8].

Third term. The above argument applies to u,, — u, and derivatives up to
second order. The estimates in the proof of the Primary Lemma therefore
apply, in this case to || [|°.

Second term.

— Bu /3t = Y (x) [ Lt = s)u(t = 5, x)p.(s) ds.

And the second term equals

S sup ()] | [ (L(¢ = s)ule = 5, %) = L()ut, x))pu(s) ds| e

<[ [ sup |L(t = s)u(t = s, %) = L(u(t 2)|p.(s) ds b

Is]l<éxeK’

when support(p,) C [— 8, 8].
For each s, consider

A () = sup |L(t — s)u(t — s, x) = L(t)u(t, x)|.
xEK’
This may be written

sup |L(t + hyu(t + h,x) — L(1)u(t, x)|,
xEK’

which is bounded by
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sup
xEK’

fu(t + hyxz) = u(t + hz) — D o,(2)eu(t + h, z)- m(t + h, dz)
J

— [u(t, x2) = u(t, 2) - So(gu(t 2 mis, a2
+2 Doyt + 1) = a,(0)] lulca
+2 g la(t + B)| llu(t + b, x) = u(t, %)l k-
+ e+ W] e+ hox) = (s Dl

+ % Ibk(t +h) - bk(’)l * el gy

For each x after integrating in ¢, these latter terms go to zero with A, since L'
functions are continuous in the L! norm, and by uniform continuity of u(¢, x)
and its derivatives in x on [0, 1] X K. The first term can be written, writing
U, for the integrands,

f U,(t + b, 2)m(t + h, dz) — U,(t, 2)m(1, dz)],

sup
xEK'
which goes to zero in L(d?) if

[0t 2) = U (8, 2)|ms, dz)

goes to zero in L(dt) uniformly for x ™ near & (see the proof of Lemma 5
for A — Ay). And

[t [|U.(t,2) = U, (1, 2)|ms, d2)

<[ dt [|U.(t,2) = Uy(t, 2)|m(s, d2) + 25up U, (1, )M (1, C ).
C x,0,2

Choose C to be a large compact set containing a neighborhood of ¢; the U
term is small by uniform continuity of # and its derivatives on [0, 1] X K’C.
Thus, ||A,(?)|| .» goes to zero as s — 0. Then

[ [ Aoeis)ds < sup NI
Isl<s Isl<s

goes to zero with é. So,

we (1, 2(1)) + fo Y (2())L(s)u(s, 2(5)) = L(s)ug (s, 2(s)) - ds

is a martingale.
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PROPOSITION. Fix H, a compact set, and let Ty equal the first exit time of
z(t) from H. Then u(t N\ 1y, z(t \ Ty)) is a martingale.

PROOF.
u(t A\ Ty 2(E N\ TH))
INAT,
+ [ MG OILu(s 2() = LY (5 2(5)) - s
is a martingale. And the martingale property will be preserved as K increases
up to G if
1t (]uK(t AT z(E A Ty)) — u(t A\, 2(t N —rH))|>

K1G
+ [k (X)L (t)u(t, x) = L(t)yug (8 x)]| = 0.

The first term goes to zero as K1 G, since it is bounded by ||u||s* R(z(7y4) &
K). And, for X O H,

f dt sup Wi (R)L(Ou(t, %) = L()ug x)|

H
= ()t x) = ug(t, )™
As K increases up to G, u — uy satisfies the hypotheses of the Primary
Lemma, since for any compact set C,
lu — ugllea =0 forK S C.

Now, u(t A\ 7y, z(t A\ 7)) is a martingale for every compact H. Since the
2’s are paths in DY[0, 1], supy Ty = oo. Letting H1G, the uniform bounded-
ness of u implies that u(¢, z(#)) is a martingale on [0, 1].

LEMMA 13. u(t, x) is unique. That is, if u(t, x) and v(t, x) are solutions of TP
for a given T and f, then u = v.

ProOF. The difference A = u — v is a solution of TP on [0, T] X G with

f = 0. So A(t, z(?)) is a martingale for any measure R corresponding to L, as
in Lemma 8. For R(z(s) = x) = 1,

A(s, x) = <A(0, 2(0))> = <A(T, 2(T))> = {f(2(T))> = 0.

LEMMA 14. Let R, and R, be two measures such that for some starting pair
(s, x),j =12

LR{z(s)=x} =1

2. For every fin C;°,

) = ['LE) () ds

is a martingale relative to (both of the) R;.
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Then

(f(z(T))),= (f(z(T))),
for every fin C®ands < T < 1.

PrROOF. As in Lemma 13,

(F((T))),= (u(T, 2(T))),= (4(0, 2(0))),= u(s, x).
Since compact sets generate the Borel sets of G,

(Xa(2(T))), = 7(s, x, T, 4)

is well defined for every s, x, T and 4. The theorem will follow from the fact
that R determines a Markov process with uniquely determined transition
probabilities 7 (s, x, T, A).

THEOREM. R is unique.

