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ABSTRACT. In this paper two simultaneous Sturm-Liouville systems are
considered, the first defined for the interval 0 < x; < 1, the second for the
interval 0 < x, < 1, and each containing the parameters A and u. Denoting
the eigenvalues and eigenfunctions of the simultaneous systems by (A; 4, p;x)
and ;. (x;, x,), respectively, j, k=0, 1,..., asymptotic methods are
employed to derive asymptotic formulae for these expressions, as j + k —
oo, when (/, k) is restricted to lie in a certain sector of the (x,y)-plane.
These results constitute a further stage in the development of the theory
related to the behaviour of the eigenvalues and eigenfunctions of
multiparameter Sturm-Liouville systems and answer an open question
concerning the uniform boundedness of the y; , (x;, x)).

1. Introduction. The importance of multiparameter Sturm-Liouville prob-
lems in mathematical physics has led in recent years to a revival of interest in
this area of investigation after a period of relative neglect. However, most
investigations to date have been concerned with problems related to
oscillation and expansion theory (cf. [1], [3], [5], and [9]), and it has been
pointed out by Atkinson [2, §4] that such fundamental problems as the
determination of the behaviour of the eigenvalues and of the eigenfunctions
of multiparameter Sturm-Liouville systems have not yet been resolved.

Stimulated by Atkinson’s remark, the author was led in an earlier paper [6]
to investigate the behaviour of the eigenvalues and eigenfunctions of the
simultaneous two-parameter systems

i+ My (%) — pBi(x) + 41(x1))yy =0, 0< x, <1,"=d/dx), (lI)
y1(Ocosa; —yi(O)sina; =0, O0< a;<m,
yi(Deos By —yi(Dsin B; =0, 0< B, <, (1.2)
and

¥ + (—My(x) + uBy(x;) + ¢2(x2))y2 =0, 0< x, < 1," = d/dx,, (1.3)
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»2(0)cos a; — y5(0)sin a, = 0, 0<a,<m,

y2(1)cos By, — y5(1)sin B, = 0, 0< B, < (1.4)
To explain the work of that paper (and also our present problem) in greater
detail, let us recall that by an eigenvalue of the system (1.1)(1.4) we mean a
pair of numbers, (A*, u*), such that when A = A* and p = p*, (1.2i — 1) has,
for i = 1, 2, a nontrivial solution, say y;(x;, A*, u*), which satisfies (1.2i).
Furthermore, we also know that the eigenvalues and normalized eigen-
functions of the system (1.1)«(1.4) may be represented in the form (A, p )
and y;,(x;, x,), respectively, j, k =0, 1,..., where (A, p;,) denotes that
eigenvalue of (1.1)«(1.4) for which y,(x,, A;s, p;,) has precisely j zeros in
0 < x; < 1 and y,(x;, A4, ;) has precisely k zeros in 0 < x, < 1, while

2
Yu(x, %) = Gy II Vil %o Nije )

i=1
and C;, denotes a normalization constant. In [6] the positive quadrant of the
(x, y)-plane was divided into three disjoint sectors, £, £,, and £, (each with
vertex at the origin), and asymptotic formulae were derived for the (A;, p; )
and y;,, as j + k — oo, when (j, k) was restricted to lie in £ and in &,
respectively (since the results for 2, are similar to those for ©,). The choice of
the central sector, {2, was motivated by the fact that for (j, k) in that sector,
the above formulae could be derived by means of standard techniques, that
is, without having to appeal to transition point theory. However, in order to
apply the same techniques to the case (j, k) € 2,, we imposed the further
condition that A3B, — A,B; = 0 for 0 < x, < 1, and thus the results of [6]
for (j, k) € Q, are valid only under this hypothesis. Hence in this paper we
propose to derive asymptotic formulae for the above expressions for (j, k) €
€, under the hypothesis that 438, — A,B; # 0 for 0 < x, < 1. The impor-
tance of the case considered here lies in the fact that the results obtained will
enable us to answer an open question concerning the uniform boundedness of
the ; , (x,, x5).

In what follows it will be supposed that A4,, B,, and ¢, are real and
continuous in 0 < x,; < 1, with both 4, and B, having absolutely continuous
first derivatives in this interval, that g, is real and continuous in 0 < x, < 1,
that A, and B, are real and of class C*? in some interval containing the
interval 0 < x, < 1 in its interior, that A5B, — A,B} # 0for0 < x, < 1, and
lastly, that A = A4,B, — A,B, # 0 in I? (the product of the intervals 0 < x,
< 1, 0 € x;, < 1). Furthermore, there is no loss of generality in assuming
henceforth that the 4;, B;, and A are positive for all values of x, and x, in / 2
for we know (see [6, Appendix A]) that this can always be achieved, if
necessary, by introducing a nonsingular transformation in the parameters A
and p.
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After introducing notation and assumptions in §2, we concern ourselves in
§3 with the asymptotic integration of (1.3). Here we encounter problems
involving a simple transition point whose position varies with p/A; and
techniques from transition point theory are used to obtain estimates for the
solutions of (1.3) for the various positions of the transition point. In §4 we fix
our attention upon certain disjoint subsets Q*, i = 1,..., 5, of the sector {,
introduced above, and use the results of §3 to obtain estimates for 7,
(= wx/Ax) for (J, k) in each of the QF (see Theorem 4.1). These results
enable us to determine the position of the transition point hitherto mentioned
corresponding to 7;, and hence to deduce from the results of §3 estimates for
the solutions of (1.3) when A = A;, and p = ;.. We remark that the O have
been introduced since there are essentially five different forms of solutions of
(1.3) to consider, depending upon the position of the transition points, and
hence upon the 7;,. Thus by restricting (j, k) to a particular ¥, we are able
to restrict the 7;,, and hence the corresponding transition points, to intervals
for which a common formula may be derived to describe the solutions of (1.3)
when A = A, u = p;,, and (j, k) € Q}. In §5 we employ the results of §§3
and 4 together with estimates for the solutions of (1.1) (which are obtained by
standard arguments) to derive asymptotic formulae for A;;, i, and y;, for
(J, k) in each of the QF (see Theorems 5.1-5.5). These results are then utilized
in §6 to deduce some facts concerning the uniform boundedness of the y;,
and the dependence of the A;, and g, on the g;; extensions of the foregoing
results are also discussed here.

A novel feature of our work is that we are able to demonstrate that
smoothness of the coefficients of the system (1.1)(1.4) does not ensure the
uniform boundedness of the y;,(x;, x,). Indeed, although we were able to
show in [6] that the y;, are uniformly bounded when (J, k) lies in the sector &
(see above), we shall see in the sequel that this is certainly not the case for
(U, k) in ,. In fact, for this latter sector, we shall show instead that the
J ™'y, are uniformly bounded, and that this result is false if 1/3 is replaced
by any smaller number.

2. Notation and assumptions. In the sequel we shall put
Py(x;, A p) =M, (x) — pBi(x)), Pr(xp A p) = —My(x;) + pBy(x,),
r(x;) = Ay(x3)/ By(x3),
and denote by b, and b, the infimum and supremum, respectively, of
A\(x;)/By(x,) in 0 < x; < 1 and by a, and a, the infimum and supremum,
respectively, of r(x,) in 0 < x, < 1. Moreover, we shall extend the definition
of g,(x,) to all real values of x, by putting g,(x,) = ¢,(0) for x, < 0 and

qx(x;) = qy(1) for x, > 1. Observe that there exists the interval [c, d], where
—1<¢<0 and 1 <d <2, such that in this interval By(x,), r(x,) are
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positive and of class C3, ¢,(x,) is continuous, r'(x,) # 0 (' = d/dx,), and
994,/100 < r(xy) < a, + (b; — ay)/100.

To simplify matters, we shall assume for the remainder of this paper that
r(x,) <0 for ¢ < x, < d (see §6) and put 8 = (r(c) — ay)/2. Then for
r(d) < t € r(c), we denote by x(f) the point of [c, d] at which r(x,) = ¢
(note that in this interval x(¢) is of class C> and x'(f) < 0, where ' = d/d),
put ¢* = x(a, + 8), and let §, = min{(c* — ¢), (d — 1)}. For ¢ < x, < 4,
r(d) < t < r(c), we shall also put

¥(x,, 1) = % fl

u‘/z[Bz((l — u)x(?) + ux,)

1/2
1
Xf —r((1 — su)x(¥) + sux,) ds| du,
s=0

¥, (x, 1) = fo L P((1 = s)x(t) + sx;) ds,
Yy(x2, 1) = By(x2)¥(xp 1),

D(x,, 1) = 2¥(x,, 1)/3¥*(xy, 1),

Dy (x5, 1) = V3% (xy, NV 3(x,, 1),
D,(x,, 1) = (30(x, 1)/2)*,

where all fractional powers have their positive values (observe that these
functions are all positive and of class C? in the given rectangle), and denote
by N, and N, the infimum and supremum, respectively, of ®(x,, #) in this
rectangle.

Finally, we shall hereinafter consider the differential equation (1.3) as being
defined in the interval [c, d].

3. Asymptotic integration of (1.3).

3.0. Introduction. Throughout this section we suppose that A > 0, put
t = p/A, and assume that 7 is held fixed at a value satisfying ¢, < t < a, +
8. Then in order to obtain asymptotic formulae for the eigenvalues and
eigenfunctions of the system (1.1)(1.4), it is essential that we derive estimates
for the solutions of (1.3) in [c, d] for large values of A under the given
restriction on ¢. Accordingly, it is to this topic that this section is devoted and
the method which we shall employ in achieving our ends will be to approxi-
mate (1.3) by a certain related equation which may be solved explicitly with
the use of Bessel functions (see subsections 3.2-3.3). However, before passing
to these approximations, we shall firstly concern ourselves in subsection 3.1
with introducing certain auxiliary variables which will play an important role
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in the analysis to follow. In subsection 3.4 we derive some results concerning
the zeros of solutions of (1.3).

Notation. (1) Throughout this section we shall write x* for x(¢) (see §2).
Observe that ¢* < x* < 1.

(2) For a any point of [c, d], let u(x,, a) and v(x,, a) denote the solutions
of (1.3) in [c, d] satisfying u(a, a) = 1, u'(a, a) = 0 and v(a, a) = 0, v'(q, a)
= 1, where ' = d/dx,.

(3) For a any complex number, let U(z,a) and V(z, a) denote the
solutions of the equation

y" + 2y =0, "'=d/dz, 3.1

satisfying U(a, a) = 1, U'(a,a) = 0and V(a,a) =0, V'(a, a) = 1.
(4) Let T(z), S(2) denote the solutions of (3.1) defined by
T(z) =[k*U(2,0) + V(z,0)], S(z)=3"2[xk*U(z,0) — V(z,0)],
where «* = I'(1/3)/3'/°T'(2/3). Observe that W(T, S)z) = —2 X 3'/%*,
where W denotes the Wronskian.
(5) For z real let

o2) = (T7(2) + $2(@)"% o4(2) = (T + (S'@))

’

where ' = d/dz and all fractional powers have their positive values.
(6) Let y(z) and y*(z) be defined for all real values of z by the conditions
that

cos Y(z) = T(2)/p(2), siny(z) = S(2)/p(2)
and
cos y*(z) = T'(2)/p*(z), siny*(2) = S'(2)/p*(2),
with the indeterminate multiple of 2« in these definitions being fixed by
choosing y(0) = #/3, y*(0) = — = /3 and requiring that both y(z) and y*(z)
be continuous functions of z.

(7) Letk = (1/2 x 3'/%%)!/2,

Finally, for the remainder of this section we shall drop subscripts and write
x for x,, B for B,, q for g;, and P for P,inc < x < d.

