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AUTOMORPHISMS OF THE DEFORMATION SPACE OF A
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JAMES A. GENTILESCO

ABSTRACT. In the following paper, we determine the biholomorphic
automorphisms of a cross-product of Teichmuller spaces. This in turn helps
us to determine the biholomorphic automorphisms of the deformation space
of a Kleinian group using the fact that its holomorphic universal covering
space is a cross-product of Teichmuller spaces. Among other interesting
results, we show that in general the deformation space is not a homogeneous
space.

Preliminaries. It has been known for some time (see Bers [2]) that the
classical modular group of the Fuchsian group T', denoted by Mod(T'), acts as
a group of (biholomorphic) automorphisms of the Teichmiiller space T'(T')
and that this action is effective except in a few low dimensional cases [2]. We
assume throughout that T is finitely generated of the first kind without elliptic
elements. In a deep result, H. L. Royden proved that the (biholomorphic)
automorphism group of the Teichmiiller space T'(T'), where U/T is a compact
Riemann surface of genus > 3, is precisely the action of Mod(I), i.e.,
Aut T(T) = Mod(T), if genus U/T > 3 [8]. Later C. Earle and 1. Kra
generalized this result to the case where U/T is compact with finitely many
punctures with the exception of a few cases [5). The technique, in both cases
that of H. L. Royden, is to exploit the fact that a biholomorphic
automorphism of T'(T') induces a complex linear isometry between cotangent
spaces over corresponding points on T'(I') identified by the automorphism
and then to characterize such complex linear isometries in such a way that
this correspondence is pointwise (i.e., depending on the point) the action of
an element of Mod(T') and then to use the proper discontinuity of Mod(T') to
show that globally (i.e., independent of the point) the automorphism is the
action of some element of Mod(T') [8].
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In the attempt to determine the biholomorphic automorphisms of a cross-
product of Teichmiiller spaces and then more generally those of the defor-
mation space of a Kleinian group, I proceeded along the lines mentioned
above, i.e., to characterize the mappings induced between the cotangent
spaces of a cross-product (which is a direct sum of cotangent spaces of the
Teichmiiller spaces in the cross-product) at corresponding points identified by
an arbitrary biholomorphic automorphism. In order to condense this paper
and highlight the main results, one should assume the following results:

[A] There exists a Finsler structure on the tangent bundle to a cross-
product of Teichmiiller spaces (which turns out to be the max of the Finsler
structures on the tangent bundle to each space) such that the Kobayashi
metric is the integrated form of the norm given by this Finsler structure.

[B] Biholomorphic automorphisms of a cross-product of Teichmiiller spaces
induces complex linear isometries on the tangent bundle in the norm given by
the Finsler structure (the max of L* norms).

[C] Biholomorphic automorphisms of a cross-product of Teichmiiller
spaces induce complex linear isometries on the cotangent bundle in the norm
dual to that given by the Finsler structure (which turns out to be the sum of
L' norms).

Statement [A] is an application to Teichmiiller space of a more general
theorem of Royden [9]. Statements [B] and [C] are consequences of statement
[A]. Details are supplied in the author’s thesis [10].

We remind the reader that a point in Teichmiiller space is an equivalence
class of Riemann surfaces and that the cotangent space over such a point is
the Banach space Q(X) of holomorphic quadratic differentials on any
surface X in the equivalence class with finite L' norm ([1] and [4]).

1. Complex linear isometries between cotangent spaces.

DEFINITION. Let x, x’ € @©7_,B;, where the B; are Banach spaces, x =
(x5, ... x,), X' =(x},...,x,). x is said to be perpendicular to x" (written
x L x’) if for each i, either x; or x/ is zero.

LEMMA L. Let f: Q(X))® - - - ®Q(X,)>Q(Y)D--- B Q(Y,) be a
complex linear isometry between direct sums of the complex Banach spaces of
holomorphic quadratic differentials on the Riemann surfaces X;, Y, in the norm

=l + - + ||, where ||¢|| = 3 [|¢|, ¢ a holomorphic quadratic differential.
Let x =(x,...,x,) and x" = (x},...,x,) be such that x L x'. Let
iy )= s e (X ooy XY (Vs - - ., p2). Then for each i,
1 < i < n, one of the following holds.