Proor. Theorems 2.1 and 3.1 of [8a] imply that for any ¢ in [0, 1] and
u(t, x) a solution of TP, there is a regular conditional probability AJ on [0, 1].
This implies that z(f) is a Markov process: for T > o, AJ(z(T) € §) should
equal 7(a, z(0), T, S). For f in C{°, approximating compact S, as in Lemmas
13 and 14,

(F((T))= u(o, 2(0)) = {S((T)), 0y S
Take f’s, 0 < f < 1, converging to xs; then

(xs((T))= R((T) € SIE) = (xs(z(T), ., = 7(0: 2(0), T, 5)

as required.

REMARK. All of the above processes determined by B, A, M martingales
have independent increments, as is immediately seen since these are Markov
processes where the transition probabilities 7(s, x, f, xA) are independent of
x; equivalently, the generator L(¢) is spatially homogenous.

b. Uniqueness of Parameters Theorem.

THEOREM 1. Let z(?) be a process as in the characterization theorem such that
for every fin C°,a = 1,2,

F0) = [ L(@)] ()

are martingales relative to the (one) measure R on D€|0, 1].

L(dt) = f (r, -1- %cpj(z)&j)Ma (dt, dz)

+ 2 X &5, () + % £dBo (1)-
i

Then B, = B, A, = Ayand M, = M,.
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ProOF. By Lemma 1 of §a (the characterization theorem), the generators
can be assumed to be of the form L,(f) with corresponding densities b,, a,
and m,; a time change valid for both L’s at once can be effected by adding
the ¢’s for the individual generators together (see proof of Lemma 1, §a).

By Meyer’s uniqueness property for quasimartingales (cf. part 2¢, #1),

j(; ’Ll(s) f(z(s)) ds= j; th(s) f(z(s)) ds a.s. identically in ¢.

Pick {(#) such that R(Ny(,) > 0 for every neighborhood N;, of {(¢) in
D€[0, 1]. Since f4(L; — L,)(s) f(w(s)) ds is a bounded continuous functional
on DY|0, 1],

[r@s¢©) d=["L© (@) ds

for every fin C;°, identically in .
By Lebesgue’s Theorem on differentiating integrals,

Li(0f(E0) = L) f(§() ae.t
where the null set depends on f.
Since C;* is separable, a single null set E of #’s can be chosen that works
for all fin C°.
For t & E, choose f in C° such that f(x) = g({ ()~ 'x) with g identically
zero on a neighborhood of €. Then
Li(Df( () = [ g@m (1, dz) = L) (5 (1)) = [ 8(@)ma(s, de).

Thus, m,(¢, dx) = my(t, dz).
Now take

£(x)=¢(8(®)'x) and 5a(®) = 8,(8 (1) %), (5 (1) 'x).
Then

(Ll(t) - LZ(t))f;.aq ({ (t)) = 2(al.pq(t) - aZ.pq(t)) =0.
And

(Li(5) = Ly()) £(5(1)
= bl,i(t) + 2 2 p;{qal,pq(t) _bz,i(t) - 2 2 p]fqa2,pq(t)
P q F]
= by;(1) = by;(1) = 0.
LEMMA 1. Let z(¢) be a process determined by martingales of the form
EORIRICY IO

as in Theorem 1.
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Let b(t) be a continuous function of bounded variation.
Then for any f in C°,

Fz06(1) = [[AdsoL(d) 1 (=(5)b(s)) = [ 'g 5/ (2(5)b(s)) abi(s)
is @ martingale, where B (t) = b(t)~!, and
Ady(oL(ds)f(xb(s)) = [ f(xzb(s)) = f(xb(s))
= Do ()Adgo(§)/ (xb(s) M (&, d2)

+7 3 S Adyol6) Adyo(§)S(:6() - d4,()

+ % Adgo (6 ) S (xb(x))dBi(s)-

Proor. {b(¢), 0 < t < 1} is compact so that f(xb(f)) = u(¢, x) satisfies the
hypotheses of Lemma 11 of the preceding section in the case b(¢) is smooth.
Approximate b(¢) uniformly on [0, 1] by smooth b, such that the b, converge
weakly as measures on [0, 1] to db (cf. part 2a, #3). Martingales are
preserved in the limit.

Following Lemma 11, the term (9/9¢) f(z(s)b(s)) becomes
Z.&.f(2(s)b(s))db,(s) since the time differentiation applies just to the ‘b’
variable.

In applying L(ds), r, and the right derivatives apply just to the ‘x’ variable.
Setting g(x) = f(xb) yields

&(x) = Edt- of(Xbe’Adﬁe) = Adglf(xb), B=b""

LEMMA 2. Let z,(¢) and z,(t) be processes as in Lemma 1 corresponding to
functions By, A\, M, and B,, A,, M,, respectively. Suppose that z\(t) = z,()b(t)
in distribution for some continuous function b(t). Then b(t) is of bounded
variation.

PROOF. Let R, denote the measure on D €0, 1] corresponding to z,(#). For
any fin C;°,

(f(2(0)b(0)) = f(22()b()I1F,)
= (f(22()b (1) = f(22()b(NF,) +f(22(5)b(0)) — f(22(5)b(5))-
Then (see Lemma 1)
[ L1(d0)1(22(0)b(9)) do= [ AdgioLa(de) (22(0)b (1)
+f(2,(5)b (1)) — f(2,(s)b(s5)) as. R,



104 PHILIP FEINSILVER

For U a neighborhood of ¢, and

2
M= @+ lola) sp s [Addo] + 1),
0<t<1 1<iyj<d

]f(zz(s)b(t)) = f(22()b(5))| < Cllfllg2(D(2) — O(s))
for some constant C depending only on 4 and A, with ® a bounded increasing

function. This holds a.s. R,. Now consider E, = {x: Ry(z(t) € N,) > 0 for
every neighborhood of x, N, }. By continuity of f,

sup | (xb (1) = S(b(@)] < Cfllex(2(1) = B(s)).

