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ON THE STABLE DECOMPOSITION OF 935"+2
BY
E. H. BROWN, JR. AND F. P. PE‘I'ERSONl

ABSTRACT. In this paper we show that 925" +2 is stably homotopy equivalent
to a wedge of suspensions of other spaces CJ, and that C is homotopy
2-equivalent to the Brown-Gitler spectrum.

1. Introduction. In this paper we show that Q25"*2 is stably homotopy
equivalent to a wedge of suspensions of other spaces C/, that C;! cannot be
further decomposed into a wedge, and that C/! is homotopy 2-equivalent to
the Brown-Gitler spectrum B([(k/2]) [3].

Let

G = G s, (A7),

where C, is the space of k distinct points in R". Snaith [12] showed that
V2. Gt is stably homotopy equivalent to Q2S7+2, if r > 0. F. Cohen,
Mahowald, and Milgram [6] showed that

.| s¥r=Dcl ifrodd,
G = .
sk if r even.
Our two main results are the following.
THEOREM A. C_ is stably homotopy equivalent to (\/*/3C}") \/ S°.
THEOREM B. C}! is homotopy 2-equivalent to S*B(k/2).

Thus, 2257*2 is stably homotopy equivalent to a wedge of suspensions of
C;'. More precisely, we have the following corollary.

COROLLARY C. 22S"*2 is stably homotaopy equivalent to \/.,S**~VCl if r
is odd and to

o [kzlk .
kyl( VSC)
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for r even and positive. For completeness, we note that a component of Q52 is
homotopy equivalent to Q2S>. Furthermore, each piece of Q2S"*? is homotopy
2-equivalent to a Brown-Gitler spectrum.

We note that C = C,; /=, U (base point) and that C,;/Z, = K(B,, 1),
where B, is the kth braid group [2]. Hence Theorems A and B describe the
stable homotopy type of K (B, 1).

Finally, we note that C; cannot be further decomposed into a wedge.
However, our low-dimensional computations lead us to believe that
Cyx X5, (/\S") can be decomposed into much smaller pieces.

2. Results about the Brown-Gitler spectrum. Let A4 be the mod two Steenrod
algebra, x: A — A the canonical antiautomorphism, and define M; to be the
A-module:

M, = A/A{x(Sq)|i > k}.
One of the properties of the spectrum B(k) is that

(a) H*(B(k); Z,) ~ M,.

In the course of proving that hh; represents a homotopy element [11],
Mahowald proves that H*(C}'; Z,) =~ S*My, ;. If it had been known that C}
and S*B([k/2]) were homotopy 2-equivalent, Mahowald’s proof could have
been simplified. (Unfortunately, our proof of Theorem B does not simplify
Mahowald’s proof, since we use his technique to prove B.) J. F. Adams noted
that property (a) does not characterize B(k). Other properties of B(k) are the
following (see [3]):

(b) If H = K(Z,) is the Eilenberg-Mac Lane spectra and a: B(k) > H
corresponds to 1 € HYB(k); Z,), then a,: B(k),(X) > H,(X; Z)) is an
epimorphism for ¢ < 2k + 2 and X a CW-complex.

(c) If M" is a smooth n-manifold, » the normal bundle, and 7T'(») the Thom
spectrum of », then a,: B(k)/(T (v)) > HY(T(v); Z,) is an epimorphism if
n—q<2k+2.

(d) m(B(k)) ~ (A¥), for i < 2k, where A* is the graded vector space with
basis the symbols Ay, I = (i, . . ., ), 25 > i1, 4 > k, dim A; = 2.

Along the way to proving Theorem B, we prove the following character-
ization of B(k).

THEOREM 2.1. If Y is a spectrum which is trivial at odd primes and Y satisfies
properties (a) and (b), then Y is homotopy equivalent to B(k).
One may easily verify that the following sequence of 4-modules is exact:
0- M[k/Z] i) Mk—ﬁ) Mk—l '—)0,
where a(1) = x(Sq*) and (1) = 1.
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THEOREM 2.2. The maps o and 8 may be realized by a cofibration B(k — 1)
— B(k) — S*B((k/2]) and hence there is a map h: S*~'B((k/2]) > B(k — 1)
such that

B(k) = B(k — 1) U, C(S*"'B([k/2]))

In §3 we recall some results of [3], prove a lemma characterizing the
k-invariants of B(k) and prove Theorems 2.1 and 2.2. In §4 we make some
calculations in the Adams spectral sequence of C! A K(Z,, 1). In making
these calculations we utilize the following results of Mahowald [11].

