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ON MODULAR FUNCTIONS IN CHARACTERISTIC p
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WEN-CH'ING WINNIE LI1

Abstract. Let k = F^T/) be a function field of one variable over a finite

field F?. For a nonzero polynomial A e F?[T] one can define the modular

group T(A). In this paper, we continue a theme introduced by Weil, and

study the A-harmonic modular functions for T(A). The main purpose of this

paper is to give a natural definition of A-harmonic Eisenstein series for

T(A) so that we obtain a decomposition theory of A-harmonic modular

functions, analogous to the classical results of Hecke. That is, we prove

Modular Functions = Eisenstein Series © Cusp Functions.

Moreover, the dimension of the space generated by A-harmonic Eisenstein

series for T(A) is equal to the number of cusps of 1X4), and so is

independent of A.
For the definition of A-harmonic Eisenstein series and the proof of

decomposition theory, we consider two cases: (i) \¥= ±2vq and (ii)

A = ±2Vq , separately. Case (i) is treated in the usual way. Case (ii), being

a "degenerate" case, is more interesting and requires more complicated

analysis.

Introduction. Let k = Fq(T), where Fq is a finite field with q elements and

T an indeterminant over Fq. We write oo for the place of k for which

\T\„ > 1. For a nonzero polynomial A E FJT], let

T(A)={(ac rf)esL(2,F,ra

a = d = 1 (mod A), b = c = 0 (mod A) \.

In this paper we continue a theme introduced by Weil [13], and study

X-harmonic modular functions for T(A). (A modular function for T(A) is said

to be X-harmonic if it is an eigenfunction of the Hecke operator Tx with

eigenvalue À.) The main purpose of this paper is to give a natural definition of

A-harmonic Eisenstein series for T(A) so that we obtain a decomposition

theory of A-harmonic modular functions, analogous to the classical results of

Hecke [6, No. 24]. That is, we prove

Modular Functions = Eisenstein Series © Cusp Functions.
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Moreover, the dimension of the space generated by A-harmonic Eisenstein

series for T(A) is equal to the number of cusps of T(A), and so is independent

of A.

For A J= ± 2Vq , such Eisenstein series are treated in the usual way, as in

Hecke [6, No. 24] and Kubota [7]. Our analysis of these Eisenstein series will

be carried out concretely in terms of graphs. In particular, when A is a

constant, this approach, in different language, is a special case of some results

of Harder [5].

The most interesting cases are when A= ±lVq , because then the

Eisenstein series obtained from the usual method of analytic continuation

generate a space of dimension less than the number of cusps. As we shall see

in §3, this is due to the "degeneracy" of the Eisenstein series so obtained.

However, in this situation, the derivatives of these Eisenstein series are

A-harmonic and noncuspidal. It turns out that these derivatives exactly fill in

the above deficiency. We therefore define these derivatives, in addition to

those obtained from analytic continuation, to be Eisenstein series.

The author wishes to thank J.-P. Serre for his valuable advice on this paper.

1. Preliminaries.

1.1. The upper half-plane. Let kx be the completion of k at oo, and rx be

the ring of integers of k^. One may view the Poincaré upper half-plane as

GL(2, R)/3R • 0(2, R), where 3R is the center of GL(2, R) and 0(2, R) the
orthogonal subgroup of GL(2, R). In the function field case, we take the

corresponding "upper half-plane $" to be the space of right cosets

GL(2, kJ/3«, ■ GU2, rj, where 3» is the center of GL(2, kj, for the
following reason:

For each row vector (x, v) in k„ X kx, put ht(x, v) = supd*^, \y\x).

Then GL(2, rx) is the group of linear transformations r on kx X kx which

preserve ht(x, v), i.e., ht((x, v) • r) = ht(x, v) for every (x, v) in kM X kx, and

preserve the valuation of the determinant of elements in GL(2, k^), i.e.,

Idetg-rlco = Idetgl^ for every g in GL(2, kx), just as O (2, R) preserves

inner product on R2.

For short, we denote T(l) by T. The group T acts on $ by left translations.

For each integer n, put a„ = (J" ?). Then every element g of GL(2, k^) can be

written as g = yang0 with y E I\ n > 0, g0 E GL(2, rj • 3«,- Moreover,

when g is given, the integer n in this formula is uniquely determined. (For

proof, see Weil [13].) Denote the coset g ■ GL(2, /•„) • 3^, by [g]. The upper

half-plane is then $ = {[yan]|y ET, O 0}. Since the integer n in [ya„] is

uniquely determined, call it the degree of [yan]. Two elements [g,], [g2] in $

are said to be adjacent if there exist y E T and nonnegative integers m, n with

\m - n\ = 1 such that [g,] = [yam] and [g2] = [ycrj. The stabilizer of [yan] in

ris
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y' l(o  a6,)erlaeF*-eeF?*[:r]withord7-6<"}-'y"1

if n > 1; and y • SL(2, Fg)y_1 if n = 0 (cf. [13]). It follows that the neighbors

of [yo-J are

[yon+1]    and    íy(¿    ^)o„.,Uf,      if « > 1;

H? jhand [*■(« ï)4{eF' if"=o-

In either case, we see that [yan] has q + 1 neighbors, namely,

[yovo-,]    and     W.-^'     f)'*eIV

Taking each element in $ to be a vertex and joining adjacent vertices, one

can show that the resulting graph is a "tree" (cf. Serre [11]). Let § be

endowed with this tree structure.

1.2. Fundamental domain. From the above discussion one sees that a

fundamental domain for T in § is a ray:

[jo0]     fraJ     [7<72]     t7a3]

Let A be a monic polynomial in FJT] with ordr,4 = a > 0. If [ya„] is a

vertex with degree n > a and

Hi TH
is one of its neighbors, then there is a polynomial U in FJT], ordr U < n,

such that Í/ + ¿7"" = 0 mod A and, hence,

Ni TH-l-Hi 7PH^--i
for some y^ E T(^) since T(/i) is normal and (¿ í7""^) g T(A). This proves

part of the following:

Lemma l.Ifn > a, then all of the degree n — 1 neighbors of [yan] are in the

same orbit of T(A). If n < a, then no two neighbors of [yan] are in the same

orbit of T(A).

Proof. It is obvious that no two elements of $ of distinct degree can lie in

the same orbit of T. Only two cases are left to prove:
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Case I. 1 < n < a. Suppose £,, £2 e F? such that

Hi TK'] - Mi TM
are in the same orbit of T(A). We claim £j = £2. The assumption means that

there exists yA E T(A) such that

(o l^V1 ^*r(o ^r)Gstabiiizerof[a«-.]-

Since I\/i) is normal, this amounts to saying

«•c tm: th-(; <£'-i,)T")
E Stabilizer of [ an _, ],

for some y'A E T(^). Write y'A = (£ g). Then

-{PR    ^-îf^je Subtlizerof [„,.,]

implies P, R G ¥q, P(£2 - ^)T" + Q E F?[T] of order less than n, hence

£} = 0, P ¥= 0, and £, = £2 because Q = 0 mod /I and n < a.

Case II. n = 0. The neighbors of [ya0] are [y(, ¿)a,] and [y(¡ fta,], £ E ¥q.

