ABSOLUTE CONTINUITY IN THE DUAL
OF A BANACH ALGEBRA!
BY
STEPHEN JAY BERMAN

ABSTRACT. If 4 is a Banach algebra, G is in the dual space 4A*, and I is a
closed ideal in 4, then let ||G||;+ denote the norm of the restriction of G to
I. We define a relation <« in A* as follows: G < L if for every e > 0 there
exists a § > 0 such that if I is a closed ideal in 4 and ||L]|; < & then
IGll;» < e. We explore this relation (which coincides with absolute
continuity of measures when A is the algebra of continuous functions on a
compact space) and related concepts in the context of several Banach
algebras, particularly the algebra C'[0, 1] of differentiable functions and the
algebra of continuous functions on the disc with holomorphic extensions to
the interior. We also consider generalizations to noncommutative algebras
and Banach modules.

Introduction. We wish to define a binary relation in the dual of a Banach
algebra which will generalize the relation of absolute continuity for measures.
While the general theorems that we are able to prove are trivial, the examples
which follow seem to indicate that the concept is worth considering in the
study of a particular Banach algebra.

1. Definitions. Let X be a compact Hausdorff space and let C(X) denote
the space of real (or complex) valued continuous functions on X with the
supremum norm. If p and » are finite regular Borel measures on X, let | u| and
|v| be the total variation measures of p and ». Recall that » is absolutely
continuous with respect to p if for every e > 0 there exists § > 0 such that if
E is a Borel set in X and | p|(E) < & then |»|(E) < e. The regularity of p and
v implies that we have an equivalent condition if we restrict E to be an open
set. Now if E is open, then | p|(E) = sup{|[fdu|: f € C(X), || fll < Lf(x) =
0if x & E}, thatis, | p|(E) is the norm of the linear functional p restricted to
the closed ideal I = {f € C(X): f(x) =0 if x & E}. So we are led to the
following definition: '

DEFINITION. Let A be a commutative Banach algebra (over the real or
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complex field) with dual A*. If L € A* and I is a closed subspace of 4, let
|IL]| ;» denote the norm of the restriction of L to I.

1. We say that G € A* is absolutely continuous with respect to L € 4*
(written G < L) if for every ¢ > 0 there exists 8 > 0 such that if I is a closed
idealin 4 and ||L||;» < & then ||G||;» < &.

2. We say that G is boundedly absolutely continuous with respect to L
(written G < << L) if there exists a constant K such that ||G||» < K||L]||;»
for every closed ideal I in 4.

3. We say that a closed subspace B of A*isabandif GK Land L € B
imply G € B.

Recall the following definitions in Arens [1}, [2]:

4. If f € A and L € A*, then fL is the linear functional on 4 defined by
(fLX(g) = L(fg)forallg € A. Clearly fL € A* and || fL|| < || f]| IIL]].

5.1f ® € A** anid L € A*, then ®L is the linear functional on 4 defined
by (RL)(f) = ®(fL) for all f € A. Clearly ®L € A* and ||®L|| < ||®] || L]\

6. If &, ¥ € A**, then ®¥ is the linear functional on A* defined by
(®¥)(L) = ¢(¥YL). Clearly ®¥ € A** and || DY < ||@] [|¥|l. With this
operation, 4** is a Banach algebra.

ProposITION 1. 1. If I is a closed ideal in A, f € I, and L € A*, then
LI < LI lLA

2.If® € A** and L € A*, then |OL| ;» < ||| ||L||;» for any closed ideal I
in A. In particular, 8L <<< L.

3.If L € A*, then {G € A*: G < L} is a band, called the principal band
generated by L.

PROOF. 1. If g € 4 then fg € I and |(fL)(g)| = |L(f)| < IILI| ~llf2ll <
LN ILA1l 1 gl so that || L] < [IL]| poll f1I-

2. It f €1, then |(RL)S)| = |2(fL)| < @I LN < @I IAI L]l sO
that ||®L|| ;o < [|®]| || L]|ps.

3. The indicated set is clearly a subspace of 4*. To show it is closed,
suppose G, — G and G, < L. Given & > 0, find n so that |G, — G|| < g/2
and then find & > 0 so that ||G,||,» < €¢/2 whenever ||L||;» < 8. Then ||L|| .
< & implies |G|l ;s € |G = G,llpe + |Golle < 8/2 + /2 =¢.

Let us consider again the algebra C(X), X compact Hausdorff. The
Radon-Nikodym Theorem states that if » < u then dv = F du where F is
p-integrable. Since C (X) is dense in the p-integrable functions, an equivalent
statement of the Radon-Nikodym theorem is that » < p if and only if » is in
the norm closure of { fu: f € C(X)}.

For any Banach algebra 4 and any L € 4*, we have

{fL:f € A4) c{®L: ® € 4**} C{G: G <<< L} c{G: G« L}
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and we will be interested in finding which of these sets (or their closures) are
equal.

PROPOSITION 2. If Arens multiplication in A** is commutative, that is, if
OV = VO for all ®, ¥ € A**, then for any L € A, the closures of {fL:
f € A} and {DL: & € A**} are equal.

Proor. If the closures are not equal, then by the Hahn-Banach theorem we
can find a nonzero ¥ € 4** such that ¥(fL) = 0 for all f € 4 but ¥(®L) #
0 for some & € A**. But then (Y L)(f) = ¥(fL) = 0 for all f, so YL = 0 and
Y(®L) = ®(YL) = 0, a contradiction.

If A4 is a uniform algebra (that is, a closed subalgebra of C(X) for some
compact Hausdorff space X) then 4** is commutative, (Civin and Yood [3,
p. 869]) so that Proposition 2 applies to A4.

2. Examples.

ExaMpLE 1. Let 4 be any Banach space and define multiplication in 4 by
fg = 0for all f, g € A. Then every subspace of A4 is an ideal. So if L € A*,
then the kernel of L is an ideal, and G « L and G <<< L both imply that
G is zero on the kernel of L, so that G is a scalar multiple of L. Hence {G:
G< L} ={G: G<<< L} ={AL: A any scalar}. However, {fL: f € A} =
{®L: & € 4A**} = {0}.

EXAMPLE 2. Let 4 be a commutative Banach algebra and suppose that L is
a nonzero multiplicative linear functional on A. Then the kernel of L is an
ideal, so we find (as in Example 1) that {G: GK L} = {G: G <<< L} =
{AL: X scalar}. Furthermore, fL = L(f)L and ®L = ®(L)L, so that {fL:
fE A} ={PL: ® € A**} = {AL: A scalar}.

ExAMPLE 3. Let A4 be a commutative Banach algebra with identity e. Let M
be a nonzero multiplicative linear functional on 4 and let L be a nonzero
bounded point derivation of M, that is, L € A* and L(fg) = L(/))M(g) +
M(f)L(g) for all f, g € A. Clearly fL = L(/)M + M(f)L if f € A and
OL = P(L)M + O(M)L if ® € A**, so that {fL: fE A} =({PL: d €
A**} = (\\M + \,L: A, A, scalar}. We claim that if G < L, then G = A\, M
+ A,L for some scalars A; and A,. To show this, let J be the kernel of M.
Then J is a maximal ideal in 4. Let I = {f € J: L(f) = 0}. Now I is an
ideal in 4, for if f € I and g € A, then we can write g in the form g = j + A,
where j € J and A is a scalar, and since L(fj) = L(HM () + M(HL()) =0,
wefind that ff € Tand fg=fi+ A € I. Since L=0on I and GK L, we
see that G = 0 on 1. Now I is the kernel of the restriction of L to J, so that G
must be a scalar multiple of L on J. That is, there exists a scalar A, such that
G = A\,L on J. Hence G = G(e)M + A,L on J, and since this equality also
holds for the identity e, we have G = G(e)M + A,L on all of 4, as wanted.

