TRANSACTIONS QF T
AMERICAN MATHEMATICAL SOCIETY
Volume 246, December 1978

ON MODULAR FUNCTIONS IN CHARACTERISTIC p
BY
WEN-CH'ING WINNIE LI

ABSTRACT. Let k = F (T) be a function field of one variable over a finite
field F,. For a nonzero polynomial A € F,[T] one can define the modular
group I'(4). In this paper, we continue a theme introduced by Weil, and
study the A-harmonic modular functions for ['(4). The main purpose of this
paper is to give a natural definition of A-harmonic Eisenstein series for
T'(4) so that we obtain a decomposition theory of A-harmonic modular
functions, analogous to the classical results of Hecke. That is, we prove

Modular Functions = Eisenstein Series @ Cusp Functions.

Moreover, the dimension of the space generated by A-harmonic Eisenstein
series for I'(4) is equal to the number of cusps of I'(4), and so is
independent of A.

For the definition of A-harmonic Eisenstein series and the proof of
decomposition theory, we consider two cases: (i) A #= +2Vq and (i)
A = *+2Vq, separately. Case (i) is treated in the usual way. Case (ii), being
a “degenerate” case, is more interesting and requires more complicated
analysis.

Introduction. Let k = F_(T), where F_ is a finite field with g elements and
T an indeterminant over F,. We write co for the place of k for which
|T|, > 1. For a nonzero polynomial 4 € F [T], let

I(4) = {(‘c' b) esL@, F[T])

aEdEl(mOdA),bECEO(mOdA)].

In this paper we continue a theme introduced by Weil [13], and study
A-harmonic modular functions for I'(4). (A modular function for I'(4) is said
to be A-harmonic if it is an eigenfunction of the Hecke operator T, with
eigenvalue A.) The main purpose of this paper is to give a natural definition of
A-harmonic Eisenstein series for I'(4) so that we obtain a decomposition
theory of A-harmonic modular functions, analogous to the classical results of
Hecke [6, No. 24]. That is, we prove

Modular Functions = Eisenstein Series & Cusp Functions.
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Moreover, the dimension of the space generated by A-harmonic Eisenstein
series for I'(4) is equal to the number of cusps of I'(4), and so is independent
of A.

For A # +2V{gq, such Eisenstein series are treated in the usual way, as in
Hecke [6, No. 24] and Kubota [7]. Our analysis of these Eisenstein series will
be carried out concretely in terms of graphs. In particular, when A4 is a
constant, this approach, in different language, is a special case of some results
of Harder [5).

The most interesting cases are when A = +2Vgq, because then the
Eisenstein series obtained from the usual method of analytic continuation
generate a space of dimension less than the number of cusps. As we shall see
in §3, this is due to the “degeneracy” of the Eisenstein series so obtained.
However, in this situation, the derivatives of these Eisenstein series are
A-harmonic and noncuspidal. It turns out that these derivatives exactly fill in
the above deficiency. We therefore define these derivatives, in addition to
those obtained from analytic continuation, to be Eisenstein series.

The author wishes to thank J.-P. Serre for his valuable advice on this paper.

1. Preliminaries.

1.1. The upper half-plane. Let k, be the completion of k at o, and r,, be
the ring of integers of k. One may view the Poincaré upper half-plane as
GL(2, R)/3g - O (2, R), where 3y is the center of GL(2, R) and O (2, R) the
orthogonal subgroup of GL(2, R). In the function field case, we take the
corresponding “upper half-plane £ to be the space of right cosets
GL(2, k,)/ 8 - GL(2, r,,), where 8 is the center of GL(2, k), for the
following reason:

For each row vector (x,y) in k, X k., put ht(x, y) = sup(| x|, |¥].)-
Then GL(2, r.) is the group of linear transformations » on k., X k. which
preserve ht(x, y), i.e., ht((x, y) - r) = ht(x, y) for every (x, y) in k, X k, and
preserve the valuation of the determinant of elements in GL(2, k), ie.,
|det g - r|,, = |det g|,, for every g in GL(2, k), just as O(2, R) preserves
inner product on R2

For short, we denote I'(1) by I'. The group T acts on § by left translations.
For each integer n, put g, = (§ ). Then every element g of GL(2, k_) can be
written as g = yo,8, with Yy €T, n >0, g, € GL(2,r)- 8,. Moreover,
when g is given, the integer n in this formula is uniquely determined. (For
proof, see Weil [13].) Denote the coset g- GL(2, r.)- 8., by [g]. The upper
half-plane is then § = {[yo,]|y €T, n > 0}. Since the integer n in [ys,] is
uniquely determined, call it the degree of [ys,]. Two elements [ g,], [g,] in ©
are said to be adjacent if there exist y € I' and nonnegative integers m, n with

|m — n| = 1 such that [g,] = [y0,,] and [g,] = [y0,]. The stabilizer of [yo,] in
Tis
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v 1{? ®)eTlaeFr,beF [T wihord, b<n} -y
0 al q q

if n > 1; and v - SL(2, Fq)y’l if n = 0 (cf. [13]). It follows that the neighbors
of [ye,] are

0 1

[Y((l) (l))o,] and [7(2 ?)ol},gqu ifn=0.

In either case, we see that [yo,] has ¢ + 1 neighbors, namely,

[v0,-0,] and [ya,,-(T_l £)

[Y°n+1] and [Y'(l gT”)o,,_l],ﬁqu ifn>1;

0 b §EF,
Taking each element in § to be a vertex and joining adjacent vertices, one
can show that the resulting graph is a “tree” (cf. Serre [11]). Let & be
endowed with this tree structure.

1.2. Fundamental domain. From the above discussion one sees that a
fundamental domain for I in § is a ray:

[voo] [v0,] [10,] [ros]

Let A be a monic polynomial in F [T] with ord; 4 =a > 0. If [yo,] is a
vertex with degree n > a and

(L T

is one of its neighbors, then there is a polynomial U in F [T}, ord; U < n,
such that U + £7" = 0 mod A4 and, hence,

[7((1) g?)d,._.] =[Y((l) ng: U)o,.+1] =4 ¥0,—1]

for some v, € I'(4) since I'(4) is normal and (} ¢7"}Y) € I'(4). This proves
part of the following:

LEMMA 1. If n > a, then all of the degree n — 1 neighbors of [ye,)] are in the

same orbit of T'(A). If n < a, then no two neighbors of [yo,) are in the same
orbit of T'(A).

Proor. It is obvious that no two elements of § of distinct degree can lie in
the same orbit of T". Only two cases are left to prove:
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Case 1.1 < n < a. Suppose §,, §, € F, such that

oy o] o iy ]

are in the same orbit of I'(4). We claim £, = &,. The assumption means that
there exists v, € I'(4) such that

1 —g,T") -1 (1 §2T") -
Y4 Y € Stabilizer of [a,_, ].
( 0 A LA 75 S P [0n-1]
Since I'(4) is normal, this amounts to saying

i S R

€ Stabilizer of [o,_, ],
for some vy, € I'(4). Write v, = (% §). Then

O R
=(P P& - )T+ Q

R ) ) € Stabilizer of [o,_, ]

implies P, R €F,, P(§, - ¢{)T"+ Q € F [T] of order less than n, hence
Q=0,P+#0,and §; = §, because Q =0mod 4 and n < a.