3.1. Auxiliary variables. Let r/(x) = (r(x) — r(x*))/(x — x*) if x # x*,
ri(x*) = r'(x*), where ' = d/dx (see §2). It is a simple matter to verify that
ry(x) is of class C? in [c, d] and that in this interval |r,(x)|, |1/ (x)], |71(X)]
and |r{(x)| all remain less than some bound independent of x, ¢, and A.
Writing P (x) for P(x, A, p) inc¢ < x < d, it now follows that

P(x) = M (x)(x — x*), (32)

where x%(x) = B(x)|r,(x)|. Then in order to deal with fractional powers of P
and of other functions that will appear below, let us henceforth agree to the
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following convention: we shall take the argument of a positive quantity to be
zero, take arg e” (v real) to be », take the argument of a complex number
which is a product of factors whose arguments have been specified to be the
sum of the arguments of its factors, and lastly, interpret the expression a”
(a # 0), where arg a has been specified and » is real, in accordance with the
rule a” = |a|” exp{iv arg a}. This convention enables us to determine arg A,
arg x2(x), and arg(x — x*) for x > x*, and if for x < x* we agree to take
arg(x — x*) to be =, then it is clear that the expressions

P2 (x) = NV2x(x)(x — x*)'/?

and

w(x) = fx " PV3(s)ds (3.3)

are unambiguously defined in [¢, d]. Furthermore, it is not difficult to verify
that w(x) may be expressed in the form

w(x) = /I 2x (0)(x = x), (34)
where x,(x) is real, positive, and of class C? in [c, 4], and that in this interval
x1(x) 1/x(x), |x1(x)), and |x;(x)|, " = d/dx, all remain less than some

bound, say M, independent of x, ¢, and A.
Let us next introduce the function z defined by

2(x) = N'x{P(x)(x — x*) (3-9)

for ¢ < x < d. Then it follows from (3.4) that w(x) = (2/3)z3/%(x), and
hence we conclude from (3.3) that

2'2(x)2'(x) = P'/?(x) (3.6)
for c < x < d, where ' = d/dx. From (3.2) and (3.5)~3.6) we now have
2(x) = BBVl (0] V2xi (%),

and hence z'(x) > 0 in [c, d]. Moreover, it is clear that in this inteval
A3 (x), 1/A7V32'(x), |2”(x)/ 2'(x)|, and |{z, x}| all remain less than some
bound independent of x, ¢, and A, where {z, x} denotes the Schwarzian
derivative of z with respect to x.

Observe that as x runs from c to d, w(x) traces out a curve in the w-plane
such that arg w(x) = 37/2 in ¢ < x < x*, and as x runs from c to x*, jw(x)|
strictly decreases from a value exceeding 2\'/2M * /3 (where M * = §3/2/M
< 1 and §, is defined in §2) when x = ¢ to zero when x = x*, while in the
interval x* < x < d, arg w(x) = 0, and as x runs from x* to d, |w(x)| strictly
increases from zero to a value exceeding 21'/2M * /3 when x = d. Analogous
results also hold for the path traced out by z(x) as x runs from ¢ to d.
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3.2. Estimates. We are now going to use the results of subsection 3.1 to
derive estimates for the solutions of (1.3) in [¢, d]. Accordingly, let x, be any
point of [c, d]. Then recalling the definition of v(x, x;) (as well as the other
expressions) given in subsection 3.0, we may argue in a manner similar to that
in [4, pp. 4-5] to verify that v(x, x,) satisfies the integral equation

@) =@ @)+ [V E OO & (37)

¢ < x < d, where here z = z(x), z, = z(x)), { = 2(s), 2 = 2/(x), 2} = Z/(x)),
$'=12'(s), Q(s) =(—q(s) + {z,5}/2), and {z, s} denotes the Schwarzian
derivative of z with respect to s. Assuming henceforth that x, is any point of
[c, d] satisfying x, > x,, and that A > (2 X 10°/ M *) (hence it follows from
subsection 3.1 that both |w(c)| and w(d) exceed 10°), it is our intention to
utilize (3.7) to arrive at an estimate for v(x,, x,). In order to achieve this end,
it is essential that we obtain approximations for V (z,, z,) (z, = z(x,)) for the
various positions of z,, z,, and accordingly, we shall now pass to such
approximations.
Let w, = w(x), p; =p(z), and y; = y(z) for j=1, 2, »=5/72, and
vt = 7/72. Then from the formulae
V(22 21) = U(2,, 0)V (25, 0) — V(2;, 0)U (23, 0),
V(2o 21) = U(21, 0)V'(22, 0) — V(2,, 0)U'(2,, 0),
from the formulae given in [4, p. 82] expressing U(z, 0), ¥ (z, 0) and their
derivatives in terms of Bessel functions, and from the results given in [10. pp.
199, 202}, it is easy to see that:
(1) if |[w(x)] > lin x, < x < x,, then

V(zp 2y) = zl"/“z{'/“[sin Wi {l+ 0(w7?}

+cos Wiy {ww ! —ww; ' + 0(|w|‘3)}],
V'(zy 2y) = z,"/“zg/"[cos Wy {1+ 0(w|™?)

— sin Wy, {ow ! + viw; ! + 0(|w|-3)}], (3.8)

where W), = w, — w, and |w| = min{|w,|, |w,|};
(2) if w, > 1, then

V(zy 2)) = xplz{'/"[sin sz{l + 0(w;?)}
— cos Wh{ww; ' + 0(w{3)}],
V'(zy 2,) = Kplz2l/4[COS W’,“z{l + O(wz_z)}

— sin Wh{rtw; ' + o(w;3)}], (3.9)



52 M. FAIERMAN
where W =w, + v, — 7/4;
3)if |w,| > 1 and arg w, = 37 /2, then
V(zp 7)) = C(x)[ T(2){1 — iwwi ' + O(Iwi|?))
+S(z){o(wl™)}]
V(2 21) = C(x)[ T'(22){1 = ivwi " + O(Iwi| %)}
+S’(zz){0(|w,|'3)}],(3.10)

where C(x,) = xz; /exp{i(w, + 7/4)} (note that in these equations the
coefficients of S (z;) and S’(z,) are also O (exp{ —2|w,|})).
Moreover, if w, > 1, then in (3.10) we may put

kT (2) = z; '/*[sin W, {1+ aw; 2 + O (w5 )}

— cos W, (w5 ' + Bw; + 0 (w %)} ],
kS(2,) = 257 /4 cos W, {1 + O(w;2)} +sin W, {mwy ! + O(w:?)} ],
kT'(z) = 23/*[cos W, {1 + a'w; 2 + O(w; %)}

— sin W, {vw; ' + Bwi® + 0 (wi%)} ],
kS'(22) = —23/*[sin W, {1 + O(w;?)} + cos W, {v'wi ' + O (w7 %)} ],
3.11)

where
Wy=w,+7/4, a=p(1/3), B=—py(1/3),
af = pi(2/3), B'=p:(2/3),
pi(s) = —(4s* — 1)(4s* — 9)/128, p,(s) = (45 — 25)p:(5)/24,
while if |w,| > 1 and arg w, = 37 /2, then in (3.10) we may put

T(z) =27'C(x){1 + O(Iwil ")},

S(z) = Cz(xz){l + 0(|W2|_l)}’

T'(2) = 27'C;(x){1 + O(Iwd ")},

5'(z;) = = Co(x){1 + O(Iw,|™Y)}, (3.12)
where kCi(x,) equals z;'/‘exp{i((—1Yw, + w/4)} for j =1, 2 and
z)/%exp{i((— 1Yw, — w/4)} for j = 3, 4. Finally, we remark that in all of the
above formulae (as well as in the formulae to follow) the constant implied in

any one of the O symbols is independent of x,, x,, t, and A.
Let x; and x} (> x}) denote the points of {c, d] at which |w(x)| = 1 and
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put P, = P(x) forj = 1, 2. Then in light of the foregoing results we may now
argue with (3.7) and the Gronwall lemma to show that

v(xy, X;) = P,'l/“P{'/"[z}/“z;/“V(zz, z) + O(A"/zE,z)], (3.13)
and similarly we can show that

v'(xy X)) = P,"/4P2'/4[21'/4z{‘/4V’(22, z) + O(A_‘/3E,2)], (3.14)
where E;, = exp{Im(w, — w,)}, and it is to be understood that in
(3.13)(3.14) we are to replace P,*'/* by (z))*'/% (z} = z'(x;)) and z*'/* by 1

when xj < x; < x; for j = 1, 2. Analogous results for # and ' can also be
obtained in a similar manner.

3.3. Further developments. Due to future requirements we are now going to
develop further the formulae (3.13)(3.14). Accordingly, let K be a number
not less than 1 chosen large enough so that the constant implied in any one of
the O symbols appearing in (3.8)3.12) and in the formulae for U and U’
analogous to (3.8)—(3.10) does not exceed K. Choose R > 10°K and let a be
an arbitrary, but fixed positive number. Assuming henceforth that A >
max{(R/a)'%/3, (10%a + R)/M *)*} (in which case it follows from a simple
argument involving (3.3) that w(d) — w(l), |w(c) — w(c*)|, and hence w(d)
and |w(c)| all exceed 10°(aA?/'¢ + R)), let x*, x5 (> x{*) denote the points
of [c, d] at which |w(x)| = R and x§*, x¥ (> x§) the points of [c, d] at
which |w(x)] = aA®/'S. Then standard arguments involving the use of
(3.73.12) and techniques similar to those used in [4, pp. 6-11], [6, Theorem
3.4] show that:

(1) when x, > xj* or when x, < x§,
o(xp x;) = Py /%P7 /¥ sin 6, {1 + O(Iw|™%) + oA 7'/%))
+cos 0y, {vwi ' — ww; ' — 0 + 0()\—1/2)}],
(3.15)
o'(xp x;) = P /4P cos ), {1 + O(A%)}
+sin 8, {OA™>19)}], (3.16)

where » and |w| are as in (3.8),
O = 0(xy x1)s 0% = 0%(xp x,), 0(55 ) =f:’2 P1/2(s) ds,
and |
0%(sy, 5,) = 271 f 2 Q(s)P V2 (s) ds
(see (3.7)); |
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(2) when x; > x§ and x, > xJ,
v(xy X;) = kp(27)”"/?P l/“[sm WH{1+ O(w;?) + o(A~ 172y}
— cos Wh{ww; ' + 0*(xy §) + o(}\“/z)}],

(3.17)
where W}, is defined above (see (3.9)) and £ = max{x,, x*};
3) whenx3 < x, < x{f and x, < x*,

v(Xp X;) = k2P V4 (25) 7221148 (2))
X[T(z){1 + o(A'/?)} - S(z)T(21)/S(z1) ] (3.18)
(@) when x, < x¥¥ and E} = |P,|~/4(z5) " %exp{|w\|},
o(xy %) = EB[ T(22){1 = ivw! + i + O(|w)|7?) + o(A"'7%)})
+5 (22){ O (exp{ —2wil})} ]
if x, < x*,
E,Z[T(zz){l — iw !+ 0%(x*, x;) + O(Iw)|7?) + o(A"'/?)}
— 8(2){0*(xp x*) + [w)| 7> + h(25)} ]
if x, > x*,
(3.19)

where h(zy) is OA~%3) for x, < x5, (x5 — x*)'/ZO(}\‘l/z) for x¥ < x, <
x¥,and O\~ 29/“8) + (x; — x*)'/ ()\ 172 for x, > x{;
(5) when x, < x§, x, > x§,and E}, = x|P)|” '/“P'/4exp_{|wl|},

0'(x5 X;) = E,z[z2 VAT (2,){1 — ivwi ! + i0%(x*, x,)
+0(Iwy|72) + o(A"'7%)}
— 257 1/48"(2,){ 0*(xp, x*) + o(A71/%)}
+2/*T (2) {0 7*/))} + 2/*S () {0A "2} ], (3:20)

as A — oo, with each of these formulae holding uniformly in x,, x,, and t.
Finally, we remark that further results for v’ as well as analogous results for u
and «’ can also be obtained in a similar fashion.