EXAMPLE 4. Let A = P, be the algebra of polynomials over the real (or
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complex) field in a single indeterminate x such that x"*! = 0. As a vector
space P, is just R"*! and we give it the norm ||=7_qa;x’|| = 2}_|a)|. The dual
of P, is R*™!, every L € P} having the form LE]_,qx’) = Z]_oau,
(Bg» - - - » by) € R**; furthermore, || L|| = max{|p]:j =0, ..., n}. For each
m such that 0 < m < n, the set I, = {Z]_ax’: g, = 0if j < m} is a closed
ideal in P,, and these are readily seen to be the only ideals. Note that
IL]l ;s = max{|w|:j > m}if m < n.

The relations <« and <<< in P} can be described as follows. Suppose
that L(Zj.oax’) = Z}_oa, and G(Z}.oax’) = 2}_oav; and m = max{;:
i # 0}. Then the following are equivalent: (i) G = gL for some g € P,; (ii)
G <<< L; (iii) G < L; and (iv) », = 0 if j > m. Clearly (i) = (ii) = (iii). If
(iii) holds, then since ||L||;, =0, it follows that ||G||,;» = 0, hence »; = 0 if
J > m, proving (iv). Finally, if (iv) holds then we need to find g so that
gL = G. Note that if g = 37_ob,x’ and f = =7_.a,x’, then

(eL)() = LU = L| 3 ( s ajb,._j)x‘]

i=0\ j=0

=Sy é ab,_; = > (i Pibt-j)aj’

i=0 j=0 j=0\i
so that gL = G if and only if

n
z‘p,,.b,._j=vj (=01,...,n). (*»
=y
For j > m, both sides of this equation are 0. For j=mm— 1, m—
2,..., 1,0 the equations can be solved successively for by, by, . . ., b, since
B, ¥ 0.Then b,,,,, ..., b, can be given arbitrary values.

In particular note that if G < L then G is in the closure of {gL: g € P,}.
This property is not shared by the following algebra.

Let P? be the algebra I,, that is, the polynomials with constant term equal
to 0. The ideals in P? are I, m=1,...,n, as before. If L(E. ax)) =
2} 1q and G(Z).,qx’) = 2} a9, and if m = max{j: p;, # 0}, then

(a) each of the conditions G < L and G <<< L holds if and only if », = 0
forj > m, and

() G = gL for some g € P, if and only if »; = 0 forj > m.

Statement (a) is easily proven as before. As for (b), if G = gL and j > m,
let ;= x/. Theny, = G(f) = L(gf) = 0. Conversely, if »; = 0 forj > m, we
need to find g so that G = gL. But if g = 37_,b;x’, then as before G = gL if
and only if (*) holds forj = 1,2, ..., n — 1. Both sides are 0 forj > m, and
forj=m-—1,m-=2,...,2,1, the equations can be solved successively for
by, ..., b,_,sincep, # 0, while b, . .., b, can be given arbitrary values.
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EXAMPLE 5. Let G be a compact abelian group and let 4 = L*(G) be the
set of functions on G which are square-integrable with respect to Haar
measure. Then 4 is an algebra under convolution. Let G denote the dual
group and lei@enote the Fourier transform of a function f on G, that is,
J@) = [f(x)r(x) dx for all y € G. X

If E is any subset of G, then I, = {f € A: f(y) =0if y & E} is a closed
ideal in A4, and every closed ideal has this form (Hewitt and Ross [5, p. 452,
Theorem (38.7)].) The space L*(G) is its own dual, each p € L*G) defining a
linear functional (also denoted g) on L*(G) by u(f) = [4f (x) u(x) dx. We
summarize the results on this algebra as follows: Suppose g, » € L¥G).

(@ If ECG and I={f€A: f=0 off E} then |p|, =

yeEI ﬁ(y)|2)1/2

() » < p if and only if supp(#) C supp(). (By supp(4) (= support of p),
we mean {y € G: ji(y) # 0}.)

(¢) » <<< pif and only if there exists K such that [#(y)| < K|A(y)| for all
Y € G.

(d) fu = f* * pfor every f € A, where f*(x) = f(—x).

(¢) The principal band generated by p is {» € L(G): # = 0 off supp(i)}.
This band is the closure of { fuu: f € 4}.

() The bands in L%G) are precisely the closed ideals. Every band is
principal if G is countable.

To prove (a), note that for every f € I, we have
[l = 1] = [Z,eef DB < Cyeel {OPVEyeel BMD'/2 which
implies that || gl < (T, £l A(¥)I)'/2 To prove the reverse inequality, define
f € LXG) so that f(y)=ji(y) if yEE and f(y) =0 if y & E. Then

2 ekl AP = 2f(Y)I"('Y) pO) < ARl = el 22, ex( AP/, as

wanted.
To prove (b), suppose that supp(¥) C supp( fi). Let € > 0. There exists
F {15 -+ +» ¥a} such that 3., /3(y)* < * and #(y;) # O for each j. Let
=inf{|i(y)|: j=1,...,n}. If I={f: f=0 off E} is an ideal and
|| p||,. < 8, then E,egly(y)l < 82 so that v, & E for all j and ||»|3. =

.,e PP < 2,65 < €% as wanted. The converse of (b) is obvious,
as is (c).
To prove (d), we have

(u)(g) = p(f+8) = [ £2(x) B0x) dx = [ f(x = »)8(») & () d
= [£0) [1(x =) 80 dx @y = [20) [ FO = ) p(x) dx
= [ TF*B0) &.

The first statement in (e) is a restatement of (b). To prove the second, note



174 S. J. BERMAN

that if y € supp(fl)) and f(x) = y(x), then fu is the function
frrp)=[f(y—x)p») & = [y(y — x)p(y) & = y(x) ji(y), that is, yp
= [i(y)y. Therefore {fu: f € A} includes all trigonometric polynomials
which are linear combinations of characters chosen from supp( ). Now if
supp(#) C supp( i) then » is the L%limit of a sequence of such polynomials
(its Fourier series, for example).

To prove (f), recall that every ideal has the form { p € L%G): i = 0 off
E}, for some E C G and must be a band by (b). Conversely, if B is a band,
welet E={y € G: A(y) =0 for every p € B}. If y € E, then [i(y) = 1 for
some y € B and, as before, y = ji(y)y = yu € B. Thus B contains all linear
combinations of characters chosen from the complement of E, so that
B =1I,.

Finally, to prove the last part of (f), suppose that G is countable, let B = I
be a band, and let E = {v,,7,, 73, - - - }. Let p(x) = 22 ;n"Yy,(x). Then
supp(fi) = E and B is the principal band generated by p.

ExAMPLE 6. Let G be a compact abelian group. Suppose 1 < p < oo,
P ¥ 2, and consider the algebra 4 = L?(G) under convolution. The dual of
A is LY(G), where 1/p + 1/q = 1, each u € A* corresponding to a p € L?
such that u(f) = [fu dx, f € A. As in the case p = 2, the ideals in A have the
form I; = {f € A: f =0 off E}, E C G, but the quantity || g/ - is not as
easily calculated. However, if E has one point vy, then || p||» = |i(yy)- It
follows that if » <<<p then there is a constant K such that |#(y)| <
K|ji(y)| for all y € G, but the converse is not clear. It also follows that if
v < pu then supp(¥) C supp(ji). The converse of this statement is true. For
suppose supp(?) C supp(fi). As in Example 5, we see that fu = f* * u for
every trigonometric polynomial f, so that the band generated by p contains all
linear combinations of characters in supp(fi). Since » is the L4-limit of such
polynomials, we have » < p. Note that this argument also shows that {»:
v < p} is the closure of {fu: f € A}. As in Example 5, the bands are the
closed ideals in LY(G).