Case I1. n = 0. The neighbors of [yay] are [Y(} 9)o,] and [Y(; D)o}, £ EF,.
Assume g,, g, are two elements in GL(2, F) such that [yg,0,] = [v,78,0,] for
some v, € I'(4), i.e,

Y41 &1 'g, € Stabilizer of [a,]
for some vy, € I'(4). Write
/ P -
=5 9) (s 2
then

, L * *
Ya glgz— xR+Su *'

As discussed before, every element in the stabilizer of [o,] is upper triangular,
therefore xR + Su = 0; in particular, xR + Su=u =0 (mod A4). This
shows that u = 0, i.e. g;'g, is upper triangular. However, if g1, 8, are two
distinct elements of

(0 ah(2 9)ker),
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81 'g, is never upper triangular. Therefore no two neighbors of [yo,] are in
the same orbit of I'(4). Q.E.D.

Let
P, O
i = ' ! ’ | = 9---9Ns
Y; (R.- Si)EI‘ i=1

be left coset representatives of I'(4) in I'. We choose ¥,’s in such a way that
the orders of P, O, R,, S; are less than a + 1. Then a fundamental domain
%D (A4) for T'(A4) can be obtained by gluing the rays

['710()] [7,'01 ] ['Yioz 1 [7,'03 ]

together at the identical vertices. Lemma 1 shows that each vertex of degree
< a — 1 has exactly g + 1 neighbors, each of multiplicity one, but each
vertex of degree n > a has one degree n — 1 neighbor with multiplicity ¢ and
one degree n + 1 neighbor with multiplicity one. The rays

[7ioa—'1 ] [7iaa] [7ioa+ 1 ]

are called “cusps” of I'(4) determined by y,. (For more details, see Cartier
[1]). It is clear that two elements

(29 (22

Y (R s/ TT\r s

in I' determine the same cusp of I'(4) if and only if there is some a € F} such
that P = aP’ and R = aR’ mod A. With this understanding, we shall denote

cusps of T'(4) simply by (%). As in the classical case, the number of cusps of
I'(4)is

—1—|A|ﬁ, 1I (1—- 12 ) ifordd=a3>1,
O(A) = q- 1 B monic polynomial ‘Bloo
B divides A
1 ifd=1.

It is also clear that, in %D (A), there are a(4) vertices of degree m > a —
1; o(4):q°'"™ vertices of degree m, 1 <K m<a—1; and o(4)-
q°~'/(q + 1) vertices of degree 0. One can refer to §4 for examples.

1.3. Modular forms and modular functions. From now on let 4 be a fixed
monic polynomial in F [T] with ord; 4 = a > 0.

DEFINITION. Let s be a complex number. A homogeneous modular form F
for I'(4) of weight s is a complex-valued function defined on GL(2, k), left
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invariant under I'(4), right invariant under GL(2, r ), which satisfies
.{a 0 = -5
F(e (2 9))=talF o

forallg € GL(2, k) and all (3 %) € 8.
It is well known that any element g € GL(2, k) can be written as

=(T" )’).3. (T’ 0)
& ( 0 1 o T
where 6 € GL(2,r_),y € k. If
n m ’ l'
g=(T y)s(T’ 0)=(T y)s,(T 0,)
0 1 0o T 0o 1 o T
with y,y’ € k, 8, 8’ € GL(2, r,), then
(T" 0 )(T‘" —yT‘")(T'" y')(T" 0 )
o T'/\0 1 o 1/\o T
(Tm—n—l+l’ T—n—1+l' (y/ _ y)

. e ) € GL(2, r,,)

implies/ = I’ m = n,and y’ — y € T"r,. Therefore, if we write

_(T y) 5 ( T 0 )

& ( 0 1 o T

with 8§ € GL(2,r,,) and y = T"*'h, h €F[T], then this expression is
unique. Noting this, we can now define the dehomogenization f of a homo-

geneous modular form F of weight s for I'(4) to be the function on § which
sends [g] to F((Z"%)) where g is uniquely expressed by

_(T y) : B(T’ 0 )
& ( 0o 1 o 1/
as described above. One can easily check that for
P Q X y
(R S)EI‘(A) and (% 7)€ GLQ2 k),

[ satisfies

(2 9 D)) -2 (1 7). an

A complex-valued function on § which satisfies (1.1) for all (% §) € I'(4) and
(%) € GL(2, k) is called a modular form for T'(4) of weight s. When s = 0,
we say it is a modular function. Note that the function G, which sends g in
GL(2, k) to |det g|*/? is a homogeneous modular form of weight s for the
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modular group I'. Therefore one can transform a homogeneous modular form
for I'(4) of weight s to a modular function for I'(4) (or conversely) by
dividing (or multiplying) by G,. Hence it suffices to understand modular
functions.

For a complex-valued function f on £, the Hecke operator T, maps f to
another function T, f on $ defined by

roter-ste ez A (7 9]

0 1

= > f([ 81])’

[ g,] adjacent
tolgl
fis said to be A-harmonic if f is an eigenfunction of T, with eigenvalue A.

In fact, T, here can be interpreted as the Beltrami operator. (For more
detail, see Weil [14, Chapter VIII].) In this paper, we are interested in
A-harmonic modular functions only.

REMARK. Technically speaking, modular forms defined above are
analogous to modular forms f of weight s defined on the Poincaré upper
half-plane which satisfy

1 ZEL) = for + aty(r)

for 7 in the complex upper half-plane and (¢ %) in some modular subgroup of
SL(2, Z). The A-harmonic modular functions defined above correspond, in
the classical case, to the “real analytic” modular functions in the sense of
Kubota [7], namely, complex-valued functions on the Poincaré upper half-
plane which are eigenfunctions of the Laplacian y%(32/dx? +32/dy?), and
which are invariant under linear transformations by a modular group. So it is
not surprising to find that the techniques which we use later are similar to
those used in [7].

Let f be a A-harmonic modular function for I'(4). First observe that, on
each cusp, f satisfies the difference equation

F([¥0,+2]) = M([¥05+1]) + & ([v0,]) =0 foralln > a— 1.
Write the roots of x> — Ax + ¢ = 0 as ¢*/%, q'~*/2 where s is a complex
number with Res > 1, and is uniquely determined modulo 4wi/log q if

Re s > 1. Then for each cusp (§) determined by some y € I there exist two
constants ap gy, b(p gy € Csuch thatforalln > a — 1,

f([ve]) = {

a(P,R)q".s/z + b(P,R )qn(l—s/2) if q:/z #* ql—s/Z’
apr) 4" + bpryn-q"t i g2 = q'" 2= x4'/2

Call ap z, (resp. bip zy) the g™*/% (resp. g"~*/?) part of f on the cusp (%) if
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g*/ % q'~%/2 In case ¢*/% = ¢'~*/2, we call a(pry (Tesp. bp py) the g™*/2
(resp. ng*/?) part of f on the cusp (}). It is clear that a A\-harmonic modular
function vanishes on the cusp (}) if and only if both its ¢”*/2 part and its
q""~*/? part (or n- q"*/? partif A = +2Vq ) are zero on the cusp A)-

The group T acts on a modular function f for I'(4) by left translations,
namely, v- f([g]) = f([yg)] for all y €T, [g] € §. Note that y-f is also a
modular function for I'(4) since I'(4) is a normal subgroup of I'. Moreover, if
fis A-harmonic, so is yf.

