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ABSOLUTELY AREA MINIMIZING SINGULAR CONES

OF ARBITRARY CODIMENSION

BY

DAVID BINDSCHADLER

Abstract. The examples of area minimizing singular cones of codimension

one discovered by Bombieri, DeGiorgi and Guisti are generalized to

arbitrary codimension, thus filling a dimensional gap. Previously the only

nontrivial examples of singular area minimizing integral currents of codi-

mension other than one were obtained from holomorphic varieties and

hence of even codimension. Specifically, let S be the A^fold Cartesian

product of/»-dimensional spheres and C be the cone over S. We prove that

iorp sufficiently large, C is absolutely area minimizing. It follows from the

technique used that C restricted to the ball of radius Arl/2 is the unique

solution to the oriented Plateau problem with boundary S.

1. Introduction. In 1960 Fédérer and Fleming introduced integral currents

to prove existence of solutions to the oriented Plateau problem [FF]. Since

that time much effort has been aimed at understanding the structure of these

solutions. An important structural question is that of interior regularity. A

major obstacle to the study of this question has been the lack of nontrivial

examples where regularity fails. In [FI] Fédérer provided the first nontrivial

examples of singular solutions by showing that holomorphic varieties are

absolutely area minimizing. Subsequently, Fédérer proved that there exist

tangent cones at every interior point of a solution and that such cones are

themselves area minimizing [F2, 5.4.3]. Thus the search for types of

singularities is reduced to a search for area minimizing cones. Bombieri,

DeGiorgi, and Guisti provided the first nontrivial example of a singular

solution to the oriented Plateau problem that did not arise from a

holomorphic variety by showing that the cone over Sp X Sp c R2(p+1) is area

minimizing whenever p > 3 [BGG]. Lawson [L] and Simoes [S] exhibited

many more codimension one area minimizing cones of various topological

type. Here we give examples of area minimizing oriented cones of any

preassigned codimension greater than one.

Letp and A^ be positive integers with N > 3,

U = RN n [x:x, >0,/= l,...,N),
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and m: (R'+Y -> Clos U be defined by

»foi • • • »>v) - (N» • • • » M).
where y,- G R,'+1 for / = 1,..., A/. If L denotes the ray in RN extending from

the origin through (1,..., 1), then C=7r-I(L) is the cone through

w-1{(l,..., 1)} = (SP)N. Denote by ¥ the integrand of degree 1 which

assigns to a tangent vector at u G U its length times the Hausdorff Np-

dimensional measure of m~l{u). Generalizing the function used in [L] we

construct in §3 a closed 1-form q> which proves that L is ^ minimizing

provided N = 3 andp > 3, or N > 3 andp > (2(N - 1)1/2 - l)/(N - 2(N
— 1)1//2). Using the technique of [F3, 6.3], in §4 we lift q> to a flat cochain in

(RP+1)N which is used to show that C minimizes area with respect to both real

and integer coefficients provided alsop > N — 2. In particular it follows that

CLB(0, 1)^ is the unique area minimizing integral current with boundary

(Sp)N.
The bound on p given here is better than the one obtained in [B] and

announced in Notices Amer. Math. Soc. (24 (1977), A-ll, Abstract #77T-B8).

It implies that C minimizes area if N — 3 and p > 3, N — 4 and p > 5, or

N > 5 andp > N - 1.
I would like to express my gratitude to John E. Brothers for suggesting this

problem and for his many helpful comments.

2. Notation. The standard coordinate functions for RN will be denoted by

X', i = I,..., N. The Ar-dimensional spherical coordinate system for U is

the function

(p, 9\..., 9N~l ): ?7-»R+ X (0,m/2f~x

such that
JV-l

X1^pcos91,   XN = p II sin^',
J=i

i-i

X' = p cos 9' II sin 9J,       i = 2,..., N - 1.

We will also use 9' for the /th coordinate function on the cube (0,77/2)^"' c

Let x0 - (N~1/2,..., TV*-'/2) G U and 9>0 = 9'(x0), i = 1,..., N - 1.

Then

L = {x G t/: 9l (x) = 0¿, i = 1,..., N - 1}.