Assume g,, g2 are two elements in GL(2, F?) such that [yg^] = [y^y^il f°r

some yA E T(A), i.e.,

y'A ' c?r'c?2 e Stabilizer of [a,]

for some y'A E T(A). Write

then

As discussed before, every element in the stabilizer of [a,] is upper triangular,

therefore xR + Su = 0; in particular, xR + Su = u = 0 (mod A). This

shows that u = 0, i.e. g^lg2 is upper triangular. However, if g,, g2 are two

distinct elements of

{(? Ml ?)H'
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gi_1g2 is never upper triangular. Therefore no two neighbors of [yo0] are in

the same orbit of T(A).   Q.E.D.

Let

*"(£ i) r,     i - l,..., N,

be left coset representatives of T(A) in T. We choose y,'s in such a way that

the orders of P¡, Q¡, R¡, S1, are less than a + 1. Then a fundamental domain

^(A) for T(A) can be obtained by gluing the rays

hVol   [t^J   [T,a2]   bi°31

together at the identical vertices. Lemma 1 shows that each vertex of degree

< a - 1 has exactly q + 1 neighbors, each of multiplicity one, but each

vertex of degree n > a has one degree n — 1 neighbor with multiplicity q and

one degree n + 1 neighbor with multiplicity one. The rays

[yfia-i] twJ      rwi+il

are called "cusps" of T(A) determined by y,. (For more details, see Cartier

[1]). It is clear that two elements

7     \R     Sí       Y     \R'     S'l

in T determine the same cusp of T(A) if and only if there is some a E F* such

that P = aP' and R = aR' mod A. With this understanding, we shall denote

cusps of T(A) simply by (£). As in the classical case, the number of cusps of

T(A) is

o(A) =
JZTÎ'VL- n (l-T^)    iford^ = a>l,
" B monic polynomial   V IDI oo   '

B divides A

1    ÚA = 1.

It is also clear that, in ^(A), there are a (A) vertices of degree m > a -

1; o(A) • q"~1~m vertices of degree m, 1 < m < a — 1; and o(A) •

q"~l/(a + 1) vertices of degree 0. One can refer to §4 for examples.

1.3. Modular forms and modular functions. From now on let A be a fixed

monic polynomial in F [T] with ordr A = a > 0.

Definition. Let s be a complex number. A homogeneous modular form F

for T(A) of weight i is a complex-valued function defined on GL(2, k^), left
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invariant under T(A), right invariant under GL(2, rx), which satisfies

F(>'(ao   ¡¡))-l«t'*(«)

for all g E GL(2, kj and all (g °) E 3«.
It is well known that any element g E GL(2, &M) can be written as

where« G GL(2, rJj G fcM. If

with v, v' E fcM, S, 5' E GL(2, rj, then

/r-'      0  \/r~"     -yT-"\(Tm    y'\lTr     o)

I o     r-'/v o i    A o     i A o    r'7
Tm-n-i+r     T~"~'+r (y'- y)

GL(2, rj
0 T'-' I

implies I = l',m = n, and v' - v E T"/^. Therefore, if we write

with 5 e GL(2, r J and v = rn+1A, A E Fq[T], then this expression is

unique. Noting this, we can now define the dehomogenization / of a homo-

geneous modular form F of weight s for T(A) to be the function on $ which

sends [g] to F(Q¡" \)) where g is uniquely expressed by

R

can easily check that for

Ö)eT(^)   and   (*    J)eGL(2, *:„,),

as described above. One can easily check that for

(P

f satisfies

A complex-valued function on § which satisfies (1.1) for all (PR $) E T(A) and

(* £) E GL(2, kx) is called a modular form for T(^) of weight s. When s = 0,

we say it is a modular function. Note that the function G0 which sends g in

GL(2, k^) to |det g|¿í/2 is a homogeneous modular form of weight s for the
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modular group T. Therefore one can transform a homogeneous modular form

for T(A) of weight î to a modular function for T(A) (or conversely) by

dividing (or multiplying) by G0. Hence it suffices to understand modular

functions.

For a complex-valued function / on $, the Hecke operator T^ maps / to

another function 7^/on § defined by

7»/([ *])=/([ g*,]) +  2
ÍSF,

= 2 /([g.])-
[gil adjacent

tolg]

/is said to be X-harmonic if/is an eigenf unction of Tœ with eigenvalue A.

In fact, Tx here can be interpreted as the Beltrami operator. (For more

detail, see Weil [14, Chapter VIII].) In this paper, we are interested in

A-harmonic modular functions only.

Remark. Technically speaking, modular forms defined above are

analogous to modular forms / of weight s defined on the Poincaré upper

half-plane which satisfy

'(^H"+*«
for t in the complex upper half-plane and (°c bd) in some modular subgroup of

SL(2, Z). The A-harmonic modular functions defined above correspond, in

the classical case, to the "real analytic" modular functions in the sense of

Kubota [7], namely, complex-valued functions on the Poincaré upper half-

plane which are eigenfunctions of the Laplacian y\d2/dx2 +32/9y2), and

which are invariant under linear transformations by a modular group. So it is

not surprising to find that the techniques which we use later are similar to

those used in [7].

Let / be a A-harmonic modular function for T(A). First observe that, on

each cusp,/satisfies the difference equation

/([r°„+2]) - V([Y°n+1]) + qf([yan]) = 0   for all« > a - 1.

Write the roots of x2 — Ax + q = 0 as qs/2, qx~s/2 where s is a complex

number with Re s > 1, and is uniquely determined modulo 47rí'/log q if

Re s > 1. Then for each cusp (R) determined by some y E T there exist two

constants a^PR^, b^PR) £ C such that for all n > a — 1,

=  Í a(P,R)qn*'2 + biP¡R)q»«-*/»     if q>* * q^\

/U7<M;      [a,P,R)q^2 + b(P,R)n-q^2    if q"* - q*-* - ±q^'

Call a(PR) (resp. b(PR)) the qns/2 (resp. 9"<1-V2)) part 0f/on the cusp (PR) if
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q>/i ^ q1-'/*. In case qs/2 = ql~s/2, we call a(PR) (resp. b(PRJ the qns/2

(resp. nqs/2) part of / on the cusp (R). It is clear that a A-harmonic modular

function vanishes on the cusp (^) if and only if both its qns^2 part and its

q"0-*/2) part (or „ . q"s/2 part jf ^ _ ±2Vq ) are zero on the cusp (R).

The group F acts on a modular function / for T(A) by left translations,

namely, y -/([g]) = /([yg)] for all y E T, [g] E $. Note that y •/ is also a

modular function for T(A) since T(A) is a normal subgroup of T. Moreover, if

/ is A-harmonic, so is y/.

1.4. Fourier expansions of modular functions. Let/be a modular function for

T(A), and

-.-{Brow
Then § = U "■._«, ■#„ and H„ are called horocycles. The restriction of/ to //„

can be viewed as a function on kx, invariant under translations by A ■ Fq[T],

therefore can be expanded in a Fourier series on the compact group kx/A ■

Fq[T]. Take a fixed nontrivial character <p of the additive group of Fq. For

y E kx, there exist unique x E F [T], z E Ta~lrx¡ such that/ = /I • x + z.