3.4. Zeros. Guided by future requirements we are now going to derive some
facts concerning the zeros of v(x,, x,). Accordingly, we first note from [7, pp.
98-99] that the zeros of T'(z) and T’(z) all lie on the positive real axis, and if
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we denote these zeros by 7, and 7, respectively, n > 1, arranged in increasing
order of magnitude, then0 < 7} < 1, < 1, <7, < ..., and

2032 /3 =(n— /&7 + O(n™"), Am)?/3=(n-3/8)7+0(n")
as n — oo. It can also be verified that the real zeros of S(z) and S’(z) are all
positive and if we denote these zeros by s, and s, respectively, n > 1,

arranged in increasing order of magnitude, then 0 < s, < s} <5, < 5
<...,s1<Tl<S2<72<...,T'|<S;<‘T£<Sé<...,and

252/2/3 = (n = 3/8)m + O(n™"), 2As)”*/3=(n~1/4)m + O(n"")

as n — co. By arguing with these results, the definition of y(z), and (3.12), we
may now show that when z runs from — oo to oo, y(2) strictly decreases from
7/2 to — oo, taking on the value —(n — )7 at z = 5, and —(2n — )7 /2 at
z =1, for n > 1. Moreover, dy(z)/dz = —(1/xp(z))*>. Similarly, we can
show that y*(z) strictly increases from —=/2 to —=/3 when z runs from
— o0 to 0 and strictly decreases from — # /3 to — oo when z runs from 0 to oo,
taking on the value —n7 at z =5, and —(2n — l)w/2 atz =7, forn > 1.
We also have dy*(z)/dz = — z/(xp*(2))>. Since y(z) — y*(z) is never equal
to a multiple of # and y(7)) = — 7 /2, =37/2 < y*(1,) < — 7 /2, it there-
fore follows that 0 < y(z) — y*(z) < = for all real z.

Next let m denote the smallest value of n for which 7/ > R* (= (3R/2)*/3,
where R is defined at the beginning of subsection 3.3). Then it follows from
the foregoing results and (3.11) that m > 15 and

p(n—1/2) <7, <p(n), p(n—1) <7, <p(n-1/2) forn>m,

where p(s) = (37s/2)*/>. Observe also from (3.11) that

2YYT(2)] > 1/2¢ inp(n—1) <z < p(n—1/2)
and

z7VYYT(2)| > 1/2¢ inp(n—1/2) < z < p(n)forn > m.

Now put

=0, zf=(r1+1)/2 2, = (1.1 +7)/2,

o=+ 7,.)/2 forn=1,...,(m-2),

2}, =p(n) and zj,,, =p(n+1/2) forn>(m-1).

Then there exists the positive constant 8 such that |T(z)| > B (resp. |T'(z)| >
B) in each of the intervals zJ, < z < zJ,,, (resp. z§,,, < z < z§,,,) for
n=0,...,(m~ 2). Note from (3.11) thatif { (z) = 1 for0 < z < p(m — 1)
and ¢(z) = z for z > p(m — 1), then the absolute values of {'/4(z)T(2),

LV42)S(2), £ T4 2)T'(2), and ¢ ~'/4(2)S’(z) in the interval 0 < z < o all
remain less than some bound independent of z.
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(a) We shall now employ the above results to deduce some facts concerning the
zeros of v(x,, x,) when x, is held fixed at a value satisfying x, < x5 (see
subsection 3.3). Indeed, by arguing with (3.8) and (3.14) for the interval
x; € x, € x{° and with (3.12), (3.14), and the formula

V'(z5 2,) = &%pyp3sin(y, — v3)

for the interval x/* < x, < x* (where p* = p*(z), v} = Y*(z) forj = 1, 2),it
is easy to see that in [x,, x*], v(x,, x,) can only vanish when x, = x, if A is
sufficiently large (that is, if A exceeds a certain fixed positive number which of
course does not depend upon x; or #). Turning to the case where x, > x*, let
n' denote the largest value of n for which n7 < w(d) and xJ, n =0, ..., 2nf,
the points of [c, d] satisfying z(x)) = z! (it is not difficult to verify that
n' — m > 10* and xJ,; > 1). Then assuming A sufficiently large, we may
argue with (3.10) and (3.13)«(3.14) to verify that v(x,, x;,) vanishes, but
v'(x,, x,) does not vanish, in each of the intervals (x3,_,, x},), n =1, ..., nf,
while in each of the intervals [x},, x},, L, n =0, ..., (n" — 1), v(xy x;) # 0.
Hence if X is sufficiently large, if x* < x' < x},, and if v(xy, x,) has precisely
k zeros in (x,, x") and vanishes at x, = x’, then x§; ., < x’ < x}412 231 <
2(x) < 2}y and whenk > m — 1, (k + 1/2)7 < w(x') < (k + D).

(b) We are now going to establish some facts concerning the zeros of v(x,, x;)
when x, is held fixed at a value satisfying xi¥ < x, < x§; and to this end we
shall firstly investigate the behaviour of V'(z, z;) and V’(z, z,) in the interval
I ={z|z; € z < o0}. Accordingly, put 7, = — oo and suppose that for some
J 2 Oeither (i) ; < z; < 55,4, or (i) 5, < z; < 7. Note that for case (i),
—Jjm < v, < —( — 1/2)7, while for case (i), —(j + 1/2)7 < v, < — jm;
and a simple calculation also shows that the absolute value of y,A~3/1% in
x5 < x, < x;° remains less than some bound independent of x, and A. If we
now express ¥, V’ in the form

V(z, 2;) = &%pyp(2)sin(y, — v(2)),

V'(z, z,) = k*p,p*(2)sin(y, — v*(2)), (3.21)
and denote by ¢,, n > 0 (resp. ¢,, n > 1), the points of I at which y(z) = vy, —
nw (resp. Y*(z) = y, — nm), then it follows that V' (z, z,) (resp. V'(z, z,)) has a
simple zero at each of the points #, (resp. ;) and vanishes nowhere else in 7,
and that z; = 1, < (< (L < H<H< o, (120, 7, <, < 54,4 for
n>0if <z <sppand 554, <L, <7y, forn>0if 5, <z <
7;+1- Since it is clear from the definition of m above that

p(n—1N)<s, <p(n—-1/2) <7, <p(n) forn>m-— 15,

it therefore follows that if m' denotes the smallest value of n for which
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t, > R* and m* = (m' — min{m?, 10}), then
j+mt>m-2, mt<@3+R/m),
p(j+n—1/2) <, <p(j+n+1/2) if1,<z <554y,
pj+n<t, <p(j+n+1) ifs,, <z <71y,
and hence
(n—3/%)m <(2/3)7*+ v, — 7/4) <(n+3/4)7 forn > m*.
Since (m* — )7 — v, + #/4) > (m — 14)7 > R/2, it follows from (3.9)
and the interlacing of the 7, and ¢, that
p*(n—-1/4) <t, <p*(n+1/4) forn > m*,
p*(n—3/4) < t,<p*(n—1/4) forn > m* + 1,
where p*(s) = [3((s + 1/4)7 — v,)/2]*/3. Observe also from (3.9) that
V4V (2, 2))| > kp,/2 inp*(n—3/4) < z < p*(n—1/4)
forn > m* +1
and

27V (z,2))| > kp,/2 inp*(n — 1/4) < z < p*(n + 1/4) forn > m*.

Lastly, let n* denote the largest value of n for which ((n + 1/2)7 — y,) <
w(d) and x(n*) the point of [c, d] satisfying z(x(n*)) = p*(n* + 1/4) (it is
not difficult to verify that n* — m' > 10* and x(n*) > 1). Then by appealing
to the above properties of y(z) and y*(z), to (3.21), and proceeding in a
manner similar to that in part (a) above, it is not difficult to verify that if A is
sufficiently large, if x, < x’ < x(n*), if v(x,, x,) has precisely k zeros in
(xy, x') and vanishes at x, = x', and if k > m*, then

(k+3/8)m <(w(x)+ v, — 7/4) <(k +5/4).

4. Preliminary results. We are now going to use the results of §3 to derive
some estimates for the eigenvalues of the system (1.1)(1.4). These estimates
will enable us in §5 to establish asymptotic formulae for the eigenvalues and
eigenfunctions of the above system. Accordingly, recall from [6, §2] that by
an eigenvalue of (1.1)(1.4) we mean a pair of numbers, (A*, u*), such that for
A = A* and p = p*, (1.1) and (1.3) have nontrivial solutions satisfying (1.2)
and (1.4), respectively. If y,(x;, A*, p*) and y,(x,, A*, u*) denote these
solutions, respectively, then the product, [I2_, y,(x;, A*, u*), is called an
eigenfunction of the system (1.1)+(1.4) corresponding to (A*, u*). Important
results pertaining to the eigenvalues and eigenfunctions of (1.1)«(1.4) were
recorded in the reference just cited, and in particular, it was noted that the
eigenvalues were all real and could be represented in the form (A4, 1), J,
k=0,1,2,..., where, with ¢; (i = 1, 2) denoting the solution of (1.2i — 1)
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satisfying ¢;(0, A, p) = sin a;, $(0, A, p) = c0s o, d1(x}, Ajx, 14) has precisely
Jzerosin 0 < x; < 1 and ¢,(x,, A, i ;) has precisely k zeros in 0 < x, < 1.
Notation. (1) Let

()= [ (A(x) = 1B,(x))" dx, for —e0 <1 < b,
0

1 1/2
hz(t)=fo (= Ay(x;) + 1By(x,)) *dx, fora, < t< o

(see §2 for terminology used here and below; also throughout this section we
assume that fractional powers of positive quantities have their positive
values).

(2) Let g(2) = hy(0)/ hy(0) for a, < 1 < by, g(by) = hy(by)/ k(b)) if h(b)) #
0, and g(b,) = o« otherwise. We remark that besides the properties of g listed
in [6, Subsection 3.0}, we also have, as a consequence of the conditions
imposed in this paper upon 4, and B,, the further properties that g’(¢) exists
and is continuous and positive in a, < ¢ < b, (here and below ' = d/dt).

(3) Lett, = a, + 8/2 and ¢, be any number satisfying ¢, < ¢, < b,.

(4) Let 8f = tan™ g(a,) and 8, = tan™ 'g(¢;) for i = 1, 2, where the principal
branch of the inverse tangent is taken (observe that 0 < 4 < 4, < 0, <
7w /2).

(5) Let € and @, denote the sectors in the (x, y)-plane defined by the
inequalities #, < 0 < 8, and 0 < @ < 8,, respectively, where § denotes the
angle which a ray emanating from the origin makes with the positive x-axis.

(6) Let

H=[ zt)(_Az(xz) + 1By(x,))""? dx,,

G(t)=H(t)/h (1) fora, <t <a,+3.

It is clear that in this interval G (¢) is strictly increasing, G(a,) = 0, G(a,) =
g(a,), and since H(¢) = (2/3)(1 — x(8))*’*¥(1, ), we also see that G (¢) is of
class C' in [a,, a, + 8] and of class C? in (a,, a, + 8]. Furthermore, it is
readily verified that G'(f) > Oin (a,, a, + 8] and G'(a,) = g'(ay).

(7) Let Gy(t) = 3G (#)/2)*/? for a, < t < a, + 8. Observe that in this
interval G(¢) is of class C2, G{(#) > 0, and G,(a,) = 0.