ExaMPLE 7. Let G be a compact abelian group and consider the algebra
A = L'(G) under convolution. Its dual is L*(G). As in previous examples,
» <<< p implies |#(y)] € K|fi(y)| for some K and all y, p < » implies
supp(?) C supp(/i), and every band in L®(G) is a closed ideal, but the
converses of these three statements are not clear. Furthermore, fir = f* * p if
f € L' and p € L*, from which it follows that the closure of {fu: f € 4}
can contain only continuous functions, for any p € L*(G). In particular, if p
is not continuous, then the closure of {fu: f € A} cannot be the principal
band generated by p.

EXAMPLE 8. Let 4 = C'[0, 1] be the set of functions defined on the interval
[0, 1] which have one continuous derivative. For any function f on [0, 1] we
let || fllo = sup{lf()}: 0< x <1} and if f €4 we let ||f] = ||f]l +
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Il With the norm || - ||, 4 is a Banach algebra under pointwise multi-
plication.

From now on, f% refers to an integral over the closed interval [a, b]. If
limits of integration are not explicitly stated, then the interval [0, 1] is implied.

If p is a finite Borel measure on [0, 1] and a is a constant, then L(f) =
af(0) + [f’ dp. clearly defines a bounded linear functional on 4. Conversely,
every bounded linear functional L has this form. For, given L, we can find
measures pu, and p, so that L(f) = [fdp, + [f’ dp,. But Fubini’s theorem
gives

[ram=[| (1@ a+50)dne

1O [ au + [ )0 a

so that

L) =10 f du+ [, ’f’(t)[( [ au) ar+ duz(t)},

as wanted.

Furthermore, the representation L(f) = af(0) + [f’ dp is unique. For if
af(0) + [f’ du = O for all f, then choosing f(x) = 1 gives a = 0, and choosing
f(x)=x"n > 1,gives [x" ' du(x) =0forn > 1,so thatp = 0.

We need to know the norm of L on certain ideals. The calculations will
include the following notation. If U = (a, b) is an open interval inside [0, 1],
then the unit triangle function on U is the continuous function f on [0, 1]
defined as follows: f(x) =0if x < a or x > b; f((a + b)/2) =2/(b — a);
and f is linear on the intervals [a, (@ + b)/2] and [(a + b)/2,b]. If U=
{x: 0 < x < b} then the unit triangle function f on U is defined as follows:
f(x) =0if x > b; f(0) = 2/b; f is linear on [0, b]. The unit triangle function
on U= {x: a<x <1} is defined as in the previous case. Note that
{f dx =1 for any unit triangle function.

PROPOSITION 3. Let a be a constant and p. a finite measure on [0, 1). Define L
onA by L(f) =af(0) + [f du,f € A.

1. Suppose that Uy, U,, . . ., U, is a family of disjoint open intervals in [0, 1]
and let U= Uj.,U,. Let f; be the unit triangle function on U,. Let I = {f €
A: f(x) = 0if x & U}, which is clearly an ideal in A. Then

dp,—-(ffjdu)dx

Furthermore, for any constants c,, . . . , ¢,

n
IZle< 2
Jj=1

(G) < 6)L| 1)
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I < 3, e = ¢ (1) )

2. Suppose that U = [0, ¢), 1 = {f € A: f(x) =0if x > t}. Then
1L <|dix = @ ax|([0, 1)) < 2|L{ ©)

3. Suppose that U = (1,1, 1 = {f € A: f(x) = 0if x < t}. Then
L] 7+ <Idel((8: 1]) < 2L] e @

Proor. First we prove (1). Let f be any continuous function on [0, 1] such
that f(x) = 0if x & U. Define g on [0, 1] by
()= [f(t) -2 f e ds f;(t)] d.

Then g € I and g'(x) = f(x) — Zj.,( y f(s) ds) f(x). Also, if x € Uj, then
(letting | Uj| denote the length of U)) we have

|#@]=|/() = ) [ £G5) as| < Il + 15T I

=Ml 2w = 3 Al

so that || g'|l. < 3||fllo- Since g is 0 at some point, we can write g as the
integral of g’ and get || glle < [|&'lle < 3]|flleo» 50O that [| ]| < 6]|f]lco- Now
IL(| < llgll ILll;+ < 61l flloll Ll 1o and

L(g)= [ ’[f(x) -3 ( e dS)fj(x)l du(x)
=3 [5ede9 = 3 [ 16) [ 505) o)

= 3, [ 10| o) = ([ 500 o) |

Jj=1
Therefore we have shown

3 [ 10| i) =(f 509 ) | < b

for any continuous function f on [0, 1] which is 0 off U. This implies the
second inequality in (1).

The inequality in (2) is easier. Suppose that g € I. Then [ y8' (%) dx 0
because g is 0 at the endpoints of U;. Therefore for any constants ¢, we have
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IL(8)| =l f g du|=

PYRCETS

él fujg'(x)[du x) - ¢ dx]l <,§l gl [k = ¢ ax|(U),

so that ||L||,» < Zj.,|dp — ¢; dx|(U)) for any ¢;. Choosing ¢; = [f; du, we get
.

The proofs of (3) and (4) are similar.

Suppose that p is a measure on [0, 1]. We say that p is constant on a set E
if there is a constant ¢ such that du = ¢ dx on E. We can write p in the form
B = u, + p, where p, is absolutely continuous (in the usual measure theoretic
sense) with respect to Lebesgue measure and p, is singular with respect to
Lebesgue measure. We shall refer to g, and g, as the absolutely continuous
and singular parts of g, respectively.

PROPOSITION 4. Suppose that L, G € A* = C"* are given by L(f) = af (0)
+ [f" du and G (f) = bf(0) + [f’ dv, for constants a and b and measures p. and
v. Then G < L if and only if each of the following conditions is satisfied:

1.If0 < a < B < 1and p is constant on (a, B), then v is constant on (a, B).

2.If du = adx on [0, B) then dv = b dx on [0, B). If du. = 0 on (a, 1] then
dv =0 on (a, 1].

3. The singular part of v is absolutely continuous (in the measure theoretic
sense) with respect to the singular part of p.

Furthermore, if G < L, then G is the (norm) limit of linear functionals of the
Jorm gL, where g € A.

Before proving this, we would like to note that it contains the classical
Riemann-Lebesgue Lemma.

COROLLARY. Suppose that h is Lebesgue integrable on [0, 1]. Then

TR o _
lim [ h(x)sin 2anx dx = lim, fo h(x)cos 2anx dx = 0.

n—>0

PrROOF. Define G and L on A4 as follows: G(f) = fh(x)f'(x) dx and
L(f) = [} f(x) dx. Then

)= [ [ [roa+io]a
- fo ’( f’ : dx) 71y dt + f(0) = fo (1 = 1) dt + £(0).

By the previous proposition, G < L.
Now let I, = {f € A4: f(j/n)=0forj=0,1,2,...,n}. If fE I, and
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I/l <1 then clearly || f|l, < 1/n and |L(f)| < 1/n. That is, ||L||;s < 1/n.
Therefore |G || ;s — 0 as n— oo. But if f,(x) = (sin 27nx)/27n, then f, € I,
and || £,|| €2, so |G(f,)| = |fh(x)cos 2mnx dx| -0 as n — 0. The proof for
sin is similar.

PROOF OF PROPOSITION 4. First we will assume G < L and prove that the
three conditions are satisfied. Suppose that dp = cdx on (a, B). If I = {f €
A: f(x) = 0if x & (a, B)} and f denotes the unit triangle function on (a, B8),
then [fdp = cff dx = ¢ and by Proposition 3 ||L||,» < |dp — (Jf dp) dx|(V)
= 0. Therefore ||G||;» =0, so that |dv — (ff dv) dx|(U) =0, that is dv =
(ff dv) dx on U. Thus the first condition is satisfied, and in the same way we
can prove the second.

To prove the third, let ¢ and 7 denote the singular parts of p and ». Note
that it suffices to prove that 7 is absolutely continuous with respect to p. For,
we know there exists a set T’ of Lebesgue measure 0 such that |7|([0, 1] — T)
= 0. Now suppose S is any set such that |o]|(S) =0. Then T N S has
Lebesgue measure 0 and o-measure 0, hence y-measure 0, hence 7 measure 0,
solr|(S)=|7[(SNT)+|7|(S—=T)=0+0.