Write z = aa_1T"~l + terms of lower order. Define the character \j/ of kx,

trivial on A ■ Fq[T], by ^(v) = <p(aa_,) where/, aa_, are as above. Then all

the characters of kx are of the form $d: y -* $(&)> d E kx; and those trivial

on A ■ Fq[T] are exactly \¡/q with Q E F?[7']. Let ¿/y denote the Haar measure

on kx with vol^"- ' ■ rj = I. Thus, for all [(£"ft] in H„,

where

c(-ö)-Xw([(o  ')])♦;•«♦•
Since

[r; f)]=[(r; s] *«~-
it follows that C(«, g) = 0 if « + ordr g > tí — 1, so the above summation

is in fact a finite sum. If n > a — 1, then

'([(" i)Mft î)])=c("'o)-
When C(«, 0) = 0 for all « E Z, we say that/is (¿)-cuspidal. For y = (£ g)

E r we say that/is (pR)-cuspidal if the modular function y -/is (¿)-cuspidal. A
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modular function for T(A) is cuspidal if it is (^)-cuspidal for all cusps (^) of

T(A).

It can easily be shown (cf. Weil [13]) that a modular function/for T(A) is

A-harmonic if and only if its Fourier coefficients C(n, Q) satisfy

xc(«,ß) = c(/i + i,ß) + c(ii-i,ß)-2 W1")    0-2)
£SF,

for all ß E Fq[T] and all n E Z. As an immediate consequence of this, one

sees that a A-harmonic modular function is cuspidal if and only if it vanishes

at each cusp.

2. Eisenstein series and decomposition theory (Part I: A ̂  ±2Vq ).

2.1. Eisenstein series. As before, let A be a fixed monic polynomial in Fq[T]

with ordj- A = a > 0. We make the following conventions: for X, Y in FJT]

X = Y means X = Y (mod ,4); (A', Y) denotes the monic polynomial in

Fq[T] of highest order which divides both X and Y. Following Weil [13], for

s E C, P, R E Fq[T] with (P, R,A) = 1, we define the Eisenstein series

E(p,rÍs) on § by

*«..*)(')([*]) = |detgl^2     2     ht«*, T)g)_I
x=p
Y==R

(jf.r)-i

= |detgrc/2 2 ht((P,Ä)yg)_i (2.1)
YeSt(/>,JÍ)\r(.¿)

where St(P, R) = {y E r(y4)|(P, Ä)y = (i>, Ä)}. As explained in §1.3, these

are analogous to classical homogenized Eisenstein series of weight 'V if we

omit the factor |det gl^2.

It is obvious that E(PR)(s) defined by (2.1) is invariant under T(A), hence

on each horocycle H„, E(PR)(s) has Fourier series expansion

E(PA (rj    i)H"    2     C<™>('I'Ö'J>M>')-       (2-2)

A direct computation shows that

C(P,R)(n, 0, s) = ,■<«-/». ,1-. qV,A)(0, í) + 5^5Ä>1£ • q™*,   (2.3)

C(/.,Ä)(«, ß, i) = 0   if 0^=0, and« > a - 2 - ord ß, (2.4)

C(PyR)(a -2-ordQ- d,Q,s) = ffr-a-«*«-*»-»/»

1 _ „W+iXl-j)

1 - ql~s*<**)(& >) ■       /      ,_,      V"•    (2.5)
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if ß =£ 0 and d > 0, where

8     = Í 1     if P = 0mod^,

and

1 0    otherwise;

„ Í 1     if R = some a in F*,

i 0    otherwise;

1 iioxáTA > 1,
£ = \

q — 1     if ordr A = 0;

<ïW)(<>, s) = 2 |*|- -21- 7—5~ ;        (2-6)
* = /> Y = R l        1
X¥=0 Y mod AX

(X,Y)-i

*u,*ÁQ,s)= 2   \X\->-     2      *c(!)-(l-O-       (2-7)
A>0 y mod AX

(A-.y)-i

Using the Euler <p-function

9(^) = ml   n   (i -15|-')
£ monk prime

B\A

and the L-series

L(x,s)-        II (l-xWLT*
B monic prime

associated to each character x on F?[T] mod A, one can further express (2.6)

and (2.7) as

4V,*>(0, s) - (q - 1) • ?«<•-*>    * ~ g' •    II     (1 - \B\-')->
1 - c?2"* S prime

B\A

(«,/«)= 1

•     2     x(«)L(x, *)""',
X char mod A
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and

V\A) a mod A      X\Q \      •*       /
(«,/))= 1    0^ = /»

•       2        X(«)-¿(X^)_1 (2-9)
X char mod A

where, for each aEFJT] with (a, A) — \, a~lP denotes the unique

polynomial in Fq[T] with order less than a such that a • a P = P mod A. It

is understood that |a_1PL_i denotes the zero function as A divides P. Since

L(x, s) is a rational function in q~s (cf. Weil [12]) and L(x, s) does not vanish

on Re s > 1 (by a similar argument as in Lang [8, Chapter XV, Theorems 2,

3]) for each character x mod A, the functions <&(PR)(Q, s), Q¥=0, defined by

(2.9) are rational functions in q~s and holomorphic on the half-plane Re i >

1.

Lemma 2. Let P, R E Fq[T] with (P, R, A) = 1. The function 3>(P>R)(0, s)

defined by (2.8) ù a rational function in q~s and is holomorphic on Re s > 1

except for simple poles at s = 2 + 2mri/log q, n E Z.

Proof. It is clear that for Re í > 1, $(p>ä)(0, í) is holomorphic except for

simple poles at s = 2 + 2nm/\og q, n E Z. It remains to prove that

$(/>,/j)(0, j) does not have a pole on the line Re s = 1. The first term in the

right-hand side of (2.8) is clearly holomorphic on the line Re 5 = 1, so it

suffices to check that for each character x mod A, and each integer n,

, Jm -r-1-^-    2     I^L-'xXol-Mx,*)-1   (2.10)
i->l + 2,r#»/log?     1  - C71 «mod/I

(<M)= 1

is finite if A does not divide P.

Case I. x = Xi> the trivial character. Since

L(Xl,s) = (l-qt-*yi-    II     (\-\B\-*),
B prime

B\A

(2.10) becomes

lim-2
^1+2^,/iog,   1 -qi-'   amodA

(<M)=i

lo-'PlL-

(l -g1")-   TI   (l-IBLT'-ML-
B prime

B\A

which is finite.



242 W.-C. W. LI

Case II. x i= Xi- Then L(x, 1 + 2-nni/log q) ¥^ 0, (2.12) is equal to

Um       —!— •   2   í(1-í)OTd^-x(«)
L(x, 1 + 2irni/log9)   *-i+2«r</iog,   1 - 9«-*     amod^

(«,/!)= 1

= L(x,l+L/log,)   S   T^   ,1 M°rd0 '^(a)
(<M)=i

_ 1J_V ~A ~-lD. „orda-'P-llim-    2     orda-'PM°rda  p-'x(a)
L(x, 1 + Imni/Xogq)   »-1     amody4

(«*0-l

= "r;—;-^—7T,-r      2     ord a ~ 'P • x(a),
L(X,  1  + 2««/l0g 9)     «m^M

which is also finite.   Q.E.D.

For each [<£■{)] E $, define ^.„(íXKT i)D by (2.2) where C(,>Jt)(«, 0, s)

is defined by (2.3); C(PR)(n, Q, s), Q ¥= 0, are defined by (2.4) and (2.5) with

$(pä)(0, s) and i>(P>Ä)(ß, s), ß =?*= 0, defined by (2.8) and (2.9), respectively.

