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ABSOLUTE CONTINUITY IN THE DUAL

OF A BANACH ALGEBRA1

BY

STEPHEN JAY BERMAN

Abstract. If A is a Banach algebra, G is in the dual space A*, and I is a

closed ideal in A, then let || G ||/. denote the norm of the restriction of G to

/. We define a relation « in A* as follows: G « L if for every e > 0 there

exists a 5 > 0 such that if / is a closed ideal in A and \\L\\¡. < ô then

|| G ||/. < e. We explore this relation (which coincides with absolute

continuity of measures when A is the algebra of continuous functions on a

compact space) and related concepts in the context of several Banach

algebras, particularly the algebra C'[0, 1] of differentiable functions and the

algebra of continuous functions on the disc with holomorphic extensions to

the interior. We also consider generalizations to noncommutative algebras

and Banach modules.

Introduction. We wish to define a binary relation in the dual of a Banach

algebra which will generalize the relation of absolute continuity for measures.

While the general theorems that we are able to prove are trivial, the examples

which follow seem to indicate that the concept is worth considering in the

study of a particular Banach algebra.

1. Definitions. Let X be a compact Hausdorff space and let C(X) denote

the space of real (or complex) valued continuous functions on X with the

supremum norm. If p and v are finite regular Borel measures on X, let | p| and

\v\ be the total variation measures of p and v. Recall that v is absolutely

continuous with respect to p if for every e > 0 there exists ô > 0 such that if

£ is a Borel set in X and | p|(5) < S then \v\(E) < e. The regularity of p and

v implies that we have an equivalent condition if we restrict E to be an open

set. Now if 5 is open, then | p|(5) = sup{|//4i|:/ E C(X), ||/|| < l,f(x) =
0 if x £ E), that is, | n\(E) is the norm of the linear functional p restricted to

the closed ideal I = (f E C(X): f(x) = 0 if x £ E). So we are led to the
following definition:

Definition. Let A be a commutative Banach algebra (over the real or
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complex field) with dual A*. If L E A* and / is a closed subspace of A, let

\\L\\¡. denote the norm of the restriction of L to /.

1. We say that G E A* is absolutely continuous with respect to L E A*

(written G « L) if for every e > 0 there exists 8 > 0 such that if / is a closed

ideal in,4 and jjL||j. < 8 then \\G\\j. < e.
2. We say that G is boundedly absolutely continuous with respect to L

(written G <« L) if there exists a constant K such that \\G\\r < K\\L\\j,

for every closed ideal I in A.

3. We say that a closed subspace 5 of A* is a band if G < L and LEB

imply GEB.
Recall the following definitions in Arens [1], [2]:

4. If / E A and LEA*, then/L is the linear functional on A defined by

(fL)(g) = L(fg) for all g E A. Clearly fL E A* and ||/L|| < ||/|| ||L||.
5. If O G A** and L G A*, then $L is the linear functional on A defined

by ($L)(f) = $(/L) for all/ G ̂ . Clearly $L G ,4* and ||$L|| < ||$|| ||L||.
6. If O, ̂  G y4**, then $¥ is the linear functional on A* defined by

($*)(L) = $(¥£). Clearly $* G ̂ ** and ||**|| < ||$|| ||¥||. With this

operation, A** is a Banach algebra.

Proposition I. I. If I is a closed ideal in A, f El, and LEA*, then

\\fL\\ < IILH/.II/II.
2. //$ E ^** arti/L G ,4*, then \\$L\\¡. < ||$|| HL^/or a«y closed ideal I

in A. In particular, <PL < < < L.

3. If L E A*, then {G G A*: G < L} is a band, called the principal band

generated by L.

Proof. 1. If g E A then fg E I and |(/L)(g)| - |L(/g)| < \\LWAfgW <
||L||/.||/||||g||,sothat||/L||<||L||/,||/||.

2. If / G /, then |(*LX/)| = \$(fL)\ < ||«|| ||/L|| < ||$|| ||/|| \\LWp, so
thatlia.LII,. <H$||||L||/..

3. The indicated set is clearly a subspace of A*. To show it is closed,

suppose G„ -> G and G„ « L. Given e > 0, find n so that \\G„ - G\\ < e/2

and then find 8 > 0 so that \\G„\\j, < e/2 whenever HL^. < 5. Then \\L\\j.

< 8implies UGH,. <\\G- G„||,. + \\Gn\\j. < e/2 + e/2 = e.
Let us consider again the algebra C(X), X compact Hausdorff. The

Radon-Nikodym Theorem states that if v < p then dv = F dp where F is

p-integrable. Since C(X) is dense in the p-integrable functions, an equivalent

statement of the Radon-Nikodym theorem is that v < p if and only if v is in

the norm closure of {/p:/ E C(X)).

For any Banach algebra A and any L E A*, we have

{/L:/E,4} c{$L:$EA**} c{G: G <« L) c{G: G« L)
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and we will be interested in finding which of these sets (or their closures) are

equal.

Proposition 2. If Arens multiplication in A** is commutative, that is, if

$>j/ == ¥$ for all $, ¥ E A**, then for any LEA, the closures of {fL:

f E A) and {$L: $ E A**} are equal.

Proof. If the closures are not equal, then by the Hahn-Banach theorem we

can find a nonzero ¥ E A** such that ¥(fL) = 0 for all/ E A but M'(OL) =?=

0 for some $ EA**. But then (*L)(f) - ¥(/L) = 0 for all/, so ¥L = 0 and
*($L) = $(¥£) = 0, a contradiction.

If A is a uniform algebra (that is, a closed subalgebra of C(X) for some

compact Hausdorff space X) then A** is commutative, (Civin and Yood [3,

p. 869]) so that Proposition 2 applies to A.

2. Examples.

Example 1. Let A be any Banach space and define multiplication in A by

fg = 0 for all/, g E A. Then every subspace of A is an ideal. So if L E A*,

then the kernel of L is an ideal, and G « L and G <« L both imply that

G is zero on the kernel of L, so that G is a scalar multiple of L. Hence (G:

G < L) = {G: G <« L) = {XL: X any scalar}. However, {/L:/ E .4]\ =
{<!>L: <!> E A**} = {0}.

Example 2. Let A be a commutative Banach algebra and suppose that L is

a nonzero multiplicative linear functional on A. Then the kernel of L is an

ideal, so we find (as in Example 1) that {G: G<L) = {G: G <<< L} =

{XL: X scalar}. Furthermore, /L - L(f)L and OL = <b(L)L, so that {/L:

/ E ^} = {$L: $ E ,4**} = {XL: X scalar}.

Example 3. Let A be a commutative Banach algebra with identity e. Let M

be a nonzero multiplicative linear functional on A and let L be a nonzero

bounded point derivation of M, that is, LEA* and L(fg) =■ L(f)M(g) +

M(f)L(g) for all /, g E A. Clearly /L = L(/)M + M(f)L if / E A and
$L - $(L)M + $(M)L if $ E i4**, so that {fL: f E A} = {OL: $ E
y4**} = {XjM + X2L: X„ X2 scalar}. We claim that if G < L, then G = X,M
+ X2L for some scalars X, and X2. To show this, let / be the kernel of M.

Then J is a maximal ideal in A. Let I = {f E J: L(f) = 0}. Now / is an
ideal in A, for if/ E / and g E A, then we can write g in the form g = j + X,

where y E J and X is a scalar, and since L(fj) = L(f)M(j) + M(f)L(j) = 0,

we find that fj E I and fg = fj + Xf E /. Since L = 0 on / and G < L, we
see that G = 0 on L Now / is the kernel of the restriction of L to /, so that G

must be a scalar multiple of L on /. That is, there exists a scalar X2 such that

G = X2L on J. Hence G = G(e)M + X2L on /, and since this equality also

holds for the identity e, we have G = G(e)M + X2L on all of yl, as wanted.

