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MAXIMA OF RANDOM ALGEBRAIC CURVES1
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M. DAS2 AND S. S. BHATT

Abstract. Let Xx, X2,..., Xn be a sequence of independent and identically

distributed random variables with common characteristic function

exp(- \Z\") where 0 < o < 2, and P(x) = '2'}Xkxk. Then we show that the
numbers Mn of maxima of the curves y = P(x) have expectation EMn ~ c

log n, as n -> oo, where c = c(a) = c¡(a) + c2(a) and

ircr J-co J0

\y-yf
\v-l\'

<xp(-y)4>,

c2(a) h /->r {( ,0-«-ir ) nrT^)exp("z) dz > do

1. Introduction. Let X0, Xx,..., X„ be a sequence of independent and

identically distributed random variables with a common characteristic

function exp(-|z|a) where 0 < a < 2, and P(x) = SqA^x*. The equation

y = P(x) defines an algebraic curve in the xy-plane corresponding to the

random coefficients (X0, Xu ..., Xn). We know from the works of Logan

and Shepp [7], [8] that the members of this family, on an average, will cross

the x-axis asymptotically 2fc0log n times when n is large, where

_    2     fK
~ it2a2 J-c

dx log
Ja

\x~y\

|x - If
exp(-y)^

Clearly the algebraic curve y = P(x) will have a number of maxima and

minima determined by its turning points. Of course, a curve will have at least

half as many maxima (minima) as it has crossings of the x-axis. We show that

the number Mn of maxima of the curves y = P(x) have expectation

EMn ~ c log n
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as n -» oo where c = c,(a) + c2(a) with

1

•n a   •'-oo

and

c2(«) = ~TZ r dv'log
7T a   -'-oo •'0

- \exp(-y)dy

r(l + o) I |0 - 1 - a\
- \zae\p(-z)dz

The case for a = 2, when the coefficients are normally distributed with

mean zero and variance unity, had been treated by one of us in [1]. It had

been found that outside the interval — 1 < x < 1, the number of maxima and

minima of these curves, on an average, does not differ substantially from the

number indicated by their axis-crossings, showing thereby that the

oscillations which do not cross the mean level y = 0 are to some extent

localised to the range — 1 < x < 1. This phenomenon, observed for the case

a = 2, will be seen to hold good for all a in 0 < a < 2 as well. As there, it

will further be shown here that most of the maxima and minima occur near

x = 1 and — 1, a fact which is true for the axis-crossings also.

We briefly discuss the coefficients c¡(a) and c2(a) below. To begin with,

c^a) may be expressed as

ma* Jo

where

and

{r(l + a) + (-)1+0y(i + a,v)}

y(l + a, x) = f Xe-'ta dt
Jo

T(\ + a,-v)

I«2 - M"

T(l + a, x) = T(l + a) - y(1 + a, x)

are the familiar incomplete Gamma functions. These shall further be expres-

sed in terms of the confluent hypergeometric functions

,P, (a, c; x) = $(a, c; x) = f¡ -rr2   ^7
(fl)„   xz

o   (')„    nl

with (a)0 = 1 and (a)„ = a(a + 1) ... (a + n - 1), in the form

(-)1+ay(l + a, - v) = (1 + a)~ V+a$(l + a, 2 + a; v),

and

T(l + a, v) = T(l + a) - (1 + a)~V+a$(l + a, 2 + a; -v).



MAXIMA OF RANDOM ALGEBRAIC CURVES 197

On integration by parts, the relation 0 < a < 2 yields the asymptotic esti-

mates (as v -> oo )

T(l + a, v) - e~v{va + etv"-1 + a(a - l)üa_2

+ a(a - \)(a - 2)va~3 + Ax(v)va-A},

y(l + a, - «)• (-l)'+a - ev{va - ava~l + a(a - l)üa~2

-a(a - l)(a - 2)va~3 + A2(v)va~A)

with \A¡(v)\ < 16. This shows that the expression for c¡(a) is

ci(«) = ~n f  logg(u)<fo
v a   Jo

where

g(v) = 1 + (a2 - a)/v2 + O (a/v4)       (v -» oo)

for a ¥= 1. When a = 1 (the Cauchy case) since $(2, 3; v) = 2(1 — exp(u) +

v exp(v))/v2, we find

c,(l) = ^ /o°°log[{l + W®(2> 3; o)} {1 - 1^(2, 3; -ü)}/|ü2 - 1|]

1      roo V —  1  + 2exp( —ü)l    r°°
= -/   log

ir •'o |c2-l|

=  2_ f00 _"  „2 J0        2 + (13

¿fo

dv = 0.185 .
l)exp(o)

on integration by parts and machine computation.

