THE MINIMUM NORM PROJECTION
ON C>-MANIFOLDS IN R"
BY
THEAGENIS J. ABATZOGLOU

ABSTRACT. We study the notion of best approximation from a point x € R”
to a C2-manifold. Using the concept of radius of curvature, introduced by J.
R. Rice, we obtain a formula for the Fréchet derivative of the minimum
norm projection (best approximation) of x € R" into the manifold. We also
compute the norm of this derivative in terms of the radius of curvature.

1. Introduction. Let x € R” and M be a C? manifold of dimension k%,
k < n. The minimum norm projection, whenever it is defined, is the map P,,
which takes x into the element of M closest to x, i.e. min,, ¢ llx — m| = ||x
— Py (x)||, where the norm is the Euclidean one. Define 4 = {y|y € R",
P,,(y) is multivalued}. Let U = (4)°.

J. R. Rice has studied existence of the map P, in terms of the radius of
curvature and established continuity of P,, on general grounds. In [1], [2], [4]
and [S5], we have an investigation of the existence of P,, in a Banach space
setting. The results use the notion of curvature.

In this paper we will examine the existence and differentiability properties
of P,, around point x, in relation to the radius of curvature of M at m, where
m = Py(x).

2. Definitions. Let f be a local representation of the manifold M around m.
We assume the following:

(1) f is an open map in its domain of definition, i.e. some open set in R.

() fis C2

() f(a)- R* = RX.

Furthermore, assuming f(a) = m, we define the tangent plane of M at m to
be T,, = m + f'(a)- R

A vector v = y — m is orthogonal to M at m if v is orthogonal to T,,.

3. Radius of curvature. Consider a vector v = (y — m)/||y — m||
orthogonal to M at m.

We then consider the ray m + tv, ¢t > 0, and points p € M close to m such
that ||[(m + tv) — m|| = ||(m + tv) — p|| holds for some 0 < ¢ < c0. We
solve for ¢ and obtain
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2=|(m-p)+ tv||2=||m — g+ 2t{o,m — py + 7,
t =|jm — p|*/2(v, p — m). (£B))
We now define the radius of curvature of M at m in the direction v to be
p(m, v) = h}rp_)mf{"m — p/2¢0, b — m)(o,p — m)y > 0}.

REMARK. If (v, p — m) <0 for all p near m in M then we define
p(m, v) = 0.

For Hilbert spaces, this definition is equivalent to that given in [1], [2], [4]
and [5].

Since M is representable by a C2? homeomorphism f near m, for p
sufficiently close to m we can write p = f(b), and

p = m=f(b) - f(a) = f(a)(b ~ a) + 1 f(a)(b — &) + o([lp — aff).
Expressing (3.1) in terms of a, b, f we obtain
@6 -a+ir@e - )@ + o(jp - o)
(0.f"(@)(b = a)®) + o(|p — a|)

We divide numerator and denominator by ||b — a||? and get

| Ir@mP o
p(m, 0) " p-1 (v, f"(@)(w)®) (o770 > 01

EXAMPLE. Let M be the unit sphere in R* with parametric representation
f(8, ) = (sin @ cos ¢, sin 8 sin ¢, cos 9).

Let
x = r(sin 0 cos ¢, sin @ sin ¢, cos §), r<l1,
and
x_f(0’¢)
v=————— = —(sin @ cos ¢, sin 4 sin ¢, cos ).
PECO brc0s0)

Assume also that w = (w;, w,); then
176, $)w)[;= i + sin® w3
and
(0. f"(8, $)(w)® ) = w} + sin® 6w} — p(m, v) = 1
in this case.
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4. The minimum norm projection P,,. We now examine the existence of Py,
in terms of the radius of curvature. Recall that by definition 4 is the set
where P, is multivalued. We have

LEMMA 4.1. Let x € A°; then

x € (I)C= Uolx = Py (%) < p(PM (x), X P )

¥ = Par (x)]

PROOF. Assume x € (4)C; then by Lemma 3.2 in [1],

[l = Pa (x)]] < o(Par (x),0) where v = (x — Py (x))/||x — Py ()]
Let 1, = sup{t|Py(m + tv) = m = Py(x)}; then by Theorem 4.8 in [3],
m + ty €& (4A)°. Combining these 2 results we obtain ||x — P (x)] <
p(Pp(x), v); then by Theorems 11-15 in [4] we have

—C
x€(4) =U.
We continue with a technical lemma:
LEMMA 4.2. Let A = (ay), B = (b;) be k X k matrices where

( a?(a)> (af<a> 3f(d)>
al-, = {0, N by = ;|

a9y, o o
o= x_f(tl,...,tk)
“x —f(tl’ coey tk)"

Then we have:

(@)

and a=(t|,.'.,tk).