Theorem 1. Let P, R E Fq[T] with (P, R, A) = 1. For fixed [g] E $, /«e

function E(PR)(s)([g]) defined above is a rational function in q~s^2, and is

holomorphic on Re s > 1 except for simple poles at s = 2 + 2/wri/log 47, « E Z.

If7ie/i Re s > 2, jY m equal to (2.1). Moreover, the following properties hold:

(i)

*<imo(*)([y¿*]) = *(**)(*)([*])   for all yA E r(¿), [ g] E $;

(Ü)

(9V2 + 9.-V2)£(/>jÄ)(i)([g])

= 2T(/>Ä)(s)([g]) +  2   £(**>(*)
feF, '

g (T  Í)
forall[g]e$;

(iii)

E(PR)(s) = 7í(piA')(í) í/P = aP' a/tt/Ä = aR' for some a E FJ;

(iv)

yE(P,R)(s) = £(/,jA)y(í)   /or all y E T,

/or a// 5 E C.

Proof. The first statement follows immediately from the definition of

EiPR)(s), Lemma 2, and the discussion above Lemma 2. One can easily check

that, for fixed [g] E §, properties (i) to (iv) hold for Re s > 2. Since

£(p,j?)(■*)([ £])'s are meromorphic functions on C with a discrete set of poles,
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properties (i) to (iv) thus hold for all s E C.   Q.E.D.

Theorem 1 shows that for Re s > 1, s ¥^2 + 2mri/\og q, n E Z, the

functions E^PR)(s) are A-harmonic modular functions for T(A) with A = qs^2

+ ql~s/2. For s ¥> 2 + 2nm/logq, 1 + 2nm/logq, Re s > 1, let &(T(A),

qs/i + ql~s/2) be the space generated by all jE(PA)(í). The functions E^PRy(s)

= E(PR)(s) — E(Al)(s) are holomorphic on Re s > 1, and satisfy (i), (ii), (iii)

of Theorem 1 with E(PR)(s) replaced by E^PR)(s), and

(iv)'

yË(P,R)(s) = É(PtRh(s) - ÊWh(s)   for all y E Y,

for all s E C. Thus, when s = 2 + 2niri/\og q, É(PR)(s) are A-harmonic

modular functions for T(A) with A = qs/2 + qx~*12 = q + 1 or -(q + 1)

according as n is even or odd. Furthermore, the constant functions are

(q + l)-harmonic; and the alternating constant functions which take value d

on odd degree elements of § and — d on even degree elements of $ are

— (<7 + l)-harmonic functions for T. Thus for s = 2 + 2niri/log q, n even

integer (resp. n odd integer), A = qs/2 + qx~s/2 = q + 1 (resp. A = -(a +

1)), we let t£(T(A), qs^2 + qi~s^2) be the space generated by the constant

functions (resp. the alternating constant functions) and all E^PR)(s). The

space &(T(A), qs/2 + ql~s/2) defined above is called the space of (qs/2 +

<71-i/2)-harmonic Eisenstein series for T(A). Therefore we have defined the

space of A-harmonic Eisenstein series for T(A) with A ¥= ±2Vq .

Theorem 2. The space &(T(A), A), A ̂  ±2Vq has dimension equal to

a (A), the number of cusps of T(A).

Proof. Write A = qs/2 + ql ~s/2 for some í with Re j > 1. Let

i - 1,..., a(A),

be cusps of T(A).

Case I. A ̂  ±2Vq , ±(q + 1). Theorem l(iii) implies dime &(T(A), A) <

o(A). (2.3) and Theorem l(iv) together show that £(/> ä)(j) is the only one

among the E(P R)(s),j = 1, . . . , o(A), which has nonzero q"'s/2 part on the

cusp (P.R'). This implies that E(PR), i = 1, . . . , a(A), are linearly indepen-

dent, hence dim«; &(T(A), A) = a (A).

Case II. s = 2 + 2nm/\og q for some n E Z, i.e., A = q + 1 or — (q + 1).

It is obvious that the space generated by E^PR)(s) has dimension at most

equal to o(A) — 1 and therefore dime S(r(^l), A) < a(A). Suppose (R>) =

(?). Let £ be a non vanishing constant function, or a nonzero alternating

constant function according as A = q + 1 or -(q + 1). Then on each cusp E

has zero qns/2 part and nonzero ç'K'-VZ) part- now claim that E, É(P¡A),

i  = 2,  . . . ,  o(A),   are   linearly   independent.   If   so,   we   shall   have

Î
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dime &(T(A), A) = a(A). Suppose a,, . . . , ao(y4) are in C such that

o(.A)

axE + 2   <*iË(P„g,) = 0-
/ = 2

Let C(PR)(n, Q, s) be the Fourier coefficients of É^PR^s). Then we have, in

particular,

C(P¡,R¡)(n, 0, s) = qn(l-s/2)ql-a(^(P/,Rl)(0' s) - *U.i)(0> *)) - ei"s/2

for /' = 2, . . . , o(/i) and all n £ Z. As explained above, for / = 2, . . . , a(/l),

yEifl¡Ml)(s) = £(/.(F^)y(i) - ^.i)Y(i)   for all y E T.

It then follows that ¿(P ^(s) has nonzero q™12 part e, — e on the cusps (^),

(¿) respectively; and has zero qm/2 part on the other cusps. This shows a, = 0

for / = 2, . . . , a (A), and hence a, = 0, as desired.   Q.E.D.

Finally, for each complex number A, we let ^y!i(T(A), A) (resp. C(r(^l), A))

be the space of A-harmonic modular functions (resp. cusp functions) for T(A).

2.2. Decomposition theory. Let ty^A) be a fundamental domain of T(A), and

'S (A) be the subset of <>Ù(A) consisting of elements in ^(A) of degree

< a — 1, i.e., the finite part of ^(A). For modular functions F, G of T(A), we

define the restricted inner product < , )^/4) by

<F,G)^A)=     2      F([g])G([g])
igle9(A)

where ~~ means complex conjugation. It is understood that when deg A = a

= 0, $(A) is empty and <F, G>^(/4) = 0 for all modular functions F, G of

T(A). Similarly, the inner product < , > of two modular functions F, G for

T(A ) is defined by

<f,g)=    2    *■([*]) G(l7Í)
[«¡e<$<¿)

whenever the right-hand side converges absolutely. It is very interesting that

almost all important consequences in our theory come from the following:

Theorem 3. Let y,, . . . , yo(/1) be elements in T which determine the cusps of

T(A). Let F, G be modular functions for T(A), Tx the Hecke operator at oo.

Then

<F, TxG\(a) - <TXF, G}ç(A)

o(A)

=  2   F([yfl.-*])G([y,om])- F([yp.])G{[yloa_l]).
i-l
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Proof. From Lemma 1, we know that every element [g] in 'S (A) has

exactly q + 1 distinct neighbors in ^(A), each of multiplicity one. Therefore

(F, TooGy&A) - <.T<x>F, G)$(A)

=     2      F([g])-       2        G([g,])-     2      G([g])
lg](E<3(A) [g,] adjacent [g]B'S(A)

to[g]

•    2     HM)
[g,] adjacent

to[g]

2 F([g})G([gl])-F([gl])G([g])
IgUgil in 9(A)

[g\ adjacent to [g,]

o(A) c(A)

+ 2   n[7^-,])G([Y,afl])-2   G{[y,om_l])F([ylom])

"(A)

;=1

Corollary 1. Lei y,, . . ., yo(/)) be as in Theorem 3, F, F' £ 9K(r(,4), A)

with A =^ ±2V# . Jfr/te A = qs/2 + ql~s/2for some s with Re j > 1. Suppose

that on each cusp determined by y„ / = 1, . . . , a(A),

pn        ix _ ( 'W"72 + */?m(l~'/2)     ifs ¥■ 2 + 2/nri/log ?,

UY/*mJ)      I flj?»./2 + 0.mö-/2        ifs = 2 + 2nm/\og q,

o í a/o™/2 + b[qm«-sW    ifs*2 + 2niri/\og q,

U 7/°« J J      | a,?mj/2 + ¿,^„,72        ifs = 2 + 2nm/log q,

for all m > a — 1. F«en

a(/l)

2   a,A'-^,=0. (2.12)
i = i

Proof. F' e 9H(T(.i4), A) implies F' E 9H(T(/i). Ä). Then

<F, 7,,/")^) - (TXF, 7">g:(/0 = A<F, F'>?(/4) - A<F, F')^) = 0.