So we have to show that if | u|(E) = O then |7|(E) = 0. Let us also assume
0 €& E. Let € > 0. Choose § > 0 so that ||G||;« < & whenever ||L||;» < 6.
Choose a sequence Uj, U,, ... of disjoint open intervals such that E C
UiU, 22| el(U) <8, and 0& UR\U. If I, ={f € A: f(x)=0 if
x & U j. U}, then clearly ||L||;» < 8, so that ||G||,» < e. By Proposition 3

we have
> dv—(fj}dv)dx

n
Jj=1

(U) < 6]Gllze < Ge,

where f; denotes the unit triangle function on Uj. Considering singular parts,
we get |7|(UJ.;U) < 6e. Letting n — co implies |7|(E) < 6¢, and since e > 0
is arbitrary we have |7|(E) = 0, as wanted.

To remove the assumption 0 ¢ E we must show that if p has no point mass
at 0, then » has none either. If I, = {f € 4: f(x) =0 if x > e}, then
IL|l;» < |A]e + | pl([0, D), which goes to 0 as & > 0 if p has no mass at 0.
Suppose now that » has mass ¢ at 0, that is »({0}) = c. Let §, denote the unit
mass at 0, and let », = » — ¢, so that v, has no mass at 0. Choose a function
f, € I,so that f;(0) = 1 and || f|| , = 1. Then | £,(0)| < & and

2651 >16 ()] =[P + [ 1 ]

B,(0) + of, (0) + [ f; dwy
>|e] = be = [vo] ([0, e]).
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The last term converges to |c| as e - 0, so if ¢ 0 then || G||;» does not go to
0 as ¢ — 0, contradicting G < L. So the third condition is proven.

Conversely, suppose that the three conditions hold.

First, we must find an expression for gL when g € 4. We have (gL)(f) =
L(fg) = af(0)g(0) + [f'g dp + [fg' dp. Writing f as the integral of f* gives

[fed=s0) g au+[ f'(x)[ [ g0 du(t)] dx
so that

(sL)() = 1@ 5@ + [ & |

+f f'(x)[( [£0) duto) s + 5 du(x)].

Suppose that dpu = u(x) dx + do, where ¢ is the singular part of p and u is
Lebesgue integrable. Then

(L)) =f(0)[ag(0) +['s dy]

+f ‘f'(x)[( [ £t + g(u) s + () da(x)]-

Consider the Banach space direct sum S = C @ L'(dx) ® L'(do). Let B be
the subspace of all triples (d, /;, /, ) in S such that

(@i I, is constant on every subinterval (a, 8) of [0, 1] on which dp is a
constant, ’

(ii)l,=don[0,B)if dp=adxon[0,B8),and/,=0o0n (a,1]if dp=0
on (a, 1).

Let C be the subspace of all triples in S of the form

(@) + [ du. "¢ du+ g(u(x) (), g EA

It is easy to see that C C B.

We will show that C is dense in B. Once we have shown this, we complete
the proof as follows. Suppose that the three conditions of the proposition are
satisfied and dv = /; dx + dr and 7 is the singular part of » and /, is Lebesgue
integrable. By the third condition, we have dr = I, do for some /, € L'(do),
so that G(f) = af(0) + [f'(x)[/,(x) dx + I(x) do(x)] and the first two
conditions imply that (b, /,, ) € B. Hence there exists a sequence g, € C'
such that

{o8.00) + [ s i [ 1. + (), 8, > <O D .
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Therefore g,L — G. Since g,L < L, this proves G < L. It also proves the last
statement of the proposition.

To show that C is dense in B we will show that every element of S* which
annihilates C also annihilates B. An element of S* can be assumed to be a
triple {c, k;, k,) in C @ L*(dx) ® L*(do). If this element annihilates C, we
have

[ag(o) + f g du]c + f [ j; ‘g du+ g(x)u(x)]kl(x) dx

+ [ 8(x)ex(x) do(x) = 0

or
cag(®) + [ (0 + [l dx] du(r)

+ [ ([ u(x)ki (%) dx + ky(x) do(x)] =0 (5)

for all g € 4. Letting dA = u(x)k,(x) dx + k,(x) do(x), the last integral
becomes [g(x) dA(x) = g(0)fs dA + [g’ (OIS} dA(x)] dt and substituting in
(5) gives

[ca +f ’ d)\] 50+ [ g’(t)[(c + [l dx) du(f) + ( [ ' d)\(x)) dt] =0
©)

for all g € A. It follows that the coefficient of g(0) as well as the measure in

the integral in (6) must be 0. Breaking this measure into absolutely
continuous and singular parts, we get three equations from (6):

1
ca + fo [u(x)k,(x) dx + ky(x) do(x)] =0, 0
(c + fo (%) dx)u(t) + f: [u(x)ky(x) dx + ky(x) do(x)] = 0

for a.e. (dx)t, (8)
(c + fo (%) dx) do = 0. ©)

Consider the continuous function ¢ + [¢k,(x) dx and let K = {¢ €[0, 1]:
¢ + [oki(x) dx = 0}. We claim that k, = 0 a.e. (dx) on K. For, almost every
(dx) point ¢t € K is a point of density of K such that

k(1) = lim 1 f‘ "k (x) dx.
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But if ¢ is chosen so that ¢ + ¢ € K then

[ﬂkl(x) dx = ¢ +f0'”k.(x) dx —[c +]:kl(x) dx] =0,

so k() =0.

Now suppose that (y, ) is disjoint from K. We claim that du is a constant
on (y, 8). By (9), ¢ = 0 on (y, 8). Hence the integral ['k,(x) do(x) in (8) is
constant for ¢ € (y, 6). The other integrals in (8) are (on compact subsets)
absolutely continuous functions of #, and since its coefficient is not zero u is
also absolutely continuous on (y, 8). So (8) can be differentiated to get

k(Du(p) + (c +fotkl(x) dx)u'(t) — u(t)k,(t) =0 forae.t € (y,9).

Hence «'(f) = 0 for a.e. ¢ € (¥, 8), so that  is constant on (y, §). Since 6 = 0
on (, 8), we have du is constant on (, ).

Recall that we are trying to show that {c, k,, k,) annihilates B. Let us
assume for the moment that condition (ii) in the definition of B does not
apply. We can find a sequence of disjoint intervals (a,, 8,) such that du is
constant on (a,, 8,), du is not constant on any open interval containing
(e, B,), and dp is not constant on any open interval except those contained
in some (a,, B,). Let N = {x €0, 1]: x & (a,, B,) for all n}. Then B consists
of triples {d, I, ,,) such that /, is constant on each (a,, 8,), with no restric-
tion on d and /. To show that {c, k,, k,) annihilates B we must show that
¢ = 0, that k, = 0, that k;(x) = 0 for x € N, and that [#%,(x) dx = 0 for all
n.

We claim a,, 8, € K for all n. First suppose a, # 0. Now if a, & K, then
there exist y and § such that a, € (y, 6) C [0, 1] and (y, §) is disjoint from K.
But we have shown that p is a constant on (y, &), hence on (y, 8,), contradict-
ing the maximality of (a,, B,). Hence a, € K, as wanted. Next suppose
a, = 0. We are assuming that « is a constant (say u#,) on (0, 8,) and that
o = 0 on (0, 8,). Since we are also assuming that (ii) does not apply, there are
two possibilities: either o as a nonzero point mass at 0, or else ¢ = 0 on [0, 8,)
but u, # a. In the first case, (9) implies ¢ = 0, so that clearlya, =0 € K. In
the second case, if we choose ¢ so that 0 < ¢ < B, we have [¢k,(x) dx u(?) =
Jhu(x)k,(x) dx and [lky(x) do(x) = [ky(x) do(x), so that (8) becomes

g + "k, (x) dx + [ Yey(x) do(x) = 0.