1.4. Fourier expansions of modular functions. Let f be a modular function for

T'(A4), and
n =4[5 7))

Then $ = U ;% _, H, and H, are called horocycles. The restriction of f to H,
can be viewed as a function on k_,, invariant under translations by 4 - F[T]
therefore can be expanded in a Fourier series on the compact group k. /A -
F,[T]. Take a fixed nontrivial character ¢ of the additive group of F,. For
Y € ki, there exist unique x € F,[T), z € T*"'r_ such thaty = 4 - x + z.
Write z = &, _;7°~! + terms of lower order. Define the character y of ke,
trivial on 4 - F,[T], by Y(y) = ¢(a,_,) where y, a,_, are as above. Then all
the characters of k, are of the form y,: y — y(dy), d € k,; and those trivial
on A4 - F, [T] are exactly y, with Q € F, [T). Let dy denote the Haar measure
on k,, with vol(7°~" - r_) = 1. Thus, for all [(§"%)] in H,,

f([(ﬁ {)])= S C(mQNe0)

y Ekw}~

Q€F,T]
where
= "
€(»0) L-Fq[T]\kwf(l:( 0 I)J)JI—QU) b
Since

(5 )-[5 )] were

it follows that C(n, Q) = 0if n + ord; Q > a — 1, so the above summation
isin fact a finite sum. If n > @ — 1, then

A& D)-A1F )= cmo

When C(n, 0) = 0 for all n € Z, we say that f is (})-cuspidal. For y = (% 9)
€ I we say that f is (})-cuspidal if the modular function vy - f is (})-cuspidal. A
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modular function for I'(4) is cuspidal if it is (§)-cuspidal for all cusps (%) of
I'(A).

It can easily be shown (cf. Weil [13]) that a modular function f for T'(4) is
A-harmonic if and only if its Fourier coefficients C (n, Q) satisfy

AC(mQ)=C(n+1.0)+ C=1.0): 3 ¥oT") (1)

for all Q € F,[T] and all n € Z. As an immediate consequence of this, one
sees that a A-harmonic modular function is cuspidal if and only if it vanishes
at each cusp.

2. Eisenstein series and decomposition theory (Part I: A = +2Vq ).

2.1. Eisenstein series. As before, let A be a fixed monic polynomial in F, [T]
with ord; 4 = a > 0. We make the following conventions: for X, Y in F [T]
X =Y means X = Y (mod 4); (X, Y) denotes the monic polynomial in
F,[T] of highest order which divides both X and Y. Following Weil [13], for
s €C, P, R € F,[T] with (P, R, A) = 1, we define the Eisenstein series
Ep rys) on $ by

Epr)(s)([ £]) = |det g2 EP ht((X, Y)g)
R
y=1

X
Y
X,

~

(

=ldetgk2 ¥ h((RRyg) (@l
YESHP,R\T(4)

where St(P, R) = {y € T'(4)|(P, R)y = (P, R)}. As explained in §1.3, these
are analogous to classical homogenized Eisenstein series of weight “s” if we
omit the factor |det g[*/2.

It is obvious that E p &((s) defined by (2.1) is invariant under I'(A), hence
on each horocycle H,, Ep r\(s) has Fourier series expansion

E(P,R)([( 7; )1))]’ S) = 2 Cep.r)(n, Q, S)‘PQ ) 22

Q€F]T]
A direct computation shows that

Cpr)(n, 0,5) = gm0 =/D . g1=0. Bp (0, 5) + 8p 8 8- "2 (2.3)
Corr(n 05)=0 fQ#0,andn>a—2~0rdQ,  (24)
Cerr(@a—2—ord Q — d, Q,s) = gla-2-ord 2-)1-s/2)

1 - q(d+ D(1-s)

* Bep,r)(Q, 5) q'" (25)

1 - ql—:
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if Q # 0and d > 0, where

5. = { 1 if P =0mod 4,
P 0 otherwise;
5 _[1 if R = some a in F?,
R1 = .
0 otherwise;
e = 1 iford, 4 > 1,
gq—1 iford,4=0;
s 1-q7*
Pra)0,8) = 2 IX|2° 1 —=; (2:6)
X=P Y=R 1- q
X%0 Y mod AX
(X,Y)=1

and

2en(@9)= T X T w(x) -9 @D
X:g oEdAX

Using the Euler ¢-function

o(4) =4, Il (-8
B monic prime
B|4

and the L-series

Laesy= I (1 -xBIBIz)™

B monic prime

associated to each character x on F [T] mod 4, one can further express (2.6)
and (2.7) as

l1-¢g -
Yo == 7o I - 1B

B prime
B|A

1 . 1—-¢g7° . 2 I‘;—\lll/)ll—s
P(4) 1-4""° 4medu ®
(a,A)=1

2 )_((“)'L(X» S)_I,

x char mod A
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and
l bt 3 ,-_\]-i
D r)(Q;5) = a_. 2 2 |X|‘l=c_s : ‘Pg( aT )

P(4) amodA X|Q
(a,A)=l aX=P

2 x@ L) 29)

x char mod 4

where, for each a €F [T] with (a, A) =1, a~'P denotes the unique
polynomial in F [7] with order less than a such that « - « TP =Pmod 4.1t
is understood that |a ~'P|!;* denotes the zero function as A divides P. Since
L(x, s) is a rational function in ¢ ~* (cf. Weil [12]) and L(x, s) does not vanish
on Re s > 1 (by a similar argument as in Lang [8, Chapter XV, Theorems 2,
3)) for each character x mod A, the functions ®p z(Q, 5), @ # 0, defined by
(2.9) are rational functions in ¢ ~* and holomorphic on the half-plane Re s >
1.

LEMMA 2. Let P, R € F [T] with (P, R, A) = 1. The function ®p z\0, s)
defined by (2.8) is a rational function in q~° and is holomorphic on Re s > 1
except for simple poles at s = 2 + 2nmi/log q, n € L.

PROOF. It is clear that for Re s > 1, ®p £)(0, 5) is holomorphic except for
simple poles at s =2+ 2nwi/logq, n €Z. It remains to prove that
@ p.z)(0; 5) does not have a pole on the line Re s = 1. The first term in the
right-hand side of (2.8) is clearly holomorphic on the line Res = 1, so it
suffices to check that for each character x mod A4, and each integer n,

| — 1 S AP (@) L s)”" (2.10)
s—1+2aniflogqg 1 — ql_s a mod A4 ®
(a,A)=1

is finite if A does not divide P.
Case 1. x = x,, the trivial character. Since

Lixps)=(1-¢""" I -8z,

B prime
B|A
(2.10) becomes
1 ipp
I —— TPl
s—>l+2111r'£nli/logq 1 - ql_s an%dA |a |°°
(a,A)=1

(=g I -1BIZ2)7" = 4], = g7
B prime
BjA

which is finite.
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Case I1. x # x,. Then L(x, 1 + 2mni /log q) # 0, (2.12) is equal to

1 . 1 - « P,
] . (1-s)ord a™'P,
L(x, 1 + 2mni/log q) s~»1+211lrftli/logq 1-gq'¢ an'gd/i 1 X(@
‘ (a,d)=1
1 . 1 da 1P
- 1 O o
L(x, 1 + 2mni/log q) ol T—u ,,,,%M * x()
(a,4)=1
= 1 lim— 3 orda™P-uT P 1x(q)
L(X, 1+ Zﬂni/log q) u—l a mod A
(a,A)=1
-1

- , S orda P (),
L(x, 1 +2mni/logq) . moda
(a,A)=1
which is also finite. Q.E.D.
For each [(§"})] € §, define Ep £\ (s)((G" D by (2.2) where Cp zy(n, 0, 5)
is defined by (2.3); C(p gy(n, Q, 5), Q # 0, are defined by (2.4) and (2.5) with
D5 £)(0, 5) and Pp £y(Q, 5), Q #* 0, defined by (2.8) and (2.9), respectively.