By, =0,

(i) y; = 0, or

(iii) y; = ry; for some r; > 0.
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REMARK. It turns out by Lemma II that case (iii) never occurs.
PrOOF. Let x = (x,, ..., x,) and x" = (x}, ..., x;) be such that x L x".
Let (x,...,%) > (Vs V) (Xis oo x2) =7 (B4, ..., ¥2). Since f is an

isometry |lx;|| + - - - + x| =yl + - +ly,ll and | xi| + -+
lxl = ll¥ill + - - - + ||».ll- Since f is linear, (x; + x}, ..., x, + X;,) -/ 7
+ Vb5 Va tp); hence |x; + xif| + -+ Ix, + x| =y + 1l
+ o e ol Now lxyp + xif| + - - -+ |[x, + x|l =[xl
+ -+ x| + |Ixil + - - - + |Ix] since x L x’. By substitution ||y, +
Yill+ -+ e+l = 1Inll + I+ - - -+ Lyl + [lyall Since ||y; +

Yill < Iyl + llyll for norms, all i, it follows that || y; + y/ll = [ly:ll + Ilyill,
alli. Let y; = ¢, y/ = u;; then equivalently

2ot ni=g [ler+ g [, a

or [y|é + [ml = ¢ + m| = 0 which implies that |¢; + m| = ¢ + |n| a.e.
since the integrand is nonnegative by the triangle inequality. Now |¢; + 7| =
|¢;| + |m;| a.e. implies that m,/¢; can take on a.e. (that is, a.e. in every
parametric disk) only values that are nonnegative or co.

It is then clear, by continuity, that |¢; + n,| = |¢;| + |n;| everywhere and
hence n;/¢; is a meromorphic function that is always nonnegative or infinite.
Since nonconstant meromorphic functions are open mappings, one of the
following must be true:

D¢ =0,

(i) m; = 0, or

(i) m; = r;¢; for some r; > 0.

LEMMA II. Let f: B,® - - - © B,—> B, ® - - - ® B, be a complex linear
isometry (where the B, B are complex Banach spaces) in the norm |- ||
+ -+ ||, where ||-|| is a norm for each Banach space. Let x =
(X -..5x,) and x' =(x}, ..., x;) be such that x L x'. Let (x,,...,Xx,)
STy (X x) ' (Y ..., Y. and suppose that y; = y] for
some i; then y; = y] = 0.

PROOF. Let x = (x;, ..., %)= Vp .- p) X =(x} ..., x)
T, »;) be such that x L x’ and suppose y; = y/ for some i. Since f
is an isometry x| + - - 4 |[x,)| = |yl + - - - + [yl and |Ix]]|
+ -+ |x)l=1lyill + - + |yl Since f is linear (x; — xj, ..., X, —
xp) =" (y1 = Vi - - - ¥, — y3) and therefore |lx, — xj|| + -+ - - + ||x, — x|
= |y, = »ill + - - - + |y, —yll. The term |y, — y/|| = 0 by hypothesis.
Now |lx; — xjll + - - - + lx, = Xl = lx)ll + - - - + [[x,]| =[x}l

+ - 4+ ||x,|| since x L x".
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By substitution,

(B2 —)’/1""' S (P75 _.Yi,—|||+||y1'+1, e 9yi,+]"+ ce || _y;x"
i P2Y e P Bl BT R P
=2yl + (il +lrall+ -+l + il
e il |l )

Since by the triangle inequality, ||y; — y/|| < ||yl + ||ly/|| allj, it follows that
ly:ll = O, thus y; = 0. Hence y, = y; = 0.