Comparing this to (7), we find that ca = cu, and since a # u, we have
¢ =0.Hencea, =0 € K.

The proof that B, € K is analogous. If B8, # 1, it follows as before. If
B, = 1, the possibilities are: either ¢ has a nonzero point mass at 1, or else
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6=0 on (a, 1] but u =uy,# 0 on (a, 1]. In the first case, (9) implies
c+ [k (x)dx =0, or B, =1€ K, and in the second case choosing ¢ €
(a,, 1) in (8) gives (c + [ok,(x) dx)ug = 0,s0 again B, =1 € K.

Now since a,, 8, € K, we have ¢ + [&k,(x) dx = ¢ + [Ek,(x) dx =0, so
that [%k,(x) dx = 0.

If x € N, then x € K. For if x & K, then p is a constant on an interval
around x, contradicting the definition of N. Hence N C K, and we already
know that k, is 0 a.e. on K, hence on N.

Furthermore, ¢ must be 0. If not, then ¢ + fgk,(x) dx # 0 for ¢ near 0,
which we have seen implies that du is a constant on (0, §) for some §. That is,
a, = 0 for some n, and we showed that ¢ = 0 under these circumstances.

Finally, we must show k,do =0. We claim that [lk,(x)u(x)dx =
u()f1ky(x) dx for a.e. t. Note that [fk(x)u(x)dx = [Pk/(x)dx =0 for
every n since u is constant on each (a,, 8,). Now if ¢ € N, then [¢, 1] is the
union of a subset of N plus some of the intervals (a,, 8,), and k; = 0 a.e. on
N, so that [1k,(x)u(x) dx = flk;(x) dx u(t) = 0. On the other hand if ¢ & N,
then ¢ € (e, 8) for some j, and [pk,(x)u(x) dx = [gk(x) dx =0 for the
reasons just mentioned. Therefore

[ ) dx = [ P (o)u() dx = (o) [ Pha(x) d = (o) y(x) d,

which proves the claim. Hence (8) may be rewritten as

(c +f k(%) dx)u(t) +f y(x) do(x) =0 fora.e. 1.

Since ¢ = [3k;(x) dx =0, we have [lk,(x)do(x) =0 for ae. ¢ But

!k,(x) da(x) is continuous in ¢ except perhaps for jumps at the point masses
of o, so that flk,(x) do(x) = 0 for all ¢, which implies k, do = 0, as wanted.
This completes the proof under the assumption that (ii) does not apply.

To complete the proof of the proposition, suppose that (ii) applies. Let the
(a,, B,) and N be defined as before, except that the special intervals [0, B)
and (a, 1] will not be included among the (a,, 8,). Then B consists of triples
{d, 1, I, such that /, is constant on each (a,, B,), /; = d on (0, 8), and
1,=0 on (a, 1]. Suppose that {c, ky, k,) annihilates C. To show that
{¢, ky, k,) annihilates B it suffices to show that k; = 0 on N, that | f:kl(x) dx
= 0 for all n, that ¢ + [£k,(x) dx = 0, and that k, do = 0.

The first two of these statements are proven as before. To prove the third,
note that 8 € K because dy is not a constant in a neighborhood of 8. To
prove the fourth, note that (8) can be rewritten as

(c + fo &, (%) dx)u(t) + f, u(x)ky(x) dx + ky(x) do(x)] = 0

forae.t €[0, a].
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As before, we can show

(c + fo k(%) dx)u(t) + f, “ky(x) do(x) =0 forae.t €[0,al.

Since ¢ + [Gki(x) dx = ¢ + [§k\(x) dx + [3k\(x) dx = 0, we have
tky(x) do(x) = 0 for a.e. t € [0, ], so that k,do = 0 on [0, a]. Since do =0
on [a, 1], we are done.
The relations G < << L appears to be more difficult to characterize. The
next few theorms give some results in this direction.

PROPOSITION 5. Suppose that L(f) = [f du for all f € A, where p. is a finite
Borel measure on [0, 1], and that G < << L. Then there exists a finite measure
v on [0,] such that G(f) = [fdv and v is boundedly absolutely continuous (in
the usual measure theoretic sense) with respect to p.

PRrROOF. We can put L in the form

LH=J '[f<0) + 1) dt] du(x)

=10 [ do+ 50 [ (o)) .

It follows from Proposition 4 that G has the form G(f) = af(0) + [f'g dx,
where g € L'(dx).

Now suppose that 0 < a < 8 <1 and let e = (B — a)/2. Choose a
sequence f, € A approximating a right triangle with (a, 8) as hypotenuse,
that is, choose f, € 4 so that || ||, < 1,£,(x) =0if x €[0,a] U [B, 1], and

, 1 fa<x<a+e,
f"(")"’{—l fa+e<x<§B.

Note that f, € I = {f € 4: f(x) =0 if x & (a, B)} and that || f,]| < 2, so
that |G(f)| < 2||G||». Now if f €T and ||f|| < 1, then ||f']l, <1 and

I flles < &, so that |[L(f)| = |/f dp| < €| pl(a, B) and ||L||;» < &| pl(a, B). If
now K is a constant such that ||G|| < K||L|| - for all ideals I in 4, we have

16 ()] < 2Kel (e B)- (10)

Since G(f,) = [f,g dx, we may let n — o0 in (10) to obtain

ate

2 dx —Ligdx < 2Ke| p|(a, B). (11)

a

Next suppose that 0 < s < ¢ < 1. Let n be a large integer and let e = (¢ —
s)/n. Then applying (11) repeatedly gives
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s+e t+e n s+ je s+(+1)e
dx — dx|= dx — dx)
s & t & ng (j.;+(j—l)eg j.;+je &
n
< X 2Ke|p|(s + ( — D&, s + (J + 1)e)
j=1
< 4Ke| p(s, t + €).
Hence

< 4K|p|(s, t + ).

Letting n — oo, we find that fora.e.sand a.e.fsuchthat 0 < s <t < 1

lg(s) — g(1)] < 4K] (s, t]. (12)
We wish to show that g is of bounded variation and determines a measure
boundedly absolute continuous with respect to p. We may assume without
loss of generality that g is real-valued. Define

8(s) = tll»?-ll- esssup {g(a):s < a <t}

for s € [0, 1). From (12) it follows that g = g, a.e. so that (12) holds with g,
in place of g and a.e. s and ¢. Furthermore, g, is continuous from the right.
Therefore given any s, ¢ such that 0 < s < # < 1, we can find sequences
s, > sand ¢, > ¢t such that s, > s, £, > ¢, and (12) holds with g, s, f replaced
by g¢, S, 2,. Letting n — co then gives

|£0(s) — o(1)] < 4KIH(s,¢],  0<s <<, (13)
It follows that gy(¢) has a limit as # — 1, which we take as the definition of
8o(1). From (13) we see that g, is of bounded variation, and there exists a
measure » on (0, 1] such that »(s, 7] = go(?) — go(s) if 0 < s < ¢ < 1. Note
that » has no mass at 1 and define »({0}) = 0. By (13) » is boundedly
absolutely continuous with respect to . on [0, 1]. If f € 4, then

G(N)=af(O) + [Fandx = af(0) + [ g df
= of(0) - [ f dgo + f(1) 8o(1) — £(©) 20(0)
= (a = 2(0)f(0) + &(1)f(1) — [ f .

To complete the proof, we only have to show that if u has no mass at 0 then
a — go(0) = 0 and if p has no mass at 1 then g,(1) = 0.