(8) Put

a=g(a)=G(a), a*=2Gi(a)) /3,

b=[1+a(g(t)) - 8(a))" +(a+a*)/g(a)]

and let @, 1 < i < 5, denote that subset of 2, which is composed of points

6
’
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(x, y) for which x > b and:
(tan 0 + ax™%/"*) < y/x < tan @, ifi=1,
[tan 0F — y/x| < ax™3/"? ifi=2,
(tan 0 — ax~'/¢) < y/x < (tan 8} — ax~>/'?) ifi =3,
a*x 38 < y/x <(tan 0F — ax~'/%) ifi =4,
and lastly, 0 < y/x < a*x~3/8ifi = 5.

The sectors Q and , defined above are precisely the sectors introduced in
§1; and as stated there, asymptotic formulae were derived in [6] for A;, and
W4 as j — o, (J, k) € Q. To derive corresponding formulae for @, (under the
conditions assumed in this paper), it is essential that we first obtain estimates
for Ais, i, for (j, k) in this sector. Accordingly, we observe from [6,

Equation (4.2)] that we already have some information at our disposal, for we
know that there exist the positive numbers M,, M, such that

M? <Ny /i < M3 4.1)
when (j, k) € , and j is sufficiently large. Putting n;, = ;,/A;,, we may
argue precisely as we did in [8, Lemma 1] to show also that

LEMMA 4.1. If j is sufficiently large, then a; < ;o < 1, <« + < Yge < @
+ &, where k* = k*(j) denotes the greatest integer less than j tan 0,.

We now come to our main result, namely,
THEOREM 4.1. If j is sufficiently large, then
(a; + 2"]'“5/'2) < Mx <(ay+ 8) if(j, k) €0,
I — @l <275 if (j, k) € 93,
(a2 =278 <y <(a, — 2757 if(j, k) €N,
(a) + 2"}"5/'2) < M <(a, - 2“}'"/6) if (, k) € Qf,
and
a; <y <(a;+2i7%%) if (j, k) € Q1.

PrROOF. We shall only prove the theorem for the case o; = 0, B8; = 7 for
i = 1, 2; the other cases can be similarly treated. Moreover, we shall hence-
forth suppose that (j, k) € @, and that j > [b + 26 ~! + 4(a, — a;)"'I® and
is large enough to ensure the validity of (4.1) and the assertion of Lemma 4.1.
Also, in this proof we shall frequently introduce the order symbol O in
relation to functions which depend upon some or all of the variables x,, j, k;

and it is to be understood that in each case the constant implied in the O
symbol is independent of any of these variables.
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We are now going to employ the results of §3 to obtain estimates for k/j
for various values of 7;,, and the assertion of the theorem will follow from
these estimates. Accordingly, in that section let us now take A = A;;, and
t = n; ;. Observe from (3.2)<(3.3) that (here and below we use the notation of
§§2 and 3)

P(x) = AB(x)(t — r(x)) = Mx — x*)¥y(x, ),
w(x) = [ PV2(s) ds = @/IN2(x — 2/, ), (42)

for ¢ < x < d, where x* = x(#) and P'/%, (x — x*)*/2 are to be interpreted
according to the convention given in the statements preceding (3.3). Then
with B a constant satisfying 1/2 < B < 2 and putting

e = M,N, 4.3)

for i = 1, 2 (see §2), let us firstly suppose that v, > ' = a, + Bj~>/'2. For
this case it is clear from (4.1)-(4.2) that

w(0) > (2/3N"2(—x(r1))*¥(0, 1)
> M, (1t = a)’0(0, 1) > €,/7/%/4,

and hence it follows from (3.15)—(3.16), (4.1)(4.2) that as j — oo (throughout
this proof this limit symbol is to be interpreted as: when j exceeds a certain
fixed positive number and 7, satisfies the given supposition),

$2(x2) = PTV4(0)P ™14 (xy)

X [sin 8 (x5, 0){1 + O(j /%)) + cos 8(xp, 0){ 0 (=%} ],
$3(xz) = PT/40) P4 (xy)

X [cos 8 (xy, 0){1 + O(j>4)} + sin 0(x,, 0){ O (i %)} ],

for 0 < x, < 1, where here (and in the sequel) ¢,(x;) = (x5, Ajs» 1) and
all other expressions are defined in §3. A standard argument now shows that
asj — oo,

1
[ P2 (% Mo 1) dxa= (ke + Dy + O ("),
0
while from Lemma 4.1 and [6, Theorem 3.4] we also have
1
S P 0 N ) d= G+ Dy + 0 (7Y, (44)

and thus in light of (4.1)«(4.2), it follows that g(w;;) = k/j + O(J ~1. Since
g(mix) 2 g(t"), we therefore conclude that there exists the positive integer j,
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such that k/j > (g(ap) + 2™ 'aBj~>/'2) when n;, > (a, + Bi~>/'"?) and j >

Ji
Suppose next that |1, — a,| < 8 ~*/'2. Then as above we can show that
|w(0)| < 4e,//® and hence it follows from (3.17), (4.1)+(4.2) that

0 = ¢,(1) = Kpo(2'(0))~*P =14 (0)
x[sin wh{1+ 0(j™")} + cos W’{z{O(j")}] asj — o,

where now W%, = (w(l) + yo — 7/4), po = p(2(0)), and v, = y(2(0)) (see §3
for terminology). From the results given in part (b) of subsection 3.4 it is a
simple matter to deduce that

w(l)=((k+ )7 —yo+7/4 + 0(™") asj— oo,

and thus in light of (4.1)«(4.2), the bound for y, given in the statements
preceding (3.21), and (4.4), we conclude that

w(l) = NH (n) = (k + D {1+ 0 (%)}
and
G(me) = k/j+ 0~
asj — co. Hence it follows that there exists the positive integer j, such that
|g(ay) = k/jl < 2aBj=>/"

when |a, — ;| < B/ andj > j,.
Consider now the case where

(az - Bj_l/G) < Mg S (a; - ,Bj—s/u)-
Then for this case we may show that
e, /% /4 < |w(0)| < de, /%, argw(0) = 37/2,
and hence it follows from (3.11), (3.19), and (4.1)-(4.2) that
0 = ¢(1) = [P(O)| /4P =/ (1)
X [sin W, {1+ 0(j/%)} + cos W, {0(j)}]

as j — oo, where W, = w(l) + m/4. From the results given in part (a) of
subsection 3.4, it is iow easy to see that asj — o,

w(l) = Ni(*H (n,) = (k + 3/4m + 0(j7"),
and hence (see (4.4))
G(mi) =k/j+0(™")

We therefore conclude that there exists the positive integer j; such that

275712 < (g(a) — k/j)/aB <2%~'/¢
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whenever 7, satisfies the restrictions given above and j > js.
Turning to the case where

(a, + BJ'_S/R) < Mg <(a;— Bj_l/é),
we may show that here
|w(0)] > e,/*%/4, argw(0) =37/2, and w(l) > e,;j*/%/4.

By arguing as in the previous case it is readily verified that G(;,) = k/j +
O(j ™" asj — oo, and hence it follows that there exists the positive integer j,
such that

21a*B¥5 /8 < k/j < (8(az) — 27 '™ /°)

whenever 7, satisfies the above bounds and j > j,.
Finally, suppose that

M < (a + B2,
Then it is not difficult to verify that
w(l) < 46,75, |w(0)| > e,(27\(a, — @,))"%), argw(0) = 3w/2,
and hence it follows from (3.19), (4.1)(4.2) that as j — oo,
0 = ¢,(1) = k| P (0)|~/4(z' (1))~ /2!

X[T(M){1+0G™ N} + 5m){o(™}]

From the results of subsection 3.4 (see in particular part (a)) it now follows
that as j — o0,

2(1) = NPGH (,)/2)" = 7esr + 0(7Y),
and hence
Gy (Mjk) = T (J"”)_z/3 +0(™").
Thus we conclude that there exists the positive integer js such that
2105 /3jm < 2a*B% /%

when v, < (a, + B> andj > js.
By taking 8 =} in the above calculations and assuming that j > max{j;},
i=1,...,5, wesee that

k/j <(g(ay) + aj=*'?) whenever |y, — a,| < 2747,
/7 <(s(a) ~ 44
whenever (a; + 2757%/') < w;, <(a, — 275713,

and in light of the definition of @} and the results given in subsection 3.4
concerning the zeros of T'(z), we also see that there exists the positive number
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Jo such that (k + 3)/j < a*j~*® whenever n;;, < (a; + 27471, (j, k) €
QF, and j > jj. The assertion of the theorem concerning the values of »;, for
U, k) € Qf follows immediately from these results and we may argue in the
same way with each of the sets @¥,i = 2, ..., 5, to complete the proof of the
theorem.

5. Asymptotic formulae.

5.0. Introduction. We are now going to employ the foregoing results to
derive asymptotic formulae for the eigenvalues and eigenfunctions of the
system (1.1)«(1.4) for (J, k) € Q, (see subsections 5.1-5.5). Accordingly, in
this section we will suppose that (j, k) € U;_,;Q* and that j is large enough
to ensure that (4.1) and the assertions of Lemma 4.1 and Theorem 4.1 are
valid. Furthermore, it will always be assumed henceforth that fractional
powers of positive quantities have their positive values. Finally, in the sequel
careful attention must be paid to the notation given in §§2, 4, and subsection
3.0.

Notation. (1) Let x; (i = 1, 2) denote the solution of (1.2i — 1) satisfying
x;(1, A, p) = sin B, x/(1, A, p) = cos B;, and put

2
‘ng(xv X)) = H X (%, Aijes pj,k)’

i=1

2
Ya(x, xp) = I_Il 6 (X1 N i)

(see §4). Also let

I = (f

1/2
f A(xy, X)| F (x4, x2)|2 dx, dxz)
12

for any function F that is square-integrable in 12
@ Fora; <t<a;+8,0<§<x<Le<§<x<l,and0< w; <
m,i=1,2, let

Xy (xp €10 1) =fXI P!% (s, 1,8) ds,,
&
Xy(xy &, ) =f:2 (It = "(-"2)“32(-‘*'2))1/2 ds,,
2
1
Xt (xu 1) = [ Bi(s)P2 (s, 1,0) s,

$(xy 1) = fx : By(s3)(Isy — x(O)[¥x(s5, 1))~/ ds,,
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X{(xp, 01, 8) = P72 (21, 1,0)
X[cotw, + P{(xy, 1,#)/4P,(x}, 1,8)], ' =d/dx,
X] (xp @y 1) =[cOt @, + @(xy, 1)/2®)(x5, )], ' =d/dx,,
Q1 (%1, 1) = q:(%)) + P{/*(x;, L, [ d°P V4 (xy, 1, £) /dx}),
Qs (%2 1) = () + B/ *(xy, O)[ @7 V/*(x, 1)/ dx3 ),

XF(xpép0) = _z‘lj:l 0, (s, )P V2(sy, 1, 1) ds,,
1

X (xp 8 1) = _2_11;:2 Q> (52 1)(Is — x(2)|¥a(s, ’))_1/2 ds,
() =X (0, a,8) - X} (L, B, ) + X*(1,0,¢) ifa;#*0andp, # =,
=X} (0, a, )+ X*(1,0,1) ifa, #0andB, =m,
= -X{(1,B, 0+ X*(1,0,1) ifa,=0andpB, #m,
= X*(, O,f) ifa;=0and B8, = 7.
of (xp 1) = =7(72(t ~ a,)*?8(1, 1))

- X5 (1, By )(By(0)(t — @)~ +XF (1, x, 1) if By m,
= 5(72(t — a)"?®(1L, 1)) + X (L x, 8) if B, = 7,