Example 4. Let ^4 = P„ be the algebra of polynomials over the real (or
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complex) field in a single indeterminate x such that xn+1 = 0. As a vector

space P„ is just Rn+1 and we give it the norm HSy^o^^ll = 2J=0la;l- n^ae dual

of Pn is R"+1, every L E P* having the form L^=0ajXJ) = 2".0ûyfîf»

(p0,..., ¡i„) E Rn+1; furthermore, ||L|| = max{| \ij\:j = 0,..., «}. For each

m such that 0 < m < n, the set Im = {2"=0ajXJ: a, = 0 if/ < m) is a closed

ideal in P„, and these are readily seen to be the only ideals. Note that

||L||/. = maxflp,!:/ > m) if m < n.
The relations « and <<< in P* can be described as follows. Suppose

that LÇ2,'}m0fljXJ) = 'Zj^ajUj, and G(2"_0ayx/) = 2".0a,-i) and m = max{/:

Py ̂  0}. Then the following are equivalent: (i) G = gL for some g E P„; (ii)

G < < < L; (iii) G < L; and (iv) ̂  = 0 if / > m. Clearly (i) => (ü) =» (iii). If

(iii) holds, then since ||L||/. = 0, it follows that \\G\\j. = 0, hence Vj = 0 if

j > m, proving (iv). Finally, if (iv) holds then we need to find g so that

gL = G. Note that if g = 2j„0bjXJ and/ = '2j=0ajxJ, then

(gL)(f) = L(fg) = L 2    2 <**!-;*'
i=0\j=0 J

ni n    I   n \

= 2 m, 2 o/bi-j =22 p&i-jW
i=o   y=o y=o\i=y        /

so that gL = G if and only if
n

2 hh-j = Vj       (j = 0, 1,..., n). (*)

For / > m, both sides of this equation are 0. For j = m,m — l, m —

2.1, 0 the equations can be solved successively for b0, bx,..., bm since

p^, j= 0. Then bm+x,..., bn can be given arbitrary values.

In particular note that if G < L then G is in the closure of { gL: g E P„).

This property is not shared by the following algebra.

Let 5„° be the algebra /„ that is, the polynomials with constant term equal

to 0. The ideals in 5„° are Im, m =■ I.n, as before. If L(2"„ifyx-/) =

2"_,o,py and G(2J=xajXJ) = 2J=xajVj, and if m = max{/: py ̂  0}, then

(a) each of the conditions G « L and G <<< L holds if and only if Vj■, = 0

for y > m, and

(b) G = gL for some g E 5„° if and only if Vj, = 0 for/ > w.

Statement (a) is easily proven as before. As for (b), if G = gL and/ > w,

let jÇ- = xJ. Then ̂  = G (ff) = L(gfJ) = 0. Conversely, if p. = 0 for/ > m, we
need to find g so that G = gL. But if g = 2"=. ifyx-', then as before G = gL if

and only if (*) holds for/ = 1, 2,..., n — 1. Both sides are 0 for/ > w, and

for/ = /M — 1, w — 2,..., 2, 1, the equations can be solved successively for

bx,..., bm_x since pm ¥= 0, while bm,... ,bn can be given arbitrary values.
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Example 5. Let G be a compact abelian group and let A = L2(G) be the

set of functions on G which are square-integrable with respect to Haar

measure. Then A is an algebra under convolution. Let G denote the dual

group and let / denote the Fourier transform of a function / on G, that is,

/(y) = //WyW dx for all y E G.

If E is any subset of G, then IE = {/ E A: f(y) = 0ify£5}isa closed

ideal in A, and every closed ideal has this form (Hewitt and Ross [5, p. 452,

Theorem (38.7)].) The space L2(G) is its own dual, each p E L2(G) defining a

linear functional (also denoted p) on L2(G) by p(/) = ¡of(x) ¡i(x) dx. We

summarize the results on this algebra as follows: Suppose p, v E L2(G).

(a) If  E EG   and   I = [f E A:  /= 0   off   E)   then   ||p||7. =
(2y££|My)I2)1/2.

(b) v < p if and only if supp(?) c supp(p). (By supp(p) (= support of p),

we mean {y E G: p(y) ^ 0}.)

(c) v < < < p if and only if there exists K such that \P(y)\ < K\ p(y)| for all

y E G. _
(d)/p = f* * p for every/ E A, where f*(x) =f(—x).

(e) The principal band generated by p is [v E L2(G): P = 0 off supp(p)}.

This band is the closure of {/p:/ E A}.

(f) The bands in L2(G) are precisely the closed ideals. Every band is

principal if G is countable.

To prove (a), note that for every f E I, we have

|M(/)I - \m = |2y6£/(y)Ä(y)| < (S.e^l/Mpí'^CS.^Ipíy)!2)1/2, which
implies that || p||/. < (2ye£-| p(y)|2)1/2. To prove the reverse inequality, define

/ E L2(G) so that /(y) = p(y) if y E E and /(y) = 0 if y $ E. Then

2ye£|p(y)|2 = 2/(y)p(y) = p(/) < ||/|| HpH,. = ||/i||/.2yer(|/i(y)|2)1/2,as
wanted.

To prove (b), suppose that supp(i) c supp(p). Let e > 0. There exists

F = [yx, ...,y„} such that I,yiF\v(y)\2 < e2 and £(y,.) =jf= 0 for each/. Let

8 = inffj p(yy)|: / = 1,...,«}. If I ={/:/= 0 off 5} is an ideal and

llpll/. < 5, then 2Ye£|p(y)|2 < 82, so that y,- g 5 for aU / and ||y||5. =
2rs£;l''(Y)|2 < ^Yg^l^íy)!2 < e2, as wanted. The converse of (b) is obvious,

as is (c).

To prove (d), we have

0W(g) = /*(/**) =jrg(x)J(x) dx =JJf(x-y)g(y)dyJ(xj dx

= Jg(y)ff(x-y)~Kx) dx dy =fg(y)Jf*(y-x)¡x(x) dx dy

=Jg(y)W*~Wy) dy.
The first statement in (e) is a restatement of (b). To prove the second, note



174 S. J. BERMAN

that if y E supp(p) and f(x) = y(x), then /p is the function

f* * n(x) = Jf (y - x)ii(y) dy = ¡y(y - x)n(y) dy = y(x)fi(y), that is, yp
= M(y)y- Therefore {/p: f E A] includes all trigonometric polynomials

which are linear combinations of characters chosen from supp(p). Now if

supp(i) c supp(p) then v is the L2-limit of a sequence of such polynomials

(its Fourier series, for example).

To prove (f), recall that every ideal has the form {p E L2(G): p = 0 off

E), for some E c G, and must be a band by (b). Conversely, if 5 is a band,

we let E = {y E G: p(y) = 0 for every p E 5}. If y g E, then p(y) = 1 for

some p E 5 and, as before, y = p(y)y = yp E 5. Thus 5 contains all linear

combinations of characters chosen from the complement of E, so that

5 = /£.
Finally, to prove the last part of (f), suppose that G is countable, let 5 = IE

be a band, and let 5 = {y„ y2, y3,... }. Let ¡i(x) = 1,™=xn~ly„(x). Then

supp(p) = E and 5 is the principal band generated by p.

Example 6. Let G be a compact abelian group. Suppose 1 < p < oo,

p =*= 2, and consider the algebra ^4 = LP(G) under convolution. The dual of

y4 is Lq(G), where 1/p + I/o = 1, each p E A* corresponding to a p E Lq

such that p(/) = //¡I dx,/ E ^4. As in the casep = 2, the ideals in j4 have the

form IE = [f E A: f = 0 oiî E), E c G, but the quantity || n\\,. is not as
easily calculated. However, if E has one point y0, then ||p||/. = |p(Yo)|- It

follows that if v «< p then there is a constant K such that \v(y)\ <

Ä"|p(y)| for all y E G, but the converse is not clear. It also follows that if

v « p then supp(í) c supp( p). The converse of this statement is true. For

suppose supp(P) c supp( p). As in Example 5, we see that f¡i=f**p. for

every trigonometric polynomial/, so that the band generated by p contains all

linear combinations of characters in supp(p). Since v is the L?-limit of such

polynomials, we have v < p. Note that this argument also shows that [v:

v < p} is the closure of {/p: / E A}. As in Example 5, the bands are the

closed ideals in Lq(G).