Let f: Q83— QS° be the first James-Hopf invariant map. Then Qf:
Q253 > Q25° defines a stable map g: C}, —» C2 = S*CJ.

THEOREM 2.3. C), and C)., satisfy property (a). Furthermore, there is a
commutative diagram

HY(s*cl) 5 HY(CL)

/I /I

My 5 M,
In §5 we prove Theorem B and in §6 and §7 we prove Theorem A.

3. The k-invariants of B(k). Throughout this section, k is a fixed integer. In
[3, (5.1)], a collection of spectra E, and L, and maps e,: L,— E,_, were
constructed. Also a functor x on spectra was defined. Let Y, = x(E,),
K, = x(L,) and v, = x(e,). Suppose N is a smooth, closed, compact, n-mani-
fold, » is its normal bundle, T'(») is the Thom spectrum of » (the Thom class
is in HY(T'(»))) and v € H? (T (»)). We will say that (N, v) is adapted to M,
ifn—p<2k+2and

04 {x(ST)i > k} > 45 H T ()
is exact, where v*(a) = av. In §4 we describe an A4-free acyclic resolution of
M,
d‘l e
> C> C > >C—> M -0

ProposiTioN 3.1. (i) Yo=K, and K, K, K,, ... are generalized
Eilenberg-Mac Lane spectra with w,(K,) a graded Z, vector space. Also
K, = H.

(i) Y, may be taken as a fibration over Y,_, with fibre K, and k-invariant v,
(v, Has degree +1). HXK)) = C, and d;: C,— C,_, is realized by the
composition

i Yq
K,_1»Y,_,— K,

where i is the inclusion of the fibre.
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(iii) Suppose N is a smooth, compact, closed, n-manifold, v € HP (T (vy)) and
n — p < 2k + 2. Then any lifting of v: T(wy) > H = Yot0 Y,_, lifts to Y.
Furthermore, if (N, v) is adapted to M), and ©: T (vy) = Y,_, is such a lifting,
then v, is the unique map such that (v,i)* = d, and v,6 = 0.

Proor. The properties of x and [3, (5.1)] yield (i) and (ii).
Let ch() = Hom(, R/ Z). For any CW-complex X,

(¥,),(X) = ch(x(Y,)" (X)) = ch((E,)" (X))-
To prove the first part of (iii) we wish to show that

(Y) (T(#) = (Y-1) (T ()
is an epimorphism for all ¢ > 0 and n — p < 2k + 2. By S-duality this is
equivalent to

(Yq)p(N) d (Y -1 )p(N)
being an epimorphism for p < 2k + 2, which in turn, is equivalent to

(Eg-1)’ (V) = (E,)" (V)
being a monomorphism for p < 2k + 2. By [3, (5.1)(i)}, L, »% E,_, > E, is
a fibration and by (5.2)(iv), L,z — E,_y2¢+1 is zero. (L, and E, are §-
spectra.) The desired result now follows since

€ge
LE-'(N) 5 EP_, (N)— EF(N)
isexactand e = O forp < 2k + 2.
Suppose N and © are as above and (N, v) is adapted to M,. Then v,56 =0

by the above. Since —» Y, —» Y,_, —is constructed from an acyclic
resolution of M,, the image of H*(Y,_,) in H*(Y,) is M}, and thus
0> M, > H*Y,_,) 5 HY(K,_,)

is exact. The map &: H*(Y,_,) > H*(T(v)) factors through M, and hence
splits the above exact sequence. Therefore y}: H*(K,) —»> H*(Y,_,), and
hence v,, is uniquely determined by the conditions that y,6 = 0 and (7,i)* =
d,
q

We define B(k) = proj lim Y.

In §5 we construct (N, v) adapted to M,, but in fact, it is easy to see that
they exist from results in [4].