THEOREM I. Let f: Q(X)) D - - - ® Q(X,)>Q(Y)D--- ® Q(Y,) bea
complex linear isometry between direct sums of the complex Banach spaces of
holomorphic quadratic differentials on the Riemann surfaces X, Y,, in the norm
=1l + -« + ||, where ||¢|| = 3 [|¢|, & a holomorphic quadratic differential.
Then there exists a permutation o € S, (symmetric group on n letters), such that

ﬁQ(X,.): Q(Xi)oit: Q(Yo(i))’ 1<i<n

Proor. The proof is by induction on n.

n=1 f: Q(X,)—> Q(Y)). There is nothing to prove. Assume that the
theorem is true for n = k — 1. We must prove that the theorem is true for
n =k, thatis, for f: Q(X,))® - - - ® Q(X,)) > Q(Y)D - - & Q(Y,). Let
0%# (x,0,...,00 5" (y,...,y) be fixed and (0, x5, ..., xp)
—/ (¥}, . .., y;) be arbitrary. (Note that if Q(X,) = {0}, we cannot pick an
x; # 0. In that case, choose any point (0,...,x, 0,...,0) € @,0(X),
x; # 0; otherwise @; Q(X,) = {0} and there is nothing to prove. Let (x},
X5 ..., 0,x/,y, ..., x) be the other arbitrary point.)

Since x; # 0 and f is an isometry, then there exists a y, # 0. By a
permutation, say y, # 0, then by Lemma I either y; =0 ory] = r;y,, r; > 0.
If y; = ryy,, r; > 0, then by linearity,

!’ ’ f ’ ’
O, x3/r1s -5 x, /1) = ()’1’)’2/'1’---’)’/(/’1)

so that by Lemma II, y, = 0, which is a contradiction. Hence y; = 0. Since
0, x3, . . ., x;) is arbitrary, we see that f: (0, x5, ..., x)—(0, y3, ..., ),
that is fier QXD D -+ - ® QX)) > Q(Y) D - - - & 0(Y,). We claim
this mapping is onto, for if not, then there exist points (x,, x5, ..., X),
x, # 0,(0,y, ...,y such that f(x, x,, . .., x,) = (0,55, . .., y) Since fis
onto and we have already assumed Q(Y,) # {0}, then there exists points
(xp -y x) € D, Q(X), V1, 0,...,00€D,0(Y), y, #0, such that
Sy, x) = 0,...,0). Since (0, yy ..., ¥) L (), 0,...,0), we
can apply Lemma I to f~! and get that x; = 0 or x| = rx, since x, # 0. If
xy = rx,, then f~'(y,/r, 0,...,0) = (x,, x3/r, ..., x;/r;) and thus by
Lemma II applied to f ~!, x, = 0 a contradiction. Hence x| = 0 and thus f(0,
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X3 ooy X)) =(yp 0,...,0). Since y, # 0 this, however, contradicts the
above. Hence f ., is onto. Now by induction, there exists a 7 € S, _, such
that fioxy: QX)) =" Q(Y,), 2 < i < k. We claim that fi5x ) (X))
—°™° 0 (Y,) and hence the theorem, since there would exist ¢ € S, such that
fowy: QX)) =" Q(Y,), 1 < i < k.

For let (x;, . . ., x;) be arbitrary and let x, vary while x,, . . ., x, are fixed.
By linearity, f(x, ..., x) = f(x;, 0,...,0) + f(0, x5, ..., x;). It is clear
that f(0, x,, . . ., x;) remains invariant as x, is allowed to vary. We will show

that f(x,,0,...,0) = (»,, 0, ..., 0) and hence it follows that f(x,, ..., x;)
only varies in the first component of the image direct sum as x, is allowed to
vary which implies the claim. So suppose there exists some y; # 0,2 < i < k.
Then since f., is onto, there exists a point (0, x3, . .., x;) such that f(0,
X3y ooy xp)=(0,...,y, 0,...,0). But then by Lemma II, y,=0, a
contradiction. Thus f(x,,0,...,0) = (»,,0,...,0).

THEOREM II. Let f: Q(X))®D--- & Q(X,)>Q0(Y)D--- & Q(Y,)
where m > n and f and the Q (X,), Q(Y;) are as in the previous theorem. Then
at least m — n of the Q(X,) are {0}, and if we eliminate m — n trivial spaces
from D7 ,0Q (X)), and possibly renumber the remaining spaces, then f: Q (X))
@D QX,)>"°Q(Y)D - ® Q(Y,) and splits componentwise up
to a permutation (as in the previous theorem).