Since G is second countable, E, is nonempty for every ¢.
Given fin C°,and 0 < s < ¢ < 1, take x in E,. Then

|7(6(6)) = F(5(s))] =|F(x~xb (1) = £(x~"xb(s))|
= £ (xb() = £ (xb(s))] < C- I fllc2(2(2) — 2(5))
= C- [fllc2(®@(2) = @(s)),

where f,(z) = f(x~'2) is in C2.
Thus, b(¢) is of bounded variation (see part 2a, #3).

THEOREM 2. Let z,(t) and z,(f) be processes determined by martingales
corresponding to parameters B, A;, M, and B,, A;, M,, respectively. Suppose
that z,(t) = z,(1)b(¢) in distribution for some continuous function b(t).

Then: )

1. M (dt, dx) = My(dt, b(8)dxb(H)™1).

2.dA (1) = Adp(,dA,(DAd,.

3. b(t) must be of bounded variation and

dBy, (1) = 2 AdgydB,, (1) + dby(1)
j

+ f (¢k(z) -2 @(b(t)zb(t)")Ad;;i(,)) - M, (at, dz).
J

ProoF. Apply Lemma 2, Lemma 1 and Theorem 1.
1. Note that, substituting z — b(s)zb(s)~},

[ 1(x2b(s)) = £(xb(5)) = Z ¢(2)Adgeof§) S (xB(s)) - My (ds, d)

= [ £(xb(s)z) = f(xb(5))
— S 6,(b(5)2b(5) ") Ad g (§) S (xb(s)) My (ds, b(s)dzb(s)™").
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§EdA, ;(1) = 2 2 Adp(:) (t)dAZ,kl(t)'

3. The last term is the correction for # 1. Observe that the integrand in this
last term is uniformly bounded and is of second order in z at e.

5. Limit theorem for uniformly small variables.

a. The set-up. For each n > 0, n random elements X, with corresponding
distributions F,; are given. The family X,; satisfies:

1. Independence—for fixed n, X,;, 1 < j < n are independent.

2. Uniform smallness—for every neighborhood of ¢, U,

max P(X, EU)=0.

"—’°° 1<j<n

Define the means m,; by the equation

9u(my) = [ 6u(x) dFy ().

They are well-defined elements of G, in fact of W, for n sufficiently large,
since
max | ()| < max [¢(u)| + max |¢(x)| -P(X,; € U).
1<k<d
Thus ¢(m,;) € ¢(W) for all large n; and m,; are uniformly close to ¢ as
n — 0. Define mean functions
[ne]
mn(t) = H mnj’ mn(o) =5
j=1
and covariance step-functions
[ne]
AJ6 U) = 3 [ (60 = 2ma)) (@) = 4(m0) - 4F,

A4;0,U)=0.
Note that 4"(¢, U) — A" (s, U) are positive semidefinite matrices for all
0 < s <t<1,andthat
|47 (8, U) — A4 (s, U))|
E(A,.,. (L U)+ 47 (L, U) =4 (s, U) — 47 (s, U))

for s < ¢. The mean and covariance determine the Gaussian part of the limit
process.

The measure functions
[nr]
M,(1,dx) = 3 F,,(dx)
j=1
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determine the jumps of the limit process.
The centered variables

. . -1
Y, = X,v-m,,'j'l and Z, = m,,(']—;—l-))’,um,,( J ; ! )
correspond to ‘infinitesimal’ and ‘macro’ centerings, respectively. Denote the
distribution of Y, by G.
Approximating processes are
[ni] [nd]
xn(t) = H an’ yn(t) = H Yty'
Jj=1 Jj=1
and
[ne]
zn(t) = xn(t)mn(’)-l= ‘III an'
jm
. These correspond, respectively, to measures P,, Q,, and R, on D°[0, 1].
Hypotheses for convergence are the following:
1. m, () converges to m(¢) uniformly on [0, 1].
2. M,(t, dx) converges weakly, uniformly on [0, 1], to M (¢, dx), a measure
function, in the sense that

f FOM, (1, dx) - f F(x)M (t, dx)

for any bounded continuous f that vanishes identically on a neighborhood of
e

3. A7 (t, U) converges to A;(t, U) uniformly on [0, 1] for some neigh-
borhood of ¢, U, that is a continuity set of M (1, dx) and which a fortiori is a
continuity set for all M (¢,dx),0 < ¢t < 1.

PRELIMINARY LEMMAS.

1. m(¢) is continuous.

2. M (t, dx) is a Lévy measure function.
3. A(t, U) is of the form

A0+ { [ a0090m (e a0

Jor a covariance function A(¢).

PROOF. 1. Since the increments m,, are uniformly near ¢ as n — o, and
m, (t) converges uniformly to m(f), m(¢) is continuous.