COROLLARY 3.2. Suppose Y is a spectrum which is trivial at odd primes,
H*(Y)~ M, and 1: Y — H represents 1 € M,. If for some (N, v) adapted to
M, there is a map ©: T(vy)— Y such that 16 = v, then Y and B(k) are
homotopy equivalent.

Proor. We lift Y—> H =Y, to Y, by induction on g. Consider the
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commutative diagram:

Y———Y _ LKQ

T0)—H = Y,

By (3.1)Giii), y,6 = 0. Furthermore, 6*: H*(Y) -» H*(T(»)) is a
monomorphism. Hence y,f = 0 and therefore, f lifts to Y,. We may therefore
find a map F: Y — B(k) which induces an isomorphism in cohomology and
is thus a homotopy equivalence.

ProoF OF 2.1. Suppose Y is a spectrum satisfying (a) and (b) of §2 and
(N, v) is adapted to M,. By S-duality we have a commutative diagram

(Y)s-p,(N) - H,_,(N)

/I /I

Y(TE) - H(T()

Since n — p < 2k + 2, (b) implies that the horizontal maps are
epimorphisms. Therefore there is a map &: T'(¥) - Y such that 16 = v and,
by 3.2, Y and B(k) are homotopy equivalent.

PROOF OF 2.2. Let -» Y, - Y,_; — be the tower used to construct B(k)
and suppose (N, v) is adapted to M, _,. One can lift 1: B(k — 1)> H = Y,
to B(k) just as in the proof of 3.2 to obtain a map f: B(k — 1) - B(k)
realizing B: M, - M, _,.

Define a spectrum Z by S¥Z = B(k) Uy B(k — 1) and let g: B(k) > Z be
the map of degree k corresponding to the inclusion map of B(k) in S*Z.
Then H*(Z) = M}, /. Suppose (N, v) is adapted to M,. Then (N, x(Sq*)v) is
adapted to My, /, and

~

T() —— B(k) —>— Z

N

x(sa®)

commutes. Therefore by 3.2, Z and B([k/2]) are homotopy equivalent and
the proof of 2.2 is complete.

4. A lemma. Throughout this section if k is an integer, k = [k/2]. Let £ be
the /-plane bundle C,, X5, R! over 52,, = C,,/=,, where =, acts on R’ by
permuting the coordinates. Let #(£;) and T'(§;) be the Thom space and Thom
spectrum of £, respectively. It is immediate that #(§) = C,'. This section is
devoted to proving
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LEMMA 4.1. For each i > 0 there is a smooth, closed, compact 2'-manifold N,
with normal bundle v;, and a map f;: v, — &, such that the Stiefel-Whitney class
Wy (%) # 0.

PrROOF. Let K = K(Z,, 1) and let « € H'(K) be the generator. We first
note that it is sufficient to prove there is an [h] € 7 (T (§x) A K) which is
nonzero on Sq”~'u ® 1, where u is the Thom class. For suppose h is such a
map and p: C,; X K— C,, is the projection. Then T(p*£) = TE) A K* D
T(¢) N\ K. Making h transverse to the zero section of p*{,, we obtain a
2'-manifold N, and maps f: »; - £, and s: N; — K such that

(S, X 8)*(wy-1(&2) ® 1) = wy_1 () U s #0.

We recall some results from [3]. Let A be the free associative algebra with
unit over Z, generated by A, i =0, 1,2, . .., modulo the relations: If 2i < j,

_ s—1
W =3 (5 2L 2 Poees

Grade A by dim A, = i. Define A_;A; by the above formula. If I =
G ip -5 4) and 2§; > iy, define A, = A7, -+ - N, and IQ) =1 A Z,-
basis for A is given by {A;}, A() = 1. Let A* = Hom(A, Z;) and let {A’} be
the basis of A* dual to {A,;} (A is denoted by A, in [3]). Let A* C A* be the
subspace generated by {A/|[/(\) =1, i, > k}. Let C* be the free left 4
module generated by A¥. In [3] it is shown that the following is an A-free
acyclic resolution of M,.

'—)Clk—d) Clk_l—'>‘ .. '—)C(,)‘ GMk
where
d\ =AM )xX(Sq N

where the sum ranges over all J (admissible) and i = —1,0,1,...;¢e(l) = 1.
The following two lemmas are easily proved.