Example 7. Let G be a compact abelian group and consider the algebra

A = Ll(G) under convolution. Its dual is LV>(G). As in previous examples,

v <<< p implies |i(y)| < AT|p(y)| for some K and all y, p« v implies

supp(i) c supp(p), and every band in L°°(G) is a closed ideal, but the

converses of these three statements are not clear. Furthermore, /p = f* * p if

/ E L1 and p E L°°, from which it follows that the closure of {/p: / E A)

can contain only continuous functions, for any p E Lco(G). In particular, if p

is not continuous, then the closure of {/p: / E A) cannot be the principal

band generated by p.

Example 8. Let A = C'[0, 1] be the set of functions defined on the interval

[0, 1] which have one continuous derivative. For any function/on [0, 1] we

let ll/IL = sup{|/0x)|: 0 < x < 1} and if / E A we let ||/|| - ||/|L +
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ll/'ll«,. With the norm || • ||, A is a Banach algebra under pointwise multi-

plication.

From now on, /* refers to an integral over the closed interval [a, b]. If

limits of integration are not explicitly stated, then the interval [0, 1] is implied.

If p is a finite Borel measure on [0, 1] and a is a constant, then L(f) =

af(0) + //' dp. clearly defines a bounded linear functional on A. Conversely,

every bounded linear functional L has this form. For, given L, we can find

measures p, and p2 so that L(f) = ff dpx + ff dp2. But Fubini's theorem

gives

Sfd^ =l\lom dt+m] d^{x)

= /(o)/o' *,(*) +jf^jT1 ¿p,(*))/'(0 dt

so that

LU) =/(°)X1 *> +iofV)\{ft' d^x)) dt + **W

as wanted.

Furthermore, the representation L(f) = af(0) + ff d¡i is unique. For if

af(0) + ff dp. = 0 for all/, then choosing/(x) = 1 gives a = 0, and choosing

f(x) = x",n > 1, gives fxn~x dp(x) == 0 for n > 1, so that p = 0.

We need to know the norm of L on certain ideals. The calculations will

include the following notation. If U = (a, b) is an open interval inside [0, 1],

then the unit triangle function on U is the continuous function / on [0, 1]

defined as follows: f(x) = 0 iî x < a or x > b; f((a + b)/2) = 2/(6 - a);

and / is linear on the intervals [a, (a + b)/2] and [(a + b)/2, b]. If U =

{x: 0 < x < b) then the unit triangle function/on U is defined as follows:

f(x) = 0 if x > b; /(0) = 2/b; f is linear on [0, b]. The unit triangle function

on U = [x: a<x<l} is defined as in the previous case. Note that

ff dx = 1 for any unit triangle function.

Proposition 3. Let abe a constant and p a finite measure on [0, 1]. Define L

on A by L(f) = af(0) + ff dfi,f E A.
1. Suppose that Ux, U2,. . ., Un is a family of disjoint open intervals in [0, 1]

and let U = U"_il^. Let fj be the unit triangle function on Uj. Let I = {/ E

A:f(x) = 0 if x g U), which is clearly an ideal in A. Then

Mr < 2  dp. - (ffj dp) dx\(Uj) < 6||L||7.. (1)
y—1 v*' /      |

Furthermore, for any constants cx, . .., cn
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||£||/.<2|*-c,dx|(ry7). (2)

2. Suppose that U = [0, r), I = {f E A:f(x) = 0ifx> t). Then

||L||/.<|í/p-a^|([0,/))<2||L||/.. (3)

3. Suppose that U = (t, 1], I = {/ E A:f(x) = 0 ifx < t}. Then

n.<m((t,i])<2\\L\\I.. (4)

Proof. First we prove (1). Let/be any continuous function on [0, 1] such

that/(x) = 0 if x £ U. Define g on [0, 1] by

ti*)-£ M-ifafw^mdt.

Then g E / and g'(x) = /(*) - 2?. ,(/„/(*) ds)fj(x). Also, if x 6 Up then
(letting | Uj\ denote the length of UJ) we have

\g'(x)\ = ñx)-fj(x)f f(s)ds
JUj

l=o+2|!/m=3|l

ML+UWM

so that Hg'lloo < 311/H^j. Since g is 0 at some point, we can write g as the

integral of g' and get \\g\\n < ||g'|loo < 3||/|L, so that ||g|| < 6H/U«,. Now

\L(g)\<\\g\\\\L\\I. <6||/|U|L||/.,and

L(g) -JT' /(*)-2 (£/(*) *W) *(*)

- 2 / f(x) dp(x) - 2 / /(*) &/.&(*) *(*)
_/=i t^i _/=i y,

= 2 fjis) dp(s) - (jfj(x) rfp(x)) &j.

Therefore we have shown

2   /^/W   rfp(5) -(ffj(x) dp(x)^j OS sMMi-

for any continuous function / on [0, 1] which is 0 off U. This implies the

second inequality in (1).

The inequality in (2) is easier. Suppose that g E /. Then fvg'(x) dx = 0

because g is 0 at the endpoints of Uj. Therefore for any constants c,, we have
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\L(g)\ -|jV*|=   2/^g'W^W

= |¿ / g'(x)[dp(x)-Cjdx] <2\\g\\\dp-cJdx\(UJ),

so that ||L||/. < 2"_i|rfp - Cj dx\(Uj) for any c,-. Choosing e¡ = ff} dp, we get

(1).
The proofs of (3) and (4) are similar.

Suppose that p is a measure on [0, 1]. We say that p is constant on a set E

if there is a constant c such that dp = c dx on E. We can write p in the form

p = pa + ps where pa is absolutely continuous (in the usual measure theoretic

sense) with respect to Lebesgue measure and ps is singular with respect to

Lebesgue measure. We shall refer to pa and ps as the absolutely continuous

and singular parts of p, respectively.

Proposition 4. Suppose that L, G E A* = C1* are given by L(f) = af(0)

+ ff dp and G(f) = 6/(0) + //' dv, for constants a and b and measures p and

v. Then G < L if and only if each of the following conditions is satisfied:

l.IfQ<a<ß<.l and p is constant on (a, ß), then v is constant on (a, ß).

2. If dp = adxon [0, ß) then dp = b dx on [0, ß). Ifdp = 0 on (a, 1] then
dv = 0 on (a, l],

3. The singular part of p is absolutely continuous (in the measure theoretic

sense) with respect to the singular part of p.

Furthermore, if G < L, then G is the (norm) limit of linear functional of the

form gL, where g E A.

Before proving this, we would like to note that it contains the classical

Riemann-Lebesgue Lemma.

Corollary. Suppose that h is Lebesgue integrable on [0, 1]. Then

lim  / h(x)sin 2rrnx dx = lim  |  A(;c)cos 2-nnx dx = 0.
7!->00 Jq n-KX Jq

Proof. Define G and L on A as follows: G(f) = fh(x)f(x) dx and
¿CO - SlKx) dx. Then

L(f)=jol\f*f(t)dt+f(0)   dx

"foil1 dX)m dí+m = Jq1(1 " t)fV) dt+m'

By the previous proposition, G < L.

Now let I„ = {f EA: f(J/n) = 0 for / = 0, 1, 2,..., n). If / E I„ and
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11/11 < 1 then clearly \\f\\„ < l/n and \L(f)\ < l/n. That is, ||L||7. < l/n.
Therefore \\G\\j, ->0 as n -» co. But if fn(x) = (sin 2mnx)/2mn, then/, E In

and II/,|| < 2, so |G(/„)| = \fh(x)co% 2rmx dx\ -> 0 as n -» oo. The proof for

sin is similar.

Proof of Proposition 4. First we will assume G «. L and prove that the

three conditions are satisfied. Suppose that dp = c dx on (a, ß). If I = {/ E

y4 : /(x) = 0 if x g (a, ß)} and/ denotes the unit triangle function on (a, ß),

then ff dp = cffdx = c and by Proposition 3 ||L||7. < \dp - (ffdp) dx\(U)
= 0. Therefore ||G||7. = 0, so that \dp - (ffdp) dx\(U) = 0, that is dp =
(ff dp) dx on U. Thus the first condition is satisfied, and in the same way we

can prove the second.