1 (@)(W)[;= <Bw, w),
)
(0. F"(a)(W)®) = (Aw, w),
where w = (W, . . . , W)

PROOF.

(@)
, of
f(a) = [ A
thinking of 9f/d¢; as a column vector. Also,

17 (@)5= {f(@W), f(@)(w)) = {(f (@) F(@)w, w).

K
o

of

o,

e o o e o o

But
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[ 3f/d, |
_ 3 3 3
r@re =T || 5 ol ] ]
| 9774, |

so (a) is proved.
(b) Write fas (fy, ..., f,)andw = (w;, ... ,wk); then

F1(@)(w)® = (2 ag0 i )
so that
(0" (@) =2 <v’ é,’i{,— )w.m = (4w, ).

We now state our main theorem.

THEOREM 4.1. Let M be a closed C* manifold in R" of dimension k < n. Let
X € U = (A)S; then P,, is Fréchet differentiable at x and the derivative is
given by the formula

Py (x) = f(a)(B — r4)™'f (@),
where f is the parametric representation of M, f(a) = Py (x), r = ||[x — Py (x)||
and A, B are as defined in the previous lemma.

PROOF. Let x € U,y € R", and t, D x + ty € U for |¢| < t,. Consider a
C? representation of M around P,,(x), say f: ¥ — M, where V is open in R*
and a function

2
F(htyty .., p)=3lx+t& = f(tp -5 )|
F is obviously C2.
Let
Gt ty .-, 1) = (OF /3ty . ..., OF/t,).

If Py(x +ty) =f(t), ..., 1), then 3F /3, =0,i = 1,..., k. Say Py, (x) =
f(ty, ..., 1); then we know that Gis C'ina nelghborhood of ©, 2, ...58).

We now investigate the invertibility of the Jacobian matrix of G wnh
respectto 1y, . . . , 4, at the point (f,, . . . , £).
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_ [ 9%F
e ().
By computation,
3F _ [ _ s -y ¥ f of
a9y, - <x f("""”k)’ a1, ) +< a,’ oy [

x=f(tn.-s )
v= - - and
b= 1G]

then, according to the previous lemma,
Je = B — rA.

Set

r ="x - (- - ,t;)",

Recall that
p = p(m,v) = ||fvrﬁi31 {{Bw, w)/{Aw, w)|(4w, w) > 0},

and, by Lemma 4.1,0 < r < p < o0.

If (Aw,w) < 0 Vw € ||w|| = 1, then B — rA4 is invertible, being positive
definite.

On the other hand,

{(B = rA)w,w) = (Bw, w) — r{dw, w)
= (/0 CBw, W — pCw, wy] + (0 = )/p)Bw, W) > 0
for all w in R* 3 ||w|| = 1. Therefore (B — r4)~! exists.

_ By the implicit function theorem, # = f£(#) in a neighborhood of (0,
..., 4),and

(1 4\ _ (8% \ . [2%F
(W’...’ W)- at‘atj y m ;
where 02F/31dt, = —(y, 9f/ot). Since Py (x + &) = f(t,(0), . . . , t(D),
using the chain rule we obtain

2 Pu(x+ v)| _ =r@[E-m)"1r@" o).

This shows P,, has directional derivatives; also the assumption that M is
closed implies the continuity of P,, on U. Also f'(a)(B — rA)~'f'(a) depends
continuously on a = (¢,, . . . , #) and therefore varies continuously with x so
that f'(a)(B — rd)~'f'(a)” is the Fréchet derivative of P,,.

We now compute the norm of P;,(x).

COROLLARY 4.1. Let Pj,(x) = f'(a)(B — rA)~f(a)T; then
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1P| =p/(p—1)==1/(=r/p)
where

1/p= “{rv}la_xl {Aw, w)/{(Bw, w) = 1/p(m, v).