Applying (2.11) to F, F', (2.12) follows immediately.   Q.E.D.

Theorem 4. 7%e 5pace 6(r(^)) of all cusp functions for T(A) is finite-

dimensional. The Hecke operator TM is a self adjoint operator on G(T(AJ)

relative to the inner product < , ) defined above, and, hence, Q(T(A)) =

0A <2(r(,4), A), where the \'s are real algebraic integers with |A| < q + 1.
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Proof. Let F belong to G(T(A)), C{n, Q) be the Fourier coefficients of F

and C\n, ß) be those of TKF. Since

C'(n,ß)=C(n+l,ß)+C(n-l,ß)-  2   -M^" )>
íeF,

it follows immediately that Tx sends G(T(A)) into itself. Note that the inner

product < , > is defined on G(T(A)) and agrees with the restricted inner

product < , y%A). (2.11) shows that <F, T^G) = <.TXF, G} for all F, G in

G(T(A)), i.e., Tx is selfadjoint in ß(r(^)) and eigenvalues of TM on G(T(A))

are real. It is obvious that the dimension of G(T(A)) is less than the number

of elements [g] in ^(A) with degree < a — 2, which is finite, say N; and

hence G(T(A)) is the direct sum of eigenspaces G(T(A), A) of Tx. If 0 ?*= F £

C(r(^), A), one may view F as a non tri vial solution of a system of * linear

equations in N variables, where * is the cardinality of ^(A). Expressing these

relations by a * X N matrix M = (jn¡), we see that m¡¡ = A for / = 1,..., JV

and m¡j = — 1 or 0 if i; =£ j. Since M has a nontrivial solution F, the rank of

M is less than N, i.e., A satisfies a monic polynomial of degree N with integral

coefficients, hence is an algebraic integer. Finally, by the maximal modulus

principle, one finds that the only bounded functions on $, A-harmonic with

|A| > q + 1 are constant functions and alternating constant functions on $

with A = q + 1 and —(q + 1), respectively. Therefore nontrivial A-harmonic

cusp functions for T(A) must have |A| < q + 1.   Q.E.D.

Lemma 3. Let yx, . . ., yo(A) be as in Theorem 3. Suppose F E ^\L(T(A), A),

A ̂  ±2Vq , ±(q + 1). Write A = qs/2 + o1"^2 for some s with Re í > 1. If

at each cusp determined by y„ F([y,am]) = b¡qm°~s/2) for all m > a - 1, then

F is cuspidal.

Proof. Suppose

Applying (2.12) to F and EiR¡i_P¡)(s), we get b¡e = 0, i.e. b¡ = 0. This is true

for all / = 1, . . ., o(A), therefore F is cuspidal.   Q.E.D.

Theorem 5. For each A ̂  ±2Vq we have

m,(T(A), A) = &(T(A), A) © G(T(A), A).

Proof. Write A = qs/2 + qx's/2 for some s with Re s > 1. Let

/ = 1, . . ., a(A),

be the cusps of T(A) and, say, (R>) = (f ).

Case I. A ̂  ±2Vq , ±(q + 1). Given F in <Dl(T(A), A), there exist a„

Í
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/' = 1, . . ., a(A), in C such that G = F - S"L^ a¡E(PRi)(s) has zero qm/2 part

on each cusp. Then G is in ë(T(A), A) by Lemma 3.

Case II. A = ±(<7 + 1), i.e., j = 2 + 2niri/\og q for some « £ Z. Let F £

91t(r(/l), A). From the proof of Theorem 2, Case II, one sees that there exist

a„ / = 2, . . . , o(y4), in C such that G = F - 2°^2> a¡E(PiR¡ls) has zero o^/2

part on each cusp (5.) ^ (^). We claim that G has zero cj'"^2 part on the cusp

(\) too. If this is so, then applying (2.12) to G and É(PRi)(s), we get

°(-/?„/>, )£ _ £(-.«„/>,)£ = 0>

i.e.,

b(-R„p,) = b(-R,,p,)

for all i = 2, ... , a(v4), where b^_R P) is the qr"<1_,/2) part of G on the cusp

(PRj),j = 1, . . . , o(A). This shows that G has the same q"V~s/2) part on each

cusp. After subtracting a suitable constant function or alternating constant

function from G, according as A = q + 1 or — (q + 1), we have the resulting

function in G(T(A), A). We now prove the claim. Suppose to the contrary, G

has nonzero qm/2 part on the cusp (A). Let y„ . . . , y„ be left coset represen-

tatives for T(A) in T; then G = 2"=1 y, • G is a A-harmonic modular function

for T. There is only one cusp in the fundamental domain ^(1) and, by

assumption, G has nonzero qm/2 part on that cusp. This is impossible as we

will see from the following:

Lemma 4. Let F be a nonzero X-harmonic modular function for T with

A = qs/2 + ql~s/2, Res > 1. Write

F(\a])= ¡a-q^-hb-q**-"» if\*±2Vj,
U  ""      \a-q™/2+b-n-q"«-*/»     if\=±2Vq~,

for all n > 0.  Then a ■ b # 0 if A ̂  ±(q + 1);  a = 0 if X = ±(q + I).
Moreover, dim 9lc(r, A) = 1 for all X.

Proof. Note that AF([a0]) = (q + l)F([a,]).

Case I. X = ±2Vq .Then

Xa = {q*'2 + qx-s'2)-a = (o + l)(aoi/2 + Oo1"1/2),

i.e.,

(01-V2 _ 9'+V2)a = (ö +  1) . ?«-*/2 . ¿,

i.e.,

(1 - ?> = (o + l)o.

This implies a- b ¥= 0 since ¿7J ̂  1 and F ^ 0.

Cok; II. A ̂  ±2V¡7 . Then

X(a + b) = (oj/2 + c7'-i/2)(o + 0) = {a ■ qs'2 + b ■ qx~s/2){q + 1),
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i.e.,

(„1-/2 _ q^s/2y m (q2-s/2 _ ^V2)0)

i.e.,

q(l - q*)a = (q2 - q*)b.

Since qs =£ 1 and F =5^ 0, it follows immediately that a- b ¥=0 iî q2 ¥= qs, i.e.,

A ¥= ±(q + 1); and a = 0 if q2 = qs, i.e., A = ±(q + 1). It is clear that as

long as A ¥ ±(q + 1), there is a nontrivial relation between a and b, as

shown in Cases I and II above, so 911 (T, A) is one dimensional for all A.