To prove the third, let a and r denote the singular parts of p and p. Note

that it suffices to prove that r is absolutely continuous with respect to p. For,

we know there exists a set T of Lebesgue measure 0 such that |t|([0, 1] - T)

= 0. Now suppose S is any set such that |a|(5) = 0. Then T n S has

Lebesgue measure 0 and o-measure 0, hence p-measure 0, hence r measure 0,

so |t|(5) = |t|(S nT) + \r\(S - T) = 0 + 0.
So we have to show that if | p|(5) = 0 then |t|(5) = 0. Let us also assume

0 g E. Let e > 0. Choose 8 > 0 so that ||G||7. < e whenever ||L||7. < 8.

Choose a sequence Ux, U2,... of disjoint open intervals such that E c

UfL.Uj, ZJLJpKUj) < 8, and 0 ÇÉ \JfmlUr If /„ = {/ E A: f(x) = 0 if
x € U jmiUj), then clearly \\L\\i: < 5, so that \\G\\J: < e. By Proposition 3
we have

2 U - ( [fj dp) dx\{Uj) < 6||G||7.< 6e,
7 = 1 I \J ' \

where jÇ denotes the unit triangle function on Uj. Considering singular parts,

we get |t|(U"_i Uf) < 6e. Letting n -» oo implies |t|(5) < 6e, and since e > 0

is arbitrary we have |t|(5) = 0, as wanted.

To remove the assumption 0 g E we must show that if p has no point mass

at 0, then p has none either. If It = {/ E A: f(x) = 0 if x > e}, then

\\L\\j, < |v4|e + |p|([0, e]), which goes to 0 as e > 0 if p has no mass at 0.

Suppose now that p has mass c at 0, that is p({0)) = c. Let 80 denote the unit

mass at 0, and let pQ = p — c80, so that p0 has no mass at 0. Choose a function

X E 7e so that/e'(0) - 1 and \\f;\\„ - 1. Then |/e(0)| < e and

2iic?ik->lGa)l=|6/«(°)+//«'^|

= ¥e(0) + cf;(0)+Jf;dpi

>|c|-¿e-|^o|([0,e]).
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The last term converges to \c\ as e -> 0, so if c =£ 0 then || G ||7. does not go to

0 as e -> 0, contradicting G < L. So the third condition is proven.

Conversely, suppose that the three conditions hold.

First, we must find an expression for gL when g E A. We have (gL)(f) =

L(fg) = af(0)g(0) + ffg dp + ffg' dp. Writing/as the integral of/' gives

¡fg' dp = /(0)/g' dp +Jf(x)\fg'(t) dp(t)dx

so that

(gL)(f)=f(0)^ag(0)+jg'dp

+ ff(x)[(j[V(0 *(0) dx + g(x) dp(x

Suppose that dp = u(x) dx + da, where a is the singular part of p and u is
Lebesgue integrable. Then

(gL)(/)=/(0) ag(0) + Çg'dp
0

+ j[V(*)[(jf V(0 dp{t) + *(*)«(*)) dx + g(x) da(x)

Consider the Banach space direct sum S = C® L\dx) © L\da). Let 5 be

the subspace of all triples (d, /„ l2 ) in S such that

(i) /, is constant on every subinterval (a, ß) of [0, 1] on which dp is a
constant,

(ii) /, = d on [0, ß) if dp = a dx on [0, ß), and /, = 0 on (a, I] if dp = 0
on (a, 1].

Let C be the subspace of all triples in S of the form

<ag(0) + [lg' dp, flg' dp + g(x)u(x), g(x)>,      g G A.

It is easy to see that C c B.

We will show that C is dense in 5. Once we have shown this, we complete

the proof as follows. Suppose that the three conditions of the proposition are

satisfied and dv = lxdx + dr and r is the singular part of v and lx is Lebesgue

integrable. By the third condition, we have dr = l2 da for some l2 G Ll(da),

so that G(/) = af(0) + ff(x)[lx(x)dx + l2(x) da(x)] and the first two
conditions imply that <6, lx, /2)G5. Hence there exists a sequence g„ G C1
such that

(agn(0) +j\'n dp,¡\'n dp + gn(x)u(x), g„(x))-><6, /„ l2>.
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Therefore g„L-> G. Since gnL<^L, this proves G < L. It also proves the last

statement of the proposition.

To show that C is dense in 5 we will show that every element of S* which

annihilates C also annihilates 5. An element of S* can be assumed to be a

triple <c, ku k2) in C © L™(dx) © L^da). If this element annihilates C, we

have

ag(0) +fg' dp\c +f J g'dp + g(x)u(x) kx(x) dx

+ f g(x)k2(x) da(x) = 0

or

cag(0) +fg'(t) c +fkx(x) dx dp{t)

+ / g(x)[u(x)kx(x) dx + k2(x) do(x)] = 0   (5)

for all g G A. Letting dX = u(x)kx(x) dx + k2(x) da(x), the last integral

becomes fg(x) dX(x) = g(0)/¿ dX + fg'(t)[f] dX(x)] dt and substituting in

(5) gives

ca + JT1 dX g(0) + fg'(t) lie +f'kl(x) dx) dp(t) + If dX(x)\ dt\ - 0

(6)

for all g E A. It follows that the coefficient of g(0) as well as the measure in

the integral in (6) must be 0. Breaking this measure into absolutely

continuous and singular parts, we get three equations from (6):

ca+ f \u(x)kx(x) dx + k2(x) da(x)] = 0, (7)
•'o

(c + Ckx(x) dx)u(t) + f [u(x)kx(x) dx + k2(x) da(x)] = 0

for a.e. (dx)t,   (8)

lc+f'kx(x)dx\da = 0. (9)

Consider the continuous function c + f'0kx(x) dx and let K = [t E [0, 1]:

c + f'0kx(x) dx = 0). We claim that kx = 0 a.e. (dx) on K. For, almost every

(dx) point t E K is a point of density of K such that

1     rt + e

kx(t) = lim- /     kx(x)dx.
e Jt
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But if e is chosen so that t + e E K then

ft + e rt + e

I     kx (x) dx = c + |     kx (x) dx —
J, Jq

so kx(t) = 0.

Now suppose that (y, 5) is disjoint from K. We claim that dp is a constant

on (y, 5). By (9), a = 0 on (y, 8). Hence the integral f)k2(x) da(x) in (8) is

constant for t E (y, 8). The other integrals in (8) are (on compact subsets)

absolutely continuous functions of /, and since its coefficient is not zero u is

also absolutely continuous on (y, 8). So (8) can be differentiated to get

kx(t)u(t) + (c +f'kx(x) dx)u'(t) - u(t)kx(t) = 0   for a.e. t G (y, S).

Hence «'(0 = 0 for a.e. / G (y, 8), so that u is constant on (y, 8). Since a = 0

on (y, 8), we have dp is constant on (y, 5).

Recall that we are trying to show that <c, kx, &2) annihilates 5. Let us

assume for the moment that condition (ii) in the definition of 5 does not

apply. We can find a sequence of disjoint intervals (a„, ß„) such that dp is

constant on (a„, ß„), dp is not constant on any open interval containing

(a„, ß„), and dp is not constant on any open interval except those contained

in some (a„, ß„). Let N =* {x E [0, 1]: x £ (a„, ß„) for all «}. Then 5 consists

of triples <í/, lx, /2) such that lx is constant on each (a„, ß„), with no restric-

tion on d and l2. To show that <c, kx, k2} annihilates 5 we must show that

c = 0, that k2 = 0, that kx(x) = 0 for x E N, and that f%kx(x) dx = 0 for all
n.

We claim an, ß„ G K for all n. First suppose an =£ 0. Now if an & K, then

there exist y and 5 such that a„ E (y, 8) c [0, 1] and (y, 5) is disjoint from K.

But we have shown that p is a constant on (y, 8), hence on (y, ß„), contradict-

ing the maximality of (a„, ßn). Hence a„ E K, as wanted. Next suppose

a„ = 0. We are assuming that u is a constant (say u0) on (0, ß„) and that

a = 0 on (0, ß„). Since we are also assuming that (ii) does not apply, there are

two possibilities: either a as a nonzero point mass at 0, or else a = 0 on [0, ß„)

but u0 =£ a. In the first case, (9) implies c = 0, so that clearly a„ = 0 G K. In

the second case, if we choose t so that 0 < / < ßn we have f'0kl(x) dx u(t) =

f'0u(x)kx(x) dx and f)k2(x) do(x) = flQk2(x) da(x), so that (8) becomes

cu0 + [ u(x)kx(x) dx + f k2(x) da(x) = 0.
•'0 •'o

Comparing this to (7), we find that ca = cu0, and since a ^ u0, we have

c = 0. Hence a„ = 0 G K.