Now, c2(a) may be expressed as

c2(«) - Tí rdv loS
va   Jo

"1+2a{/,/2 + q(H + «-%/l + a(ïv)}KW2 + a{iv)

\v2 - (1 + af\a

where /„(x) and Äj,(x) are the usual Bessel functions of imaginary argument.

When we use the asymptotic estimates

*1/2t.(H~(?) '-"
a(\ + a)      a(a2 - 1)(2 + a)

1 + —:-- + —--i-- +
« 2ü2

a(l + a)      a(a2 - 1)(2 + a)
1-'- + —-T-- +

v 2v2

we find

c2(«) = -T-2r\ogh(v)dv
va   Jo
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where

«(1 - a2)
h(v) = 1 + + 0(f4)   as. oo for a ^ 1.

This shows that the integrands log g(v) and log h(v) are uniformly expansible

in power series in a for small positive a and we shall resort to these

techniques below. If a = 1, i.e. if the coefficients Xk have the Cauchy

distribution, the relations

,-•> \'/2/

:(!)-(£f[>-i~-K)
ensure

c2(l) = — f  dv log
V   Jo

v-2 + 2e-°(v + 2)

" V2 C 2(v + 2) l\v - 2)e° dv = °-269 • • *

on integration by parts and machine computation.

Next we discuss the behaviour of ct(a) and c2(a) as a -> 0. We shall use the

estimates

r(i +«) = »V*[l - (y + 21og 2)a + Í (V + ^ 2)   + ¿ >a* + .

T(l + 2a)/T(l + a) = 1 - ya + (\y2 + \v2)a2 + ...,

T(-l-2a)/T(-a) = -| + (l -{y)a - (2 - y + tf + iyy + ...,

$(1 + a, 2 + a;u) =- e°- 1 +
/£ /c — 1    vk\

I? ~^~ «a
0(1 + a, 2 + 2a; u) =-(1 + a)[ec1>(a, 2 + 2a; -ü) - $(a, 2 + 2a; ©)],

$(-a, - 2a; u) =i[e"0(-a, 1 - 2a; -v) + 0(-a, 1 - 2a; o)]

(Kummer's relations),
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íf/,1 _j_2_L_H     o*    ) 2
\Yv      2 " *-l     *     k+l) k   (k + iy. I*

+

+....

*(-«,l-2«;»,)-.l-(|A  St}«

-(IH-^Dîîih
Let

»-W-jf/^f1 <fr

.    1    Ü2   ,    1     V3   ,    1     Ü4   , I     vk   ,

= V+2  2\ + 3   3!+4   4!+"'" + *   i! +

. X(t)rv /\yi)

H s ft(ü) = I   —— dt
Ja     I

,    1     V2  ,    1     o3   , .    1     o*   ,

= V+2~2   2!+?   3!+-"+^   l!+---'

- < s     re'x(-<) ,f s/1 + i .     . iu sí
„=„(,).-j^ —7~ Ji = fl1 + 2 + -" + Äjfc   F'

on use of the identity

Thus

o$(l + a, 2 + a; 0) - e° - 1 + {ev - 1 - \(c)}a

-{X(ü)-Ju(ü)}a2+...,

c*(l + a, 2 + 2a; c) = ev - 1 + (ecA(-t>) - X(v) + 2ev - 2}a

+ {2evX(-v) - 2X(v) + ¡i(v) - ev¡i(-v) + v(v) - e°v(-v)}a2 + .. ...

2$(-a, - 2a; v) = ev + 1 - {evX(-v) + X(v)}a

- (/z(o) + evn(-v) + i>(v) + evv(-v)}a2 +-

These make
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ci(a) - "Tí P0^ (ü) + Ôi (ü)« + Ri C«)«2 +•••}*
7T a¿ Jo

c2(a) " -TI Pogí^Cf) + ß2(e)« + Ä2(o)o2 + ... } é>,
va   Jo

where P,(u) - 1 = P2(v),

Qxip) - ß2(t>) - -\(-ü)e° - X(v)e-°

+ log o(2 - e° - e-°) - y(e° + e~°) - logjl - v2\.