Yx (3 1) = (e} (O)/ M (D)X (L, %, 1) fori=1,2,
(see §4 for the definition of 4,),
YT, o) ==Y (x, ) = X (LB, ) + X (L, x), 1) if B # m,
=Yt ) - XF(Lx, 1) if B =m,
YF (x5 0) = FY3(xp ) = 3 (%0 1), Y (xp £) = F5/720(x,, 1),
where the upper signs are taken if 8, # 7 and the
lower signs if 8, = =,
Y, (x,), k) = Nj,ZIYF (xs "7j,k)
and
Z,(xJ> k) = N X; (1, x;, m,) fori=1,2,
where
Niw = + v)7/hi(m4)s

v,=0if a,#0and B, # 7, »,=1 if ;0 and B, =7 or if o, =0 and
B #m v, =1if o; =0 and B, = =, and lastly, when x, > x(n;,) we shall
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also put
Yy (x5, k) = Nj,;l[("lj,k -r (xz))—s/zy# (%3 ) + YT (% "Ij,k)]-
(3)Fora, <t<a,+8,0< x,<l,andc < x, < 1, let
chi(f) = —=7/720(0, 1) and ch(f) = X} (0, ay, 1)/ BY/2(0)
if a, # 0,
ci(1) =5/720(0,¢) and cl(£)=0 ifa,=0,
yi(x, 1) = C*(0)X,(x,, 0, 1),
3 (%2 1) = C*(D)lr(xy) — 1P/2@(xy, 1),
where C*(1) = c¥()/ h(?),
xn0) = =yt(xp 1) + X1 (0, 0y, 1) + X7 (x,0,7) ifa; #0,
yHx, 0) — XF(x,0,0) ifa; =0,
n(xp,J, k) = M',;Iy;r(xl’ "Lk)’
Z} (%1, k) = NipXy (%1, 0, 1),
y¥(xp 1) = =5/T29(x;, 1),
v »=1/4 ifB,#7, v*=3/4 ifB,=m,
and lastly, when x, < x(1;,) we shall also put
Z3 (x> k) = NiuXo (x(m0)> X2 W)
= Ny (r(x2) — 'b,k)s/zq’(xz’ W)-

Finally, we remark that the notation given in part (3) above will only be
utilized in subsections 5.3-5.5.

5.1. Formulae in Q}. In this subsection we suppose that (j, k) € QF (see
Theorem 4.1). Then it follows from the definitions of 2} and g(¢) given in §4
that

(8(a)) +27'972) <(k + »y)/ (j + »)) < g(a, + 8)
when j is sufficiently large. Hence assuming j large, we shall denote by ¢, the
solution of the equation g(¢) = (k + »,)/(j + »;); and it is easy to see that
(e + 47573 < g < (a, + 5).
Fora, < t < a, + 8, let
c3(H) =7/728(0,f) and c3(?) = XJ (0, ay, £)/B}/?(0) if a, # 0,
c(t) = —-5/729(0,¢) and c3(t)=0 ifa,=0,
ei(1) = c3(0, 1), 4t (1) = L()X} (0, 1)
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and
dt(¢) =d*(¢) + (—l)i_lL(t)h,(t) fori=1,2
(where L(#) = 1/hi{(1) g'(1)),
ci(?) = et (Dds (1), di(1) = ct(1)d] (9),
Com(D) = CHo(DF (D), dop (1) = 3] (1) form =1,2,3,
c(t) = ci(?) + (1), d(1) = d, (1) + dy (1),
and
D(t) = ff A(xy, X3)(|x5 — x(8)| Py (x4, 1, ) ¥5(x5 t))_l/z dx, dx;.
12
For 0 < x; < 1,i = 1, 2, let us define the expressions E,, (= E, (x,, X, j, k)),
6,00, m=1,...,4,by putting:
E, =1, E,=Y,(xp/, k), Es=7Y,(x,j,k), E4=0,
o,=1 ot=0, and o,=0,

m =1 form#1if §;# wfori=1,2; 1

Q
*
I

E =Y, (x2’j’ k)’ E,=1, E;= 0, E,=Y, (xpj’ k),
o,=1 63=0, and o, =0,
» =1 form+*2if B, # wand B, = =; 2)

Q
»*
]

E =Y (x,j,k), E;=0, Ey=1, E = Y,;(x3J,k),

6;=1 o03=0, and o, =0,

oy=1 for m+#3if B, = 7w and B, # =; 3)
E =0, E,;=Y(x,j, k), E3y=Yy(x5J,k), Es=1,

o,=1, 0f=0, and o, =0,

ot =1 form=~4if B, = mfori=1,2 )

Then putting D;, = D (;,) and (%}, X5) = $5 (X}, %)/ 14|, we have
THEOREM 5.1. It is the case that

ANk = Mj,zk[l + M2 (5 = )" en (4,4)
-1/2 .
+ (4 — @) / () + C(tj,k)>o(.] 2)],
Bix = ]uj,zk[tj,k + Mj,7c2-<(’j,k - az)_s/zdzx (64)

+ (4 — az)-l/zdzz(’j,k) + d(tj,k)> + 0(1—2)]’
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- ~1/4
V(X x2) = 2Dj,kl/2[("j,k — r(x)) P (%), 1, "'j,k)Bz(xz)]

2
X H COs Z,-(x,-,j, k){E| (xp -xz,j, k)

im=]

+6,0(i~%*) + oto(i ")}
+ cos Z, (xy, j, k)sin Z, (x,, j, k)
X {Ez(x,, X5 J, k) + 6,07 + o’{o(j“l)}
+ sin Z, (x,, j, k) cos Z, (x,, j, k)
X { B (x1, X, J, k) + 0,0 (%) + a3o(j™")}

2
+ H sin Zi(xi’j9 k){E4 (xl’ x2’j’ k)

i=1
+0,0(i7%%) + o:o(j"')}

(5.1)

as j — o, (j, k) € Qf, where M;;, = (j + v))w/hy(t;,). This last result holds
uniformly for0 < x; < 1,i =1, 2.

Proor. We shall only prove the theorem for the case o; = 0, B8, = 7 for
i = 1, 2; the other cases can be similarly treated. Then we know from the
proof of Theorem 4.1 that when j is sufficiently large (3.15)«3.16) apply in
full force, and consequently, by arguing with these equations as we did in the
proof just cited, it is easy to see that as j — oo,

)\jlfzhz("j,k) =(k+ )m+ }‘j,_kl/zc(nj,k) + o(j—l)’ (52)

where
C(1) = (1 = a) %3 (1) + (o),
while from [6, Theorem 3.4] we also have
M;{Zhl("b,k) =@+ Dr+ )\j,_kl/z""l'= (4) + o(j™") (53)
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and hence
g =(k+ 1)/ G+ 1)+ 03"
From this last result and (5.3) it follows that
e =bu + O™V and A, =ME(1+0@G™"®) asj—o .
Substituting these expressions for A;; and ;, in (5.2)~5.3), we obtain

g(m) = (k+ 1)/ + 1) + Ci(4,)/ (G + D)+ o(i7?),
where

Ci (1) = C(M (1) = ct (D (2),
and hence
. 2, .
e = G + Cr(5)/ (U + D) (1) + 0(G7?)
as j — oo. The assertion of the theorem concerning A;, and g, follows
immediately from this result, (5.3), and the relation d¥(?)hy(?) + d3(H)h(f) =

2.
From (5.3) and (3.15) it is easy to see that

X2 (X2 Niso» i) = K> (U, k)P; /4 (xy, 1, Mk)
X[sin Z, (x4, K){1 + O (j7*/%)}

+ €08 Z, (xp,J, K){ Y2 (x2), k) + 0(G71)}] (5.4)
asj — oo, uniformly in 0 < x, < 1, where

K. (j, k) =1/N,,P*(1,1,7;,) for i=1,2,

while by arguing in a manner similar to that in [6, Theorem 3.4] we can also
verify that

X1 (X6 Ao ) = Ky (s k)P4 (xy, 1, k)
X [sin Z, (x1, ) K){1 + 0(j ")}

+ c0s Z, (x1,), K){ Yy (x0 ), k) + 0(G™")}] (55)

as j — oo, uniformly in 0 < x; < 1. A simple argument now shows that
2
Nl =" = (2/Dj,'[2 II k(i k)){1 + 074}
i=1

as j — oo, and hence the assertion of our theorem concerning y;, follows
immediately.
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5.2. Formulae in Q}. In this subsection we suppose that (j, k) € QF (see
Theorem 4.1) and for ¢ < x, < d,r(d) < t < r(c),and s > 0, let

GH=86(xys80) = s1/3(t — r(x))®y(xy 1),

2/3
§2= $ (x5, 0) = ((s + v)7/ Iy (D)) / (8 = r(x2))@y(x 1),
R(xy, 5, 1) = kp*($2),
Ji(en s, 1) = v(5) and JF (s, 1) = y*(G) fori=1,2,
where all terms are defined in §§2 and 3.

Let Bt = 4[3aN,/h\((b, + a,)/2)I/*, where N, is defined in §2. Then we
observe from the properties of y(z), y*(z) given in subsection 3.4 and from
(3.11)~(3.12) that there exists a positive constant 8 such that both |y(z)| and
|¥*(2)| do not exceed Bj*/® when |z| < B1j'/4. Furthermore, it is clear from
the definitions of £3 and G (¥) given in §4 that there exists the positive integer
Jj} such that when j > jf,

G((ar + a))/2) < f-(J, k) < f+ (J, k) < G(a, + 38/4)
and
|t (s k) — @y <4512,

where

fe (k) = ((k + v)n = (B* + 7/4))/ (J + v)m
and G(¢.(J, k)) = f.(, k). Hence if we assume that j > j] and, for i =
1, ..., 6, define ,(j, k) recursively by means of the formulae

G (40, k) = ((k + »)7m + F_,(J, k))/ (G + »)m,

where Fy(j, k) = 0 and for i > 1, F.(j, k) equals —(J3(0, j, t,(J, k)) + =/4) if
a, # 0 and —(J,(0, j, 4(j, k)) — 7/4) if @, = 0, then it is readily verified that
each #,(j, k) exists,

G((a, + a))/2) < G(4,(), k)) < G(a, + 38/4),
and
[0, k) — ay] <4712
Next put

F(j, k) = (( + 2)7/hi(t6) T/°X3 (0, ez, 16)/91(0, t)R? (0, ) 1)

if a, # 0,
=0 ifa,=0,

where 5 = t4(j, k). Then it is clear from (3.11)«3.12) that F(j, k) =
O(j~%?) as j — oo, and hence it follows that there exists the integer j, > j|



70 M. FAIERMAN

such that whenj > j,,
G((a + a)/2) < f1 (. k) < f} (i k) < G(a, + 38/4)
and
1L (s k) — a)| <4577,
where
LUK =fGR)=|FG KN/ (+v)r and G(L(j, k) =fL0ik
Assuming henceforth thatj > j, and putting
fUs k) = ((k + »)7 + Fs(j, k) + F(j, k))/ (j + v)m,
it now follows that
G((a1 + a))/2) < f(j, k) < G(a, + 38/4)
and
|10, k) — a| <4j=>/12

(where G (t;(J, k)) = f(J, k)), while if we define F,(j, k) to be that quantity
which is obtained by putting #(j, k) = t(j, k) in the above formula for F;
and let

P, k) = ((k + vo)7 + F;(J, k) + F(j, k))/ (j + v)m,
then
G((a) + 4;)/2) < f*(j, k) < G(a, + 3m/4).