THEOREM 1. Let P, R € F, [T] with (P, R, A) = 1. For fixed [g] € 9, the
Sunction E p p\(s)(g]) defined above is a rational function in g™’ and is
holomorphic on Re s > 1 except for simple poles at s = 2 + 2nmi/log q, n € Z.
When Re s > 2, it is equal to (2.1). Moreover, the following properties hold:

@

Ep.rY()([V48]) = Ecpr)(s)([ 8]) forally, €T(4),[g] €§;

(i)

(@72 + ¢' /) Ee r)(s)([ 8])

= Eom(sD + 5 Emm(s)([g' (% E)D

0o 1
Jor all[g] € &;

(iii)
Ep.r) () = Epr»(5) if P = aP’ and R = aR’ for some a € F};
(@v)
YE(p,r)(S) = E(pr)y(s) forally €T,
for all s € C.

ProoOF. The first statement follows immediately from the definition of
E p r)(5), Lemma 2, and the discussion above Lemma 2. One can easily check
that, for fixed [g] € §, properties (i) to (iv) hold for Res > 2. Since
Ep ry(s)([ g])’s are meromorphic functions on C with a discrete set of poles,
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properties (i) to (iv) thus hold for alls € C. Q.E.D.

Theorem 1 shows that for Res > 1, s # 2 + 2nwi/log q, n € Z, the
functions Ep z)(s) are A-harmonic modular functions for I'(4) with A = ¢*/2
+ q'~*/2. For s #+ 2 + 2nmi/logq, 1 + 2n7i/log q, Res > 1, let &(T(4),
g*/? + q'~*/?) be the space generated by all Ep z(s). The functions E(,. » ()

= Ep r)(s) — E4,y(s) are holomorphic on Re s > 1, and satisfy (i), (ii), (iii)
of Theorem 1 with E; ¢/(s) replaced by E( r.R)S) and

vy

'YE(P,R)(S) = E(p,R)y(S) - E(A,l)'y(s) fOI' ally (S F
for all s € C. Thus, when s = 2 + 2nwi/log q, ; p.r)(S) are A-harmonic
modular functions for ['(4) with A= ¢*2+ q¢'™*/>=¢g+ 1 0or —(g+ 1)
according as n is even or odd. Furthermore, the constant functions are
(¢ + 1)-harmonic; and the alternating constant functions which take value d
on odd degree elements of § and —d on even degree elements of § are
—(gq + 1)-harmonic functions for I'. Thus for s = 2 + 2nmi/log ¢, n even
integer (resp. n odd integer), A = ¢*/2+ ¢'~*/2=q + 1 (resp. A= —(q +
1)), we let &(T(4), ¢°/> + q'~*/?) be the space generated by the constant
functions (resp. the alternating constant functions) and all E(,.R)(s) The
space & (T'(4), ¢/ + ¢'~*/?) defined above is called the space of (¢°/% +
q'~*/?)-harmonic Eisenstein series for I'(4). Therefore we have defined the
space of A-harmonic Eisenstein series for I'(4) with A # +2Vq.

THEOREM 2. The space &(T'(A),N), A #+ *2Vq has dimension equal to
0(A), the number of cusps of T'(A).

PROOF. Write A = ¢°/2 + ¢'~*/2 for some s with Re s > 1. Let

Py
(R-)’ i=1,...,0(4),

be cusps of I'(A4).

Case I. A = *2Vq, +(q + 1). Theorem I(iii) implies dim¢ & (I'(4), A) <
0(A4). (2.3) and Theorem 1(iv) together show that E p gy(s) is the only one
among the Ep, R)(s) j=1,...,0(A4), which has nonzero ¢"*/? part on the
cusp ( ,,R) This implies that Ep ¢y, i = 1, ..., 6(A4), are linearly indepen-
dent, hence dim¢ & (T'(A4), A) = a(A4).

Case II. s = 2 + 2nmi /log q for some n €Z,ie, A=qg+ lor —(q + 1).
It is obvious that the space generated by E(P r)(5) has dimension at most
equal to 6(4) — 1 and therefore dim¢ & (I'(4), A) < 6(4). Suppose (§ ) =
(f). Let E be a nonvanishing constant function, or a nonzero altematmg
constant function according as A = ¢ + 1 or —(g + 1). Then on each cusp E
has zero ¢"*/? part and nonzero ¢"~*/? part. Now claim that E, Ep p),
i =2, ..., o0(4), are linearly independent. If so, we shall have




244 W.-C. W. LI

dim¢ & (T'(4), A) = o(A). Suppose a,, . . . , a,,, are in C such that
o(A) -
tE+ 2 oEp,z)=0.
i=2
Let C‘( &)1 Qs 5) be the Fourier coefficients of E(n,&)(s)- Then we have, in
particular,

Ce,z)(n, 0, 5) = g™ /2g' 4 (®(p, (0, 5) — B1x(0, 5)) — eg™*/?
fori=2,...,0(4)and all n € Z. As explained above, fori =2, ..., 6(A4),

YE (p,2)(5) = E(p,)y(5) = E(4y(s) forally €T.

It then follows that E(, »(s) has nonzero ¢"/2 part e, —¢ on the cusps G5,
(¢) respectively; and has zero ¢™/2 part on the other cusps. This shows a; = 0
fori =2,...,0(4), and hence a; = 0, as desired. Q.E.D.

Finally, for each complex number A, we let IN(T(4), A) (resp. C(T'(4), A)
be the space of A-harmonic modular functions (resp. cusp functions) for I'(4).

2.2. Decomposition theory. Let 9 (A) be a fundamental domain of I'(4), and
%(A) be the subset of D(4) consisting of elements in D(4) of degree
< a — 1, i.e,, the finite part of %) (4). For modular functions F, G of I'(4), we
define the restricted inner product { , sy bY

(F,G>ey= 2 F([2])G([g))

[gleF(4)

where ~ means complex conjugation. It is understood that when deg 4 = a
=0, F(4) is empty and <F, G)g, = 0 for all modular functions F, G of
I'(4). Similarly, the inner product <, > of two modular functions F, G for
I'(A4) is defined by

(F,Gy= X F([g)G([g))

(gled)

whenever the right-hand side converges absolutely. It is very interesting that
almost all important consequences in our theory come from the following:

THEOREM 3. Let vy, . . ., Yo(4) be elements in T which determine the cusps of

['(A). Let F, G be modular functions for T(A), T, the Hecke operator at .
Then

{F, T«,5>:§(A) —(TF, 6>g(4)

a(A)

= 2 F([Yi"a—l])G([Yi"a]) - F([Yi"a])G([Yi"a—l])'

i=]
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ProoF. From Lemma 1, we know that every element [g] in %(4) has
exactly ¢ + 1 distinct neighbors in % (4), each of multiplicity one. Therefore

<F’ Too5>9'(A) - <TaoF’ _G_>‘3"(A)

= 2 F(s)- 2 6([ah)- X G([g])

[gleg(4) [ g,] adjacent [gleF(4)
tolgl
2 F(la))
[ g,] adjacent
tolgl

= > F([e])G([&]) - F([&:])G([])
(ot st (o]

o(A) o(4)
+ 2 F(lvoD6([ve]) = 2 6([veDF((ve])
o(A)

= 3 F([nes1)6([10.) - G([vesi))F([ve.]) QED.