The proof that ß„ G K is analogous. If ß„ =£ 1, it follows as before. If

ß„ = 1, the possibilities are: either a has a nonzero point mass at 1, or else

c + ( kx (x) dx
Jo

= 0,
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a = 0 on (a„, 1] but u = u0 ¥= 0 on (a„, 1]. In the first case, (9) implies

c + f]0kx(x) dx = 0, or ß„ = 1 G K, and in the second case choosing t G

(a„, 1) in (8) gives (c + f¡,kx(x) dx)u0 = 0, so again ß„ = 1 G K.

Now since a„, ß„ E K, we have c + f^kx(x) dx = c + fo"kx(x) dx = 0, so

that f^kx(x) dx = 0.
If x G N, then x E K. For if x £ K, then p is a constant on an interval

around x, contradicting the definition of N. Hence N c K, and we already

know that kx is 0 a.e. on K, hence on N.

Furthermore, c must be 0. If not, then c + f'0kx(x) dx =£ 0 for t near 0,

which we have seen implies that dp is a constant on (0, 8) for some 5. That is,

an = 0 for some n, and we showed that c = 0 under these circumstances.

Finally, we must show k2 da = 0. We claim that f]kx(x)u(x) dx =

u(t)f]kx(x) dx for a.e. t. Note that f%kx(x)u(x) dx = f%kx(x) dx = 0 for

every n since u is constant on each (an, ßn). Now if t E N, then [t, 1] is the

union of a subset of N plus some of the intervals (an, ß„), and kx = 0 a.e. on

N, so that f)kx(x)u(x) dx = f)kx(x) dx u(t) = 0. On the other hand if t g N,

then t E (ay, Bf) for some /, and flßkx(x)u(x) dx = flß.kx(x) dx = 0 for the

reasons just mentioned. Therefore

f kx(x)u(x) dx = fßjkx(x)u(x) dx - u(t)(ßjkx(x) dx = u(t)Ckx(x) dx,

which proves the claim. Hence (8) may be rewritten as

ic+(kx(x) dx\u(t) + ( k2(x) do(x) = 0   for a.e. t.

Since c = flkx(x) dx = 0, we have f)k2(x) da(x) = 0 for a.e. t. But

f\k2(x) da(x) is continuous in t except perhaps for jumps at the point masses

of a, so that f]k2(x) da(x) = 0 for all t, which implies k2 da = 0, as wanted.

This completes the proof under the assumption that (ii) does not apply.

To complete the proof of the proposition, suppose that (ii) applies. Let the

(a„, ßn) and N be defined as before, except that the special intervals [0, ß)

and (a, 1] will not be included among the (an, ß„). Then 5 consists of triples

<i/, /„ l2 ) such that lx is constant on each (a„, ß„), lx = d on (0, ß), and

/, = 0 on (a, 1]. Suppose that (c, kx, k2} annihilates C. To show that

<c, kx, k2} annihilates 5 it suffices to show that kx = 0 on N, that f^kx(x) dx

- 0 for all n, that c + fßkx(x) dx = 0, and that k2 da = 0.
The first two of these statements are proven as before. To prove the third,

note that ß E K because dp is not a constant in a neighborhood of ß. To

prove the fourth, note that (8) can be rewritten as

(c + f'kx(x) dx\u(t) + fa[u(x)kx(x) dx + k2(x) da(x)] - 0

for a.e. / E[0, a].
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As before, we can show

(c + f"kx(x) dx)u(t) + fak2(x) da(x) = 0    for a.e. t E[0, a].

Since c + fôkx(x) dx = c + f§kx(x) dx + fßkx(x) dx = 0, we have

f"k2(x) da(x) = 0 for a.e. t E [0, a], so that k2da = 0 on [0, a]. Since da = 0

on [a, 1], we are done.

The relations G <<< L appears to be more difficult to characterize. The

next few theorms give some results in this direction.

Proposition 5. Suppose that L(f) = ffdpfor all f G A, where p is a finite
Borel measure on [0, 1], and that G <« L. Then there exists a finite measure

v on [0,] such that G(f) = ff dp and p is boundedly absolutely continuous (in

the usual measure theoretic sense) with respect to p.

Proof. We can put L in the form

L(f) = fím+í0xfV)dt]dp(x)

- /(0)/ dp + jfV(0(jf *(*)) dt.

It follows from Proposition 4 that G has the form G(f) = af(0) + ff g dx,
where g G Ll(dx).

Now suppose that 0 < a < ß < I and let e = (ß - a)/2. Choose a

sequence f„ E A approximating a right triangle with (a, ß) as hypotenuse,

that is, choose/, E A so that 11/,'H«, < l,f„(x) = 0 if x E [0, a] u [ ß, 1], and

f'(Y\^>fl       ifa<x<a + e,
J«K*)->l-l    ifa + e<x<ß.

Note that /„ E I = {/ E A: f(x) = 0 if x G (a, ß)} and that ||/„|| < 2, so

that |G(/„)| < 2||G||7.. Now if / E / and ||/|| < 1, then H/'H« < 1 and

ll/IL < e, so that \L(f)\ = \ffdp\ < e\p\(a,ß) and ||L||7. < e|p|(«,ß). If
now AT is a constant such that || G ||7. < AT||L||7. for all ideals / in A, we have

|G(/n)|<2ü:e|p|(a,ß). (10)

Since G(/„) = ffng dx, we may let n -» oo in (10) to obtain

■Pin Jr ß
gdx

a + e
<2Ke\p\(a,ß). (11)

Next suppose that 0 < s < t < 1. Let n be a large integer and let e = (r —

s)/n. Then applying (11) repeatedly gives
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Jrs + e rt + t "    I  rs+je , rs + (j+l)e       , \
f     gdx-\      gdx=  2    j gdx- gdx)
s Jt jml\Js+(J-l)e Js+je I

< 2 2Ke\ p\(s + (/ - l)e, s + (j + l)e)
i-l

< 4v?e| p|(i, r + e).

Hence

li,   sdx-i),  gdx < 4K\ p\(s, t + e).

Letting « -» oo, we find that for a.e. s and a.e. t such that 0 < s < t < 1

|g(5)-g(0|<4*|p|M. (12)
We wish to show that g is of bounded variation and determines a measure

boundedly absolute continuous with respect to p. We may assume without

loss of generality that g is real-valued. Define

g0(j) = lim ess sup {g(a): s < a < t)

for s E [0, 1). From (12) it follows that g = g0 a.e. so that (12) holds with g0

in place of g and a.e. s and t. Furthermore, g0 is continuous from the right.

Therefore given any s, t such that 0 < s < r < 1, we can find sequences

sn> s and t„ > t such that s„ -» i, /„ -> t, and (12) holds with g, s, t replaced

by g0, sn, tn. Letting n -» oo then gives

|*o(*) - *o(0| < 4*1P|(J, '].       0 < * < í < 1. (13)
It follows that g0(r) has a limit as r-> 1, which we take as the definition of

g0(l). From (13) we see that g0 is of bounded variation, and there exists a

measure p on (0, 1] such that p(s, t] = gQ(t) - g0(s) if 0 < s < t < 1. Note

that p has no mass at 1 and define p({0}) = 0. By (13) p is boundedly

absolutely continuous with respect to p on [0, 1]. If/ E A, then

G(/) = af(0) +ffg0 dx = a/(0) +fg0df

= a/(0) -//^o +/(l)g0(l) -/(0)go(0)

= (fl - go(0))/(0) + g0(l)/(l) "//*.

To complete the proof, we only have to show that if p has no mass at 0 then

a — g0(0) = 0 and if p has no mass at 1 then g0(l) = 0.