Finally, we shall denote by t% the solution of the equation G(f) = f*(j, k);
observe that |t% — a,| < 4j~>/12,

Referring to the notation given at the beginning of this and subsection 5.0,
respectively, let

(1) = cx(x(0), 1),
dt (1) = L(9)Xt (0, 2),
a5 (f) = L(DX3 (x(2). 1),
df (1) = td} (t) + L(t)h (1), df (1) = tds (1) — L()H (1)

(where L(#) = 1/h¥(1)G'(2)),

() = ct(0)dz (1) + ci(0)df (1),
and

d(1) = ct (df (1) + c3(n)d] (1)
Putting

Ay = X5 (0, ay, M)/ @10, "'j,k)R2 0./, m),



DISTRIBUTION OF EIGENVALUES 71

we shall also let
Jj,k = J; (Oaj’ m,k);
= —A4;,cosJ,, and b, = A, sinJ;, ifa,+#0,

8
LS

= Jz(O,j, 1!,-’,‘) - T and aAk = b',k = 0 if az = O,

K(XZ’j’ k) = §2 (x29j’ nj,k)’
T (%) = T(§(x2 45 k), Siu(x2) = S(§ (24, k))s
and

D,(j, k) = Nz [ [ A(xy, x,)8 (3 s kYW (%23, K)
12
X P2 (xy, 1, nj,k)q)l_z(XZ’ Nix) dxy dx,,

for i =1, 2, where T and S are defined in §3, ' = d/dx,, W\(x,,j, k) =
W(x3J, k),
Wi (x2,Js k) = W (x2,Js kN @x T (x2) — BaSjc (x2))s
and
W (xpJ, k) = (T;x (x2) sin Jjp — 84 (x3)c08 Jj ).

It is easy to see from (3.11)~(3.12) and [4, p. 86] that D,(/, k), 1/ D,(J, k), and
| Dy(j,k)| all remain less than some positive number independent of j and k
for all large j.

Lastly, for large j we shall put

By, = N;i*”°Dy"' (j, k)D, (i k),

>

B = Nj,22/3 (aj,k — D' (J, k) D, (J, k)sin Jix ),

Bj:!’k = ]vj,;2/3 (b/k - Dl—l (./’ k)Dz (J’ k)COS "j,k )’

and for 0 < x; < 1, x(m;;) < x, < 1, define the expressions E,, (= E,(x),
X3 J, K)), O, 0y Ep, (= Ep(x, ), K)), Ef (= E}(x,,], k), &, and &}, m =
1, ..., 4, by putting:

El = l - Bj,k’ E2 = Y2(X2,j, k), E3 = Yl (xl,j, k), E4 = 0,

g,=1, of=0, and o, =0,

or,=1 form+#1if B # wfori=12; )

El = Y2 (X2,j, k), Ez = 1 - Bj,k’ E3 = 0, E4 = Yl (xl,j, k),
o,=1 03=0, and o, =0,

or=1 form+#2if B, # wand B, = =; )
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s
[

= Yl (xl,j, k), E2 = 0, E3 = 1 - Bj,k’ E4 = Y2 (xz,j, k),
g;=1 o0f=0 and o, =0,
or=1 form#3if B, =nand B, # m;

El = Oa E2 = Yl (xl’j’ k)’ E3 = YZ(xZ’j9 k)a E4 =1- Bj,k’
o,=1, 0=0, and o,=0,

oy =1 form+#4if B =unfori=1,2;

Ef =sinJ;, + BY, Ef= —cosJ; — Bka’
Ef = Y,(xp,J, k)sinJj,, E} = =Y (x,J, k)cos Jj,

El = —Ef =1, Ef=—E[=Y,(x,)k),

=g, =¢ef=¢f=1 and ef=¢ =¢e;5=¢=0 if B, # =
and
EY =Y, (x,), k) sinJ;,, EF = —Y,(x,,), k)cos Jy,,
Ef =sinJ;, + BY%, E}= —cosJ;, — Bka,

=6 =¢e5=¢=0, and ef=¢ef=¢;=¢,=1 ifB; =

©)

“4)

®)

(6)

It is clear from the proof of Theorem 4.1 and (4.2) that if in §3 we take

A = A« t = 14, and suppose that j is sufficiently large, then

WO < deas™", w(1) > ey((a = a)/2)"%),

where the ¢; are defined in (4.3). Assuming j large, we shall now denote by £,
the point of [c, d] at which r(x,) = n;, — (4e,/¢,)*/%~>/1%; and by arguing

with (4.2) it is not difficult to verify that
w(x,) > 4e,7% forx, > §,
(from which it follows that §, > 0) and that
[w(x,)| < 4e; 'e3*/® for0 < x, < §,.
Then putting

Djfk = Dl (j, k)’ l)j,k, = 2"2 jtk’
and

Yu(xp x3) = ‘B’Tk(xla xz)/“‘P;kas

we have



DISTRIBUTION OF EIGENVALUES 73
THEOREM 5.2. It is the case that
N = ME[1+ M3%c(th) + o(G2)],
B = MP[h + MR (85) + o(i77)], (56)

Yiu(x1, xy) is given by (5.1) for 0 < x, <1, §; < x, < 1, provided that
throughout (5.1) we replace the expression O (j~%/%) by o(j~%/3),

Vi (X1, X3) = E (%), X2, J, k)
X [c0s Z, (x1,J, K) ;i (ea){ EF (x1,J, k) + £10(j72°) + efo(j ")}
+ cos Z, (x, k)%',k(xz){E; (x1,4, k) + 820(1-—2/3) + e;‘o(j")}
+sin Z, (x1,), k) Ty (x2){ ES (x1,J, k) + €0(7*) + e30(7")}
+sin Z, (x1,J, 08 () S (x10o K) + e40(57?) + e3o(i ) ]
Jor 0 < x; < 1, max{0, x(n;4)} < x; < &1,
Yiu (X1 X2) = E (X3, X3, J, k)
X [cos Z\(x1,J, k)T, 4 (x,)s1n J;
X {Ef (31, k) + £10(j71?) + eto(j 1)}
+ cos Z, (xy,j, k)S;x (x3)c08 J; 4
X {Ef (x1,J, k) + e20(j1%) + e30(j 1)}
+ sin Z, (x,,J, k) T4 (x,)sin J;
X {EsT (x1,J; k) + 830(1-—1/2) + 3‘3'0(1'—1)}
+sin Z, (xy, j, k) S (x2)c0s J;
X {Ef (x,J, k) + e0(J1?) + e:o(j")}]
Jor0 < x; < 1,0 < x, < x(mi) if x(mip) >0, (5.7)
asj— o, (j, k) € @3, where M, = (j + v))w/h(1},) and
(=D E(xy, x,J, K)
= NY6(2/D3) *P V4 (xy 1, )@ V(3 M) (58)
These results for ; ;. (x,, x,) hold uniformly in x, and x,.

REMARK. Before proving the theorem, let us make the following clari-
fications. By arguing as we did in the proof of Theorem 4.1, it is easily seen
that x(n;,) > O for at least one (but not all) k when j is sufficiently large.
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(5.7) is, of course, only intended to apply to that subset of {5 composed of
points (j, k) for which j exceeds a certain fixed positive number and x(; ) >
0. Writing ¢ for {(x,,J, k), 0 for mx and x* for x(n), observe also that
{=N; 2[ 3(n — r(x))®,(x,, 1), while from (4.2) we have (n — r(x,) = (x, —

x*)¥,(x,, n). These equations together with the convention described in the
statements preceding (3.3) determine (2/3)¢3/2. By taking z, = { and w, =
(2/3)¢*/% in (3.11)~3.12), the behaviour of T}, and S, may be ascertained.
In particular, it is important to observe in (5.7) that the absolute value of
S; k(xy)cos J; , remains less than some bound independent of x,, j, and k. This
observation follows immediately from the definitions of the terms involved.

Proor. We shall only prove the theorem for the case o; = 0, 8; = = for
i =1, 2; the other cases can be similarly treated. Then from the discussion
immediately preceding this theorem it is clear that (3.17) applies in full force,
and by arguing as we did in the proof of Thoerem 4.1 it may readily be
verified that

NtPH () = (k + D+ c* Ve i) + N2 %eSi(m) + 0671 (59)
as j— oo, where c*(s,t) = — J,(0, s, ) + 7 /4 (see the beginning of this
subsection). Thus in light of (5.3) and the arguments given in the proof of
Theorem 4.1, we therefore conclude that

G =((k+ 1)/ + 1)+ 07 asj—oo.
From this result and (5.3) it now follows that as j — oo,
Mk =4+ o@~%"), A =((J + D7/h (tl)) {1 + 0(1_5/8)}
(where ¢, = 1,(j,k)), and a simple argument also shows that
*Nw i) = FLUL k) + 0(5')
(we refer to the discussion concerning #% given at the beginning of this

subsection for terminology). If we substltute this latter expression for ¢* in
(5.9) and make use of (5.3), then we conclude that

G(mu) = ((k + Dm + FL(J,k)/ (j + D + 0(1‘5/6)

as j — o0, and hence it follows that

Me = b+ 0%, A= (U + Da/h(1))*{1+ 0(~9)),
and

N M) = F2(Js k) + o(j~"*)
as j — oo, where ¢, = £,(j, k). By substituting this latter expression for c* in
(5.9) and repeating the above arguments, it is now easy to deduce that

Ge=t+00™™), Ne=((U+ l)w/h,(ti))z{l +0@(™™)),
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and
c*()\j’k, .,’j,k) = F,-(j, k) + O(j—(m,-—19/24))

asj—o oo fori=1,...,7, where t;, = ,(j, k) and m; = (5i + 10)/24. Thus,
asj — 0, G(n;,) = f*(, k) + 0(j~?, and hence

T =t + 0072, Ne=M%i(1+0(™?)

A substitution of these expressions for 7;, and A;; in (5.3) and (5.9) shows
that

G(m) = U 1) + (U + Dm) °C(8h) + o7,
and hence
, 2, L
T = th + C(£5)/ (U + D7) G'(85) + o(i7?)
asj — oo, where C(¢) = ci(D)h(?) — c¥(t)H (¢). The assertion of the theorem
concerning A;; and g, follows immediately from this latter result, (5.3), and
the relation dff(f)H (t) + d3(H)h(¢) = 2.

Turning next to x;,(x;) = xz(x2 Aiss i) it follows from (5.3) and (3.15)
that (5.4) remains valid as j— oo for §, < x, < 1, and with this result
holding uniformly in x,. To obtain approximations for x;, when x, < §;, we
must turn again to the work of §3, and taking now A = A, t = 7, we shall
indicate the dependence on j and k of the functions P, w, z, 8* defined there
by writing w; (x,) for w(x,) and 8% (x,, x,) for 8*(x,, x,), where w is any one
of the functions P, w, or z. Then putting

L(x:) = (= )*(zu(x:)) Bz /4 (1),
T(x2) = T(54(x2)),  §i(x2) = S(z(x2)),
L = Y(zj,k(o)), and [, (x,) = 0jfk(xz, x(Mix))
we may argue with (3.17) and (5.9) to show that as_j — oo,
Xik(%2) = Lj,k(xz)[ T;f‘k(xz){sin Liw = Li(xy)cos Ty + 00‘1,7«1/2)}

= $7(5) (€08 Tjs + s (57) in Ty + 00577}
for max{0, x(m;,)} < x, < 1,
(5.10)

= j,k(xz)[ T},‘k(xz){sin rj,k + >‘j,‘kl/zlffrk("z)}

- ;k(XZ){cos Tiw + Aj,—kl/ I, (xz)}]
for 0 < x, < x(m,0)  if x(m) > 0, (5.11)
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where (5.10) holds uniformly in x, and both I% and Il*k are o(1) as j — oo,
uniformly in x, (see the remark immediately preceding the statement of this
theorem).