=]

COROLLARY 1. Let vy, - - - , Youy be as in Theorem 3, F, F’ € T(A), N)
with A = +2Vq . Write A = ¢*/* + q'~*/2 for some s with Re s > 1. Suppose
that on each cusp determined by v, i =1, ..., 6(A4),

a,q™’* + bqm1 /Y ifs %2 + 2nmi/log q,
a,q™’* + bmg™/*  ifs =2+ 2nmi/log g,

F([vion]) = {

aq™’* + blq™' /D ifs 2 + 2nmi/log q,
a/q™/* + bjmg™/?  ifs =2 + 2nmi/log q,

F([von]) = {

Jorallm > a — 1. Then
o(A)
> ab, — ab, = 0. (2.12)

=]
PROOF. F’ € OM(T'(4), A) implies F' € ON(T'(4), X). Then
(F, ToF gay — T F, F'>g4y = NF, F")g04y — NF, F'>g(4y = 0.
Applying (2.11) to F, F’, (2.12) follows immediately. Q.E.D.

THEOREM 4. The space C(I'(A)) of all cusp functions for T(A) is finite-
dimensional. The Hecke operator T, is a selfadjoint operator on C(I'(A))
relative to the inner product {,> defined above, and, hence, C(T'(A)) =
@, C(T(A), N), where the X’s are real algebraic integers with |\| < q + 1.
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PrROOF. Let F belong to C(I'(4)), C(n, Q) be the Fourier coefficients of F
and C’(n, Q) be those of T F. Since

C(nQ)=C(n+1,0)+C(n—-1, Q)'£2F Yo (§T"),

it follows immediately that T sends C(I'(4)) into itself. Note that the inner
product ¢, ) is defined on C(I'(4)) and agrees with the restricted inner
product {, >g4). (2.11) shows that {(F, T,G) = (T F, G) for all F, G in
C(T(A)), ie., T, is selfadjoint in C(T'(4)) and eigenvalues of T, on C(I'(4))
are real. It is obvious that the dimension of C(I'(4)) is less than the number
of elements [g] in 9 (4) with degree < a — 2, which is finite, say N; and
hence C(I'(4)) is the direct sum of eigenspaces C(I'(4),\) of T,. If 0 # F €
C(T(4), A), one may view F as a nontrivial solution of a system of K linear
equations in N variables, where K is the cardinality of $(A4). Expressing these
relations by a K X N matrix M = (m;), we see that m; = Afori=1,...,N
and m; = —1 or 0if i # j. Since M has a nontrivial solution F, the rank of
M is less than N, i.e., A satisfies a monic polynomial of degree N with integral
coefficients, hence is an algebraic integer. Finally, by the maximal modulus
principle, one finds that the only bounded functions on £, A-harmonic with
[A| > g + 1 are constant functions and alternating constant functions on £
with A = ¢ + 1 and —(g + 1), respectively. Therefore nontrivial A-harmonic
cusp functions for I'(4) must have |A\| < ¢ + 1. Q.E.D.

LEMMA 3. Let v, . . ., Yo(4) be as in Theorem 3. Suppose F € IN(T(A), \),
A* +2Vq, *(q + 1). Write A = ¢*/> + ¢"~5/2 for some s with Re s > 1. If
at each cusp determined by v,, F([y;0,,]) = b;q™™*/? for all m > a — 1, then
F is cuspidal.

PROOF. Suppose

_ P, O
Yi T Ri S', ¢
Applying (2.12) to F and Ez _p\(s), we get be = 0, i.e. b, = 0. This is true
foralli=1,..., 0(A), therefore F is cuspidal. Q.E.D.

THEOREM 5. For each A # +2Vq we have
M(T(A4), A) = &(T(A), X) & C(T(A), A).
PROOF. Write A = ¢°/2 + ¢'~%/2 for some s with Re s > 1. Let

P, .
(R»)’ i=1...,0(A),

)

be the cusps of I'(4) and, say, () = ({).
Case 1. A # +2Vg, *(q + 1). Given F in 9 (T(4), A), there exist a;,
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i=1,...,0(4),in Csuch that G = F — 3¢ o,E j x(s) has zero g™/ part
on each cusp. Then G is in & (I'(4), A) by Lemma 3.

Case I. A\ = (¢ + 1), 1ie,, s =2 + 2nwi/log q for some n €EZ. Let F €
IM(T(A), A). From the proof of Theorem 2, Case II, one sees that there exist
a,i=2,...,0(d), in C such that G = F — 3¢9 a,E R}(s) has zero ¢™/?
part on each cusp (% R) *( !)- We claim that G has zero ¢™/? part on the cusp
(!,) too. If this is so, then applying (2.12) to G and E( p,r)(S), We get

b(_Rl_,pi)e - b(—RnP|)£ 0,
ie.,
b—r,p) = b-r,p)

for alli =2, ..., o(4), where b_g p, is the ¢"'~ /D part of G on the cusp
GMi=1..., o(A) This shows that G has the same ¢"' ~*/? part on each
cusp. After subtracting a suitable constant function or alternating constant
function from G, according as A = ¢ + 1 or —(g + 1), we have the resulting
function in C(I'(4), A). We now prove the claim. Suppose to the contrary, G
has nonzero ¢™/2 part on the cusp (},). Let y;, . . . , v, be left coset represen-
tatives for I'(4) in T; then G = 27_, v;- G is a A-harmonic modular function
for T. There is only one cusp in the fundamental domain % (1) and, by
assumption, G has nonzero ¢™/2 part on that cusp. This is impossible as we
will see from the following:

LEMMA 4. Let F be a nonzero A-harmonic modular function for T with
A=gq"?+ q'~/2, Re s > 1. Write
F([o,]) = {""1’“/2 +b-q"' 7P ifA# 22V,
n a.qns/2+b_n,qn(l—s/2) ifA = 1_2\/3,

Jor all n 0. Then a-b#0 if A= x(qg+1); a=0if A= x(g+1).
Moreover, dim (T, A) = 1 for all .

PrOOE. Note that AF([a]) = (¢ + 1)F (o).
Case . A = +2Vq . Then

Aa = (qs/2 + ql—s/Z).a = (q + 1)(aqs/2 + bql—s/Z),
ie.,
(ql—x/2 - ql+s/2)a = (q + 1) ql—s/2_ b,

i.e.,

(1-g%)a=(q+1)b.
This implies a - b # 0 since ¢* % 1 and F % 0.
Case II. A # +2Vq . Then

Ma+b)=(¢""+q" ) a+b)=(a-q¢*+ b-q"*/) (g + 1),
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ie.,
(ql—.\'/Z _ ql+s/2)a = (qz—s/z _ q’/z)b,

ie.,
q(1 — ¢°)a = (¢* — ¢°)b.