Q.E.D.

Corollary 2. y\l(T(A), A) = S(T(¿), A) if \X\ > q + 1.

Proof. Apply Theorems 4 and 5.   Q.E.D.

2.3. Functional equations. As observed before, for all but a discrete set of s

in C, the functions £(P/?)(i) defined by (2.2) are A-harmonic modular

functions for T(A) with A = qs/2 + qx~sl2. Since the A's remain the same if

we replace 5 by 2 — s, the functions F(P/?)(2 — s), with Re s > 1, are in

9!t(r(/l), qs'2 + ql~s/2). In fact, they are in &(T(A), qs/2 + ql~s/2). To see

this, it suffices to show that E(A ,)(2 — s) is, for the others are obtained from

E(A {)(2 — s) by left translations by T and &(T(A), qs/2 + qx~s/2) is invariant

under left translations by T.

First note that for Re s > 1, (PR l|) E T, E(A 1}(2 - s) has q™12 part

equal to q1 ~"<I>(p _ß)(0, 2 - j) and ^"C"*/2) part equal to Sp^,S_q1 • e on the

cusp (PR). From now on let y, = Q §■), i = 1, . . . , a (A), be fixed elements in

T which determine all cusps (^) of T(A) and, say, y, = (¿ ̂ ). Since E^p^s) is

the only one among E(P R)(s),j = 1,. . ., a(/l), which has nonzero ?"'2 part

e on the cusp (PRi), we see that, for Re s > 1,

o{A)

E(a,d(2 - s) - 2    7 V-"<!>(,>„_a)(0, 2 - s)E{PhR¡)(s)       (2.13)
/ = i    fc

has zero q"*/2 part on each cusp of T(A). Hence, by Lemma 3, it is cuspidal.

However, Corollary 2 shows that (2.13) is identically zero on certain half-

plane Re s > c. The function (2.13), when evaluated at each element [g] of $,

is meromorphic on C with a discrete set of poles and vanishes on Re s > c.

Therefore it must be identically zero on the entire j-plane. This proves

°(A)

^,.)(2 - s) = 2    7 -a1-' ■ *(,(,-a)(0, 2 - s)E(FhRi)(s)      (2.14)
1 = 1    fc

for all s. Moreover, (2.8) shows that $iPtR)(Q, s) is independent of R as long as
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(P, R, A) = 1, so we can replace $(p.,-ß) *n (2.14) by $(/. jy and obtain

"(A)

*Ui)(2 - *) = 2   7 i'-" ■ *w.i)Yr'(0. 2 - *) • ««.ihi-W.  (2.15); = 1      k

Let y--1 act on (2.15). For 1 < i < o{A), there is a unique m, 1 < m < a(/í),

depending on f and/, such that (¿f,l)y,"'yy-1 = {A, \)y~x, i.e., (/I, l)y,_1 =

{A, \)y~xyj. Different /'s give different w's. Therefore, the action of yj_1 on

(2.15) can be described by

o(A)

E(A,»y->(2 - s) - 2    i ?•- *(/1.,)Y(-^(0, 2 - í^ouhi-í*).<=i    e

We have proven

Theorem 6. Le/ y¡, i = 1,..., «04), w/7« y, = (¿ ̂ ) be fixed elements in T,

such that they determine all the cusps ofT(A). Then for 1 < / < o(A),

o(A)

Eu,lH-,(2-S)= 2    íí'-»^)»-^2-»^.»»-«   (2-16)
í-i    e

Ao/ife o« í«e e/iíí're s-plane.

The relations among O(PÄ)(0, s) are described by

Theorem 7. Notation is as above. For 1 < /',/ < a(A),put

%P) = (l/e)ql-°<PMh->yj(0,s)

and form the a (A) X a (A) matrix ty(s) = (^(s)). Then ^(s) is symmetric and

satisfies

*(2 - s) ■ V(s) = / (2.17)

for all s, where I is the o(A) X o(A) identity matrix.

Proof. Say

»M; ?)■
Then

and, by (2.8),

•U»*-«*(fc J) = *<*.s)(0, *) = *<-*.j»)(0, *)

This shows that ^(i) = ^,(i), i.e., ^(j) is symmetric. Now fix/, 1 < / <

a(^), and look at the í"<1"í/2> part (Re j > 1) of (2.16) on the cusp
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determined by y,: If / ¥=j, we get

»(A)

0 =  2    7 ql-a^A.ih-'yj(0, 2-s)-qx-°- •(,.,)»-«»(*)
i = i    fc

i.e.,

«{A)

0= 2   ^(2-*)•*,,(*),
1 = 1

and if / = /, we get

"(A)

e = 2    7 i1""^..),,-1,/0' 2 - 5) • tf'-^ouH,-.^)

i.e.,

o(/l)

1= 2   ^(2-*)•*,(.).
1 = 1

We have proven that (2.17) holds for Re s > 1, hence it holds for all 5 since

each ^ij(s) is meromorphic on the whole 5-plane with a discrete set of poles.

Q.E.D.
Remark. In matrix notation, Theorem 6 reads

(E(A<]}yr(s), ..., EUlh^s(s)) ■ *(2 - s)

= (Eu,lhr>(2 -s),..., E(AA)yMS{2 - s)).        (2.18)

3. Eisenstein series and decomposition theory (Part II: A = ±2Vq ).

3.1. The space &(T(A), ±2Vq). Notation is as in §2.3. When s = 1 +

2nm/log î.nËZ, (2.18) gives

(Eu,ihf'(5)' ■ • • » E(A,l)y,(-As)) ■ *(*)

= (E(A,\hr'(s)>   • • > EU,i)r¿.\(s)) (3>1)

and (2.17) becomes ¥2(i) = ^2(1) = I since ^(s) has period 2i7-//log q. Let B

be a a(A) X o(A) matrix such that B~l ■ ̂ (1) • B is diagonal. Simple compu-

tation shows that

^i) = 7^-^,.)(0,i)=-^y-7#i

for all /=!,..., o(A). This, in particular, implies that ¥(1) is not the
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identity matrix so we may assume that B is chosen so that

\

B-1^(l)B=\ -1A (3.2)

-1

with a(A) > m > 0. Thus, as s = 1 + 2nwi/log q, n E Z, (3.1) reads

(E(A,l)yr>(s), ..., EM)y^(s))B  B-x- *(1) • B

= (£{A,l)yr'(•*)> • • ' » E{A,\)y.(J>(s)) ' B-   \ _J

= (£w>1)yr.(jr), . . ., ^,dy.ca(5)) • Ä.

Setting

(EiAA)yr¡(s), ..., E(AA)y^(s)) ■B = (Gi {s), ..., Ga(A)(s)),      (3.4)

(3.3) shows that Gm+l(s) = • • • = Ga(A)(s) = 0. Therefore, when 5=1 +

2mri/log q, n E Z, the space generated by F(/1 1)y-.(í), í = 1, . . . , a(^4),

which is the same as that generated by all E(PR){s), is in fact generated by

Gx(s), . . . , Gm(s) and has dimension at most equal to m, which is less than

o(A). In particular, when A is a constant, the F(y.Ä)(i)'s are all zero.