We now assert that as j — oo,

)G,k(xz) = Lj,k(x2)[ T}fk(xz)sin rj,k{l + 0(>‘j,_kl/4)}

— Sh(x)eos Ty 1+ oA} (5.12)

for 0 < x, < x(n;,) if x(n;,) > 0, with this result holding uniformly in x,. To
prove this assertion let 0 < ¢ < 1, choose the positive integer j, large enough
so that |I% (x,)| + |I}(x))| < ein0 < x, < x(m;.) whenever x(n;;) > 0 and
J 2 jo» and under these latter conditions consider each of the cases: (i)
W) < @x(e) (= 4~ "log(A(>/e}), (i) W, (O)] > w,(e). For case (i) we
may argue wnh (3.12) and (5.11) to show that when J is sufficiently large,
(5.12) is valid in 0 < x, < x(7;,), provided that in (5.12) each of the
expressions o(A; %74 is replaced by an expression of the form C, «(x)), where
|Ca(xy)l < Be'/2A3'/* and B denotes a positive constant. A similar result
also holds for case (ii), which can easily be seen by arguing with (3.12), (5.11)
and the relation

Xk (%2) = %, (x7 Yok (X2) /B (%),
where x| (= x{*(j, k)) denotes the point of [c, d] defined in the statements
preceding (3.15),

&k (%2) = b2(%2 Aiss 1) = (x5, 0),
and v(x,, 0) is given by (3.18). Since ¢ is arbitrary, the assertion follows.
By arguing with (5.3), (5.10), and (5.12) we can next show that as j — oo,

Xk (X2) = Ljfk(xz)[ T (x){sin J; + O™}
=Sk (x){cos I, + 0(iN}]
for§, < x, <1,
= jk(x2)[ k() {sin T, + 0(j7Y))
= S (xa){cos Sy + 0(j71)}]
for max{0, x(m)} < x; < &y
= jfk(xz)[ T i (x)sin J, {1 + o(j~'/%)}
e I 1+00)]

for 0 < x, < x(m) if x(n,) >0, (5.13)
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uniformly in x,, where
L(x;) = K§ (J, k)@ V/3(xp mis)s
K3 (k) = (=) kNP A (L, 1, ),

and all other terms are defined in the statements preceding this theorem.
From these results and (5.5) it may readily be verified that

- 1y . N - 1/2 -
5l ™" = NYK G RIKE U, R)I2/ D) {1+ 0(572%))

as j — oo (where K, is defined in the statements preceding (5.5)), and the
assertion of our theorem concerning y;, now follows from (5.4), (5.5), and
(5.13).

5.3. Formulae in Q%f. Throughout this subsection we assume that (j, k) €
3} (see Theorem 4.1). Then referring to the notation of subsection 5.0 (see, in
particular, part (3)), it follows from the definition of 5 that

(G(a)) =24 8) < (k +»*)/ (j + ») <(G(ay) — 27 g >/1?)
when j is sufficiently large. Assuming j large, we shall now denote by £% the

solution of the equation G(¢) = (k + »*)/(j + »,); and it is not difficult to
verify that

(a, = 37V%) < th <(a, —4757%1)
(see part (6) of the notation of §4 for the properties of G).
In this subsection we shall define the functions c%,(¢), d*(¢f) and d(¢)

(i=1,2), c(t), d(t), $(x2,J, k), T;x(x3), and S;,(x;) precisely as we did in
subsection 5.2, put D% = N;3'/°L,, where

L, = ff A(xy, x2)8 (X35 s K) T (x2)P V2 (1, 1, 1)
12

X B %(xy, m) dx, dx,,  (5.14)

( = d/dx,), and for t < a, and x, < x(¢) (here and below special attention
must be paid to part (3) of the notation of subsection 5.0) let

') = chi()(a, — )72,
-3/2
W 1) = (% (0 () = 772 + 1),
Vh(xp 1) = y3(x £) = 7). Yh(xp 1) = p3 (52 1) + 7(2),
and
YVa(xpJ, k) = Nj,;I.V;ri(xz, M) fori=1,2.
It is easy to see from (3.11)+3.12) and the results given in [4, p. 86] that D%
and 1/D} remain less than some positive number independent of j or k for

all large j. We shall also define the expressions E,, (x;, x,, j, k) (for 0 < x; <
L x(n )< x>, <1 o.. and 6 (m=1..... 4) precisely as we did in
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subsection 5.1 and for 0 < x; < 1, 0 < x, < x(n;,) define the expressions
El(x,,j, k), E*(xy,Jj, k), EX(xy, X3 )5 k), &p €% (m=1,...,4), and ¢ by
putting:

ET = 1, E# =yl(x]5j’ k)s E“l.l = 1 +y21(x2’j9 k)’
EY = =1+ yp(xyj, k), EF = —E} =y (%) k),

e=g=¢=¢f=1 and ef=ef=¢e5=¢=0 ifa,#0, (1)

E'=y(x,j, k), E* =1, E} = —E}=y/(x,),k),
EY =1+ yy(x3), k), Ef = —1+yy(xyJ, k)
e=g=¢e=¢=0 and ef=ef=g=¢=1 ifa; =0, (2)
and
e=1 ifa#0, e=0 ifa,=0. 3)

Finally, if in §3 we take A = A, ¢ = n;,, and assume that j is sufficiently
large, then we may argue as we did in the proof of Theorem 4.1 to show that

471e, /% < |w(0)| < 4e,/* and w(l) > e,((a, — a1)/2)"%],

where the ¢; are defined in (4.3). Assuming j large, we shall now denote by &3
and £ the points of [c, 4] at which

) =+
respectively, where e* = (e,/4e,)*/>; it is clear that
0 <§x <x(m) <&k <1, |wix)l <47% /"

for {3 < x, <§%, and |w(xy)| > (e2/4ey)*/® for x, < §x and x, > «EIZ
Then putting

and r(x,) =, — e*j /12,

D= 2"2Djfk’ Yk = ‘ijk(xp xz)/“‘lﬁfk”s
and recalling the definition of M;, given in Theorem 5.2, we have

THEOREM 5.3. It is the case that N\, , are given by (5.6),
(—l)"*"‘apj,k(xl, x,) is given by the right-hand side of (5.1) for 0 < x, <1,
Er <X <1,

\pj_k(x,, x,) = E(x), X3, ], k)
X [cos ZY (%0, Js K) T () { E¥ (x1,J> k) + 6,0 (%) + eto (™)}
+ €08 Z{ (X1, ), k) Sjk (x2) Sy (%15 X2 J )
+ sin Z§F (%154, k) T (){ E* (%14, k) + 6,0 (%) + e30(i ™)}
+ sin Z (x1,J, k) Sk (%) f5 (31, %20 K) |
for0< x; <1, &% <x,<§3%, (515)
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V(X x2) = Dj,;l/z[('(xz) - "b’,k)Pl (x,, 1, nj,k)BZ(xZ)]_]/4

X [cos Z} (x1,J, kK)exp{ = Z3 (x, J, k)}
X { Ef (x1, X5 J, k) + 0% + eto(j™")}
+ (=1)°cos Z{ (x4, ), k)exp{ — Z] (x2,J, k) }
X {E{ (X1, X2 4, k) + £,0(i %) + eso(j ")}
+sin Z¥ (x,, j, k)exp{ — Z3 (x3, J, k)}
X {E; (%1, X, J> k) + &0 (¥4 + sg“o(j")}
+ (= 1)'sin Z} (x1,J; k) exp{ — 2§ (x2,J k))

X {E3 (x1, %34, k) + €0 (™) + e3o(7")}]

for0< x, <1, 0< x, <&, (5.16)

as j — oo, (j, k) € QF, where E(x,, x,, j, k) is given by the right-hand side of

(5.8), f,(xy, x3, J, k) equals o(j~") for x, > x(w;,) and

exp{ —2Z3(, j, k)}O(1) for x; < x(nz), p=1, 2, and ZJ(x,, j, k) =

223(0,j, k) — Z3(x,, j, k). These results for ;,(x,, x;) hold uniformly in x,
and x,.

REMARK. It is clear from the remark immediately following the statement
of Theorem 5.2 and the definitions of the terms involved that

(2/3)832 (x5, ), k) = —iZ} (x5, ), k) for0 < x, < x(Mix)-

Observe also that Z3 strictly decreases in this interval. Hence it follows from
(3.12) that the expression S;,(x,)f,(x), x5, j, k) given in (5.15) is
o(exp{ — 23(0,, k)}) asj — oo uniformly in §; < x, < x(n;,) forp = 1,2.

ProOF. We shall only prove the theorem for the case a; = 0, 8, = 7 for
i = 1, 2; the other cases can be similarly treated. Then by arguing with (3.11),
(3.19) as we did in the proof of Theorem 4.1, it is easy to see that

NPH () = (k + 3/4)7 + A3 esi(mu) + o(G7") (317)
asj — oo. In light of (5.3), it follows that as j — oo,

G(mu)=((k+3/49)/(+1)+0(™),
and hence

T = G+ 07, Nu= ME{1+0(7)}.
Substituting these expressions for 7;, and A, in (5.3) and (5.17), we obtain
G() = (k+3/8)/ G+ 1)+ C(£2)/ (G + D)+ o(i72),
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where C () = c3,(£)h(?) — cF(t)H (¢), and hence

. 2, .
M =%+ C(1)/ (U + D7) G'(1h) + o(j3)
as j — oco. The assertion of the theorem concerning A, and g, follows from

this latter result, (5.3), and the relation d¥ () H (t) + d3()h (1) = 2.
For convenience of notation we shall henceforth put

¢i#(xiaj’ k) = ¢‘i(xis >‘j,k’ ""j.k)’ Xi# (x4, k) = Xi(xi’ >‘j,ka I"j,k)

for i = 1, 2. Then by arguing with (3.19) and (5.3) it is easy to see that as
J— o,

95" (x2J, k) = K3 (J, K)OT '/ *(x2, m4)
X [7}1( (x){1 + N3'c () + Fa(x)} + Six (xz)ka(xz)]
for 0 < x, < 1, where
K3 (Jj, k) = xN; 2375\ P, (0, 1, m;,)| '/ *exp{ Z3 (0, ), k) },

F,(x)) = 0%, and Ff(x,) equals O (") for §} < x, < 1, 0(j ") for
x(m4) < x; < §%, and O (exp{—2Z3(0,/, k)}) for 0 < x, < x(n;,), with
these results for F;;, and F* holding uniformly in x,. Arguments similar to
those used in [6, Theorem 3.4] show that

o (x1,J, k) = KF (J, )P4 (), 1, 1)
x[sin Z} (x4, K){1 + (i)}
+ cos Z} (x,, J, k){y,(xl,j, k) + o(j_l)}]

as j — oo, uniformly in 0 < x, < 1, where K}(j, k) = 1/N;, P}/4©, 1, u;,),
and hence it is now not difficult to verify that

2 -1
Il =" = Mo (2/0,&)'”( I &G, k)) (1= Nz'el(n) + 0(~*4))

i=1
asj — oo. By arguing with (3.15), (5.3), we may next deduce that asj — o0,
&3 (x2,4, k) = K;* (J, k)| Py (x 1, mie)| 174
X [exp{ = Z§ (x2.J, K)}{1 + NzYi(xp m0) + O (%))
+ exp{ = 2Z3 (x3, ) k)} { -1+ N3 Y3(x, k) + O(j_3/4)}]
for 0 < x, < &3, uniformly in x,, where
. -1 .
K U, k) = (2Nj,k|P2 o1, '7,',k)|l/4) exp{ Z3(0,, k)}
Finally, we also know that fori = 1, 2,

&% (x,,J, k) = k,(J, K)x* (x;, ), k) for0 < x; < 1,
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where k,(j, k) = — d¢;*(1, j, k)/dx; and x5’ is given by (5.4) for {7} < x, <
1 and x* by (5.5) for 0 < x; < 1 (with the first formula holding uniformly in
x, and the second uniformly in x,). Moreover, by arguing with (3.11), (3.20),
and (5.17), it is not difficult to deduce that

ko (s k) = (= 1)1P2(0, 1, m )l /P24 (1, 1, m)
x exp(Z$ (0, k) } {1 + Njx'ct(me) + O(G7>))
asj — oo, while a standard argument shows that
ky(J, k) = (= 1)P 740, 1, ) P74 (L 1, ) (1 + 0( 7))

as j — 0. With these results it is now a simple matter to verify the assertion
of the theorem concerning ; ;.