2. Let U be any neighborhood of ¢; U C V a fixed neighborhood. Set
s(x) = 29_,¢(x). Then
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f& s(X)M, (1, dx) < fu s(x)M, (1, dx) = ( fU S+ fu ’;)(s(x)Mn(l, dx))

<trd, (1, V) + 2( ]gll?i(n]@(m,,k)l)

1<,<d
(1 + max|e(x)|)6, (1, U) + f’;s(x)M,,(l, dx).

By uniform smallness of m,, and convergence of M,(t, dx), letting n — oo
first,
SCIM (0, dx) < tr (L, V) +fs(x)M(1 dx),
Ul{e
since the right-hand side is independent of U c V.

Continuity of M(t, dx) follows by uniform convergence of M, (t, dx),
similar to the proof for m(¢).

3. Continuity of A(¢, U) follows by uniform convergence, similar to the
proof for m(z). Then continuity of 4 (¢) will follow from that of 4(z, U) and
M(t,dx). Let N c U, N an M(1, dx) continuity neighborhood of ¢.

A,(t, U) — 4,(t, N) converges to { un®i(x)¢;(x)M (¢, dx)}. Thus, the limit

4, V) = { [ 0M dx)}

is independent of U for all sufficiently small continuity neighborhoods U of e.
Call the common limit A4 (¢). Then since M (¢, dx) is a Levy measure function,
AQ) =1ty (o4, U) is a covariance function, positive-definiteness being
preserved in the limits n — o0, U {e}.

b. Compactness for { y,(1)}.

LEMMA 1. Let f be in Ck°°. Define

nt is an integer,
Jn() = [ nt] + 1)/n, nt not an integer.

Then, with respect to Q,, the process

(1) = £ (7a(a()))

(1)
k-1
= 3 [1{n( 551 )s) - o[ &
is a martingale relative to the o-fields F, ), where ¥, = {w(s), 0 < s < t,
w € DY[0, 1]).
Proor. For (j = 1)/n <t < j/n,(j=2)/n<s< (- 1)/n,

) G ()
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(1 (2) = B ()N F00) =f(yn( % ))“g‘f“”/"— f(y"( - ))

n

—ff(y,.( j; 1 )y) —f(yn(j;—l))°dan(y) =0

by independence of Y,; and Y, ;_,. For j = 1)/n<s <t < j/n, p,(t) =
&, (s) so their difference is zero.

LEMMA 2. Compactness inequality for {y,}. Let V. C W be a neighborhood of
€. Then, as in Lemma 3 of part 4,
nT,+ns,

0 (Vv < 81|F,) <sup X sup
T.x nT,+1 Y

[ (1) = £y (¥) - 4G ()

for every stopping time o <1, where T, = j(T), 8, =j,(8), f,(2)=
Sfy(x™'2).

PROOF. Same as in Lemma 3 of part 4.

Denote the expression in the right-hand side of the compactness inequality
for x = ¢ by Z(fy, n, 8, T). The compactness lemma of part 2b, #1 shows
that the following imply compactness.

1 1tslt sup, o, 2(fy» n, 8, T) = 0.

2.

Qn (y(o)_ly(TyO(O)U) € é; (Tyo(O)U < 1)”(’}0) < G,,(C),

where lte, 1t sup,_, &,(C) = 0.
In 1, uniformity in x is assured since f,, are translates of f,, so estimates
for f,,, at x correspond to those for f,, ate.

LeEMMA 3. Compactness for y,(t). The family { y,(t)} is weakly compact.

Proor. For a function f in C;°, denote a bound for f and its derivatives
through third order by || f||. Here f = f,..
Consider a typical term in 2(f,, n, 8, T') of the form

[0 = £(¥)- Gy ()

For clarity denote m,, by m, dG,, and dF,,, respectively, by dG and dF, and
introduce the function g(u) = f(Yu). The estimates below will hold uniformly
in Y.

Then

sup
Y

[8(y) — 8(e)- 4G (») = [ g(xm™") = g(e) - dF ().

Using Taylor’s expansion (part 2a, #2) for x, m € U, expand around m and
rearrange to get
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£ 3 [, 7e6l809 = 6m][400 — 40m]-dF e

+ [ RGem S [60) = a(m)]* dF (x)

+ [L80m™) = 8() = Say(@(x) = () dF (x)

+f;ai(4’i(x) — ¢;(m)) dF (x)

= (1) + (2) + (3) + zero by definition of m.
Note that

o = g('xm_l)lx-m’ aq'j = g(xm—l)lx-m;

82
a¢l a(',)l a(kl
these a’s being bounded in absolute value by | f]|. U is taken to be a
continuity set of M (1, dx).

Now consider a sum of such terms from K = nT, + 1 to nT, + nd,. As
n — 0, (2), the remainder term, is bounded by

(x,il:lgUIR ( m){)(gA”(T + 6, U) — Ay(T, U))

< (xfnugulR (x, m)|)(trA(1) + 2 fu¢,.2(x)M(1, dx)),

which goes to zero as U shrinks to {e}. Choose U small to control these
terms. For the (1) terms, It sup as n — oo is bounded by

11 - (ZA,.,.(T+ 8, U) — A,(T, U)) = |Ifll - (tr A(T + 8) — tr A(T))
+ [ Se2(x)[M(T + 8, dx) — M(T, dx)],
v Jj

which goes to zero with § uniformly in 7.
The (3) terms, as n — oo, are bounded by

QIS+ 2419l 1FID[M(T + 8, U) = M(T, U)],

which goes to zero with 8 uniformly in 7.