LEMMA 4.2. The map
B cks ck-1/ck
defined by p(\") = A4*=Y is an isomorphism of chain complexes.
Let J, = {\,] the last entry of I < ¢} C A.
LemMA 4.3. J, is an ideal in A and J\; C J, where s = t + [|\}|/2].

Proor. Induction on /(7).

Let y: C*¥ — C*~! be the A-linear map defined by y(A) = A%*~D, Then
4.2 shows that dy + yd = 0 mod C* and hence we may define a map a:
Ck - C* by a = dy + vd. Then 4.2 and 4.3 yield the following lemma.
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LEMMA 4.4. The map « is A-linear, da = ad and a(\)) = x(Sq]A©? and
hence a: C*¥ — C* is a map of resolutions over the map a: Mg — M, of 2.2.

We next construct a resolution of M, = M, ® H*(K). Let Cf = C} ®
H*(K) with the diagonal 4-module structure, that is

a(x ®y) =2 4a/(x) ® 4/ (y).
Let ‘
d=d®id: Ck»>CF, i=e®id:Ct>M, a=a®id:Ck-C*k
LemMA 4.5.

- d = - —

s CfS CElio - 5 CE5 M -0
is an A-free, acyclic resolution of M—k, a is a chain map, and éx = (a ® id)e.
Furthermore,

a*: HomA(C_‘,", z,)- HomA(C_',’?, Zz)
is zero in dimensions < 2k.

Proor. The first part of 4.5 is immediate from 44. Suppose v €
I;I_omA(C,", Z,), |v| < 2k, and A ® ! € Cf, N ® ¢!| = |a*v| = |o] — k. In
ck,

x(SEWN ® ' =3 x(Sq)(\! ® S¢~4')
-Sxs)(; Lo @,
By 4.3,if A7 € C™, AJ(\A,) = O forj + 1+ [[\,]/2] < m. Consider
a*o(M ® ) = o((dy + vd)\) ® ).
Since
o(ydA'® ) =3 o(A’(J&X,)X(Sq’“)A‘""‘"” ® )

) -
= 2 (j + I)XI(&-}\J)O(?\U"‘ D® ‘I+j+l)’
this is zero as (/) = Oforj + 1 > /,and forj + 1 </,

JHU+[N/2] =0+ 1+ [(N=)/2] =[G+ 1+ /2] < k.

The same argument shows that v(dy(A’ ® «/)) = 0 and the proof of 4.5 is
complete.

Let 1 ® (¢/)* denote the element of Hom, (C¥, Z,) which is one on 1 ® /.
LEMMA 4.6. On 1 ® (:*™")* € Hom,(CZ, Z,),
(10 (*")*) =1 (%)~
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Proor.

a(l1 ® %) = x(S¢®)(1) ® ' = X x(S¢')(1 ® S ~4¥) = 1 ® 2",
In [11], the following is proved:

LemMMA 4.7. H*(T (&) ~ Mj; and there is a map g: T (§y+1) > T(§y) such
that g* = a: le—l -> le.

Thus g A id: T(¢3+1) A K— T(§;) A K realizes a: A?zm - 1724. Therefore
g A\ id induces a map of the corresponding Adams spectral sequences, which
on the E, level is,
a*: Hom,(C?, Z,) > Hom,(C*", Z,).
We show that 1 ® (¢:2)* lives to E,, for all i. Suppose d,(1 ® (:)) = 0 for all i
and all s < r. Then
4(18(*)*) = 4,(a*(1® (*"')*)) = a*(4,(1 ® (")) =0,
since a* is zero on Hom, (C?, Z,) in dimensions < 2*+1,
Let [4] € mu(T(¢x) A K) represent 1 ® (:2)*. Since x(Sq? ') = ¢ and
(281 ® x(Sa® 1)) = (e ®id)(S?~'1 ® ¢) = S~ ® 4,
h is nonzero on Sq¥~'u ® ¢ and the proof of 4.1 is complete.

5. Proof of Theorem B. Note the diagonal map of 4 induces a map
p: My > M QO M,

LEMMA 5.1. p is an injection if k < | = 2 and when k = I = 2/, the kernel is
{0’ Sq2I+2_]}.