PROOF. Add m — n trivial spaces {0} onto @®7_,Q(Y;). Then f: Q(X))
@ - - D0, )=>Q(Y)D---DQ(Y,)D{0}D- - D{0}. Since f is
a complex linear and we now have the same number of components in each
direct sum, the previous theorem implies that there exists a ¢ € S, such that
fowxy: QX)) - Q(Y,,), 1 < i< m. Since we have added on m — n
trivial spaces, there must exist at least m — n trivial spaces among

o1 Q(X,). Eliminate precisely m — n of them. Then after a possible
renumbering of the remaining spaces, we have f: Q(X,)® - - - & Q(X,) >
Q(Y)® - -- & Q(Y,) and the previous theorem implies the rest.

REMARK. The previous section has the following geometrical interpretation:

DEFINITION. A unit vector x is called an extreme point of the unit ball if and
only if there do not exist linearly independent vectors x’ and x” with
X+ x" = xand |¥]] + |x"|| = [|x|| = 1

Using the proof of Lemma I, one can prove:

LEMMA. The unit vector x = (x,,...,x,)in Q(X))® - - - & Q(X,) is an
extreme point of the unit ball if and only if there is some i such that x; = 0, if
i J.

Using the fact that complex linear isometries carry extreme points into
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extreme points, one can also prove Theorem I directly using the above
lemma.

2. The modular group of a cross-product. Let 7(I',)) X - - - X T(T',) be a
cross-product of Teichmiiller spaces of Fuchsian groups I';, 1 < i < n, each
finitely generated of the first kind without elliptic elements. We define the
modular group of this cross-product to be Mod(T'}) X - - - X Mod(T',) where
Mod(T’,) is the modular group of T'(T',), i < i < n[5]. Let x = (x;,..., x,)
eTT)yXxX- ---xTT,) and 8 =(0,,...,08,) € Mod(T')) X - - - X
Mod(T,). Then 8(x) = (B,(x}), ..., 0,(x) € TT) X --- X T(T,).

ProposiTION 1 [10]). The modular group acts on the cross-product T (T'))
X - X T(,:

(1) as a group of biholomorphic automorphisms,

(i1) as a group of isometries in the Kobayashi metric,

(iii) as a properly discontinuous group,

(iv) effectively, if type T; = (g, n), i.e., U/T; is compact of genus g; with n;
punctures, and 2g, + n, > 4, all i.

COROLLARY. If type T'; = (g;, n,) satisfies 2g; + n; > 4, all i, then statements
(1) and (iv) from the above proposition imply that
Mod(T')) X - - - X Mod(T',) C Aut T(T')) X - - - X T(T,).
LemMA III [10]. Let M be a complex analytic manifold. Let G be a properly
discontinuous group of biholomorphic self-mappings of M. Let 0 be any

biholomorphic self-mapping of M. If for each x € M there exists an element
Y. € G such that 0 (x) = v,(x), then 8 € G.

3. Automorphisms of cross-products.

THEOREM II1. Suppose Ty, . . ., T, are Fuchsian groups which have no elliptic
elements and the type T, = (g, n,) satisfies 2g, + n, >4, all i (i.e, T, is
nonexceptional). Then Aut T(T',) X - - - X T(T,) is the semidirect product of

Mod(T)) X - - - X Mod(T',) by the finite subgroup H, where H is defined as
Jollows: Let N = {(i,))]l <i<,j<n and type T, = type T;}. For each
(i,J) € N define f;: T(T';) - T (L)) to be a chosen biholomorphic mapping (such
mappings exist between Teichmiiller spaces of groups of the same type [3)). For
each (i,j) € N, let h; = (k,, ..., k,), where k, = difr#i,j, k= f,.j, and
ki = f; 1. Then H is the subgroup generated by the elements hy;.