Suppose p has no mass at 0. If e >0 and I = {f € 4: f(x) =0 if
x &[0, ¢e)} then | f]l, < &€ whenever f € I and ||f|| < 1, so that ||L||,» <
€| p|[0, ). Hence ||G||;» < Ke|p|[0, €). Choose a sequence f, € I so that

|%£s+egdx —%j;’ﬂgdx
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150l < 1, £,(0)— &, and f;(x) - —1 for x €[0, ) as n — c0. Then |G (f,)|
< AN 1G]+ < 2Ke|p|[0, &), and letting n— o0 gives |ae — [§g, dx| <
2Ke| p|[ 0, &). Divide by & to get

a-1 fo’godx < 2K /[0, ¢). (14)

Since g, is continuous from the right, the integral in (14) goes to gy(0) as
e—0, and since |p|({0}) =0, the right side of (14) converges to 0. So
a — g,(0) = 0, as wanted.

If p has no mass at 1, then a similar argument, using the left-hand
continuity of g, at 1, shows that g,(1) = 0. This completes the proof.

Recall that a function f on an interval U, is of bounded mean oscillation on
U, if there is a constant C such that [,|f — f,| < C|U]| for every subinterval
U c U, where |U| denotes the length of U and f, denotes the average
value of f on U (John and Nirenberg [7]). The set of all functions of bounded

mean oscillation on U, is a Banach space denoted BMO (U)), or briefly,
BMoO.

PROPOSITION 6. Suppose that L(f) = [f'(x)u(x) dx and G(f) =
[f(x)v(x) dx for all f € A, where u,v € L'(dx). If G <<< L and if u lies in
any one of the Banach spaces BMO or L?(dx), 1 < p < 0, then v lies in the
same Banach space.

ProOF. Suppose that ||G||;» < K||L||» for every ideal I.

If u € BMO, then [, |u — uy| dx < C|U| for some constant C and all
intervals U = (a, B). Now if I={f € 4: f(x)=0 if x & U} then by
Proposition 3 we have ||L||;» < fy|u — uy| dx. Hence ||G||;» < KC|U| and
by Proposition 3 again we have

I,

where f is the unit triangle function on U. Now it is easy to show that
Julo = vy| dx < 2fy|v — ¢| dx for any constant ¢ (see John and Nirenberg
[7, p. 418)), so that [,|v — vy| < 12KC|U|. Hence v € BMO, as wanted.

Now suppose that u € L?, 1 < p < oo. We consider # and v as defined on
all of R and vanishing off [0, 1]. We let

o(x) = [ 1()o() dtl dx < 6KC|U]

(Mu)(x) = sup{|U]"'j;]|u(y)] dy: U aninterval, x € U}

and

v*(x) = sup{|U|-'L|v(y) — vy| dy: Uaninterval, x € U}.
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Since u € L?, the maximal function Mu is in L”, as is well known. Further-
more, to show v € L?, it suffices to show v* € L? (Fefferman and Stein [4,
Theorem 5, p. 153]). Hence it suffices to show 0¥ bounded by a constant
multiple of Mu. In fact, we will show

JJo) = vl & < 36K [ Ju(x)] & (15)

for every interval U.

Let U = (a, B) be any interval in R. For any function & we will let A, be as
above and let Y = [ fh dx where f is the unit triangle function on U. If
0< a< B <1, then

J ) = o & <2[ Jo(y) = 0¥ & < 12]G] . < 12KL
< 12Kfu|u(y) -l < 12Kfuju(y)| & + 12K|U] |u"|

< 12K + 24K = 36K .
J i+ 24K [ Jul= 36K [ Ju(2)| &
Ifa <0< B, then

L) = vd @ <2f o] & =2[ 00| & < 246

< 2K|L).< 2K [ Ylu(y)| & = 2K fU u(»)| &.

The case a < 1 < B is similar to the case just done. Finally, if U does not
intersect [0, 1] at all, then both sides of (15) are 0. Thus (15) and the
proposition have been proven.

PROPOSITION 7. Suppose that L(f) = af(0) + [f’ du and G(f) = bf(0) +
[f dvforall f € A.If G <<< L, and if there exist r € (0, 1) and a constant
C such that |p|(U) < C|U[" for every closed interval U € [0, 1], then there
exists a constant D such that |v|(U) < D|U[" for every such U.

ProoF. Suppose ||G||;» < K||L||» for all closed ideals I. Clearly p has no
point masses, so that » has none either. Suppose 0 < a < 8 < 1 and let
I={f€A:f(x)=0if x & (a, B)}. Then || L||;» < |pl(a, B) < C(B — o).
Choosing f, as in the proof of Proposition 5

f Iy av
Letting n — o0, we get |v(a, m) — v(m, B)| < 2CK(B — a)’, where m = (a

+ B)/2. If we define F(x) = »(0, x) and h = (B — a)/2, then F(m + h) —
2F(m) + F(m — h) = v(m, B) — v(a, m), so that
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|F(m + h) — 2F(m) + F(m — h)| < 2CK2h"

whenever 0 K m — h < m + h < 1. But this implies that F satisfies a
Lipschitz condition of order r (Stein [10, Proposition 8, p. 146]), that is,

|F(m + k) — F(m)| < Dh"

for some constant D and all m, b such that 0 < m < m + h < 1. Hence
|v|(m, m + h) < Dh’, as wanted.

In view of the last few results it is interesting to consider the map LH®L
of A* into itself, for a fixed ® € A**. We consider C & L'(dx) as a subspace
of A*; the pair (a, u) € C ® L'(dx) determines the linear functional L given
by L(f) = af(0) + [f'udx. If ® € A**, then the restriction of ® to C®
L'(dx) determines a pair (b, ) € C ® L®(dx) such that ®(L) = ab +
Ju(x)8(x) dx. In the proof of Proposition 4 we calculated gL for g € A.
Using this, a tedious calculation shows

(®L)(f) = f(O)(ab + fus dx)

+ fo 'r (b + fo ‘0 (x) dx)u(t) + f’ 0 (x)u(x) dx] . (16)

Hence the mapping of L!(dx) into itself that sends u into the function
(b + [40(x) dx)u(t) + [10(x)u(x) dx, for fixed (b, §) € C ® L*(dx), is
“oscillation decreasing.” Note that if u is sufficiently smooth, then the
derivative of the latter function is (b + [{8(x) dx)u’(¢), so that we can think
of this mapping as differentiation, followed by multiplication by an abso-
lutely continuous function, followed by integration.

Finally we wish to mention that Arens multiplication is commutative, as
can be shown by the same type of calculation used to establish (16).

ExAMPLE 9. Let 4 be the algebra of continuous functions on the circle
T = {z: |z| = 1} whose negative Fourier coefficients vanish, that is, 4 = { f
€ C(T): fe™f(¢)dt = 0if n > 0}. Each f € 4 can be extended uniquely to
a continuous function on the disc {z: |z| < 1} which is holomorphic in the
interior {z: |z| < 1} and we shall identify f with this extension.

Now 4 is a subalgebra of C(T) and its dual is M (T)/H,, where M(T) is
the set of regular Borel measures on T and Hj is the subset of measures
which annihilate A4, that is, Hj = {p: [3"e™ du(s) = 0 if n > 0}. By the
theorem of F. and M. Riesz, all measures in Ho' are absolutely continuous
with respect to Lebesgue measure.

The ideals in 4 can be described as follows (Hoffman [6, p. 84]): Let K be
a subset of T of Lebesgue measure 0 and let F be an inner function such that

L. if a), @), ... are the zeroes of F in the interior of the unit disc, then
every accumulation point of the a,, is in K, and
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2. the measure determining the singular part of F is supported on K.
Then I = I(K, F) = {Ff: f € A and f(x) = 0 if x € K} is an ideal in 4.
Conversely, every ideal I in A is of this form.

PROPOSITION 8. Let K, F, and I = I(K, F) be as above. Let . be a measure
onTandlet L(f) = [fdy forf € A. Then

IZ0 . <IIF dit| k] 4o < 2| L]l (17)
where F dy|_ denotes the restriction of the measure F dy to the complement of
K.

ProoF. Note that F is continuous off K so that F du|_x is well-defined.