For 1 < j < A: < N - I, we use the notation
A: A:

S(j, k) = Jl sin 0',   C(/, Ac) = u cos 9'.
i=j i"j
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We will also use the conventions that if j < k, then S(k,j) = C(k,j) = 1

and if k > N - 1 or k < 1, sin 9k = cos 9k = 1.

For each positive integerp define Vp: £/-» R by

Vp(u) = %Np(m-\u}).

Then

Vp = (p + l)Na(p + l)N]I(Xi)P
j=i

= (p + l)*a(/> + l)NpNpC(l, N - F/) Ê sin"-^ J ,

where a(p + 1) denotes the volume of the unit (p + l)-ball.

Explanations of the remainder of the notation which we use can be found

in [F2], which contains an index of notation on pp. 670-671.

3. Basic computations.

3.1. Letv' and k be integers such that l<j<k<N— 1. Then

(N - k)cot 9% - tan 9% = 0. (1)

S(j + 1, k)2C(l,j - l)2C(y + 1, k)2((N -y)cos^ - sin2^)2

= (N -j)2S(j + 1, AV)2C(1, k)2+ S(j, k)2C(l,j - l)2C(j + 1, k)2

-(N-j+l)2S(j,k)2C(l,k)2. (2)

k k

*2(N- i)2S(i + I, k)2- *Z(N-i+ l)2S(i, k)2
í=i i=i

= (N- k)2- N2S(l,k)2. (3)

Proof. The proofs of statements (2) and (3) are straightforward. For the

proof of (1) one uses induction on k together with the observations

k-\

cos 91 = X ' (x0) = N~X'2,   cos 0O* u sin 9¿ = N ~x'2.
/-i

3.2. Let A ¥=0, B, C, and D be real numbers and H: [0, tt/2] -» R be given
by

H(9) = A cos29 sin29 + B sin29 + C cos29 + D.

If A < 0, |(C - B)/A| < 1 and cos 29x = (C - B)/A, then H attains its
minimum at 9X and

H(9X) = (4A)~\(A + B+ C)2- 4BC) + D.

Otherwise, H attains its minimum at 0 or ît/2.
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Proof. The result can be established by elementary calculus.

3.3. If y(- > 0, / = 1,..., k + 1, k < N - 2, then the minimum value of

the function G: (0,7r/2)* -» R, defined by

G = 2 Y,S(1, i - I)'2 cos-^'-f yk+xS(l, ky2,
/-i

is^'y//2)2.

Proof. It is easy to see that the function

C0 + C, cos-20 + C2 sin_20,       0 < 9 < ít/2,

has a minimum value of C0 + (C//2 + C2,/2)2 whenever Ct > 0, i = 0, 1, 2.

The result then follows by minimizing G with respect to each coordinate

function starting with 9k.

3.4. Theorem. If
(I) N = 3 Wp > 3, or

(II) N >3and

p > (2(N - if2 - 1)/ (N - 2(N - if2), (*)

then there exists <p G &l(U) such that

(l)d<p = 0,

(2)<p\L=Vpdp\L,
(3) \tp\(x) < Vp(x)for all x G U, with equality if and only if x G L.

Proof. Define h: [0,77/2]"- ' -> R and g: 1/-» R by

jv—i

h = C(l, N - I) II sin^-'Ö',   g(x) - ¿(01 (x),..., 0""1 (x)).
i = i

Let m0 = h(9¿,..., 9^~1y1- We will show that if (I) or (II) holds, then

there exists a /? such that

/=(Ap + l)-1pA)'+1Kg)^

satisfies

( Tp h%p~2sV> '" - V~Í $¡ )2< mlPpWPg7p (3'}

with equahty only on L. The theorem then follows with

<p = (p + l)Na(P + l)Nm¿pdf.

From

(■^j) = ((N -Ocot 9' -tan 0<> (4)

one deduces
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( M. \ . ß(Np + iyxm$pNp+y((N - Ocot 9' - tan 9').
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Then (3') becomes

m2pp2Npg2 p^'m^t

+ 2 S(l, i - l)~2ß2(Np + l)-2m2VV
i=i

•((N- /)cot 9i[- tan 9' f

or, equivalently,

0 < 1 - ß2(Np + iy2m2?-2ph2f>-2p

N-l

((Np + l)/ß)2 + 2 S (I, i - l)~2((N - i)cot 9' - tan 9')

Denote  the  right-hand  side  of  the  inequality  by  F and  note  that
F(9x,...,9^l) = 0.