PROOF. In [3] it is shown that M, = {x(Sq")|I = (i}, . . . , ;) is admissible
and i, < k}.

One may easily verify 5.1 directly for / = 1. We prove 5.1 by induction on
k and i. Suppose 5.1 is true for i — 1. Then induction on k and the following
diagram give 5.1 for i.

Mk_+21—l -> ME ® le-l
e \

Mk+2l -> Mk ® le
\ \

My_14v2 - M, ® My

Let F: § X § — &, be the bundle map defined as follows: Let p: R2 — R
be the first coordinate. If x = {x,...,x%} € Cyp,y = (¥} ..., ¥} € Cyy,
z=(2...,5) ER* and w=(w;,...,w) € R, let F({x, z}, {y, w}) =
{u, (z, w)} where
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u=x — (max{p(xj)} +1,0), i<k
=yix + (min{p(y)} + 1,0), k<i<k+l

Since T(F): T(&) N\ T(§) — T(&.,.,) carries the Thom class to the tensor
product of Thom classes, T'(F) realizes p: Mg, ;— Mg ® M;if [ is even.

ProoF oF THEOREM B. If Q, is an /-manifold, let », denote its normal
bundle and 4, € H%T (»)) the Thom class. We construct a Q, and maps g;:
v, — § by induction on / such that (Q,, ) is adapted to M. Since M, = Z.
and ¢, = R, we may take Q, = S'. Suppose Q, has been defined for I’ < I.
Let k be the least positive integer such that /=2'+ k. If k <2, let
0, = O, X Qy and let g; be the composition

8k X8
Vk X pzl -> gk X gzl'—) §k+2’

By 5.1,

T(g)*: My = H*(T(§)) > H*(T ()
is an injection and hence (Q,, u)) is adapted to M;. Suppose k = 2'. By 4.2
there is a 2* -manifold N and a map f: vy — &+ such that T(f*)Sq®" ~'u)
# 0. Let Qyiv1 = @y X @ U N and gy = F(gy X gy) U f. Again by 5.1,
(Qai+1, Uyi+1) is adapted to M.
Theorem B now follows from 3.2 since T'(g,): T(v)— T(§) is the
required lifting.

6. H,(K (B, 1)). The homological properties of K (B, 1) = C,, /=, have
been studied by Fadell and Neuwirth [8], Fox and Neuwirth [9], Arnold [1],
Fuks [10], Birman [2], and F. Cohen et al. [5]. May [5, Theorem 5.11]
constructs a map ji: C /2, —(R25?), such that ji : H,(Cpr/Z)—>
H,((225?),) is a monomorphism and such that Ujj: U C2 oSS — (2282, is
a homotopy equivalence. Using ji, F. Cohen [5] computes H,(C, . /Z;; Z,)as
a module over 4,. His results concerning the A4-action are incorrect; the
following theorem is a corrected version.?

THEOREM 6.1. H,(C,;/Z;; Z;) C Ple] is generated by monomials
(g)" -+ - (e) such that 3 _,r,2% < k, where |¢| = 2/ — 1. If Sq, is defined to
be the dual of Sq*, then Sq, is determined by the formulae:

Sqi(g) =0 ifs >0,
Sau(ge) =€ ifj>1,
Sqy(e;) = 0.
H(Co/Z4; Z,) C EQN) ® E(e) ® P[Bej] is generated by monomials

2F. Cohen was aware of these corrections and agrees with them.
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A(Boe ) - -+ (B%)" such that 2(I + Zi_,rp%) < k, where |\| =1, and
| B%| = 2p’ — 1 — &. P} is determined by the formulae:

Py () =0,
Py (Be)=0 ifs>0,
PL(Be) = ~(Be)’ > 2,
Pl(Be) =0.

We will also need the results of May [5] and F. Cohen [5] on H (Q2S3).
Define § = ¢/"'(,)) € H(2S%; Z,), j > 1 where ¢, € H\(Q%5%; Z,) is the
generator. Define wt(§) = 2/, wi(x - y) = wt(x) + wt(p). For p > 2, define
§ = Q|(n) € H(®S%; Z),j > 1. Define wi(¢) = p/, wi(yy) = 1.