So condition 1 holds. For condition 2, take C = UK for K a compact set
containing U.

Then
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0, (y(o)_'y(”y°(a)u) € C; (v < DIIF,)
< Q,(» () has a jump > size of K)
< M,(1,K).

Taking It sup as n — o0, K can be taken large enough to make the right-hand
side arbitrarily near zero, by weak convergence of the M, (1, dx).
Now to see what the martingales associated with y(¢) are.

LEMMA 4. Martingales for y(t). Let y(¢) be any limit point of { y,(t)}. For any
fECS

ORFEIORY N RBFCOVES(EI0)
— 2 6(0&f((5)) - M (s, dy)
J
3 [ 3(8 - Sots )0yt
J
is a martingale.

Proor. Referring to the above proof, now with an arbitrary f in C;°, the
martingales p, (f) equal

S(a() -:Eflff(y,.( & — : )y) —f(y,,( k—g—l )) - dG, (¥)
=10, - 5 | (Bt pemst) = s 55))

- 2 off ($:(x) — ¢i(mu)) - dF (%)

+3 J,Z S () - amo)
- (G05) ~ $(m) dF ()

+ [ R0y m) S0 = 6m) dFu (3)
U i

=f(yn(tn)) _[Bn(t’ U) + Cn(t’ U) + Rn(t’ U)]’
where
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_. "o 3 (k—l) -1
tn Jn(t)’ (L7 a¢i (yn n XM,

and

09?2 ( k—1 -
al = f y,,( )xm ')
T3¢0 n " emm,
First let n— oo, then let U shrink to {e} via M (1, dx)-continuity sets. The
above proof shows that It sup,_ . R,(?, U) goes to zero as U shrinks. Note

that the B and C terms are Riemann sums approximating integrals. B, (¢, U)
becomes

fo ’ fl}f(y(s)y) —S06) ~ Za0 () M(ds, )

as U shrinks to {e}, the y-integral extends over the set G — {€}. And (see part
2a, #2) C,(t, U) converges to

% fotz ? (»5,.5, - %pk"'ﬁk )f (r(s)- [dA,.j(s) + fu &;(x)¢;(x) M (ds, dx) ]

The M term goes to zero as U shrinks to {&}.

To prove the martingale property, proceed as in the proof of Lemma 4 of
part 4. For each n, consider u,(#) as a functional of the paths in DC[0, 1].
These are uniformly bounded, since as n — oo they are bounded by

1A+ (ufn [224080) MO &) + QU+ A DM, V))

+2d% ) (1 + max|o]) - tr 4(1).

PROPOSITION. For any bounded continuous functional ¢ on DC[0, 1],
{ou, (1)), converges to {pu(t)) along any subsequence such that the correspond-
ing measures converge.

PROOF. p,(?) consists of two parts, f(y,(j,(?))) and the integral terms.
F( U, (9)) converges to f(y(#)) uniformly on any set of functions in DC[0, 1]
that are continuous at ¢ and contained in some compact set of DC[0, 1]. So it
is sufficient to check that Q (y: f(¥(?)) is not continuous at y) = zero. This
follows by stochastic continuity of y as in the proof of Lemma 4, part 4. The
integral terms converge uniformly on compact sets of D ¢[0, 1], first as n — oo
(part 2b, #4), and then as U shrinks to {e}.

To apply the proposition, again note that the martingale property (p(9)||%,)
= p(s) is equivalent to {u(?)¢,» = {pu(s)¢,» for every bounded, continuous
%,-measurable ¢, while &, C G (, so that {,()¢,>, = { p,(s)¢,V, since p, is
in fact a martingale.
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By the proposition, {p,(f)¢,», converges to {u(f)¢,» and {p,(s)d,>, to
{ u(s)g,» so that these are equal too.

The processes {y,} are compact and any limit point has associated
martingales. The Martingale Characterization Theorem now implies there is a
unique limit that is a stochastically continuous process with independent
increments. (See end of the next section.)

c. Compactness for {z,(t)}. The approximating processes z,(f) =
x,()m, ()~ ! are related to y,(f) by the equations

i—1 i—1 -1 [ne]
zZ,= m,,( -j-;l— )Y,,jm,,( -{7— ) and z,(¢)= Hl Z,.
J-

Like Y,;, Z,; are independent, 1 < j < n, for each n so that the following is

immediate (see Lemma 1).

LEMMA 5. Let f be in C°. Then, for every n,

W0 =500 -2 [ 1(a(551):)

"f(zn('k;—l))-dGnk(m,,( R ))

is a martingale.

The proof of compactness for {z,} is exactly parallel to that for {y,}
except that the typical term to be estimated is of the form

ff(zn( k-1 )z) —f(z,.( kol )).dG,,k(mn“(k_E_l.)zmn(%))
= [ f(gmem™") = £(§)- 4G (2),

denoting z,((k — 1)/n) by ¢, m,((k —1)/n) by m and G, by G. It is
important to note here that m denotes the cumulative mean function up to
time (k — 1)/n and so may not become infinitesimal as n — oo.