By Fatou’s theorem (Hoffman [6, p. 80]) we can choose a function 4 € 4
such that A(x) =1 if x € K and |h(x)] < 1 if x & K. Then for any f € 4
and any positive integer n we have (f — fA")F € I and ||(f — fA™)F| <
2| f]l- Hence

| = 90F ) <I(7= PR V2L < 20 12

Letting n — oo gives |f__fF dp| < 2|/ f]| ||L|| ;- This proves the second half of
7).

On the other hand, if Ff € I, then |L(Ff)| = |fFfdp| = |f &fF dp] <
[l £l | F dp|—xll 4+ This proves the first half of (17).

If p € M = M(T) then || p|| ;o = inf{|| p + h||p: B € H]}. We will need
the following simple lemma.

LeMMA. If u € L(dx) and do is a singular measure, then
(a) "udx + do”A. = "udx"Ao + ”do"A., and
(®) ||do]| 4o = ||do]| »s-

PrROOF. (a) If h € H] then ||udx + do + hdx|,, = |[udx + hdx| +
lldo|| s > |lu dx|| 4« + ||do]| 4+, and taking the infimum of the left hand side
over all such & gives the result.

(b) If h € H] then ||do + h dx||y, = ||do||p + |5 dx]|pr > ||d6]| 4 SO that
|lda|| 4« > ||do]| 5. The reverse inequality is clear.
the quotient of two functions in H'!. If a function u in L!(dx) is of bounded
characteristic, then u has a unique factorization of the form ¥ = H/F where
F is an inner function and H is a function in H' such that F and the inner
part of H have no common divisor. Integrable functions of bounded
characteristic are dense in L'(dx), for otherwise there would be a nonzero
function in L*(dx) which annihilates z” for all integers », an impossibility.

We can now describe the notion of absolute continuity in A.

PROPOSITION 9. Let L(f) = [fdp and G(f) = [fdv for all f € A, where
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du=udx + do, dv =vdx + dr, u and v are in L'(dx), and ¢ and t are
singular measures. Then G < L if and only if G is in the closure of {gL:
g € A}. Furthermore:

(a) Suppose that u is of bounded characteristic with factorization u = H/F.
Then G < L if and only if each of the following three conditions is true:

(i) Fo €. H!,

(i) if the meromorphic extension of u to the disc has a zero at z = 0 then the
meromorphic extension of v to the disc (which exists by (i)) also has a zero at
z =0,

(iii) 7 is absolutely continuous with respect to a.

(b) Suppose that u is not of bounded characteristic. Then G < L if and only if
v € LY(dx) and 7 is absolutely continuous with respect to o.

ProoF. (a) Suppose that conditions (i), (ii), (iii) are satisfied. We will show
G < L by showing that G is in the closure of {gL: g € A}. Note that
(8L)(f) = [f(gu dx + g do). If G is not in the closure of {gL: g € A} then
by the Hahn-Banach Theorem we can find a linear functional annihilating
{gL: g € A} but not G. This linear functional on 4* = M(T)/H] can be
restricted to L'(dx) + L'(do)/ H{ to give a pair (0,, ;) € L*(dx) + L*(do)
which annihilates HJ, where the action of (6, 6,) on (f,,f,) € L(dx) +
L'\(do) is given by (8, 0)(f, f,) = [£,0, dx + [f,0, do. The condition that
(6,, 0,) annihilates Hy and { gL: g € 4} becomes

fo,hdx=o ifhe H! and f(B,gudx+02gda)=0 ifg € A.

The first equation says §, € H*® and the second says that §,u dx + 0, do €
Hj. By the theorem of F. and M. Riesz, we have 0,ds =0 and 0,u € Hj.
But §,u = 6,H/F, so that ,/F is holomorphic (and bounded) in the disc
and either H or 0,/ F has a zero at the origin. Therefore, v8, = vF(8,/F) €
H! by (i). Furthermore, if 0,/ F has a zero at the origin, then so does v4,, so
that vf, € Hy; on the other hand, if 8,/ F does not have a zero at the origin,
then H has a zero at the origin, hence u has a zero at z = 0, hence by (ii) v
has a zero at z =0, hence vf, € Hy. Therefore, in any case, f(vf, dx +
0, dr) = 0, that is, (0,, 6,) annihilates G, contrary to the assumption about
(6y, 6,). This proves that G is in the closure of {gL: g € 4 }, as wanted.
Conversely, suppose that G < L. Decompose 7, T = 7, + 1,, where T is
absolutely continuous with respect to ¢ and r, is singular with respect to o.
Now the inner function F is the uniform limit of Blaschke products (Hoffman
[6, p. 175]) and a Blaschke product is the limit a.e. of finite Blaschke products
(Hoffman [6, p. 65]), so that we can find a sequence F, of finite Blaschke
products such that F, — F a.e. We can also find an increasing sequence K;, of
compact sets of Lebesgue measure 0 such that |7,|(K,) = 0 and do is support-
ed on the union of the X,. Let I, = I,(K,, F,) be the ideal in A determined
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by K, and F,. Then by the preceding proposition and lemma,
"Ll n < 2"Fn (u dx + da)|~1€. |4'= 2"FnuI|A‘+ 2"Fn dol~l§,"M' (18)

But ||Fu| 4 < ||F,u— H|y = ||F,H — FH||p >0 by the Lebesgue
Dominated Convergence Theorem and || F, do|_x || - 0 by the definition of
K,. Hence ||G|| ;s — 0. But

"Gul,,‘>“Fn(o dx + dTl + dTZ)L-IC,I 4
= ||E,0ll 4o+ ||Fy dril i ||+ |1F, ol |

from which it follows that each of the three terms on the right hand side goes
to 0 as n — co. Now the Lebesgue Dominated Convergence Theorem implies
F,0— Fo in L', and since | F,v|,—0 we have Fo € Hy, proving (i).
Furthermore, if u is 0 at z = 0, then F is not 0 at z = 0, so that v must have a
zero at the origin, proving (ii). Finally, note that || F, dr,|_g [l 4+ = || F, d73ll;
= ||dry]| 5> since |F,| is 1 on the circle, so that 7, = 0 and 7 is absolutely
continuous with respect to o, proving (iii).

(b) First we prove that if 7 is absolutely continuous with respect to ¢ and
v € LY(dx) then G is in the closure of {gL: g € A}, hence G < L. For if not,
then proceeding as in part (a) we find a pair (8,, 8,) € L*®(dx) + L*(do)
which annihilates H) and {gL: g € A} but not G. As in (a) we conclude
6, € H,0,ds =0, and 8,u € H{. If 9, is not identically O then u = (8,u)/8,
is of bounded characteristic, contrary to our assumption. Hence 8, = 0 and
(8,, 8,) annihilates G. This contradiction proves that G is in the closure of
{gL:g € 4}.

Conversely, suppose G < L. Decompose 7 =7, + 7, as in (a). Since
integrable functions of bounded characteristic are dense in L(dx), for any n
we can find H, € H'! and an inner function F, such that ||u — H,/F,|| >0
as n — oo. Furthermore, we can assume as in (a) that F, is a finite Blaschke
product, and we can obtain a compact set K, and an ideal I, as in (a) such
that (18) holds. But ||F,u|l 4 < ||F,u — H,||» = |lu — H,/F,||;s—>0 and
F, do|_x —0. Hence ||G|;;—0 and as in (a) we find that 7, =0, as
wanted.

3. Generalizations. Let 4 be a Banach algebra, not necessarily commuta-
tive, and let B be a Banach module over A4, that is, B is a Banach space, and
there is a representation of A on B such that |af||p < ||a]|4|| fll5 for all
a€ A4 and f € B. If L, G € B*, then we define G < L to mean that for
every ¢ > 0 there exists § > 0 such that if ||L||,» < 8, where I is a closed
invariant subspace of B, then ||G||;» < e. We define G <<< L to mean that
IG|l;» € K||L|| for some constant K and all invariant subspaces I C B.