We will now assume ß > p + 1. Then

hP-'C(l,N- iylS(l,N- iy\9\...,9N-l)->0

as any 9' tends to 0 or w/2. Hence F(0',..., 9N~X) -> 1 as any 9' tends to 0

or 77/2, so that it will suffice to find ß such that (9¿,..., 9"'*) is the only

critical point of F in (0,77/2)"" '•

Using (4) we obtain

dF/o9N~l =-2ß2(Np + l)-2mg,-*h2p-*(cot 9N~l - tan 9N~X )

\-2. -2
•S(l,N- l)~¿C(l,N- 1)

(0 - P)ß~\Np + l)2C(l, N - l)2S(l, N - I)2

N-l

-C(l,N-2) + 2 (ß-p)S(i+l,N-l)2C(l,i-l)2
/-i

•C(i + l,N- l)2((N - i)cos29' - sin2^f

Denoting the function in brackets by HN_X, we see that

(oF/a9N-1 )(9\ ..., 9N~l ) = 0 if and only if

0N-i m QN-i m „/40tHni yit tmmt 0N-i) = 0.

We now show that there is a ß >p + 1 such that HN_X does not vanish

wheneverp satisfies (*). By applying 3.1(2) and 3.1(3) we find
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HN-i-iß-F) ((?£j±j -N2)Jc(l,N-2fS(l,N-2)2

+ 2 S(i, N - 2)2C(l, i - l)2C(i +l,N- 2)2

N-2

2(=i

s2• sin^-'cos2^-1 + (ß-p- l)C(l, N - 2)2

= AN_ xsin29N- 'cos2^- ' + DN_,. (5)

According to 3.2 the only possible minima for this function of 9N~l occur at

0, 77/2 or 77/4- Since Hn-i > 0 at (9\ . . . , 9N~2, 0) and

(9X,..., 9N~2,77/2) we may assume HN_X attains its minimum when 9N~X
= 77/4. Hence

4,S*(1, N - 2)-2C(l, N - 2)~\ß -pylHN_x

>{^^~-)-N2 + Nt2S(l,i-iy2cos-29i

+ 4(l-(ß-Pyx)S(l,N-2y2

> ((Np + l)/ßf- N2 + (N - 2 + 2(1 - (ß -pylf2)2

by 3.3. Since ß > p + 1 this last expression is greater than ((Np + l)/ß)2 -
4N + 4. Now note that

n2

- n>/2((Np + l)/ß) - 4/V + 4 > 0   iiß<(Np + l)/2(N - 1)
and that there exists ß such that

(Np + l)/2(N - l)1/2> ß > p + 1

wheneverp > (20V - l)x'2 - l)/(N - 2(N - if2).
Assume inductively that

BF/B9J = 0   only when 9' - 9J0,      k<j < N-l.
Then by applying (4), 3.1(1)—3.1(3) again, we obtain

(dF/d9k)(9x,...,9k,9k+\...,9^x)

= -2ß2(Np + iy2(ß -p^nff-ttf?-7* ((N - k)cot 9k - tan 9k)Hk,

where hk(9x,..., 9k) = h(9\ ..., 9k, 9$+x,..., 9^~x) and

Hk = (^J1)2- N2 + k2S(l,i-iy2cos-29i

+ (i-(ß-Pyx)s(i,k- i)-2cos-^*

+ ((N - k)2 -(N- k)(ß - Pyx)s(i, ky2.
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From 3.3 and ß > p + 1 we infer

Hk>((Np + l)/ßf-N2

+(k -1 + (i - (ß -p)-')1/2 +(ov - k)2 -(N-k)(ß-Pyl)l/2f

>((Np + l)/ß)2 -N2 + (k-l + ((N- k)2 -(N- k))i/2)j2.

Observe (N - k)2 - (N - k) > (N - k - l)2, so that

Nk > ((Np + l)/ßf- 4N + 4>0.

By induction we conclude that whenever p satisfies (*) there is a ß such that

dF(9x,...,9N-x) = 0<^9i = 9¿,       i=l,...,N-l.