Note also the following;:

LEMMA 6. Preservation of neighborhoods. Let (¢, W) be the standard
coordinate patch. Let K be any compact set. For any set S, denote the set
{k~'sk: k € K, s € S} by K~'SK. Let V be a given neighborhood of e. Then:

1. There is a neighborhood of ¢, N, such that K ~'NK ¢ W.And K~'N'K C
W for any N’ C N; these shrink to {€} with N'.

2. There is a neighborhood of e, N", such that N" c K ~'VK.

PROOF. 1. Suppose x, — € and there are points k, in K such that k" !x,k, is
not in W. By compactness of K, choose a subsequence of k, converging to k.
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Then along that subsequence, &, 'x,k, converges to ¢, a contradiction.

Once in W, the shrinking of these neighborhoods can be controlled in
terms of coordinates.

2. Infact, K~'WK = U xk ™ "Wk is open and contains ¢ since ¥ does.

Note particularly that K = {m,(¢), m(#)},0<,<1 is compact by uniform
convergence of m, (7).

Recalling the { y,} case, the following can be taken together.

LeMMA 7. Compactness of {z,(1)}. The family {z,(t)} is weakly compact.
LemMMA 8. Martingales for z(t). For z(f) any limit point of {z,(t)} and
fFEeCe,
r(0) =50 = [ SEEmEm)™)

~1(2(5)) = S (2 (s)f(2(5)) - M (ds, d)
J

-1 fotz 2 (m(s)’b(S) > P;?'nk(s))f (2(5)) - ddy(s)

is a martingale, where n,(s) = Ad,, &

Proor. The proofs are essentially the same as for {y,} noting the follow-
ing:

1. The auxiliary function g(u) = f({mum~"). To compute its derivatives in
terms of f, use the adjoint mappings as follows:

gg(s) = % lof(§mzel€m_l)lz=e= :;it of(gmetem_l)

= G | St = Ad (o).

Similarly,
££,8(e) = Ad,(§,)Ad,(6) (%)

So all derivatives ‘¢’ become ‘Ad,£.
Recall that

d
Ad,f =D AdYE,.
k=1

These numbers are uniformly bounded in all indices since the m’s are in a
compact set and Ad,, depends smoothly on m.

2. Estimates for {z,} are thus the same as for {,} since the Ad terms
introduce finite sums with uniformly bounded coefficients. Lemma 6 allows
validity of the Taylor expansion and precludes extimates depending on U
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from being affected by the inner automorphisms involved.
3. Referring to Lemma 4, ‘B,’ and ‘C,” terms determined the limiting
martingales. For z(7) : B, terms:

S [1{a( 552 ) 552 Jamaim(52) )

_f(zn( k1 )) - igdl oz $;(2) - dF, (2)

n
becomes
folfa—{e}f(z(s)m(s)z’"(s)_l) - f(z(s))
d
= 2 4 () M(ds, ).
C, terms:

) [2 2 Sap[o) - 6:m][8(x) = (m)] - dFuc(x)
i J
becomes
L3 = 2 (16016 - 06 1:6) - a4, )
0 i j k

Writing the Ad’s as matrices and rearranging second order terms yields the
following expression for »(7):

1O = [ f(zsms)em(s)™) - ()
0 YG—{e}
= 3 So@AkS () M (&, &)

-3 [ 380 a0

+ % j; t; ? % gpéjAdff(s)ﬁlf (2(5)) - dd(s),

where dC (t) = Ad,,,dA(H)Ady,,

The characterization theorem implies convergence of z,(#) to z(¢) which is
stochastically continuous and has independent increments. For observe that
the limiting processes y(¢) and z() are exactly of the type considered in that
theorem. The ‘Y’ martingales are a special case of the ‘z’ martingales with
m(?) identically equal to ¢, and for z(¢) with parameters (m, 4, M):
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CORS N RPRICODENCO)
=~ S48/ (=) N (ds, &)

L[S S8/ 46,09

- [ Ses () dBe(s)
0 k

isa martingale for every f in C°, where since
N(at, dz) = M(dt, m(t)”'dzm(1)),
then N (¢, dz) is a Lévy measure function,
dC (1) = Ad,,(dA (t)Ad},

implies C (?) is a covariance function, and

1 i
dBk (t) = -2_ 2 2 ZIP[jAd,I:,I(,)dAy([)
i

+ {e}(%(z) - §@(m(t)"zm(z))Ad,':{m)N(dt, dz)

yields B(¢) as a function of bounded variation; note that the integrand is
uniformly bounded in # and z and is of second order in z at e.
The following is now immediate.

LeMMA 9. Convergence of x,,(t). The family {x,(f)} is compact and converges
to the process x(t) corresponding to the limit z(t) of {z,(f)} such that x(t) =
z(O)m(?), in distribution. x(t) is a stochastically continuous process with inde-
pendent increments.

LeEMMA 10. Uniqueness of the representation x(t) = z(f)m(t). Suppose x(t) =
z,(H)my(?) and also x(t) = z,(t)my(?), in distribution, where z, and z, are as
above, with parameters (m;, A;, M,) and (m,, A5, M), respectively. Then m, =
my A, = Ay,and M, = M,.