For example, suppose that we have a representation of 4 on a Hilbert
space H. If the representation is irreducible, so that the only invariant
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subspaces are 0 and H, then G < L whenever G, L € H* = H and L # 0.
Suppose more generally H = @, H,, where each H, is irreducible, and
L(f) ={f,p) for some p € H and all f € H, where (-, - ) is the inner
product in H. If p = Z u,, p, € H,, then ||L|| 4 = || p,||. Hence if G <<<
L, where L(f) ={f, p) and G(f) ={f, »), then ||»,|| < K| ,]| for all « and
some constant K. The converse is easy to prove. Also, if merely G < L, then
v, = 01if g, = 0, and this converse is also easy to prove.

Now suppose again that B is a Banach module over 4. If a € 4 and
L € B*, we define aL on B by (aL)(f) = L(af) for f € B. It is clear that
aL € B* and ||aL||;» < ||a]| || L]+ for all invariant I in B. Thus aL <<< L.
A Radon-Nikodym theorem for B would say that if G < L then G is in the
norm closure of {aL: a € A}. We will content ourselves with examining
several examples.

ExampLE 10. Let G be a compact group with normalized Haar measure and
let A = L*G). With the convolution

fr8(») =fo(yx")g(x) dx

A becomes a Banach algebra, and we let A act on itself by left multiplication.

If R is an irreducible representation of G on a d-dimensional Hilbert space
H, choose an orthogonal basis v, ..., v, of H and let ¢;(x) =(R,v, v;).
For each j, the linear span of {¢;: i =1, ..., d} is a left invariant subspace
of A. By the Peter-Weyl theorem, L%(G) = @ H,, where each H, is the span
of the {¢;} determined by an irreducible representation.

If p € A*, we can identify p with a function (also denoted y) in L%(G) such
that p(f) = [f(x)u(x) dx. A straightforward calculation shows that fu =
frepfor all f € 4, p € A*, where f*(x) = f(x~!). The Radon-Nikodym
theorem for 4 would say that if » < p, then f € A4 can be chosen so that f * p
is arbitrarily close to ». Now if f=3f, p=2Zp,, v =23, then f+p=
2(f, * 1), so it is sufficient to find f, so that f, * p, is near »,, for each a
(that is, for each irreducible representation). Now suppose that f, = Z f;¢;,
Pa = S by, vy = Zv;d;. Then f, « p, = d 'S, (S, fm)¢y» where d is the
dimension of the representation. Letting [g;] denote the matrix which has g;
in the ith row and jth column, we see that we want [f;] so that the
components of [f;][ u;] are close to those of [»;]. Now the assumption » < p
implies that if a column {p;: i=1,...,d} is O then the corresponding
v-column is 0, which is clearly necessary for the existence of f. However, it is
not sufficient. For, if two columns of [p;] are identical but not 0 and the
corresponding two columns of [»;] are different, then we cannot find [f]
making [ f;][ u;] arbitrarily close to [v;]. Hence the Radon-Nikodym theorem
need not be true. If, however, the nonzero columns of [p;] are linearly
independent, then [f;] can be found so that [f;][ ;] = [#;]. For example, if p
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is a central function (that is, if p(xy) = p(yx) for all x, y € G) then p; = 0if
i # j, making the nonzero columns independent, and the Radon-Nikodym
theorem holds for central functions.

ExAMPLE 11. Let H be a separable infinite dimensional Hilbert space and
let C(H) be the Banach algebra of compact operators on H. The dual space
of C(H) can be identified with the Banach space J(H) of trace class
operators on H with the trace norm || - ||;. The duality is given by the bilinear
form tr(TC) = trace(TC), T € F(H), C € C(H).

Suppose that T is a trace class operator on H and that {x;: j=
1,2,3,...} is an orthonormal basis in H. Fix any integer n and let
I={C € C(H): C(x)) =0 if j # n}, which is clearly a closed left ideal in
C(H). If E is the projection on the span of x,, then
T\l > t(TE)| = |E TEx;, x;)| = [{Tx,, x,|. That s,

1Tl > KT ) %y (T € S(H)).

If in addition x, is an eigenvector of T (the adjoint of T) then for every
C € I we have

|tr(TC)|=|§<TCxJ., x;)

=|<Cx,,, Tx,,)

= KTX,,, %, ) €y xn>l <|<Txn’ xn>| <l
so that

1T o= < Tx,, x,)] (T € 9(H), x, eigenvector of 7_").

Now suppose that 4, B € §(H), with A normal, and that B <<< 4. If
{x,} is an orthonormal basis of eigenvectors of 4 and if || B||,» < K||4]|» for
all 7, then we have

KB, %3] <18l < KAl= KiKAx, %3] = K{l4]x, %,
Now this does not in general imply that | B| < K|4|. However, if the x, can
be chosen so that they are eigenvectors of B as well (that is, if A and B can be
simultaneously diagonalized), then we have {(K|4| — |B|)x,, x,» > O for all
n and since the x, are eigenvectors of K|4| — |B|, we have |B| < K|A4|. If
Ax, = p,x, and Bx, = »,x,, then |»,| < K|p,| for all n. If D,(x) = »,/p, for
Jj=1...,nand D,(x) =0 if j > n, then the D, are uniformly bounded
compact operators and B = lim D,4. Note that if we had merely assumed
B < 4, then », = 0 whenever p, = 0, so that D, can still be found so that
B = lim D, A, although the D, are not necessarily uniformly bounded. In any
case, a Radon-Nikodym theorem holds only when additional commutativity
conditions are placed upon the “linear functionals” 4 and B.

For a different approach, we recall the Radon-Nikodym theorems of Sakai
for W*-algebras. Suppose that % is a W*-algebra and let ¢,y be
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positive normal linear functionals on % such that ¢ < ¢. Then there exist
positive elements ¢ and A in N such that 0< <1, 0< A< 1, and
V(f) = o(tft) = Jo(hf + fh) for all f € B (Sakai [9, pp. 76-77]). If B =
® (H), then the normal linear functionals on @ are the trace class operators
(that is, D is the dual of J(H)), and it is interesting to note that if we change
our definition of absolute continuity slightly, the relation <<< in J(H)
(considered as the dual of C(H)) becomes almost identical to the relation <
in 9(H) (considered as the predual of % (H)), which is the hypothesis of
Sakai’s Radon-Nikodym theorems. The change consists of considering norms
of restrictions to I N I rather than I, where I is a closed left ideal and
I={A4: 4 € I} (A = adjoint of 4).

PROPOSITION 10. Let A and B be positive trace class operators on H. Then
B < A if and only if

IBlizn iy <l4llzniys (19
Jor every closed left ideal I in C(H).

PRrOOF. Note that if E is an orthogonal projection, then I = {C € C(H):
CE = 0} is a closed left ideal. Furthermore every closed left ideal in C(H)
has this form (Rickart [8, p. 284]). Given E and [, let F =1 — E and note
that (I N I)* = (C € C(H): CE= EC=0).1f 4 € T(H) and 4 > 0, we
claim that [|A|l;ze = tr(FAF). For, if C € (I N I)*, then |tr(4C)| =
tr(AFCF)| = |tr((FAFC)| < ti(FAF)||C||, s that || 4[| fy» < tr(FAF). But if
{x;:j=1,2,3,...} is an orthogonal basis for the range of F and if C, is the
projection on the span of {x;, x, . . . , X,}, then

Xjs ,~>=

and letting n — oo gives ||4||;nfys > tr(FAF).

Now if 0 < B< 4, 4, B € §(H), and I = {C: CE = 0}, then FBF <
FAF and ||B||4n5e = tt(FBF) < te(FAF) = ||4||¢n 7y Conversely, if (19)
holds and x € H, let F be the orthogonal projection on the span of x and let
E =1 - F.Then

(Bx, x) = tr(FBF) =||B||uni)y <|[A|znF)>= ttf(FAF) ={Ax, x),
so that B < 4.

n
2 (FAFx;, x;)

Jj=1

llczazy
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