Suppose p has no mass at 0. If e > 0 and I = {/ E A: f(x) = 0 if

x g [0, e)} then U/H«, < e whenever / E I and ||/|| < 1, so that \\L\\j. <

e|p|[0, e). Hence ||G||7. < Ae|p|[0, e). Choose a sequence f„El so that
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WL< l,/n(0)^e,and/,'(x)->-lforxE[0,e)as/2->oo.Then|G(/„)|

< IIX.II l|G||y. < 2Ke\p\[0, e), and letting n-»oo gives \ae - f'Qg0 dx\ <
2Ke\ p|[0, e). Divide by e to get

a-± feg0dx<2K\p\[0,e). (14)
e Jq

Since g0 is continuous from the right, the integral in (14) goes to g0(0) as

e -> 0, and since | p|({0}) = 0, the right side of (14) converges to 0. So

a ~ go(0) " 0» as wanted.

If p has no mass at 1, then a similar argument, using the left-hand

continuity of g0 at 1, shows that g0(l) = 0. This completes the proof.

Recall that a function/on an interval U0 is of bounded mean oscillation on

U0 if there is a constant C such that fv\f — fv\ < C\U\ for every subinterval

U c U0, where | U\ denotes the length of U and fv denotes the average

value of/on U (John and Nirenberg [7]). The set of all functions of bounded

mean oscillation on U0 is a Banach space denoted BMO(U¿), or briefly,

BMO.

Proposition   6.   Suppose   that   L(f) = ff(x)u(x) dx   and   G(f) =
ff(x)v(x) dxforallf E A, where u, v E L\dx). IfG <<< Landifu lies in
any one of the Banach spaces BMO or Lp(dx), 1 < p < oo, then v lies in the

same Banach space.

Proof. Suppose that ||G||7. < A]|L||7. for every ideal/.

If u E BMO, then fv\u — u,,\ dx < C\U\ for some constant C and all

intervals U = (a, ß). Now if I = {/ E A: f(x) = 0 if x & U] then by

Proposition 3 we have ||L||7. < fy\u - wj dx. Hence ||G||7. < ATC|i/| and

by Proposition 3 again we have

jWx)-jf(t)v(t)dt dx < 6KC\U\

where / is the unit triangle function on U. Now it is easy to show that

fu\v ~ vu\ dx < 2fv\v — c\ dx for any constant c (see John and Nirenberg

[7, p. 418]), so that fv\v - %| < 12ATC| U\. Hence v E BMO, as wanted.
Now suppose that u E Lp, 1 < p < oo. We consider u and v as defined on

all of R and vanishing off [0, 1]. We let

(Mu)(x) = supj |[/|_1 f \u(y)\ dy: U an interval, x E U \

and

u (x) = supj \U\  ' f \v(y) - vv\ dy: i/an interval, x E U \.
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Since u E Lp, the maximal function Mu is in Lp, as is well known. Further-

more, to show v E Lp, it suffices to show o* E Lp (Fefferman and Stein [4,

Theorem 5, p. 153]). Hence it suffices to show v# bounded by a constant

multiple of Mu. In fact, we will show

fvHy) - %K < 36*Jj«(y)| dy (15)
for every interval U.

Let U = (a, ß) be any interval in R. For any function h we will let hv be as

above and let hu = fvfh dx where / is the unit triangle function on U. If

0 < a < ß < 1, then

f \v(y) -vu\dy<2[ \v(y) - vu\ dy < 12||G||7.< 12tf||L||7.

< 12KJ \u(y) - uu\ dy < 12kJ |«(y)| dy + 12K\U\ \uu\

< 12KÍ \u\+ 24KÍ \u\= 36KÍ \u(y)\ dy.

If a < 0 < ß, then

fjpiy) - %| dy < 2/jü(y)| ̂  = 2j^Ky)| * < 2II(?II/.

< 2iq|L||7.< 2i:/o/'|«(y)| ̂  = 2Kfju(y)\ dy.

The case a < 1 < ß is similar to the case just done. Finally, if U does not

intersect [0, 1] at all, then both sides of (15) are 0. Thus (15) and the

proposition have been proven.

Proposition 7. Suppose that L(f) = af(0) + ff dp and G(f) = bf(0) +
ff dp for all f E A. If G <<< L, and if there exist r E (0, 1) and a constant

C such that \p\(U) < C\U\r for every closed interval U E [0, 1], then there

exists a constant D such that \p\(U) < D\U\r for every such U.

Proof. Suppose ||G||7. < A"||L||7. for all closed ideals I. Clearly p has no

point masses, so that p has none either. Suppose 0 < a < ß < 1 and let

/={/EyL-/(x) = 0ifx(2(a,ß)}.Then||L||7. < |p|(a,ß)< C(ß - a)r.

Choosing/, as in the proof of Proposition 5

|//;^|<2||G||7.<2C/i:(ß-ar.

Letting n -> oo, we get \p(a, m) — p(m, ß)| < 2CK(ß — a)r, where m = (a

+ ß)/2. If we define 5(x) = p(0, x) and h = (ß - a)/2, then F(m + h)-

2F(m) + F(m - h) = p(m, ß) - p(a, m), so that



CONTINUITY IN THE DUAL OF A BANACH ALGEBRA 187

\F(m + h) - 2F(m) + F(m - h)\ < 2CK2rhr

whenever 0 < m — h < m + h < I. But this implies that F satisfies a

Lipschitz condition of order r (Stein [10, Proposition 8, p. 146]), that is,

\F(m + h) - F(m)\ < Dhr

for some constant D and all m, h such that 0<m<m + h< I. Hence

\p\(m, m + h) < Dhr, as wanted.

In view of the last few results it is interesting to consider the map Li->$L

of A* into itself, for a fixed $ E A**. We consider C © Ll(dx) as a subspace

of A*; the pair (a, u) E C © Lx(dx) determines the linear functional L given

by L(f) = af(0) + ffu dx. If $ E A**, then the restriction of O to C ©
L\dx) determines a pair (b, 9) E C © Lœ(dx) such that $(L) = ab +

fu(x)9(x) dx. In the proof of Proposition 4 we calculated gL for g E A.

Using this, a tedious calculation shows

(OL)(/)=/(O)(a6+Ju0¿x)

+ /!A0 (è + /'*(*) <&)«(') +/'0(*)"(*)<& ¿ft.     (16)

Hence the mapping of Ll(dx) into itself that sends « into the function

(b + f'09(x)dx)u(t) + f]9(x)u(x)dx, for fixed (b, 9) E C © L'x(dx), is

"oscillation decreasing." Note that if u is sufficiently smooth, then the

derivative of the latter function is (b + f'09(x) dx)u'(t), so that we can think

of this mapping as differentiation, followed by multiplication by an abso-

lutely continuous function, followed by integration.

Finally we wish to mention that Arens multiplication is commutative, as

can be shown by the same type of calculation used to establish (16).

Example 9. Let A be the algebra of continuous functions on the circle

T = [z: \z\ = 1} whose negative Fourier coefficients vanish, that is, A = {/

E C(T): fein'f(t) dt = 0 if « > 0}. Each/ E A can be extended uniquely to

a continuous function on the disc {z: \z\ < 1} which is holomorphic in the

interior {z: \z\ < 1} and we shall identify /with this extension.

Now A is a subalgebra of C(T) and its dual is M(T)/H¿, where M(T) is

the set of regular Borel measures on T and H¿ is the subset of measures

which annihilate A, that is, #„' = {p: ffo'"' dp(t) - 0 if n > 0}. By the
theorem of F. and M. Riesz, all measures in H¿ are absolutely continuous

with respect to Lebesgue measure.

The ideals in A can be described as follows (Hoffman [6, p. 84]): Let K be

a subset of T of Lebesgue measure 0 and let F be an inner function such that

1. if ax, a2,... are the zeroes of F in the interior of the unit disc, then

every accumulation point of the a„ is in K, and
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2. the measure determining the singular part of F is supported on K.

Then I = I(K, F) - {Ff: f E A and/(x) = 0 if x E K) is an ideal in A.
Conversely, every ideal I in A is of this form.

Proposition 8. Let K, F, and I = I(K,F) be as above. Let pbe a measure

on Tändlet L(f) = ffdpforf E A. Then

\\m.<\\FM~AA.<2WLh» 07)
where F dp\^K denotes the restriction of the measure F dp to the complement of

K.

Proof. Note that F is continuous off K so that 5 dp\„K is well-defined.