PRrOOF. Since z,(£)m,(t) = z,()my(0),

2,(t) = z(Ymy(t)my (1)~ = 2,(D)b(1)
where b(f) is continuous. As seen above, in standard form, the z martingales
are determined by functions B, C, and N where

1. N(dt, dx) = M (dt, m(£)~ 'dxm(1));

2.dC (1) = Ad,,(,)dA (DA},
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@B, ()= 3 3 S S ol Adtfudd, ()
+ f (¢k(z) - 2¢,(m(t)"zm(t))Ad’;{(,))N(dt, dz).
J

These B, C, N are the ‘B, A, M’ of the Uniqueness of Parameters Theorem.
Thus:

1. N\(dt, dx) = Ny(dt, b(t)dxb(£)™ ).
2.dC\(¢) = AdgdCy()Ad} .
3. b(?) is of bounded variation and

dB, (1) = 2 Adéj(!)dBZj (1) + ab(7)
J

+ f (¢k(2) -2 dy(b(t)zb(t)")Adgf(,))N, (dt, dz).

Let p(2) = m(s)~".
1. My(dt, dx) = My(dt, dx).

2.
dAl(t) = Adm(,)dC, (I)Ad:l(,)
= Ad,,;,(l)AdB(t)dcz (t)AdE (,)Ad:l(,)
= Adh(,)dCZ (t)Ad:z(,) = dAz(I).
3.

1 . - .
dBlk (t) = 5 2 Adl[?(l) g E g psq Ad{:z(t)dAZ,qr(t)
Jj r

t2 J (Ad§j<r><ib(2) - %%(’"z(f)“'zmz(t))Adﬁ’(oAd’ﬂzm)
M, (dt, my(£) ™ 'dzmy (1)) + dby (1)
+ f (cpk(z) —% qu(b(y)zzb(z)'‘)Ad;f(,,)zv2 (dt, b(t)dzb(r)™")
= dB,, (1) + db(?).
So db(r) = 0. b, thus being constant, identically equals b(0) =

my(0)m,(0)~! = e. And m,(t) = m,(¢). This completes the proof of the limit
theorem.
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6. Representation theorem for processes with independent increments. Let
z(f) be a given stochastically continuous process with independent incre-
ments. To get a representation z(f)m(¢) for x(t), define

R

Since x(f) is stochastically continuous, uniformly on [0, 1], the X,; are
uniformly small variables and the approximating processes x,(f) are weakly
convergent to x(f). What is needed is the convergence of the mean functions,
covariance step-functions and measure-functions to limiting parameters
(m, A, M). (Notation will be as in the limit theorem.)

Since these approximating parameters are step-functions, compactness will
follow from the equicontinuity conditions:

1. m,(0) = e. For every U, there are § > 0 and N > 0 such that n > N
and |s — #| < & implies m,(s)~'m,(¢) is in U,.

2. M,(0, dx) = 0. M, (¢, dx) restricted to U, satisfies:

It Itsup sup
8l0 n—co [s—1]<8

It ltsup sup M, (¢, K ) =0; K’s compact. )
K1G n—»o 0<r<1

M, (1, 0y) = M, (s, 0y)| = 0. (1)

3.4,(0, Uy = 0.

It Itsup sup |4,,(t, Us) — A4,.(s, U3)| =0,
5 t sup 1:—1|p<6| (6 Us) (S Us)|

where U,, U, and U, are given neighborhoods of e.

A symmetric neighborhood of ¢, U, is of the form V'~V = {v"w: v, w €
V'} for some neighborhood of ¢, V. And any neighborhood of ¢ contains a
symmetric neighborhood of .

Note that it is sufficient for the above to consider the limits with ¢ > s and
the U’s symmetric neighborhoods.

LEMMA 1. Let C be a neighborhood of €. For M,(t, dx) restricted to U:

1. M, (¢, dx) are equicontinuous.

2. 1tgq6lt sup, ., SUpo< <1 M, (2, K)=0.

3. Along a subsequence, [f(x)M,(t,dx) converges for every bounded
continuous f that is identically zero on U.

PROOF. 1. U can be taken to be of the form ¥ ~!V, as noted above. Then
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|M, (¢t + b, U) = M,(1, 0)|

= 3 P(x,€U0)<-Zlog(l - P(X, €U))
t<j/n<t+h

= —logHP(X,,j €U)=—logP(allX, € U;t<j/n<t+h)
J

<517{p("108 P(rarw > h”qr)),

since if all x(k/n) are in x(j/n)V, k > j, then all increments x((k —
1)/n)~'x(k/n) are in U,

= sx;p.(—-log(l - P('TxT(T)y < h”gr)))a

which goes to zero with A by stochastic continuity of x(?).
2. Similarly, assuming K is of the form C ~!C for a compact set C,

~ ~ n -~
sup M,(t,K) < M,(1,K)=3 P(X, €K)
j=1

0<<1
< —log(1 = P(12 < 1)),

which goes to zero as C1G.
3.Fort > s,

[5G0y (1 ) = M, s, )| < sup | [M (0 O) = My (5, 0),

so [f(x)M,(t, dx) are equicontinuous. Choosing a countable dense set of f’s,
diagonalization yields a universal subsequence for convergence.