5.4. Formulae in Q. In this subsection we assume that (j, k) € Qf (see
Theorem 4.1). Then it may readily be verified that

271 < (k+ v*)/ (J+ ») <(G(ay) — 27" 7/5)
when j is sufficiently large (see subsection 5.0 for terminology). Assuming j
large, we shall denote by £% the solution of the equation G(#) = (k + »*)/(j
+ »,); and it is not difficult to show that (a, + 475 %% < 1 < (a, -
4-Y=1/s),
Referring to the notation of §§2, 4, and subsection 5.0 (see part (2)), we
shall now put

i(n) = =1/20(L, 0), () =—B;'2()XI(L, By 1) if B+,
(1) =5/T20(1, ) and () =0 ifB,=m,
c3(1) = X5 (1, x(1), 1),
G*(t) = G'(1)(1 — x(¢))™"? fora, <1< a, + 8,
G*(a)) = —x'(a)hi '(a))¥(1, a))

(where ' = d/dt; observe also from the definition of G (f) in §4 that G*(¢) is
continuous and positive in [a,, a, + 6]),

df (1) = L(nX? (0, )¥\/%(1, 1), d3 (1) = L()X3 (x(1), )¥/*(L, 1),
df (1) = wd} (1) + L()h (1)¥1%(1, 1),
df (1) = d (1) — L()H ()¥1/%(1, 1)
(where L(f) = 1/h¥(t)G*(?)),
(1) = ct(0d (1), d (1) = et (0)df (1),
Cam(0) = 3 ()dF (1), dy, (1) = 3 (O)d] (1) form=1,2,3,
c(t) = ci(1) + c3(r) and d(7) = d, (1) + dy (0).
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Referring next to the terminology of (3.11), let
k* = —BT+ylat + 3"'(1/“)3 and «'=»" if B,#m
k¥ =B-va—3"% and «t=—» ifB, =,
and in the interval a; < ¢ < a, + & put
Gt (1) =27'(1 — x()"*6" (1)
(observe from the definition of G in §4 that G is bounded in this interval),
cff (1) = dy (1) — tey (1),
cf (1, 5) = k*O7(1, 1) — (cf (1)) VL, Ok, (1)GT (s)
+ 3«'ef (9)/29(1, 0),
c*(t,5) = df (H)cf(t,s) and d¥ (1, 5) = df ()i (¢, 5),
where a, < s € a, + 8 and the terminology of the previous paragraph is
utilized.
Lastly, paying special attention to part (3) of the notation of subsection 5.0,
let

ct(f) = ch()a = )7+ ch()(a - )7
+ X5 (x(1),0,7) + y3(0, 1)
fort < a,, and when ¢t < a, and x, < x(f), put
ix 1) = ¥* (x 1)(r(x2) = )
—y3(x3 1) + T(1),
Y5h(x ) = pi(x 6) = €(1), yh(x 1) = p(xp 1) + T (1),

= X (x(1), x5, 1)

and

y2i(%2 Js k) = N;gWhi(xp mie) fori=1,2.
Then in this subsection we shall define {(xpJ, k), T x(x)), S;x(x2)s
E, (X}, X3, j, k), G, of (m=1,...,4), E¥(x,,j, k), E¥(x,,j,k), and ¢
precisely as we did in subsection 5.3. We shall also define the E}, m =
l,...,4, in terms of the y,; and y, precisely as we did in subsection 5.3,
except we are now to use our new definition of the y,; here; and as for the ¢,

and ¢} defined in that subsection, we shall henceforth take ¢, =0, ey = 1,
m=1,..., 4, regardless of whether a, is zero or not. Finally, let

% = M,;l/3 (xe — al)—l/zlj,k’
where [, is given by (5.14). It may readily be verified that D% and 1 /D%

remain less than some positive number independent of j and k for all large j.
If in §3 we take A = A, and ¢ = n;;, then we may argue as we did in the
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proof of Theorem 4.1 to show that
w(0)| > 47 e, /*/* and w(l) >4 e, /8
where the ¢; are defined in (4.3). We shall now denote by & and £} the
points of [¢, d] at which
r(x)) = my + %~V and r(x) =my — €%~
respectively, where e* = (e, /4¢,)*/?; and it is clear that 0 < §7 < x(n;,) <
% < 1. Then putting
Dy = 2°D, Yii(X1 X3) = (X1, X2)/ W% ls
and recalling the definitions of E(x,, x,,j, k), the f(x,, x,,/, k), and
ZJ(x,, j, k) given in Theorem 5.3, we may argue as we did in that theorem to
show that

THEOREM 5.4. It is the case that
ANk = Mj,zk[l + M5 — @) en(th)
+ (5% = @) en(gh) + (8 — @) e(52)>
+ (85 = @) MRt (1 50)
+ (= @) 0 + o(j)
Pk = Mj,zk[tjfk + MX(8h — @) dy, (%)
+ (g — @) 'dn (88 + (85 — @) 2d (g8
+ (B — @) MR (2 5)
+ (g% — @) O + O(j-z)]’

(—1)’*"(1;1.,,‘ - a,)'/ﬂ]g,k(x,, X,) is given by the right-hand side of (5.1) for
0< x; <L §x <x <1, (e — a,)‘/“xpj’k(xl, x,) is given by the right-hand
side of (5.15) for 0 < x; < 1, § < x, < &3, and by the right-hand side of
(5.16) for 0 < x, < 1, 0 < x, < §3, as j— oo, (Jj, k) € QF, where M, = (j
+v)n/hy(t%) and 5, =t} + O~ "/%). These results for Yk (x5 X3) hold
uniformly in x, and x,.

REMARK. It is important to observe from the definitions of terms involved
that in the above formulae for A;, and p,, the expressions (£ —
a)”"%c(t) and (¢ — a,)~'/%d(¢};), which depend upon the g,, are both
O (1) as j — oo. These expressions, when multiplied by Mj,;z, are, of course,
absorbed into the error terms when k/; is small.
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5.5. Formulae in Q¥. In this subsection we assume that (j, k) € Q¥ (see
Theorem 4.1). Then recalling that in subsection 3.4 we denoted the zeros of
T (z) and T’(2) by 7, and 7,, respectively, n > 1, we shall now put

()= XS (L, By )/®(1, 1) and A, =7y, if B #*m
(=0 and Ay =1,, fB=u"
(see subsection 5.0). In light of the properties of A, given in subsection 3.4, it
is clear that j~!/4A, remains less than some positive number independent of j
and k for all large j. Assuming j large, we shall denote by tj’fk the solution of
the equation G,(¢) = A, /((j + »,)7)*/?; and it is not difficult to verify that
a; < tf, < a; + 37312 (see part (7) of the notation of §4 for the properties
of G)).
In what follows we let
c(t) = H(OL(NXT (0, 1), d(1) = te(2) + cH(HL()h(2),

where L(1) = 1/h{*()G{(t), ' = d/dt, and define §(x,,J, k), T, 4 (x,),
Sj.k(xz)’ Et(xl’j: k), E#(xpj’ k); &, E,:(xp xz,j, k), €, E,:, m=1,...,4,
precisely as we did in subsection 5.4. We shall also put D% = A, '/’I;,, where
I, 1s given by (5.14). It is clear from (3.11)~3.12) and [4, p. 86] that D} and
1/ D}, remain less than some positive number independent of j and & for all
large j.

Finally, if in §3 we take A = Aj,k, =, and assume that j is sufficiently
large, then we may argue as we did in the proof of Theorem 4.1 to show that

w(l) < 4e2j3/8 and |w(0)| > el((02 _ al)/2)3/2j,

where the e; are defined in (4.3). Assuming j large, we shall now denote by £,
the point of [c, d] at which r(x;) = m;, + ¢;*%~"/%; and it is clear that
0 < §x < x(m;)- Then putting

D = 2"20;/(, ‘Pj,k(xh x;) = ‘Bfk(xp xz)/”\l’jfk“a

and recalling the definitions of E(x,, x,,J, k), the f(x,, x5, J, k), and
Z}(x,, j, k) given in Theorem 5.3, we have

THEOREM 5.5. It is the case that
Nue = ME[ 1+ M0 e () + 0(G7)]s
Kk = ]wj,zk[thk + M APA () + O(j_z)]’
AN Y 4 (xy, x,) is given by the right-hand side of (5.15) for 0 < x, < 1,
§x < x, < 1, and by the right-hand side of (5.16) for 0 < x; < 1, 0 < x, <

§ix as j— o, (j, k) € 3, where M, = (j + Pl)ﬂ/hl(t}k). These results for
Y« (X1, Xx;) hold uniformly in x, and x,.
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ProOF. We shall only prove the theorem for the case a; = 0, B; = 7 for
i = 1, 2; the other cases can be similarly treated. Then by arguing with (3.19)
as we did in the proof of Theorem 4.1, it is easy to see that

MECGH /2= A + 0(i7?) asj - oo
In light of (5.3) it follows that as j — oo,

Gy (my) = MG + 1ym) ™

+0(j7?),
and hence
T = th + 0(j7%).
The assertion of the theorem concerning A;;, and ;, follows from this result

and (5.3), while the assertion concerning y;, can be proved by using argu-
ments similar to those used in the proof of Theorem 5.3.

6. Conclusions and final remarks. We are now in a position to furnish a
negative answer to the question regarding the uniform boundedness of the
eigenfunctions of the system (1.1)«(1.4) (see §1); for it is clear from the
foregoing results that the eigenfunctions, ¥;,(x;, x,), are not uniformly
bounded in 12 for (j, k) € 2,. We do note however that

THEOREM 6.1. The absolute values of the j =/ B‘PM (xy, Xx,) for (J, k) € @, and
(X1, X;) € I? remain less than some bound independent of x,, x,, j, and k.

It is important to observe from Theorem 5.5 that this result is false if 1/3 is
replaced by 1/3 — ¢, > 0.

A second point worth mentioning deals with the dependence of the
eigenvalues on the g;. Indeed, it is clear from the above results that if in
(12i = 1), 1 < i < 2, we replace g;(x;) by ¢*(x;) and denote the eigenvalues
of the system (1.1)«(1.4), with the g; replaced by the g*, by (A%, u*).J, kK =0,
..., then A% — A, and p% — p, are O(1) asj — oo, (J, k) € Q.

We wish also to state that further developments of the formulae given in
Theorems 5.1-5.5 are possible if the coefficients in the differential equations
(1.1), (1.3) are suitably defined; we refer to the remark given at the end of §3
in [6] and to the work in [4, pp. 6-11] for further clarification.

As stated in §2, Theorems 5.1-5.5 are valid only for the case r'(x,) < 0 in
¢ < x, < d. However this is no restriction; for if #/(x;) > 0 in this interval,
then the substitutions x, =1 — s, af =7 — B,, B = 7 — a,, and a rela-
belling of terms in (1.3)(1.4) reduces the system (1.1)-(1.4) to a form where
the results of Theorems 5.1-5.5 may again be utilized.

Finally, recalling the definition of #, given in §4, let 2, denote the sector in
the (x, y)-plane defined by the inequalities 8, < # < 7 /2. Then it is not
difficult to verify that results analogous to those above hold for the case
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U, k) € Q, if we choose 8, appropriately and assume that 4,, B, are of class
C? in some interval containing the interval 0 < x, < 1 in its interior and that
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