By Fatou's theorem (Hoffman [6, p. 80]) we can choose a function h E A

such that h(x) = 1 if x E K and |A(x)| < 1 if x £ K. Then for any / E A

and any positive integer n we have (/ - fh")F E / and \\(J — fli")F\\ <

2||/||. Hence

1/(f-fh")Fdp <||(/-^«)5||||L||7.<2||51|||L||7..

Letting n -» 00 gives |/_/¡/5 dp\ < 2||/|| ||L||7.. This proves the second half of

(17).
On the other hand, if Ff E I, then \L(Ff)\ = \fFfdp\ = \f„KfFdp\ <

11/11 \\Fdp\^K\\A.. This proves the first half of (17).
If p E M = M(T) then || ¡i\\A, = inf{|| p + h\\M: h E H¿). We will need

the following simple lemma.

Lemma. IfuE Li(dx) and da is a singular measure, then

(a) \\udx + do\\A. = \\udx\\A. + \\da\\A.,and

(b)\\do\\A.= \\da\\M.

Proof, (a) If h E H¿ then \\u dx + da + h dx\\M = \\u dx + h dx\\M +

\\da\\M > ||« dx\\A, + \\do\\A., and taking the infimum of the left hand side

over all such h gives the result.

(b) If h E H¿ then \\da + h dx\\M - \\da\\M + \\h dx\\M > \\da\\M, so that
||</o-||¿. > Hi/all^. The reverse inequality is clear.

Recall that a function on T is said to be of bounded characteristic if it is

the quotient of two functions in H1. If a function u in Ll(dx) is of bounded

characteristic, then u has a unique factorization of the form u = H/F where

F is an inner function and H is a function in H1 such that F and the inner

part of H have no common divisor. Integrable functions of bounded

characteristic are dense in L1(dx), for otherwise there would be a nonzero

function in Lx(dx) which annihilates z" for all integers n, an impossibility.

We can now describe the notion of absolute continuity in A.

Proposition 9. Let L(f) = ff dp and G(f) = ffdv for all f E A, where
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dp = u dx + da, dp = v dx + dr, u and v are in L[(dx), and a and r are

singular measures. Then G < L if and only if G is in the closure of {gL:

g E A). Furthermore:

(a) Suppose that u is of bounded characteristic with factorization u = H/F.

Then G < L if and only if each of the following three conditions is true:

(i)FvE.H\

(ii) if the meromorphic extension of u to the disc has a zero at z = 0 then the

meromorphic extension of v to the disc (which exists by (/")) also has a zero at

2 = 0,

(iii) r is absolutely continuous with respect to a.

(b) Suppose that u is not of bounded characteristic. Then G < L if and only if

v E Ll(dx) and r is absolutely continuous with respect to a.

Proof, (a) Suppose that conditions (i), (ii), (iii) are satisfied. We will show

G< L by showing that G is in the closure of {gL: g E A). Note that

(gL)(f) = //(g" dx + g da). If G is not in the closure of {gL: g E A} then

by the Hahn-Banach Theorem we can find a linear functional annihilating

{gL: gE A) but not G. This linear functional on A* = M(T)/HQX can be

restricted to L\dx) + L\da)/H0l to give a pair (9X, 9J E L°°(dx) + LM(da)

which annihilates H¿, where the action of (9X, 92) on (/,/j) E L\dx) +

L\da) is given by (9X, ̂(/„/î) = ffx9x dx + ff292 da. The condition that
(9X, ¿y annihilates H¿ and { gL: g E A } becomes

J9xh dx = 0   iíhEH¿   and    f(9xgu dx + 92g da) = 0   if g E A.

The first equation says 9XE Hm and the second says that 9xu dx + 92 da E

Hq. By the theorem of F. and M. Riesz, we have 92 da = 0 and 9xu E H0\

But 9xu = 9XH/F, so that 9X/F is holomorphic (and bounded) in the disc

and either H or 9X/F has a zero at the origin. Therefore, v6x = vF(0x/F) E

H1 by (i). Furthermore, if 9X/F has a zero at the origin, then so does v9x, so

that v9x E H0l; on the other hand, if 9X/Fdoes not have a zero at the origin,

then H has a zero at the origin, hence u has a zero at z = 0, hence by (ii) v

has a zero at z = 0, hence v9x E H¿. Therefore, in any case, f(v9x dx +

92 dr) = 0, that is, (9X, 9^ annihilates G, contrary to the assumption about

(9X, 92). This proves that G is in the closure of { gL: g E A], as wanted.

Conversely, suppose that G<. L. Decompose r, r = rx + r2, where rx is

absolutely continuous with respect to a and r2 is singular with respect to a.

Now the inner function F is the uniform limit of Blaschke products (Hoffman

[6, p. 175]) and a Blaschke product is the limit a.e. of finite Blaschke products

(Hoffman [6, p. 65]), so that we can find a sequence F„ of finite Blaschke

products such that 5„ -» F a.e. We can also find an increasing sequence K„ of

compact sets of Lebesgue measure 0 such that It^O/Q = 0 and da is support-

ed on the union of the Kn. Let /„ = I„(K„, Fn) be the ideal in A determined
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by Kn and Fn. Then by the preceding proposition and lemma,

||L||7.< 2||5„(« dx + do)UKl- 2\\Fnu\\A.+ 2\\Fn da^^     (18)

But \\F„u\\A. < \\Fnu - H\\M = \\F„H - FH\\L, -> 0 by the Lebesgue
Dominated Convergence Theorem and \\Fn do\„KJ| ->0 by the definition of

K„. Hence||G||7.->0. But

\\G\\i:>\\Fn(vdx + drx + dr2)Uj\A,

= \\Fnv\\A^Fndrx\„K\\ + \\Fndr2\„K\\

from which it follows that each of the three terms on the right hand side goes

to 0 as n -» oo. Now the Lebesgue Dominated Convergence Theorem implies

F„v->Fv in L1, and since HF,,«]^. ->0 we have Fv E H¿, proving (i).

Furthermore, if u is 0 at z = 0, then F is not 0 at z = 0, so that v must have a

zero at the origin, proving (ii). Finally, note that ||5„ o^I-aJI^» = \\Fn dr2\\M

— \dr2\M, since |5„| is 1 on the circle, so that r2 — 0 and r is absolutely

continuous with respect to a, proving (hi).

(b) First we prove that if r is absolutely continuous with respect to a and

o E L\dx) then G is in the closure of {gL: g E A), hence G <¡¿ L. For if not,

then proceeding as in part (a) we find a pair (9X, 9^ E Lco(dx) + Lco(da)

which annihilates H¿ and {gL: g E A) but not G. As in (a) we conclude

6X E H, 92 da = 0, and 9xu E H¿. If 9X is not identically 0 then u = (9xu)/9x

is of bounded characteristic, contrary to our assumption. Hence 9X = 0 and

(0X, 92) annihilates G. This contradiction proves that G is in the closure of

{gL:gEA}.
Conversely, suppose G « L. Decompose r = t, + r2 as in (a). Since

integrable functions of bounded characteristic are dense in Lx(dx), for any n

we can find Hn E H1 and an inner function Fn such that ||u - Hn/F„\\ -»0

as n -» oo. Furthermore, we can assume as in (a) that F„ is a finite Blaschke

product, and we can obtain a compact set Kn and an ideal /„ as in (a) such

that (18) holds. But \\F„u\\A. < \\F„u - H„\\v = ||« - HH/FH\\L>^>0 and

Fn d°\~Kn -» 0- Hence ||G||7.-»0 and as in (a) we find that r2 = 0, as
wanted.

3. Generalizations. Let A be a Banach algebra, not necessarily commuta-

tive, and let 5 be a Banach module over A, that is, 5 is a Banach space, and

there is a representation of A on 5 such that \\af\\B < ||a||^||/||B for all

a E A and / £ 5. If L, G £ 5*, then we define G < L to mean that for

every e > 0 there exists 8 > 0 such that if ||L||7. < 8, where I is a closed

invariant subspace of 5, then ||G||7. < e. We define G <<< L to mean that

|| G ||¡. < AT||L||7., for some constant K and all invariant subspaces I c 5.

For example, suppose that we have a representation of A on a Hilbert

space H. If the representation is irreducible, so that the only invariant
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subspaces are 0 and H, then G < L whenever G, L E H* = H and LJ=0.