THEOREM 6.2. H,(Cl; Z) c H(9°S% Z) = Z,[§] is generated by all
monomials of wt k.

H,(C/; Z,) c H(’S?; Z,) = E(1)) ® E(£) ® P[BE] is generated by all
monomials of wt k.

The Nishida relations with lower indices read:

SQ¥0, (x) = QiSqL(x), Sa2*'Q, (x) =|x|(Sah (%))’
P30, (x) = Q/P} (),
P0,(x) =0 ifs=0(p),
PIBQ\(x) = BQP; (x), P BQ (%) = — QuPiB(x),
PiBO,(x) =0 ifr=0,1(p).

COROLLARY 6.3. The Steenrod operations on the elements in 6.2 are
determined by the following formulae:

SgA(§)=0 ifs>0,
Squ(§) =4~ ifi>1
Sq.(6) =0, P{(§)=0,
Py (BE)=0 ifs>0,
Py(BE) = —(B4-)" ¥i>2
Py(B&)=0.

THEOREM 6.4. H*(C,,/3,) and H*(\/®/IC") are isomorphic as modules
over the Steenrod algebra for p = 2 or p odd.
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Proor. We define an isomorphism

[k/2]
65 H(Cou/ %)~ 11 Y, ) < 1. @)
as follows. If p = 2, define 8(¢) = §. If p > 2, define §(A) = ¢, 8(¢) = §;,
0(Be) = B¢, and extend § multiplicatively. # commutes with the action of
the Steenrod algebra by 6.1 and 6.3. If a monomial in H,(C,,/Z,) is such
that 3,724 < r or 2(I + 2} ,rp%) < r, then its image under @ has wt <
k/2 and conversely. Since H,(\/"/2AC') c H (@25 consists of all

monomials of wt < k/2, this proves that 4 is an isomorphism.

==

COROLLARY 6.5.
(k721
H *(Cz,k/ 2 2Zy) = i?l S™Mi 20

[x/2] 2i/plp-1+
H*(C2,k/2k; Zp) = i?l S i/rie ej‘l[i/p]’
i=0, 1(p)

where e =0ifi=0(p)ande=1ifi =1 (p), and M, = A/ A{x(BP")|2pi
+e> 2k).

Proor. The case p = 2 follows by Mahowald’s results and the case p odd
follows from results of R. Cohen [7] on H*(C;; Z,).

COROLLARY 6.6. H*(C, . /Z,; Z,) is generated as a module over the Steenrod
algebra by elements of dimension < k/2. H*(C,,/2,; Z,) is generated as a
module over the Steenrod algebra by elements of dimension < 2[[k/2]/p)(p —
1) + ¢, where € = 1 if [k/2] = 1(p) and O otherwise.

7. Proof of Theorem A. Let Z — 2S? be the universal covering space. Let
h: Q83— Z be a lifting of QH: 5% — QS2. Then & is a homotopy equiva-
lence, and let g: Z — ©S? be a homotopy inverse. Let b: 925% - \/2,C/! be
a stable homotopy inverse to the Snaith map. Let p: \/2,C;' - \/¥/2C}! be
the projection. Define f: C,,/Z, — \/W/AC! by f= pb(Qg))i, Where j,:
Cox/Zi = (225?), = Q(Z). Theorem A is proved-if we show that f, is an
isomorphism on H,( ; Z,), all p. b, and (Qg), are isomorphisms as b is a
homotopy equivalence and g is a stable homotopy equivalence. If p = 2, p,,
is an isomorphism in dimension < k/2 and so is ji,, as the lowest
dimensional element in H,(C,;41/Zi+1; Z,) which is not in the image
H(Cor/ 25 Z) = HCopesr/Zhs15 Z2) is (e)** P72 or (e)**+2/2 Hence
S, is an isomorphism in dimensions < k/2. By Corollary 6.6, f* is onto the
generators of H*(C,,/2;; Z,) over A and hence onto. By 6.4, both sides
have the same rank and thus f* is an isomorphism and so is f,. The argument
for p odd is similar with k/2 replaced by
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k/2
2[[—1/,—]-](p—l)+e.
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