Since ¢° # 1 and F # 0, it follows immediately that a - b # 0 if g> # ¢°, i.e.,
A# *(g+1); and a =0 if ¢> = g%, i.e, A = =(q + 1). It is clear that as
long as A # *=(q + 1), there is a nontrivial relation between a and b, as
shown in Cases I and II above, so 9N(T, A) is one dimensional for all A.
Q.E.D.

COROLLARY 2. M (T'(4), N) = &[T (4),N) if A| > g + 1.

Proor. Apply Theorems 4 and 5. Q.E.D.

2.3. Functional equations. As observed before, for all but a discrete set of s
in C, the functions Epp\(s) defined by (2.2) are A-harmonic modular
functions for I'(4) with A = ¢°/2 + ¢'~*/2, Since the \’s remain the same if
we replace s by 2 — s, the functions E g2 — 5), with Res > 1, are in
M(T(A), ¢°/* + q'~*/?). In fact, they are in & (['(A), ¢*/> + q'~*/?). To see
this, it suffices to show that E, ,(2 — s) is, for the others are obtained from
E (41,2 — s) by left translations by I and & (I'(4), ¢°/> + ¢'~*/?) is invariant
under left translations by I'.

First note that for Res > 1, (R Z5) €T, E, (2 — s) has ¢"/? part
equal to ¢' ~“®, _ (0, 2 ~ s) and ¢"" ~*/? part equal t0 8, ,8_,, - & on the

cusp (%). Fromnow onlety, = (§ €),i = 1,..., a(4), be fixed elements in
T which determine all cusps () of I'(4) and, say, v, = (§ ). Since E 5, 73(s) is
the only one among Ep r)s),j = 1,...,0(A4), which has nonzero ¢"/* part

€ on the cusp (,‘,iR‘), we see that, for Re s > 1,

o(A)
1 1.
Eup =9 =2 —¢'"7®p,_0)0,2 = 5)Epr)(s) (213)
&

i=1

has zero ¢"™/2 part on each cusp of I'(4). Hence, by Lemma 3, it is cuspidal.

However, Corollary 2 shows that (2.13) is identically zero on certain half-
plane Re s > c. The function (2.13), when evaluated at each element [ g] of $,
is meromorphic on C with a discrete set of poles and vanishes on Re s > c.
Therefore it must be identically zero on the entire s-plane. This proves

o(A4)
Eun2—1s)= 2

i=1

‘g7 Bp,—0)(0, 2~ $)Er,r)(s)  (2.14)

o |-

for all s. Moreover, (2.8) shows that @ (0, 5) is independent of R as long as
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(P, R, A) = 1, so we can replace D, - o) in (2.14) by @z, and obtain
o(A)
1 1-a
Eup=95)=2 + 47 @uny1(0,2 = 5) Eoipy1(s). (215)
i=1
Let y,~! act on (2.15). For 1 < i < a(A4), there isaumquem 1 < m < o(A),
dependmg on i and j, such that (4,1)y,” 'yj '=(4, )y, ie., (4, l)y,‘l =
, Hy! y;- Different i’s give different m’s. Therefore, the action of 7,
(2.15) can be described by
o(4)
E(A.l)’/,"(z —5)= 2

i=]

m|.—-

7' B4y, (0, 2 = )E (4,151 (5)-

We have proven
THEOREM 6. Let v, i = 1, .. ., 0(A), with y, = (3 9) be fixed elements in T,
such that they determine all the cusps of T(A). Then for 1 < j < o(A),

o(A)
1 1-a
Eapy =9 = 2 = 4" ®u1,-1,(0, 2 = $)Eny1(s) (2.16)

i=1 €
holds on the entire s-plane.
The relations among @, »,(0, 5) are described by
THEOREM 7. Notation is as above. For 1 < i,j < o(A), put
¥i(s) = (1/€)q' P41y, (0, 5)

and form the 6(A) X o6(A) matrix \I'(s) = (\I/y (5)). Then ¥ (s) is symmetric and
satisfies

¥2 - s)- "I’(s) =1 (2.17)

Jor all s, where I is the,'_b’(A) X o(A) identity matrix.
PROOF. Say
—1 .= P Q)
LR (R s)
Then

v = ( —SR _PQ)

DB, 1)y 1505 5) = P(r,5)(0, 5) = D, p)(0, )
= Q(A,l)y,—ln(o, S).

and, by (2.8),

This shows that ¥;(s) = ¥;(s), i.e., ¥(s) is symmetric. Now fix j, 1 < J <
o(A4), and look at the q"‘l /D part (Res > 1) of (2.16) on the cusp
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determined by vy,: If I # j, we get

o(A)
1 - _
0= 2 =4 aq)(A,l)vi"Yj(O’ 2-3)- q'~e P,y 1y, (5)
i=1 &
ie.,
o(4)

0= 2 V.2 - )+ ¥y(s),
i=]

and if / = j, we get
o(A) 1
€= '21 " ql_aq)(A,l)vf‘vj(O’ 2-3) ql—_aq)(A.l)v.-"w(s)
ie.,

a(A)
1=3 ¥,(2-5) ¥ys)
i=1

We have proven that (2.17) holds for Re s > 1, hence it holds for all s since
each ¥;(s) is meromorphic on the whole s-plane with a discrete set of poles.
Q.E.D.

REMARK. In matrix notation, Theorem 6 reads

(Ecanyi () - - -5 Ecanvct() - ¥(2 — 5)
= (Ecayi' @ = 8)s - - -5 Ecayncd(2 — 9))- (2.18)

3. Eisenstein series and decomposition theory (Part II: A = £2Vq).
3.1. The space &(I'(4), + 2Vq). Notation is as in §2.3. When s =1 +
2nmi/log q, n € Z, (2.18) gives
(Ecaiyyi ' (8), - - - » Ecayy,ca()) - ¥(s)
= (Ecanyi*(5) - - - » Ecac(8) (3.1)

and (2.17) becomes ¥*(s) = ¥*(1) = I since ¥(s) has period 27i/log q. Let B
be a 6(4) X o(A) matrix such that B~'- ¥(1) - B is diagonal. Simple compu-
tation shows that

Y1) =

o |-

Q' D0, 1) = — ——= -~ #1

for all i =1,...,0(4). This, in particular, implies that ¥(1) is not the
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identity matrix so we may assume that B is chosen so that

1
’.\" 0

1

B 'Y (1)B = -1 3.2)
w)——m
0 "

-1
with 6(4) > m > 0. Thus, as s = 1 + 2nni/log g, n € Z, (3.1) reads

(E(A,l)vf'(s)’ (RN E(A.I)Y,OS(S))B B! \P(l) ‘B

e
o

= (B (8)s - -+ s Eayy,ca(s)) - B+ -1
‘. o(A)-m
0 *.

= (E,nvi ' (8) - - +» Ecanyy,ci(5)) - B.

Setting
(Banri () - - 5 Eangid(®)) - B = (Gi(s)s - - -, Gya(5)),  (39)
(3.3) shows that G, (s) = - - - = G,(s) = 0. Therefore, when s =1 +

2nmi/log q, n € Z, the space generated by Eg iy (8), i=1,...,0(4),
which is the same as that generated by all Ep ry5), is in fact generated by
G\(s), ..., G,(s) and has dimension at most equal to m, which is less than
0(A). In particular, when 4 is a constant, the Ep z,(s)’s are all zero.