Suppose more generally H = @a Ha, where each Ha is irreducible, and

L(f) =</, p) for some p E H and all f E H, where <•, • ) is the inner

product in H. If p = 2pa, pa E #„, then \\L\\H. = \\ pa\\. Hence if G <<<

L, where L(f) =</, p> and G(/) =</, p), thenV«ll < *|| P„ll for all a and
some constant K. The converse is easy to prove. Also, if merely G < L, then

va = 0 if pa = 0, and this converse is also easy to prove.

Now suppose again that 5 is a Banach module over A. If a E A and

L E 5*, we define aL on 5 by (aL)(/) = L(o/) for / E 5. It is clear that

aL E B* and ||aL||7. < ||a|| ||L||7. for all invariant I in 5. Thus aL <« L.

A Radon-Nikodym theorem for 5 would say that if G < L then G is in the

norm closure of {aL: a E A). We will content ourselves with examining

several examples.

Example 10. Let G be a compact group with normalized Haar measure and

let A = L2(G). With the convolution

f*g(y) = [f(yx-l)g(x)dx

A becomes a Banach algebra, and we let A act on itself by left multiplication.

If 5 is an irreducible representation of G on a ¿/-dimensional Hubert space

H, choose an orthogonal basis vx,..., vd of H and let <í>,-,(x) =(Rxv¡, v^).

For each/ the linear span of {<f>y: i = 1,..., d) is a left invariant subspace

of A. By the Peter-Weyl theorem, L2(G) = ®Ha, where each Ha is the span

of the {<bjj ) determined by an irreducible representation.

If p E A *, we can identify p with a function (also denoted p) in L2(G) such

that p(f) = ff(x) p(x) dx. A straightforward calculation shows that fp =

f* * p for all / E A, p E A*, where f*(x) =/(x_1). The Radon-Nikodym

theorem for A would say that if p « p, then/ E /I can be chosen so that/ * p

is arbitrarily close to p. Now if / = 2/,, p = 2 pa, p = 2^, then / * p =

2(/a * pa), so it is sufficient to find /„ so that /„ * pa is near va, for each a

(that is, for each irreducible representation). Now suppose that/a = 2/^-,

pa = 2pij<¡>ij, pa = 2p¡j<t>y. Then/a * pa = ¿"'Syijy/^^ where ¿ is the

dimension of the representation. Letting [qy] denote the matrix which has q¡j

in the /'th row and /th column, we see that we want [/,] so that the

components of [/-,][ p¡¡[ are close to those of [p¡f\. Now the assumption p < p

implies that if a column { p,y: i = 1,..., d) is 0 then the corresponding

p-column is 0, which is clearly necessary for the existence of/. However, it is

not sufficient. For, if two columns of [p¡f\ are identical but not 0 and the

corresponding two columns of [vv] are different, then we cannot find [/•,]

making [/■,][ py] arbitrarily close to [v¡j\. Hence the Radon-Nikodym theorem

need not be true. If, however, the nonzero columns of [p0] are linearly

independent, then [/-,] can be found so that [/,][ py] = [Py]. For example, if p
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is a central function (that is, if p(xy) = p(yx) for all x, y E G) then ptj = 0 if

/' ¥= j, making the nonzero columns independent, and the Radon-Nikodym

theorem holds for central functions.
Example 11. Let Li be a separable infinite dimensional Hubert space and

let 6(H) be the Banach algebra of compact operators on H. The dual space

of 6(H) can be identified with the Banach space ^(H) of trace class

operators on H with the trace norm || • ||]. The duality is given by the bilinear

form tr(JC) = trace(rC), T E <5(H), C E 6(H).
Suppose that T is a trace class operator on H and that {x,-: / =

1, 2, 3,... } is an orthonormal basis in H. Fix any integer n and let

I = {C E 6(H): C(xj) = 0 if / t¿ n), which is clearly a closed left ideal in

6(H). If E is the projection on the span of x„, then

\\T\\n > \tv(TE)\ = |2y<rex,, Xj}\ = |<7xn, x„>|. That is,

Fll/.>|<n^).^>|_  {TeV(H)).
If in addition x„ is an eigenvector of T (the adjoint of T) then for every

C £ I we have

|tr(7T)| = 2<TCx,,x,>| = |(Cx/,,rx„}|

= |<7x„, xnXCxn, x„>| <|<7x„, x„>| ||C||,

so that

||r||7. = |<7x„, x„>|       (r £ ST,//), xn eigenvector of f ).

Now suppose that A, B E ^J(H), with A normal, and that 5 «< A. If

{x„} is an orthonormal basis of eigenvectors of A and if ||5||7. < AT||^||7. for

all I, then we have

|<5x„,x„>|<||5||7.< iqAWr- K\(Ax„,x„)\= K(\A\xn,xn/.

Now this does not in general imply that |5| < K\A\. However, if the x„ can

be chosen so that they are eigenvectors of 5 as well (that is, if A and 5 can be

simultaneously diagonalized), then we have ((iT|v4| — |5|)x„, x„) > 0 for all

n and since the x„ are eigenvectors of K\A\ — \B\, we have |5| < K\A\. If

Ax„ = p„x„ and 5x„ = p„xn, then \p„\ < K\ pn\ for all n. If Dn(xf) = pjpj for

/ = 1.n and D„(xJ) = 0 if / > n, then the D„ are uniformly bounded

compact operators and 5 = lim D„A. Note that if we had merely assumed

B <g.A, then pn = 0 whenever p„ = 0, so that Dn can still be found so that

5 = lim D„A, although the Dn are not necessarily uniformly bounded. In any

case, a Radon-Nikodym theorem holds only when additional commutativity

conditions are placed upon the "linear functionals" A and 5.

For a different approach, we recall the Radon-Nikodym theorems of Sakai

for   H/*-algebras.   Suppose  that   %   is  a   W*-algebra  and  let  <p, «/<  be
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positive normal linear functionals on a such that \p < </>. Then there exist

positive elements t and A in © such that 0 < r < 1, 0 < A"< 1, and

*(/) = ¥.&) = itftf + ffl) for all / £ S (Sakai [9, pp. 76-77]). If a -
a (H), then the normal linear functionals on a are the trace class operators

(that is, a is the dual of ^i(H)), and it is interesting to note that if we change

our definition of absolute continuity slightly, the relation <<< in ^(H)

(considered as the dual of 6(H)) becomes almost identical to the relation <

in ^(H) (considered as the predual of a (H)), which is the hypothesis of

Sakai's Radon-Nikodym theorems. The change consists of considering norms

of restrictions to I_ n / rather than I, where I is a closed left ideal and

7 = {A: A E I) (A = adjoint of A).

Proposition 10. Let A and B be positive trace class operators on H. Then

B < A if and only if

lr*H(/nf).<IMII(/n/> (19)
for every closed left ideal I in 6(H).

Proof. Note that if E is an orthogonal projection, then I = {C E 6(H):

CE = 0} is a closed left ideal. Furthermore every closed left ideal in 6(H)

has this form (Rickart [8, p. 284]). Given E and I, let F = 1 - E and note

that (/ n /)* = {C £ 6(H): CE = EC - 0}. If A £ ^(H) and A > 0, we
claim that |M||(7n7). = ti(FAF). For, if C E (I n /)*, then |tr(,4C)| =

\\x(AFCF)\ = \tT(FAFC)\ < ti(FAF)\\C\\, so that |M||(7n7). < tr(5,45). But if
{xy.j = 1, 2, 3,... } is an orthogonal basis for the range of F and if C„ is the

projection on the span of {x,, x2,..., x„}, then

\\A\\{lnjy>tr(ACn) = 2 (Axj, Xj)
y-i

2 (fafxj, Xj)
j-l

and letting n -> oo gives \\A ||(/n7). > tr(5y45).

Now ti 0< B <A, A, BE ^(H), and I = {C: CE - 0}, then FBF <
FAF and ||5||(7n7). = tr(555) < tr(FAF) = ||v4||(7n7).. Conversely, if (19)

holds and x £ H, let F be the orthogonal projection on the span of x and let

5=1-5. Then

<5x, x> = tr(555) =||5||(7n7).<||yl||(7n7-).= tr(545) =<,4x, x>,

so that 5 < A.
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