Now ¡oQ¡(v) dv = foQ2(v) dv = 0 on integration by parts and the use of the
estimates (as t; -> oo)

w_,.(i + x + i + ...), )lW_..(i. + 2 + ...),

A(-„)~log„-r-e-»(I- X -...j,

1 2
p(-ü)-2 0°S ü)     y log o - ...,    5 > -v(-v) > 1.

(For v > 0,

t>A(o) > e° - 1 - o + £,   v2n(v) > e° ~ I - £ .\

Thus

Ci(a)=¿ ri**{v) * 5 ô'2(u)] *+ °(a)

as a -» 0+, where now writing e, t, X, ë, X, p., ¡i in place of ev, log u, X(v), e~",

p.(v), p(—v) and X(—v) for short, we have

P,-e,2 = £(/ï-Ât + ê| + |-r^- + ^j-|£Ê(£-t-{-X-y)2

+ ëf/i ~ A< + ey + | + y + f¿) - |ëë(ei -t-X- y)2.

On use of the estimates

¡i(v)-e-°= l/v2 + 2/v3 + ....

- ¡i(- v) ~ 2 (loS ü)2 + y log o + ...

as ü -» oo and integration by parts, we obtain c,(0+) = 0.25. Similar

calculations yield c2(0+) = 0.25. Machine calculations indicate that as a

increases to 2 through positive values, c¡(a) decreases from 0.25 to 0.159 ...

and c2(a) increases from 0.25 to 0.275-Hence c^a) < c2(ß) for any two

a and ß, and there is an extra maximum in the interval — 1 < x < 1 for
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stable laws. The same is, of course, true for the case of minima also. We may

anticipate the above phenomenon from the following considerations. The

maxima and minima are determined by the equation ~2Xkkxk~l = 0 with

probability one, and as k increases, xfc_I decreases for any x in 0 < x < 1,

so that the product k-xk~l has a complex structure. But for 1 < x < oo,

kxk~l increases with k; i.e. shows the same tendency as in the last interval.

The x* being the elements of the equation "2xkxk =y determining the

algebraic curve, the oscillations result solely from the oscillations of the

coefficients alone. This suggests why the maxima and the minima should be

nearly as many as the crossings of the mean level in the ranges 1 < |x| < oo.

But in the intervals 0 < |x| < 1, the oscillations result both from the

coefficient Xk and the elements kxk~l, so that there are an extra number of

oscillations in this case.

2. We begin with certain observations: If (x0,y0) is a point of maxima for

the curve y = XQ + Xxx + • • • + X„xn, then (x0, — y^ is a point of

minima for the curve y = — X0 - Xxx — X2x2 — • • • — X„x" and vice

versa, and since the distribution function of the Xks is symmetric, both the

curves belong to the family. As such, the family of curves y = P(x) will have,

on an average, the same number of maxima as they have minima. Also the

curvey = X0 - Xxx + X2x2 - • • • + (-)nXnxn in the range - oo < x < 0

is the reflection about the y-axis of the curve y = X0 + Xxx + X2x2

+ • • • + X„x" in the range 0 < x < oo. Further Pr ■ (P'(x) = 0 at x = 0)

= 0. Thus we need only consider the range x: 0 < x < oo.

Now a curve y = P(x) may have stationary points of inflection. However,

the totality of such curves forms a negligible portion of the whole family. To

see this, we may denote the (n — 1) roots of P'(x) = 0 as p„ p2, p3,_, pn_v

Then

n - 1      o-,      a2     • • •      o„_2

o, a2      a3     • • •      a„_1

°n-2       °n-l      °/i        ' ' ' a2n-4

where

n-l

°>= 2 0>*)'= PÍ + ' ' • +AÍ-1-
i

Further the a¡ can be developed as polynomials in the coefficients of P'(x)

through Newton's identities in the theory of symmetric polynomials. Thus

n(P/ - Pj)2   is   a   polynomial   of   the   Xk\   i.e.   n(</(p; - pj)2 =

D (X0, Xy.Xn). Now x = r (real) is a stationary point of inflection for

the curvey = P(x) if and only if P'(r) = P"(r) = 0, i.e. r is a multiple zero

Il(ft-P,)2 =
><j
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of P'(x), and, r is equal with p, and p. for two different i and/ This causes