Thus (II) is proved.

Consider the special case N = 3. From (5) we have

H2(9X, 77/4) =\(ß -p)[(((3p + l)/ß)2 - ^cos^'sin^1 + sin2«1]

+ (ß-p- l)cos29x.

If a = ß — p, then

4H2(9X, 77/4) = a[((3p + I)/ (a + p)f - ojcos^'sin2^

-r-asin^1 + 4(a - l)cos20!.

By 3.2 either H2 > 0 or 4H2 attains a minimum value of

(4a[((3p + l)/(a+p))2-9])_1

• i(a[((3p + l)/(a+p)f - 9] + a + 4(a - ijf - I6a(a - 1)].

For a — (p + l)/2 the expression in the braces becomes — 16(a2 — a — I),

which is negative forp > 3. Thus H2 > 0 forp > 3.

Now compute

(dF/d9x)(9x,m/4)

= -2ß2 (3p + iy2m2^-2phf-2p (2 cot 9x - tan 9l )

■[(ß -p)(((3p + l)/ßf - 9) + (4(ß -p) - 2)sin~29x

+ (ß-p- ljcos-^1].

If we apply 3.3 and use a = (p + l)/2, then the minimum value of the

expression in the brackets is



230 DAVID BINDSCHADLER

a(((3p + l)/ßf - 9) + ((4a - 2)1/2 + (a - l)x/2f

= 2(a - l)x/2(4a - 2),/2- 3,

which is positive whenever p > 3.

3.5. Corollary. If N andp satisfy the hypotheses of 3.4 and

*: UX AR^R
i

is defined by

*(u,a) = XNp(m-l{u})\a\,

then Lq = %XL(L n U) A £i G 1^(17) is absolutely V minimizing, where £,(u)

- "/H
Proof. Let K be a compact subset of U and <p be as in 3.4. From 3.4(2)

L0LK(<p) -/     ¥.

Let g G I,(t/) be such that Q - L0LK G %X(U). Since 2,(£/) - ©,(£/),

3.4(1) implies g((p) = L0lK(cp). Use 3.4(3) to infer /e¥ > <2(<p). Thus

f     * = L0LK(<p) = Q(<p)<f<Ir.
JL0LK Jq

3.6. Remark. The current L0 is ¥ minimizing with respect to chains with

real coefficients. To see this take Q E.FX(U) such that M(Q) < oo and

Q - L0LK G Zx(U) and use the above argument to conclude

f     ¥ = inf[ f<ir:Q-L0LKeZx(U),M(Q)<ao}.
Jl^k [Jq )

4. The examples.

4.1. Notation. Let r denote the radial coordinate function in Rp+X — {0}.

Define ï0, ÏG S*(R'+1 - {0}) by

T0 =*dr   and   ï(y) = ((p + l)a(p + 1))_1|vf%(v).

Denote the p-vectorfield dual to ï0 by Y0 and note that Y0(y) spans the

tangent space of the sphere of radius |y\ at v. Also

Fooii - ((p + i)a(P + i))~vr/' ^ ¿T=o-
Defining 77: RWC+I>-»RW and Í7 as in §1, we denote X = m~x(U) and

S = Rn<.p+»-X and define

W      lO ifxGS.

Identify R"<*+» wjth (R'+y and let «y: RN<p+» -» R'+I be the projection
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onto theyth factor. Define

Q = 77?ÏA--- A^TGS^X).

Identifying

AT^^'with     0     ®(ATTjWR'+1)
Np 2,/t, = A>  ; = 1 V k, I

we define the Np vectorfield Y on X by

Y(x)=Y0(mx(x))®--- ®Y0(mN(x)).

Since Y0 is dual to T0, it is easy to see that Y is dual to ß0 = |Q|-1fl. Finally,
note that dQ, = 0 and

|o(*)l -[(? + i)«o» + i)V%(*)f' • • • M*)f
= (vp°m(x)yx=v(xyl.

4.2. Definition. By the oriented cone through (S")N C RN(-p+l\ we mean

the locally integral current C G I^+i(R"°'+,)) defined by the formula

C=DCa>+1Lt7-,(L)AIA^

where £ is the vectorfield |(x) = x/\x\.