Here, the situation is different from that in the classical case. In the
classical theory, as developed in Hecke [6, No. 24], Eisenstein series of weight
1 for the principal congruence subgroup I'(N) are obtained from analytic
continuation; and they generate a space of dimension equal to half the
number of cusps of I'(N) (if N > 2). Moreover, the space of modular forms
of weight 1 for I'(N) is generated by these Eisenstein series and by cusp
forms. However, in the present case, the vector space complement of
C(T(4), £ 2Vgq) in M(T(4), = 2Vq ) has dimension greater than that of
the space generated by the Eisenstein series obtained from analytic
continuation. In other words, there are some functions, linearly independent
of Ep py(s),i=1,...,0(A4),s = 1 + nmi/log q, which should also be called
“Eisenstein series”.
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To discover these “missing” A-harmonic Eisenstein series for I'(4) with
A = *2Vq, we consider the derivative of each Ep z,([ g]Xs) with respect to
s, denoted by E{p a ([ g])(s)-

THEOREM 8. Let [(J"})] € $, P, R € F,[T] with (P, R, A) = 1. Then the
Junction Ep g3 )], 5), viewed as a function of s, is differentiable at s = 1 +
2mmi/log q, m € Z, and its derivative, E{pp([§ ), s) at s=1+
2mmi/log g, m € Z, when viewed as a function on 9, is a \-harmonic modular
function for T(A) with A\ = ¢*/* + ¢'~5/2,

PROOF. Ep y([(§ %)) is differentiable at s = 1 + 2mmi/log ¢, m € Z, by
Theorem 1. Since for all v, € I'(4), [g] € O, Ep r)[v48](5) = Ep r)[8](5)
for all s, E(p g([v48])(s) = E(p [ g])(s) as long as the derivative exists. This
shows, in particular, that at s = 1 + 2mmi/log g, m € Z, E(p p\(s) is a modu-
lar function for I'(4). Finally, to show A-harmonicity of E(p 4y at s =1+
2mmi/log g, m € Z, one looks at the Fourier coefficients Cip.ry(n, @, 5) of
Epry(s)ats =1 + 2mmi/log q, m € Z. They are

’ log q —a ns
Cip,r)(n, 0, 5) = 5 (GP,Ask,le — q'*® )0, s))nq /2
+q'77 ' (p (0, 5)g"/? (3:5)
and forQ #+0,d > 0,
, log g —a
Chry(@a—2—-o0rdQ —d,Q, 5)=— 3 Dp )0, 5)- ‘Il

d
. 2 qm(l—s)(a —2 —ord Q _ d)’ q(a—2—ord Q-d)s/2

m=0

d d
+q' 7N V)0, 5) X g7 — By (0, 5)- X m-gm™ "V loggq

m=0 m=0
,q(a—Z—ord Q—d)-s/2'
In particular, the Fourier coefficients are of the form a-n- g™/ + b- g™/?,
and hence satisfy (1.2) with A = ¢*/2 + ¢'~*/2, Q.E.D.

For s =1 + 2nmi/log q, n € Z, let &(T(4), ¢*/> + q'~*/?), the space of
A-harmonic Eisenstein series for ['(4) with A = ¢*/2 + g'~*/2, be the space
generated by all Ep gy(s) and all E(p 5\(s). We shall see that the dimension of
&(T'(A4), M) is o(4), and that the space IM(T(A4), A) is the direct sum of
& (T'(A), A) and C(T(4), A). In other words, by considering E(p ry(s) we have
obtained all the “missing” Eisenstein series.

3.2. Decomposition theory of M (I'(4), + 2Vq ). Throughout this section, s
is equal to 1 + 2Il7i/log q for some [ € Z, therefore
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A=¢q?+ ¢'"*/2=2Vq or —2Vq according as / is even or odd. Let
€L, i=1,...,0(4), be as in §3.1, namely, v, = (} $) and the y,’s deter-
mine all the cusps of I'(4).

THEOREM 9. The space & (I(A4), ¢°/* + q'~*/?) has dimension equal to o(A),
the number of cusps of T'(A).

PrROOF. We have shown in §3.1 that the space generated by all E 4,1)y-1(5)s
i=1,...,0(4),is in fact generated by G,(s), . . . , G,,(s) where

(Ecayyi*(8)s -+ -5 Ecanyy,ca(8)) - B = (G, (s), ..., G, (5),0,...,0).

We first prove that G(s), ..., G,(s) are linearly independent. Note that
when s = 1 + 2/7i /log q, the value of E4,1y,-1(s) on the cusp determined by
y; is

(8,2 + ql—aq’(A,l)y,.-'yj(O, 5))-q™/* = e(8; + ¥, (1))g™/? forn>a—1,

Y

where §; is the Kronecker delta function. We say that (I + ¥(1))- ¢ is the
matrix associated to the ¢”/2 part of

(Ecanyyi () - -+ s Ea iy, co(9))-

Therefore the matrix associated to 1/¢ times the q™/* part of
(Gy(s), ..., G, (5),0,...,0)is

d+%(1)-B=B- 0

by (3.2). This implies that G(s), ..., G,(s) are linearly independent. Now
look at E(, ;). -1(s). Put

(Eanyi()s - - 5 Etancd(8))* B = (Gi(s)s - -, Gpa(s))-

(3.5) shows that the matrix associated to the n - ¢™/2 part of

(Etayi(5), - - o El4,ny,28(5)

is (¢/2) log ¢ times I — ¥(1), therefore the matrix associated to the n - q™/?
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part of (G,(s), . . ., G~,,( 4(8)) is (e/2) log g times

0
‘. 0
o
d-v¥1)-B=8B-|\ 2
‘ * \(o(4)~m
0 \
2
This implies the linear mdependence of G,.(9),..., ~,( 4($)- It is obvious
that G,(s), . . ., G,,(s), Gpui(s), - - ., ,(A)(s) are linearly independent since
Gi(s)..., G (s) have zero ng"™*/? part on each cusp. Finally, we prove that
& (T(4), q’/2~ + ¢'7%/2) is generated by G,(s), . , G, (4),

Gt 1(5) - - -5 Gyq)(s)- Evaluating (2.18) at [g] € § and differentiating it at
s = 1 + 2/ni/log ¢, we obtain

(Etany([8)9)s - - Etannca([ 8] 5)) - ¥(2 — )
— (Eupyi([8]:5) -+ B[ 8], 9)) - W2 = 9)
= ~(Etanvi([8]:2 = 9), -+, Etanycsl[ 812 = 5))
where ¥'(s) is the matrix whose ijth term is ¥};(s). In other words, we have
(Etanyi(s)s - - s Elae(5)) - (1 + ¥(1))

= (B (5) -« > Ecayy,ct(8) - ¥'(2 = 5)
or, equivalently,

(Eéany () - - s Elany,zh(8)) - B-B~'- (1 + ¥(1))- B
= (Ecayyi () - - s Euawy,iifs)) - B-B~'- ¥'(2 = 5)- B

(G1(9), -+ - Gotax(s))

=(G,(s), ..., G,(5),0,...,0)-B~'- ¥ (2 —s)-B.

This means that G(s), ..., G,(s) are linear combinations of
Gy(s), ..., G,(s); hence we have shown that &(T(A4), ¢*> + ¢'~*/?) is
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generated by Gy(s), ..., G,(s), G,,,H(s), cees (2,( 4(s), and thus is of
dimension 6(4). Q.E.D.
Now, we prove the decomposition theorem:

THEOREM 10. ON(T(4), A) = & (T(4), \) ® C(T(4), \), A = +2V7.