D (X0, Xx,..., Xn) to vanish, an event which can have probability zero only,

since D involves only constant coefficients and the Xk's, and the last set

possesses identical continuous distribution functions (cf. [3, p. 183]). As such,

we find that with probability one, the total number of maxima and minima of

y = P(x) is given by the number of real zeros of P'(x).

3. Let M „(a, b; a) denote the number of maxima of the curvey = P(x) in

a < x < b, and let N„(a, b; a) denote the number of real zeros of xP'(x).

The foregoing arguments establish the following relation for the expectations

of Mn and Nn, viz:

2EMn(a,b;a) = ENn(a,b;a).

We put Q(x) = x • P'(x) = "2"kXkxk. Our methods will closely follow those

of [2] and [8]. We put i|/c(x) = 1 if - e < x < e and &(x) = 0 if |x| > e. Now

from Lemma 1 of Kac [5], we have

Nn(a, b; a) = lim ¿ fje(Q(x)) • |ß'(*)| dx.

Hence

EN„(a, b; a) = lim ¿ jf^ (ß(x))- |ß(x)|} dx.

The combined variable (ß(x), Q'(x)) has characteristic function

f(z, w) = £[exp{/ß(x)z + iQ'(x)w}].

Thus the probability density p(£, rf) for ß(x) = £ and Q'(x) = tj is given by

the Fourier inversion formula

P(£, i) =- f     f    exp(-/|z - ir¡u)f(z, w) dz dw (1)
(2v)2 •'-co-'-oo

and the chance that | < ß(x) < £ + di- and tj < Q'(x) < i\ + dt\ hold
simultaneously isp(£, tj) ¿?£ dr\. As the x's vary, both ß and Q' assume values

from - oo to oo, so that

•' — oo*' — oo

Let us write

F(Q=r\n\p(i,i)dn. (3)
•'-oo

Now P(£) is continuous in £ and therefore

lim ¿ E iUQ) ■ |ß'|} - ¡im ¿ ff® di = P(0). (4)
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Thus, since all the functions in the integrand below are bounded, we have

1    fb^c , r~, v*  .«„ vn J      Cb
EN„(a, b; a) «Km ¿ jf £{^(ß(x))-|ß'(x)|} dx=jf P(0) ¿x    (5)

Kac-Rice formula

£iV„ (a, 6; a) = f * ¿x f °° |r,|-p(0, t,) dq. (6)

and we obtain the Kac-Rice formula

rb

Putting

we find that

so that

Q(x) = ^Xkak   and   ß'(x)=2*A>
i i

f(z, a) = expf - 2 \akz + bku\a J,

Pi°'y) = 7T7 S" d*r exp(-(vco)- expi - 2 \akz + bk<o\a) dz;    (7)
(2v)    •'-co      •'-co \, '/

Hence for e > 0, we have

rOO|rJ|exp(-£|T,|)-jP(0,Tí)í/r/
J — rr\

= a -z \-—- f    exp| - 2 |<V + V°l" [ «fe-
7T2 JO      (e + ¡of J-oo i       T1 '    J

(8)

Let A and P. be arbitrary nonzero constants. When we take ak and bk to be

any constants in k, independent of x, then the probability density p(£, tj)

corresponding to £ = "ZXkak = A5 and rj = "ZXkbk = Bb is zero. Further,

given A and B, the constants ^ and bk can be so chosen that ä and 6 have a

stable distribution function with characteristic exponent a. But then the

left-hand side of the above relation is zero. Thus

°=* ¿ r tt^ j00 exp( -^+*<}*■   <*>
v   Jo    (e + /w)   •'-oo

Subtracting (9) from (8) we obtain the convergent integral (10) below in the

limit as e -> 0 provided we make the special choice

i

with ak > 0 for each &. We get
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i" \r,\P(0,7,)dr¡ = \ r ^ r txp{-\Az + Pcof}
•'-oo v    Jo      <¿    J-oo

- expi - 2 \akz + V°f} dz.      (10)

We put z = uu and use Frullani's theorem to integrate on w. For the special

choice of A and B given above, we obtain the right-hand side of (10), after

certain reductions, in the form of the convergent integral (cf. [8, (13)])

^\akU + bk\a/\Au + B\a
1

/„(x;a) = -f/°°log
v a •'-co

; x < b. We put

Â (x; a) = -r— f    log gn(u, x; a) du
v ax •'-oo

g„(«,x; a) = 2 |" - k\%(x°)/\u - 0(x")|

du.