LEMMA IV. Let the product Mod(T'}) X - - - X Mod(T',) by H (as above) be
the set of all elements of the form g o h, where g € Mod(T'})) X - - - X
Mod(T',,) and h € H. Then the product Mod(T'}) X - - - X Mod(T',) by H is a
group under composition and operates properly discontinuously on T(T'))
X - X T,
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Proor. Clearly the identity element belongs to the set and the associative
property holds. We need to show that every element has an inverse and the
closure property. We first remark that if g € Mod(T;) X - - - X Mod(T,)
and h € H are arbitrary, then hogoh™! € Mod(T)) X - - - X Mod(T,)
since h permutes the factors of T(I')X --- X T(T,), g € Aut T'(T))
X -+« XAutT(T,); hence hogeh '€ AutT(T) X --- X Aut T(T,)
= Mod(T')) X - - -+ X Mod(T',) (since Aut T(T;) = Mod(T;); Royden [8]).
Thus if g, o h, and g, o h, are any two elements, (g, ° k) ° (g, ° hy) =
(hy°83) °(82°h) = (hy°8)°hy=1(8s°h)°hy=gs°h; where the g
€ Mod(T'})) X - - - X Mod(T',) and the h, € H. If g h belongs to the

product, then let (g o h)™!' = (A= ' o g~ v o h)o h~! and
(h™' o g7V h) o h~! belongs to the product by the above remark.
By definition, the group H is clearly finite; hence Mod(T)) X - - - X

Mod(T’,) is of finite index in the product group Mod(T',) X - - - X Mod(T,)
by H and since Mod(T)) X - - - X Mod(T',) operates properly discon-
tinuously on T'(I'})) X - - - X T(T,), it follows that the product Mod(T'))
X - -+ X Mod(I',) by H operates properly discontinuously on T7(T))
X -+ X T(,).

PRrOOF (OF THEOREM). From the corollary at the end of the last section and
the definition of H, it is clear that the product Mod(T;) X - - - X Mod(T,)
by H is contained in Aut 7(I';)) X - - - X T(T,). Hence it suffices to prove
containment in the other direction.

Let h € Aut T(I'})) X - - - X T(T,). Since the Kobayashi metric on T'(T'))
X .-+ X T(),) is induced by a Finsler structure on the tangent space
invariant under biholomorphic mappings (see [A]), 4 induces a complex linear
isometry between the tangent spaces (in the max norm given by the Finsler
structure on the cross-product, see [B]) over each pair of points x and A(x) in
TrT)) X --- x T(T,). Since the cotangent space is dual to the tangent space
with dual norm, the induced mapping h* between cotangent spaces over x
and A(x) is a complex linear isometry in the dual norm, which by a previous
theorem is the sum of L' norms (see [C]). Hence by a previous theorem (see
§1) h* splits componentwise up to a permutation, that is, hx): Q(X) —
Q(Y,) for some ¢ € S,. Since '}, .. ., T, are assumed to be of nonexcep-
tional types, this implies by a theorem of Earle and Kra [5] that T; and T,
are of the same type (g;, n;). Hence by definition of H, there exists an element
g € H such that g, T(T,)—> T(,,) all i, and hence the induced
mapping 8oy @(Yew) = Q(X/) all i. Then one has that (h ° g)jpx,:
0(X;) = Q(X/) all i. By the results of Royden, generalization of Earle and
Kra [5], X; is conformally equivalent to X/, for all i. This implies the existence
of ¥, € Mod(T';) such that h o g(x) = (¥(x)),..., ¥,(x,), where x =
xp...,x)ETT)X - XTT, [@], or h(ix) =¥oglx), ¥e
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Mod(T)) X + - - X Mod(T,), g' € H. Since x e TT)) X - - - X T(T,) is
arbitrary, there exists an element § € (Mod(T,) X - - -+ X Mod(T',))H such
that h(x) = (x) for all x (see above lemma and §2). Hence h € Aut T(T')
X -+ X T(T,) implies that » € Mod(T';) X - - -+ X Mod(T'))H.