4.3. Theorem. If N = 3 and p > 3, N = 4 and p > 5, or N > 5 and

p > N — I, then C is absolutely area minimizing. Moreover, for any compact

set K cRAr(p+1), CLK is the unique area minimizing integral current with

boundary d(CLK).

Proof. Note that if N andp satisfy any of the above conditions then they
satisfy the hypotheses of 3.4 andp > N — 2.

Let q> be as in 3.4 and define (p0 G &Np+l(X) by the formula

<Po = "" V A ß-
Let K be a compact subset of RN(-p+1\

From 3.4(2) we have

CL K(<p0) = [ <* A Y, 77»<p A ß> d%Np+x

= f a,m\)V~x d%Np+x
JKr\ir~x(L)

= [ (m(x)/\x\,cp(m(x)))V(xyx d%Np+x(x)

= /       ,     Vp(m(x))V(xyxd%Np+x(x)

= %Np+x(K n 77-'(L)) = M(CLK).
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Since %NÍP+X)~X(S) = O, <p0 satisfies [F3, 6.2(1), (II)]. Applying 4.1, 3.4(3)

and 3.4(1) we obtain

INI<IKM llßll= (M ° W <(vp ° *)F_1 = L
í/(p0 = 77*í/9 A ß - îtV A ¿ß = 0.

Thus [F3, 6.2(111)] is satisfied and we conclude that there exists a G

FNp+x(RN(p+'>) associated with <p0.

Let g G Iaí,+i(R"°'+1)) be such that

Q - CLK G 2^+1(R^+I)) = %+I(R^+,>).

Since tf<p0 = 0 we use [F3, 4.6(2)] to infer da = 0 and conclude a(Q — CLK)

= 0. Whenever p > N — 2 the dimension of 5 is less than Np + 1 and we see

that X^+'OS") = 0. Thus the form <p0 is continuous ||g|| almost everywhere

so that

ö(ß)-/<ß,*o><*|ß||

by [F3, p. 378]. Because ||<p0|| < 1,

M(ß) >f(Q, <p0> d\\Q\\= a(Q) = a(CLK) = M(CLK).

To prove uniqueness observe that equality holds above if and only if

spt Q c 77-I(L) - spt C. Since %Np+1(S) = 0 it will suffice to prove (Q -

CLK)\q)Np+l(X) = 0. Use [F3, 4.1.31] and the fact that B = X n spt C is a
connected (Np + l)-dimensional manifold to find s£R such that

(Q- CLK)-s(%Np+xLB)A£AY = 0.

However, spt(g — CLK) is bounded while

spt((%Np+xLB) AI A Y) = B

is not. Hence s = 0.

4.4. Remark. The cone C also mimmizes area with respect to chains with

real coefficients. To prove this fact the only change required in the proof of

4.3 is to take Q G FA),+i(RAr(*+I)) such that M(Q) < oo and Q - CLK G

z„,+1(R"('+1)).

References

[B] D. E. Bindschadler, Invariant and singular solutions to the Plateau problem in Riemannian

manifolds, Ph.D. Thesis, Indiana Univ., 1976.
[BGG] E. Bombieri, E. DeGiorgi and E. Guisti, Minimal cones and the Bernstein problem,

Invent. Math. 7 (1969), 243-268.
[FI] H. Fédérer, Some theorems on integral currents, Trans. Amer. Math. Soc. 117 (1965),

43-67.
[F2]_, Geometric measure theory, Springer-Verlag, New York, 1969.

[F3]_, Real flat chains, cochains and variational problems, Indiana J. Math. 24 (1974),

351-407.



AREA MINIMIZING SINGULAR CONES 233

[FF] H. Federer and W. H. Fleming, Normal and integral currents, Ann. of Math. (2) 72 (1960),

458-520.
[L] H. B. Lawson, The equivariant Plateau problem and interior regularity, Trans. Amer. Math.

Soc. 173 (1973), 231-249.
[S] Plinio Simoes, On a class of minimal cones in R", Bull. Amer. Math. Soc. 80 (1974),

488-^89.

Department of Mathematics, Wayne State University, Detroit, Michigan 48202