PROOF. P;,(x) is selfadjoint and semipositive definite as we showed in the
proof of Theorem 4.1. The rank of f'(a) is k = rank of f'(a) by definition.
Then we have the rank of f'(a)(B — r4)~'f'(a)T = k. Choose k mutually
orthogonal eigenvectors, {vy, . . . , 0}, Of Py (x) such that

[|Pas (x)]| =A, where P, (*)(vy) = A0,
foranyi, 1 <i<k.
f(a)(B = r4)”' £ (a)" (v) = No3; @1

therefore
F(@)7f(a)(B — rA)™'(f'(a) ") = N(f(a)"v).
It is clear from (4.1) that {f"(a)"(v)}%., is a linearly independent set.

Therefore, if w is an eigenvector of f'(a)’f'(a)(B — rd)~, then we can write
k

w=af(a)"(v) and f(a)"f(a)(B - rd)"'w = w.

i=]

So
k k
f(a) f(a)(B - rA)"’El af(a)” (0)= -?1 aAf'(a)" (v)-
Thus
k r k
igl arf'(a)” (v) = Aigl af '(a)T(”i)-
Hence

a\ =g, i=1...,k, and N\,=A fora #0.
This shows that the maximum eigenvalue of f'(a)’f'(a)(B — rd)~'is A, =
| P+(x)|l- Recall that, by definition, f’(a)’f'(a) = B. Thus
f(a)"f(a)(B — rd)™'= B(B — rd)"'= (I — rAB~")",

which implies

1/A, = smallest eigenvalue of I — rAB~!,
)

1/A; = 1 — r(largest eigenvalue of AB™),

and
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1/A, = 1 — r(largest eigenvalue of B~'4).
Consider now max;, ., <4w, w)/{Bw, w) = 1/p. Therefore,

(4w, w) < % (Bw,w), so ((%B - A)w,w) > 0.

Since B/p~! — A is selfadjoint, the min is attained at an eigenvector, and
since this min = 0, (B/p — A)w, = 0, and w,/p = B~ 'Aw,. We claim 1/p is
the largest eigenvalue of B~'4; if not, set 1/p’ > 1/p 3 w,/p’ = B~ '4w,.
Then (B/p’ — A)w, = 0 and

((%B—A)w,w) = ((%B—A)w,w) + ((;’1— —%)Bw,w) >0 —

a contradiction.

5. Examples.
EXAMPLE 5.1. Let M be the sphere of radius p in R% Let x € R? 2 ||x|| =
d.Setr = |p — d|. Then, by the previous corollary,

Po 1 (4w, w)
P; =
1P ) = 2

where — = max ————.
Po Iwli=1 {Bw,w)
By simple computations we obtain
p=po ifd<p,

= ~Po ifd >p,

so that

P/ (P -r ) ifd < P,

Py ()| = .
I1Pie ()] [p/(p+ r) ifd>p.
This result suggests the following observation: If M is a C2? manifold with
radius of curvature p at the point m = P,,(x), and if ||x — Pp(x)|| = r, then
by the previous corollary, || Py (x)|| = p/(p — r), which is exactly the same
estimate for a sphere of radius p and point x whose distance from the sphere
isr.

EXAMPLE 5.2. Let M be f(x,y) = (x,y, xy) and x = (0,0, 7) where 0 < r
< 1. Then, from

10 0,7) = (5.3, 9)p= #* + y¥+ (o = 1)?
=x24+y2 -2y + x¥*+ 1
= (rx —y)+ (1 = A)x* + x¥* + 1,
it is clear that P,,(x) = (0, 0, 0). Computing,
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1 0
f'(0,0)=[3 ! } amd B=r0,0709=(3 9)

Alsov = (0,0, 1) and
(v, 9%/0x*) = (v, 3%/ P*) =0,
and
<v’ 3y/axay> = <0, ay/ayax> =1,
so that 4 = (0 }). Therefore,

10 -1
R DR AR

1 1 r O
= > r 1 0 ’
1-r"1o 0 o
and
Lol = P L max A%
"PM (x)" = p—r’ where p - "I,ﬂla;xl {Bw, W>

Thus || P4, (x)|| = 1/(1 = 1).
EXAMPLE 5.3. Let
(x,0), x <0,
M={(x, 1 —\/l—_xz), x>»0x<1;
then for |¢| < 1 we have
Py(e 3)=(s0) ife<0,
2e

1 ) .
=| ——, 1 — ————] ife>0.
(\/l+4.'z2 V1 + 4¢2

But dP,, (e, 1)/ de|, does not exist. Our manifold M is C; at (0, 0) but not

c2
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