We only have left to show that Mod(T'}) X - - - X Mod(T',) is a normal
subgroup of Aut T(T,) X - - - X T(T,). It suffices to show f(Mod(T'))
X+« X Mod(T,))f~' € Mod(T)) X - - - X Mod(T,), because by using
inverses, f(Mod(T,) X - - - X Mod(T,))f ™' 2 Mod(T)) X - - - X Mod(T,)
as well and hence the claim. Let f € Aut T(I')) X - - - X T(T')) and g €
Mod(T,) X - - - X Mod(T',). If f € H, then feo g o f~! maps each
component T(T';) onto itself. Thus fo g o f~' € Mod(T')) X - - - X Mod(T,)
(since Aut T(T;) = Mod(T,); Royden [8]). Then if f € Aut T(I')) X - - - X
T(T,) is arbitrary, then f = f, o f, where f, € H, f, € Mod(T'}) X - - -+ X
Mod(T,) and fegef™' =fo(fi°g ofiYefi' =fes ofy' €
Mod(T,)) X - - - X Mod(T,) since g,, f, € Mod(T}) X - - - X Mod(T',). By
definition of H, clearly (Mod(T,) X - - - X Mod(T,)) " H = {id}. Hence
Aut T(T) X - - - X T(T,) is the semidirect product of Mod(I'})) X - - - X
Mod(T',) by H

THEOREM IV. Suppose Ty, . . ., T, are Fuchsian groups which have no elliptic
elements and type T, is not (1, 1) or (0, 4), all i. Then Aut T(T')) X - - - X
T(T,) is the semidirect product of Aut T(T'}) X - - - X Aut T(T,) by the finite
subgroup H, where H is defined as follows: Let N= {G, M <i<j< nand
3f;: T(T;) > T (L)) biholomorphic}. For each (l,j) € N, leth; = (ky, ..., k,),
where k. =id if r # i, j, k; = f; and k; = . Then H is the subgroup
generated by the h;.

ProoF. Clearly the semidirect product of Aut T(I')) X - - - X Aut T'(T',)
by H is contained in Aut T(T,) X - - - X T(T,). Hence we need to prove
only containment in the other direction. We remark that if type (T';) = (0, 3)
for some i, then T(T,) = pt. since dim. T(I';) = 0. Thus Aut T'(T;) = {id}
and neither affects nor contributes anything to the result.

If type (T) is exceptional, not (0, 3), and by hypothesis not (1, 1) or (0, 4),
then there exists a Fuchsian group I'; of nonexceptional type such that T(T)
is biholomorphically equivalent to 7'(T';) [3]. It is then obvious that one can
replace the original cross-product T(T)) X - - - X T([,) by the
biholomorphically equivalent cross-product T Ty x---x T(f‘,,), where T;
=T, if type T'; is nonexceptional or (0, 3), via a biholomorphic mapping f:
TC)x---x1TT,)—> T(f‘l) X - -- X T(T,) which splits component-
wise, that is firqy: T() — T(T,), 1<i<n Leth€ Aut rda) x- X
T(T,). Then g=feoheo of h TEYx--- xT{,)->TT) X% - X
T(F,,) is biholomorphic, and by the previous theorem and the trmahty of
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type (0, 3) (if it appears) g splits componentwise up to a _permutation, that is,
there exists a ¢ € §, such that gy TT)-> T(I‘,(,Q Since f splits
componentwise, this 1mp11es that by T(T;) > T(L,()- Since h evidently
permutes the factors, and H by definition is a group of transpositions of the
factors, there exists g € H such that § = hog '€ Aut T([) X - - - X
Aut T(T',). Hence h = @ > g where § € Aut T(T')) X - - - X Aut T(I“,,) and
g € H.

Analogous to the previous theorem, Aut T(T)) X - - - X Aut T'(T,) is a
normal subgroup of Aut T(T)) X - - - X T(T,). Clearly Aut T(T))
X .-+ XAut T(T,) N H = {id}. Hence Aut TT)x---xXTT,) is the
semidirect product of Aut 7(T')) X - - - X Aut T(T,) by H.

4. Biholomorphic mappings between cross-products.

THEOREM V. Let h: T(T) X - - - X T(,) > T@) x - - - x T(E,), m >
n, be a biholomorphic mapping between cross-products of Teichmiiller spaces.
Then at least m — n of the T(T;) are trivial, and if we eliminate m — n trivial

spaces and possibly renumber the remaining spaces, then h: T(T}) X - - - X
TT,)->TT)X: -+ XTT).