PrROOF. Write A = 2- ¢*/2 with s & 1 + 2nmi/log ¢ for some n € Z. Let
F € 9M(T(A), 2- ¢*/?). Assume that on the cusps determined by v, i =
I,...,0(A4),

F([v0,]) = aig™/* + bn- g™/
for all n > a — 1. Applying Corollary 2 to F and E(41yy-1(5), 1 < i < 0(A),
we get

o(4)
be + 2 b;- q]_aq)(A,l)vf'n(O’ 5)=0
Jj=1
ie.,
o(A4)
b+ X b¥(1)=0
Jj=1

foralli=1,...,0(A),ie.,

(Bys « « -5 byy) - (I + ¥(1)) = 0.
If we view ¥(1) as a linear transformation on the o(A4)-dimensional space of
row vectors, (3.2) shows clearly that the image of I + ¥(1) is the kernel of

I — ¥(1), and the kernel of I + ¥(1) is the image of I — ¥(1). Therefore,
there exist 8, . . . , B,(4) in C such that

(b]’ L) ba(A)) = (BI’ R } BU(A)) : (1 - ‘I,(l))
However, (¢/2) log ¢ - (I — ¥(1)) is the matrix associated to the n - g™*/2 part
of (E(a, iy (5)s -+ - » Elayiyy,4(5)); this implies
o(A)

1 1 ,
B.E{ 4,1y (5)
1

G=F—-2-=. .
e loggqg =

has zero n - ¢"/2 part on each cusp. Write
G([v0,]) = aq™/* fori=1,...,0(4), n>a-1
Applying Corollary 1 to G and E(, ;),-(s) fori =1, ..., a(4), we get
(@ - ) (1= ¥(1)) = 0.
Therefore there exist a, . . ., a4, in C such that

(al’ R ao(A)) = (al’ s aa(A))(I + ‘I,(l))
Note that the matrix associated to the ¢™/2 part of (Eanyy;(s)s - - -,
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E a1y () is €+ (I + ¥(1)). So

1 a(4)
G T 21 @ Eq,1yy-1(5)

ns/2 ns/2

has zero ¢™/* part as well as zero n - ¢™/* part on each cusp, i.e., is cuspidal.
This completes the proof of the theorem. Q.E.D.

4. Examples of cusp functions. For a monic polynomial 4 in F [T], one
may define

R

an (5 9)er

T\(4) = [(P ?) eI‘)P =S =1mod4, R EOmodA},

R EOmodA},

and form the space of cusp functions C(T',(4)), C(T(4)) for T'(4), To(4),
respectively, as in the classical case. However, the dimensions of C(I'(4)),
C(T,(4)), and C(I'(A)) are still unknown. No systematic way of computing
these dimensions is known to the author. Listed below are some examples of
I'(4) and T'y(A4) for which the fundamental domains % (4), 9D,(4) and the
spaces C(I'(4)), C(To(4)) are computed when g = 2. We shall use 6(4), 6,(4)
to denote the number of cusps of I'(4), I'y(4), respectively.

EXAMPLE 1. 4 = T.0(T) = 2. C(T(T)) = 0.

EXAMPLE 2. 4 = T2 0i(T?) = 3. C@(T?) = 0.

EXAMPLE 3.4 = T3. 0(T3) = 4. CT(T3)) = 0.

EXAMPLE 4. A = T4, 6(T*) = 6, CT(T?) = 0.

ExaMPLE 5.4 = T. o(T) = 3. C(I(T)) = 0.

EXAMPLE 6. 4 = T2 o(T?) = 12. C(I(T?) = C(I(T?), 0), 1-dimensional.

The fundamental domains of these six groups are as follows:

Do(T)

Dy(T2), (T
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: T

°D0(T3)

D(T%)

REMARK. The above six examples were computed by J. Weisinger.
EXAMPLE 7. 4 = T3 o(T>) = 48.

C(L(T?)) = C(T(T?), 0) ® GZ(I‘(T3 ), —V2 )
® C(T(T%), V2) ® C(I(T?), - 2)
® (I(7?),2) ® C(T(T%), - V3 +V3 ) ® C(T(T?), V3 +V3 )
@ e(r(1?), - V3-V3 Y@ er(r°), V3-V3),
of dimensions 14, 6, 6, 3, 3, 4, 4, 4, 4, respectively.
We remark here that dim (G, A) = dim (G, — A) and dim C(G, A) =
dim G(G, — A) for any modular subgroup G of GL(2, F,[T]) and for all }:

because of the following reason. Let F € 91L(G, A). Define a new function F
on by

F([g]) if deg[ g] is odd,
—F([g]) if deg[ g] iseven.

~

F([g])={

Then one sees that F € 9M(G, — A). Moreover, F is cuspidal if F is. This
gives a one-one correspondence between IN(G, A) and IM(G, — A), and also
between C(G, A) and C(G, — A).

EXAMPLE 8. 4 = (T? + T + 1)% 0y(4) =9. C(T((A4)) = C(T«(4), 0), 1-
dimensional.

The fundamental domains for Examples 7 and 8 are too complicated,
hence are omitted here. More interesting is the following
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EXAMPLE 9. 4 = T3(T + 1). 6(4) = 8. Dy(A4) is

| |

b

I

C(Ty(4)) = C(Ty(A4), 1) ® C(Ty(A),—1), each of dimension one. J. Tate
defined an elliptic curve by

V+xy=x>+1+1/T,
which has good reduction at the place co, and whose minimal model over
F,[T]is

Y+ Tryp=x>+ TS+ T°
with A = T'(T + 1),j = 1/(T + 1), and conductor = T3(T + 1) = 4. Asa
consequence of a more general result of Deligne [3], the zeta function of this
elliptic curve gives rise to a cusp function F for I'y(4). Checking the Euler

factor of this zeta function at the place oo, one finds that F lies in C(T'y(4), —
1), and hence generates C(T'y(4), — 1).

5. Concluding remarks. We have seen (in Theorems 5 and 10) that for all A,
the space M (T'(4), A) of A-harmonic modular functions for I'(4) is a direct
sum of the space & (I'(4), A) of Eisenstein series, and the space C(I'(4), A) of
cusp functions. Also, we have discussed & (TI'(4), A) in detail, so what remains
is the study of C(I'(4), A). For a function F on § and M € GL(2, k). Let

FIM([g])=F([M-g]) forall[g] €.

Then we can define “new functions” in C(I'(4)) just as we did in the classical
case (cf. [9]), and the whole classical theory applies with suitable modi-
fications.

It is interesting to compare the results in this paper with those on
“nonanalytic” modular forms discussed in Maass [10, Chapter IV].

In §4, Example 9, we discussed a cusp function for To(T*(T + 1)) coming
from an elliptic curve. In general, it would be interesting to know how cusp
functions for I'(4), T';(4), and T(4) arise; for example, is there any repre-
sentation-theoretic explanation as in the classical case (cf. [2], [4])? Is there a
moduli-theoretic interpretation for C(T'(4)), C(T,(4)), and C(T(4))?

If one takes k to be a function field in one variable over a finite field, and
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considers its completion k, at any place v, one may likewise study the
modular functions defined on GL(2, k,). One would like to know the
decomposition theory in this situation.
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