Here, the situation is different from that in the classical case. In the

classical theory, as developed in Hecke [6, No. 24], Eisenstein series of weight

1 for the principal congruence subgroup T(N) are obtained from analytic

continuation; and they generate a space of dimension equal to half the

number of cusps of T(N) (if N > 2). Moreover, the space of modular forms

of weight 1 for T(./V") is generated by these Eisenstein series and by cusp

forms. However, in the present case, the vector space complement of

G(T(A), ± 2Vq) in 91t(r(,4), ± 2Vq) has dimension greater than that of

the space generated by the Eisenstein series obtained from analytic

continuation. In other words, there are some functions, linearly independent

of E(P¡R)(s), i = 1, . . ., a{A), s=l + /m'/log q, which should also be called

"Eisenstein series".
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To discover these "missing" A-harmonic Eisenstein series for T(A) with

A = ±2Vq , we consider the derivative of each F(PÄ)([g])(s) with respect to

s, denoted by F('P/0([g])(s).

Theorem 8. Let [(fV] E §, P, R E Fq[T] with (P, R,A) = 1. Then the

function F(PÄ)([(o ^)], s), viewed as a function of s, is differentiable at s = 1 +

2m77-/'/log q, m E Z, and its derivative, E[PR)([(^" \)], s) at s = 1 +

2mm/log q, m E Z, w/ie/i viewed as a function on §, w a X-harmonic modular

function for T(A) with X = qs/2 + qx~s'2.

Proof. F(P ä)([(J" -![)]) is differentiable at s = 1 + 2mm/log q, m E Z, by

Theorem 1. Since for all yA E T(^), [g] E §, F^^fly^gDi» = F(/,Ä)([g])(j)
for all i, F(7>Ä)([y^g]Xi) = E^PR)([g])(s) as long as the derivative exists. This

shows, in particular, that at s = 1 + 2mm/log q, m £ Z, E^PR)(s) is a modu-

lar function for T(/l). Finally, to show A-harmonicity of E'(PR) at s = 1 +

2mm/log q, m E Z, one looks at the Fourier coefficients C[P R)(n, Q, s) of

E(p,R)(s) at j = 1 + 2mm/log q, m £ Z. They are

c(',./o(«> o, 5) = ^P (**A.,e - qx -"^p.r )(0, 5))/îo-/2

+ ?,-°*W,(0,s)9-i/2 (3.5)

and for ß ^ 0, ¿ > 0,

C(',,*) (a - 2 - ord Q - d, Q, s) = - ^ *<,,Ä)(ß, *) • í1"«

•  2   qmil-'\a-2-ara Q-d)-qi'-2-aáQ-dy''2
m = 0

+ í' *W)(M-2 ^'-^-^.^(ô.î)-2 m-<r<'-*>iogo
m = 0 m = 0

(a-2-ordg-<í)í/2

In particular, the Fourier coefficients are of the form an- qm^2 + b • q"3^2,

and hence satisfy (1.2) with A = qs/2 + qx~^2.    Q.E.D.

For s = 1 + 2nm/log q, n E Z, let &(T(A), qs/2 + ql~s/2), the space of

A-harmonic Eisenstein series for T(A) with A = qs/2 + ql~s/2, be the space

generated by all E{PR)(s) and all E'(PR)(s). We shall see that the dimension of

&(T(A), A) is o(/4), and that the space ^(TÇA), A) is the direct sum of

&(T(A), A) and C(r(^l), A). In other words, by considering E'^PR)(s) we have

obtained all the "missing" Eisenstein series.

3.2. Decomposition theory of <DH(r(^l), ± 2Vq ). Throughout this section, s

is    equal    to     1   +   21-ni/log q    for    some    /  £  Z,    therefore
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A = qs/2 + ql~s/2 = 2Vq or —l\Tq according as / is even or odd. Let

y, £ T, / = 1, . . ., o(A), be as in §3.1, namely, y, = (¿ ?) and the y,'s deter-
mine all the cusps of T(A).

Theorem 9. The space &(T(A), qs/2 + qx~s/2) has dimension equal to o(A),

the number of cusps of T(A).

Proof. We have shown in §3.1 that the space generated by all E(A1)y-t(,s),

/ = 1, . . ., o(A), is in fact generated by G^s), . . . , Gm(s) where

(E(AA)y¡-,(s), ..., E(AA)y^(s)) •*-((?, (s), ..., Gm(s), 0, . . . , 0).

We first prove that G{(s), . . . , G„(s) are linearly independent. Note that

when 5=1+ 2lm'/log q, the value of E^A1)y-,(s) on the cusp determined by

yj is

(8ub + o'-"^;1)Ti-lyy(0, s)) ■ q™'2 = e(S0 + VJXfjq''"2   for n > a - 1,

where Sy is the Kronecker delta function. We say that (7 + ^(1)) • e is the

matrix associated to the q1"/2 part of

(E(A,l)yfl (*).E<A.lh¿M)-

Therefore the matrix associated to 1/e times the qm/1 part of

(G,(5), . . ., Gm(s), 0, . . . , 0) is

(/ + *(!)) -B = B

h\    0
m

\ • -,

by (3.2). This implies that Gt(s), . . . , Gm(s) are linearly independent. Now

look at E'(A l)y-i(s). Put

(EU,lrrr(*)> •. •. E'(A,lhoC¿(s)) ■ B = (G, (s), ..., Ga(A)(s)).

(3.5) shows that the matrix associated to the n ■ q™12 part of

(£¿4,l)yf'(■*)> • • • > E(A,i)y,<-As))

is (e/2) log q times I — ̂ (1), therefore the matrix associated to the n • qm/2
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part of (G,(s), .... Go(A)(s)) is (e/2) log q times

'o

0
(/- \f(l)) • S = 5 -\\ 2

0

This implies the linear independence of Gm+l(s), . . ., Ga(A)(s). It is obvious

that G^s), . . . , Gm(s), Gm+l(s), . . ., Go(/4)(s) are linearly independent since

G,(s), . . . , Gm(s) have zero nq"'s/2 part on each cusp. Finally, we prove that

&(T(A), q"2_ + qx~s/2) is generated by Gx(s), . . . , Gm(A),

Gm+i(s)> ■ ■ ■ , Ga{A){s). Evaluating (2.18) at [g] E § and differentiating it at

s = 1 + 2lm/log q, we obtain

(FU>br'([ 8]> *)>•••> *Óu>*ca([ *]> *)) • *(2 - *)

- (^.»rr'([ «]. 4 • • • ' EMh^([ g], s)) ■ *'(2 - s)

= -(*Í4.0r,-([ g], 2 - 5), ... , E^^tf g], 2 - 5))

where V(s) is the matrix whose ijth term is ¥«(*). In other words, we have

(EU.lhAs),...,EUl)y^(s))- (/ + *(!))

= (^.Drr'W» • • • - *GU>y.cA(*)) • *'(2 - 5)

or, equivalently,

(F(',,1)yr,(5), . . . , F(',,1)Y^(5)) • B ■ B~x ■ (I + *(1)) • B

= (E(A,»yr(s), ■■■, E(A>])y^(s))   BB-X- *'(2 - s) ■ B

i.e.,

/2:

(G,(s), ...,Go(y0(j))
V\
0

\ 0/

= (G, (5), . . ., Gm(s), 0,...,0)B~X- *'(2 - 5) • B.

This   means   that   G,(j), . . . , Gm(s)   are   linear   combinations   of

G,(s), . . . , Gm(s);  hence we have  shown  that  &(T(A), qs/2 + qx~s/2) is
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generated   by   G,(j), . . . , Gm(s),   Gm+l(s), . . . , Ga(A)(s),   and   thus   is   of

dimension a(A).   Q.E.D.