PROOF. Let h: T(T) X - - - X T(T,)>T{@) X --- x T(T,), m>n,
be biholomorphic. Then for each pair of points x = (x,, ..., x,,) € T(T))
X+ XT(,) and h(x) € T([)) X - - - x T(L',) there is an induced
complex linear isometry f: Q(X,)®--- ® Q(X,)->Q(Y)® - - &
Q(Y,) on the corresponding cotangent spaces over x and h(x). If m > n,
then there exist at least m — n Q(X;) = {0} by a previous theorem (see §1).
Since dim. T'(T;) = dim. Q(X;), the result follows. By eliminating m — n
trivial spaces and possibly renumbermg the remaining spaces, then h: T'(T))
X+ XTT)>TT)x -+ X T(T,). If m = n, the statement holds
vacuously.

COROLLARY 1. There does not exist a biholomorphic mapping between an
n-fold product of Teichmiiller spaces and an m-fold product, unless the number
of nontrivial spaces in each product is the same. If the number of nontrivial
spaces is the same and in addition we assume all nontrivial types nonexceptional
in both cross-products, then a biholomorphic mapping exists if and only if the
nontrivial types in one product are precisely those appearing among the
nontrivial types of the other (counting multiplicities).

REMARK. Exceptional types, if any, must appear in a prescribed manner.

PrROOF. The first statement follows directly from the theorem. Assume that
the number of nontrivial spaces in each product are the same and each
nontrivial type is also nonexceptional in both cross-products. If the nontrivial
types appearing in one product are precisely those appearing in the other
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(counting multiplicities), clearly there exists a biholomorphic mapping
between products, since Teichmiiller spaces of the same type are
biholomorphically equivalent [3].

Conversely, if h is biholomorphic under the above assumptions, the in-
duced mapping on cotangent spaces over corresponding points splits
componentwise up to a permutation (see §1), and using the result of Earle
and Kra [5], the nontrivial types in one product of Teichmiiller spaces are
precisely those in the other product (counting multiplicities).

CoROLLARY II. A cross-product of nontrivial Teichmiiller spaces is never a
Teichmiiller space.

ProoF. Follows directly from theorem.

COROLLARY IIL. If h: TT) X - - - X TT)->T@T)x -+ X T(f‘,,) is
biholomorphic and T';, f‘,. are nonexceptional, then h splits componentwise up to a
permutation, that is, there exists a o € S, such that hrg, T(I)
- T (L), all i

PrOOF. By the above theorem, 3o € S, such that type I';, = type f‘a(,).
Since Teichmiiller spaces of the same type are biholomorphically equivalent,
there exists f: T(T) x --- x TT,)->TT) X --- x TT,)
biholomorphic, f splitting componentwise up to a permutation. Then f © h:
TC)X:---xXTT)->TT)X -+ xTT,), so that by a previous
theorem (see §3), f° h belongs to the semidirect product of Mod(T')
X - -+ X Mod(,) by H. Therefore, fo h splits componentwise up to a
permutation, and hence h splits componentwise up to a permutation.

5. Automorphisms of the deformation space. Let G be a finitely generated
nonelementary Kleinian group with region of discontinuity €. Let f be a
quasi-conformal automorphism of C U {o0}. f is said to be compatible with
the group G if fGf ~! is again a Kleinian group and f is conformal on A(G),
the limit set of G. (It is not known if this latter condition is automatically
satisfied by all finitely generated Kleinian groups.) f is called normalized if f
fixes 0, 1, and co. Two normalized compatible quasi-conformal mappings f;,
f, are called equivalent if f,(z) = f,(z) for all z € A(G). Each equivalence
class is a point in T(G, ), the deformation space of G. Let A, ..., A, be a
maximal collection of nonequivalent connected components of £, i.e., there
does not exist g € G such that g(4,) = A, fori # j. Let G, ..., G, be the
corresponding stability subgroups, ie., G, = {g € G/g(4) = 4;}. Then
T(G, @) = T(G,y, A) X - - - X T(G,, A,) (biholomorphically), where
T (G, A)) is the deformation space of G supported in A; (see [6]).