Let a > 0 and a < x < b. We put aA = kxk and 6¿ = &2x* ' to obtain

v

where

(H)

(12)

yfe=l

with

We have

9k(x) = k*xk/ n and   9(x)=^k9k(x),
i

PM„(a,è;a)=|PArn(a,6;a).

(13)

(14)

Further, since the coefficients X^. are symmetrically distributed about zero,

the coefficients of x* in ß(x) and ß (— x) have the same distribution, so that

ENn(- r, 0; a) - PJV„(0, r; a) and

EMA — oo, oo ; a) =      lim     PW,, (a, b; a),
a->0+,£->oo

and it therefore suffices to evaluate ENn(a, b; a) for b > a > 0. By the

foregoing we have, since ak > kak > 0,

£^(a, b; a) = f * ¿x f°° |T,|p(0, tj) ¿A, = (*/«(*; «) dx

= -{-["- r^ggn(u,x; a) du (15)
va Ja     x   •'-oo

with g„ as above. We make the substitution t = x° to obtain

1    fb° dT
ENn (a, ô; «) = -I" f " — P" i" log A(w, t; a) du,

va Ja"     T   •'-co a
(16)

where
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h(u, t; a) = 2 |« - k\\(r)/\u - 9 (r)f.
* = 1 ' '

(17)

We shall make use of Holder's inequality [4, p. 26, 2.9.1] for mean values with

weights 9k(r). Since 20a(t) = 1, 0 < a < 2, we thus have

2 \u-k\\(r)
k=ï

I/a

2(«-*)20*(t)
k=l

1/2

(18)

At this point it is necessary to use our results in [2]. Let c„ c2, c3,... be a

sequence of mutually independent, normally distributed random variables

with mathematical expectation zero and variance unity. Let p > 0 and let

N*(a, b) denote the number of real zeros of

P*(x) = c,x + 2pc2x2 + 3"c3x3 + • • • + npc„xn.

In that work [2], we have shown that

"*  dx    f°°

where

with

EN: (a, b) = f  -£- f00 log g*n(u, x) du
Ja    2v X •'-co

&*(«. *) - I |<« - ^(x2) J / {u - «i,(x2)}2

**(t) « **Y*/( 2/VJ    and   *(t) = 2 ***(')•

Putting x2 = t, this gives

EN: {aa/\ b«'2) = -1! /"" T (" l0S Ä*("> T)
2w     •'a« T    J-rr,

b"   dr   rco

oo

du

where

h*(u, r) = { J2 (» - A:)2^(r) j / {» - <>(t)}2.

From now on we make the substitution 2p = a so that ^(t) and <^>(t)

become, respectively, equal with 9k(j) and 9(r). With this substitution (18)

becomes

[2|k - ^|X«]1/0<[2(" - k)\(r)]'/2

that is,

[h(u,r;a)]Wa<[h*(u,T)]l/2. (19)
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Hence we obtain

1    fb" dr  r°°   1
ENn (a,b;a) = — I      — I      - log h(u, t; a) du

va Ja«      T   •'-co «

7T2a Ja'   r •/_«, 2     °    v

= (2/a)EN*(aa/\ ba'2). (20)

We put 5 = exp(-(log n),/3) and P = Cog «)1/2. Using (2.5H2.7) of [2], we
obtain

PA^(1 + 5, oo; a) < - EN*((l + 8)a/2, oo) < - EN*(\ + 35, oo)

= 0(logS) = 0{(log«),/3}, (21)

PJV„(0, 1 - 5; a) < | £JV*(0, (1 - 5)a/2) < | EN*(o, 1 - ^ )