Now, we prove the decomposition theorem:

Theorem 10. Vl(T(A), A) = &(T(A), A) 0 G(T(A), A), A = ±2Vq .

Proof. Write A = 2 • qs/2 with 5 ¿= 1 + 2n77/'/log q for some n £ Z. Let

F £ 91t(r(.4), 2 • qs/2). Assume that on the cusps determined by y„ / =

I.o{ A),

F{[yi°n]) = a[q^2+bin-q^2

for all n > a — 1. Applying Corollary 2 to F and E(A ,)y-.(5), 1 < / < o(A),

we get

o(/l)

o,e+ 2   bJ-ql-"9iAtlhr^(0,s) = 0
j-\

i.e.,

„(¿)

b, +   2    W^ = °
7=1

for all / = 1, . . . , o(A), i.e.,

(6„...,ooM))-(/ + ^(l)) = 0.

If we view ^(1) as a linear transformation on the aL4)-dimensional space of

row vectors, (3.2) shows clearly that the image of I + ^(1) is the kernel of

I - ^(1), and the kernel of I + ^(1) is the image of I - ^(1). Therefore,

there exist /?,, . . . , /?o(/)) in C such that

(o,,..., 6^) = (/?,,..., &(,<))• (7-*(l)).

However, (e/2) log q • (I — ̂ (1)) is the matrix associated to the n • qn's/2 part

of (E(A¡ih-,(s), . . ., Eu.Ot.ooÍ*)); this impiies

1        1       a('4)

G = F_2    ebgT,?, ¿£<W'(*)

has zero « • qm/2 part on each cusp. Write

GflV„]) = a,?"i/2   for / = 1, . . ., o{A),       n > a - 1.

Applying Corollary 1 to G and F^ ,)y-i(j) for 1 = 1, ... , a(A), we get

(a„...,aoM))-(7-^(l)) = 0.

Therefore there exist a,, . . . , ao(y() in C such that

(a„ . . ., oa(y4)) = (a„ . . ., ao(^))(7 + *(1)).

Note  that  the  matrix  associated  to  the  qm/1 part  of (E(AV>y-\(s), . . . ,
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EW)   ,(*)) is e •(/ + *(!)). So

o(A)

G- -• 2   a,-EUihrl(i)
1 = 1

has zero qm/2 part as well as zero n • qm/2 part on each cusp, i.e., is cuspidal.

This completes the proof of the theorem.   Q.E.D.

4. Examples of cusp functions. For a monic polynomial A in Fq[T], one

may define

T^A) = \lP    Q\(Et\p = S = I mod A, R sOmod^f   ,

r°(A)=\{PR    fjeT\R=0moAA
Q
S

and form the space of cusp functions GiT^A)), G(T0(AJ) for T{(A), TQ(A),

respectively, as in the classical case. However, the dimensions of G(T(A)),

G(Ti(AY), and G(T(A)) are still unknown. No systematic way of computing

these dimensions is known to the author. Listed below are some examples of

T(A) and T0(A) for which the fundamental domains ^(A), ^(A) and the

spaces G(T(A)), G(T0(A)) are computed when q = 2. We shall use o(A), a0(A)

to denote the number of cusps of T(A), T0(A), respectively.

Example 1. A = T. o0(T) = 2. C(r0(F)) = 0.

Example 2. A = T2. a0(T2) = 3. G(T0(T2)) = 0.

Example 3. A = F3. o0(F3) = 4. G(T0(T3)) = 0.

Example 4. A = F4. a0(F4) = 6, C(r0(F4)) = 0.

Example 5. A = F. o(F) = 3. (B(r(F)) = 0.

Example 6.A =* T2. a(T2) = 12. S(r(F2)) = 6(r(F2), 0), 1-dimensional.

The fundamental domains of these six groups are as follows:

%CO

^0(T2)MT) %<?*)
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%(T3) ¿D(F2)

Remark. The above six examples were computed by J. Weisinger.

Example 7. A = F3. o(F3) = 48.

e(r( f3 )) = e(r( f3 ), o) © e(r( f3 ), - V2 )

© e(r(F3 ), V2 ) © ß(r(F3 ), - 2)

©e(r(F3),2)©e(r(F3), -V3+V3 )©e(r(F3), vT+vT)

©e(r(F3), -V3-V3 )©e(r(F3), V3-V3 ),

of dimensions 14, 6, 6, 3, 3,4,4, 4,4, respectively.

We remark here that dim 91t(G, A) = dim <31t(G, - A) and dim G(G, A) =

dim <2(G, - A) for any modular subgroup G of GL(2, F?[F]) and for all A

because of the following reason. Let F £ 91L(G, A). Define a new function F

on$ by

F([g])-
F([g])        if deg[ g] is odd,

~F([g])    if deg[ g] is even.

Then one sees that F £ (Dt(G, — A). Moreover, F is cuspidal if F is. This

gives a one-one correspondence between "DIl^G, A) and 91t(G, — A), and also

between C(G, A) and Q{G, - A).

Example 8. A = (F3 + F + l)2. a0C4) = 9. C(r0(v4)) = G(T0(A), 0), 1-

dimensional.

The fundamental domains for Examples 7 and 8 are too complicated,

hence are omitted here. More interesting is the following
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Example 9. A = T\T + 1). a0{A) = 8. %(A) is

G(T0(A)) = G(T0(A), l)@G(T0(A),-l), each of dimension one. J. Täte

defined an elliptic curve by

v2 + xy = x3 + 1 + 1/F,

which has good reduction at the place oo, and whose minimal model over

F2[F]is

v2 + Txy = x3 + T6 + T5

with A = TX\T + 1),/ = 1/(F + 1), and conductor = T\T + 1) - A. As a

consequence of a more general result of Deligne [3], the zeta function of this

elliptic curve gives rise to a cusp function F for T0(A). Checking the Euler

factor of this zeta function at the place oo, one finds that F lies in G(TQ(A), —

1), and hence generates G(T0(A), - 1).

5. Concluding remarks. We have seen (in Theorems 5 and 10) that for all A,

the space ^(^(A), A) of A-harmonic modular functions for T(A) is a direct

sum of the space &(T(A), A) of Eisenstein series, and the space G(T(A), A) of

cusp functions. Also, we have discussed £>(T(A), A) in detail, so what remains

is the study of G(T(A), A). For a function F on § and M E GL(2, k). Let

F|M([g]) = F([M-g])   forall[g]E$.

Then we can define "new functions" in G(T(A)) just as we did in the classical

case (cf. [9]), and the whole classical theory applies with suitable modi-

fications.

It is interesting to compare the results in this paper with those on

"nonanalytic" modular forms discussed in Maass [10, Chapter IV].

In §4, Example 9, we discussed a cusp function for ro(F3(F + 1)) coming

from an elliptic curve. In general, it would be interesting to know how cusp

functions for T(A), T^A), and T0(A) arise; for example, is there any repre-

sentation-theoretic explanation as in the classical case (cf. [2], [4])? Is there a

moduli-theoretic interpretation for G(T(A)), GCT^A)), and G(T0(A))1

If one takes A: to be a function field in one variable over a finite field, and
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considers its completion kv at any place v, one may likewise study the

modular functions defined on GL(2, kv). One would like to know the

decomposition theory in this situation.
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