LEMMA 2. 1. m,(t) are equicontinuous.
2. k,(¢) = A,(t, U) are equicontinuous for any neighborhood of ¢, U.

Proor. First, by the remark preceding Lemma 1, translating the parameters
so that any starting time can be assumed to be zero is sufficient.

Observe that regardless of the boundedness of m,(f), the increments m,,;
are uniformly small (as in the limit theorem). Define T} to be the first time
(nonrandom) that m,(¢) exits from ¥V, for ¥ a neighborhood of & with V
compact. Then a subsequence of m,(T}) converges to an element of V (this
holds even if m,(f) does not exit from V, i.e.,, Tj = 00). It can be assumed
also that, for n large, m,(T}) is in V2

Next note that equicontinuity of A4,(, U) is equivalent to that of
tr 4,(¢, U). And set k,(¢) = tr A,(¢, U). For § > 0, denote by Sy the first
time k,(¢) > §; setting Sy’ = oo if k,(f) < §, 0 < ¢ < 1. Also, the increments
of k,(?) are uniformly small, so a subsequence of k,(Sy) converges to & as
n — oo0. And it can be assumed that k,(S3') < 28 for n large.
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Suppose m,(f) and/or k,(¢) are not equicontinuous. Then there are ¥V, a
symmetric neighborhood of ¢ and/or § > 0 such that ¢, = T A S§' con-
verges to zero. Infinitely often, either:

(@ge,= Ty, or

® o, = S;.

Case (a). k,(f) <28 on 0< t < g, = T} < S§. k,(?) is a nonnegative,
increasing step-function. Choose an increasing mapping y,,(¢); [0, 1] [0, o,]
such that, for s < ¢, k,({,(?) — k,(¥,(s)) < 46(t — s). Then k, ° ¢, are
equicontinuous on [0, 1]. Along a subsequence, “the measure functions
M, (¢, dx) converge to an M (1, dx) (away from ¢); in fact, since y,,(1) - 0, by
Lemma 2, M,({,(?), dx) < M,(y,(1), dx) converges to zero uniformly on
[0, 1]. The estimates for compactness of z,(y,(#)) hold since {m,(2)},~00<:<1
is contained in a compact set. Choose a subsequence such that z,(y,(?)
converges to z(#). Then x, (Y, (1) = 2,(Y())m, ($,,(1)) implies that m, (,(1))
is compact (as a set of functions) since x,(y,(?)) and z,({,(?)) are weakly
compact. And along an appropriate subsequence, x,(Y,(?)) - x(0) =
z(t)m(t), where m(f) is continuous by stochastic continuity of z(#). Further-
more, x(0) has the unique representation with parameters (¢, 0, 0). So m(7) =
e. But m(1) = 1t,_,  m,(T}) is on 3V, contradiction.

Case (b). Just as for case (a), ¥, [0, 11— [0, 6,] can be chosen such that
k,(¢,(1)) are equicontinuous yielding a representation x(0) = z(f)m(¢) with
parameters (m, A, M) = (¢,0,0). But trA(l, U) =1t k,(S5) =8 >0,
contradiction.

THEOREM. x(f) has a wunique representation z(f)m(t) with parameters
(m, A, M).

ProoF. For U a neighborhood of ¢, Lemma 2 implies that a subsequence of
M, (¢, dx) converges on U. Diagonalization yields a subsequence of M, (¢, dx)
converging on every U, for U; a sequence of neighborhoods decreasing to
{e). This determines M(#,dx). Lemmas 1 and 2 imply that along a
subsequence as n — o0, m, (), 4,(t, U), and M, (¢, dx) converge uniformly on
[0, 1]; U is chosen to be an M (1, dx)-continuity neighborhood. The limit
theorem applies to yield x(f) = z(f)m(f) with parameters (m, 4, M), since
x, (1) = z,(f)m, () converges to x(f) by construction.

ReMARK. Note that if m(f) is of bounded variation, the Uniqueness of
Parameters Theorem 2 implies that

Jx(0) = [ Ad L@ (<) ~ [ Z8S(x(5)) dmi(s)

is a martingale for every f in C°, where L(ds) is the generator for z(f) and
p(t) = m(1)~!
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Sy - f

0

’j;;- {e}f(z(s)m(s)z’" (5)7'm(s)) = f(x(s))

- S A4 (x(5) - M (@5, )
=2 2 ZAomAdon ) (x() - dty(0)
+ [/ 2(2 Soteay (0 - am))Adom1(:0)

=) = [ f, Sx6x) = Sx(5)
= S48/ () M (a5, )

-3 [S g(s,z,- - S0l ) F(x(s) - 4,5

t
- [, 2eSx6)dm(s)
is a martingale for every f in C°, since

Ad,( (1) = Ad,(hAd,(pE = Ad,(ymnt = &

CoROLLARY. Every stochastically continuous process with independent incre-
ments is the weak limit of processes determined by martingales.

PrOOF. Let x(f) have the representation z(f)m(f). Approximate m(r)
uniformly on [0, 1] by smooth m (?), so that x, () = z(f)m, () are determined
by martingales and converge to x(f) = z()m(?).
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