= 0(logS) = 0{(logH),/3} (22)

and

< lpjV*(l - 1,1 + I) - O(P) = O((log«)1/2).   (23)

Our next aim is to estimate PJV„(1 + T/n, 1 + 5) and PiV„(l - 5, 1 -

T/n). We proceed to evaluate the first one and set r = e'/n, u = nv/t in (16)

and (17). Thus

P7V„(l + ^,l + ô;a) = f1+5 fn(x;a)dx
\ n )      J\ + T/n

va jtx     «  •'-oo a

where

P, = «log(l + P/n) ~ T   and   5, = log(l + 5) ~ 5,

with

Sftlno/r - k\"kaexp(kt/n)/ (Zjjasxp(jt/n))
!(v, t; a)- .   (25)

nv/t - (2* k'+"exp(kt/n))/ (V«expC/r/n))|

We shall convert l(v, t; a) into a form suitable for evaluation by asymptotic

methods. With this end in view, we multiply the numerator and the
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denominator of (25) by (t/n)a and obtain

[2k\v - kt/n\a(kt/n)aQxp(kt/n)]/[2j(jt/n)aexp(jt/n)]
7(°» '; «)-;-7-;î-

\v - (Zk(kt/ny+aexp(kt/n))/ (2j(jt/n)atxp(jt/n))\

\2k\v - kt/n\a-\v - 9\aexp(kt/n) • (t/n)] • (kt/nf
= ±-è-    (26)

{Zj(jt/rí)\xp(jt/n)-(t/n)}

where

-     [2k(kt/n)1+aexp(kt/n) -(t/n)]
9 =-=■. (27)

[Zj(jt/n)aexp(jt/n).(t/n)]

Now for ß > 0,

jP'VexpOO*<2 ( f )'exp( |)- (I ) </o'/"y^exP(y) dy,   (28)

so that for Tx < t < nS, we fine

Ö~ (jV+"exp(y) ^j/ (jVexp(y) ^J,

that is, 9 = t - 1 + a2/r - ... and r-fl=l- y(r) where |y(r)| <

(constant)// for all t in (P„ «5,). Now as above in (19), Holder's inequality

yields a-1 log l(v, t; a) < ¿log l(v, t; 2). Also

[2k(v - kt/n)\xp(kt/n)(kt/ri)l]
l(v, t; 2) =---

(v - 9 ) [exp(kt/n)(kt/nf]

= l + 5/(v-9)2+ ... (29)

by actual reduction and division. Further

[2k\v - kt/n\a(kt/n)aexp(kt/n) • t/n]

'(«> '; «)--,-zz-r-
[2k\v - 0| (kt/n) exp(kt/n)-t/n]

[2*|t> -/ + («- A:)r/n|"(/tr//j)aexp((Ä: - «)r/«) • f//i]

[2ft|o - ôf(itf/«)aexp(()t - n)t/n)t/n]

[2m|mr//i - V\a(t - mt/nfexp(-mt/n)(t/n)]

' [2m|l - y(/) - V\\t - mt/ri)\xp(-mt/n)t/n]

= A(F,f;a)(say); (30)
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on putting t — v = V; and we obtain

EN„(l + £ ,l + 5;a) = 4-f"5|f f°° ]-\ogX(V,t;a) dV.   (31)
V        " /      v a •'r,     ' •'-oo«

Also, by (29)

/(t>, r; 2) - X(K, r; 2) = 1 + 5(1 - y0(t)/t - V)~2+ ...        (32)

where |y0(0| < A,a.x\ absolute constant for all t in (P,, n8x). Thus for any L,

± f      log A(F, t;a)dV<\ f      log X(K, r; 2) dV
a J\y\>L ¿ J\V\>L

<ii io4i+—-—Adv=o(ï\ w
2J¡v\>L     {        (K-l + YoíO/O   i U;

For | F | < L, we have

Sm|inf/#i - l1a(2U(?)(-m/n)yxp(-mt/n)- (t/n)

V' '' ^ " 2m\V- 1 - y(Of(2r=oCaX-'«/«)>p(-^/»)- (t/n) '

(34)

where (") are the binomial coefficients if a is nonintegral, (") = 0 if a is an

integer and v > a. Hence

A(F,/;a) = Í2o^"'')/(2oV-'')

bo b2        \t)

with

*-llï'-»f(î)(-îW-?)-(i)
and

These considerations make
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ENm(l + ZA + 8;a)-±(*4r±1og\(V,t;a)dV
\       n i     wza jt¡    t ./-a, a

4r^ffilogÍJ + ̂ .l + ...)¿K+0(i)
v2a JTl    t  \J-La    &\b0 b2 t J \L)

-±Cf\f^H+r*h- )"+• (i)|
= _L fnSi ÉL

v2a Jt¡     t

rt  i        2m|F-wr//7|"exp(-wi//i)-///i
J     « log -~«-
J-L<x 2m\V-9\exp(-mt/n)-t/n

*(¿MI) (36)

The last integral in the braces is the same as that which occurs in the work of

Logan and Shepp [8] with V and t in place of their v and x. When we
evaluate this by their methods we find that

EN„ (1 + T/n, 1 + 8; a) - [c, (a) + e„] log n (37)

where

/•CO /-0

va   •'-oo •'o

jF-yf
IF-11°

exp(-y) dy (38)

and e„ -» 0 as « -» oo. (A similar approximation has been examined closely by
us below using an alternative method.)

This proves that outside the interval (—1, 1), the number of maxima and

minima of the curves y = P(x), on an average, does not differ substantially

from the number indicated by their axis-crossings, a result which we had

established in [1] for the case a = 2.

4. Lastly we are to estimate PW„(1 — 5, 1 — T/n; a). By the substitution

u — nv/t and t = exp(— t/n) in (16) and (17), this is seen to be equal to

where

and

1       fnSo dt    T00    1    , ,      t      v    ,
~1~J     TJ      -^gp(v,t;a)dv,
7ra jt0    ' •'-oo «

P0 = -n log(l - T/n),   80 = -log(l - 5),

(39)
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2k\v - kt/n\"(kt/n)\xp(-kt/rí)- (t/n)
p(v, t; a)-!---J- (40)

2k|o - 9\ (kt/n) exp(-kt/n)-(t/n)

with

2¿jt/n)1+acxp(-jt/n) -(t/n)

2j(jt/n)aexp(-jt/n)-(t/n)

= (1 + a) + 0(t • exp(- r/2)). (41)

(A proof of the last can be found on pp. 60-61 of [2].) As before we can prove

that

f °° - logp(v, t;a)dv= f    - \ogp(v, t; a) dv + 0(\/L).    (42)
J—ce, a j—/.a

For |o| < L and T0 < t < n80, we find, on the use of the celebrated Euler-

Maclaurin sum formula (cf. e.g., [6, pp. 520-524]) for the numerator and the

denominator below, and estimate (41) for 9, that

2 Jo - kt/n\a(kt/n)aexp(- kt/n) -(t/n)
p(v, t; a) =-—-

2k\v-9\ (kt/n)aexp(-kt/n)-(t/n)

f'\v - z|"z«exp(-z) dz + 0(i2aexp(-r))
_^o__

f'\v - 1 - a|Vexp(-z) dz + O(r2aexp(- r)) + C?(i2aexp(-ar/2))

f°°\v - z|az°exp(-z) dz + 0(i2aexp(-i))

r°°|ü - 1 - a|Vexp(-z) dz + 0(t2aexp(-at/2))

/•oo a
I    |o — z| z"exp(—z) dz

- -^-+0(/2aexp(-a//2)) (43)

I    |u — 1 — a|azaexp(-z) dz

as t -> oo. Now, as in (19)

a-1 logp(t), t;a) <^ logp(v, t; 2),

and P0 can be taken so large thatp(u, t; 2) > 1 for all t > T0 so that
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1      /""«o dt   fL    1   , ,     ,     x   .

7T a •'To      «   •'-L *

2a7T JT0      '   •'-oo

and the last integral has been explicitly evaluated by us in [2, pp. 62-63].

Hence we can make L approach infinity below to obtain from (39) and (42),

va* JT0     «   •'-co

•log

= c2 log n + tj,

where |tj| < tj„ log n with e„, tj„ approaching zero as n approaches infinity and

/oo dv log
-00

This, combined with (21), (22), (23) and (38) shows that

EMn ~ (c, + c2) log n = c log n   as n -» oo,

completing our assertion.
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