Let A be a component of & and G, = {g € G/g(4) = A}. Since G is
nonelementary, there exists a holomorphic universal covering h: U — A (U
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the u;iper half-plane). Let T’ be the group of conformal automorphisms of U
such that y €T if there exists an element x(y) € G such that hoy =
x(Y) ° h. There is an exact sequence of Kleinian groups {1} - H<>™ I’
—* G — {1} where H is the covering group of h: U — A. T is Fuchsian and
U/T is conformally equivalent to A/ G,. I is called the Fuchsian model of G
over A [6].

DEerFINITION. We call a Kleinian group G exceptional if for its Fuchsian
model T}, ..., T, some T, is of exceptional type.

THEOREM VI. Let G be a finitely generated nonelementary, nonexceptional
Kleinian group. Let h: T(G, Q) — T(G, Q) be a biholomorphic self-mapping of
T(G,R). Then there exists a permutation o € S, such that hIT(GA,,A;):
T(Gy, 8;) =" T(Gy, , D) biholomorphically, 1 < i < n. (h acts on the
product via the isomorphism.)

ProOF. The universal covering space of T(G, Q) is T(T)) X - - - X T(T,)
for some Fuchsian groups T';,..., T, (see [7]). The holomorphic covering
mapping is 7 =7 X --- X m,, where #: T([)— T(Gy, ) is the
holomorphic covering mapping for each component, 1 < i < n. Let h:
T(G, Q) — T(G, 2) be a biholomorphic self-mapping of T(G, Q). Let h:
TCy)x---xTT,)>TT)X---xT(, be a lifting of h to the
universal covering space. Then by the theorem on cross-product of Teich-
miiller spaces (see §3), there exists a permutation ¢ € S, such that hre):
r(T;,)-°"° T, biholomorphically, 1 < i < n. Since = is of the form
7=m X - Xm, m: TT)—> T(G,,4) it follows easily that hIT(GA,,A.):
T(G,,A4) > T(GAM, A, ;) biholomorphically. Let

T(T) X -+ X T(T,)
Mod,, (T;) X - - - X Mod, (T,)

T(G,Q)=
be the deformation space, via the isomorphism (see [6], [7]) of the finitely
generated nonelementary Kleinian group G. Let

Mod”(T}) X - - - X Mod"(T,)
Mod,, (T,) X - - - X Mod,, (T,)

Mod(G, Q) =

be the associated modular group acting on T(G, ), where H, = the
holomorphic covering group of h: U—A; H, c T, Mod”(T,) = the
subgroup of Mod(T';) induced by all quasi-conformal automorphisms w:
U— U such that wI;w ™' =T, and wH,w ™' = H, Mod, (T,) = the subgroup
of Mod”(I';) (and Mod(T';)) induced by all quasi-conformal automorphisms
w: U— U such that wyw ™'y ~' € H, for all y € T (see [6]).
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THEOREM VII. Let G be a finitely generated nonelementary, nonexceptional
Kleinian group with nonequivalent components A,, . . ., A, and Fuchsian model
Ty, ...,T,. Assume, in addition, that G does not contain elliptic elements and
that A, is simply connected for all i, 1 < i < n. Then Aut T(G, Q) is the
semidirect product of Mod(G, ) by the subgroup H, where H is defined as in
§3.

PROOF. If A, is simply connected, then H; = {id} since H; = m(4;) from
which it follows easily that Mod;4,(T;) = {id} for 1 < i < n [6]. Hence
TG, =T{)X---XxT(,), a cross-product of Teichmiiller spaces,
where T),..., T, is the Fuchsian model of G. Since G does not contain
elliptic elements, I'; has no elliptic elements, 1 < i < n. Also G nonex-
ceptional by definition means that each T, is of nonexceptional type. Hence
the theorem on cross-products of Teichmiiller spaces (see §3) yields the result.

REMARK. The requirement that G not contain elliptic elements is necessary.
If G contains elliptic elements, then, in general, one has Mod(G, 9)H &
Aut T(G, Q) (properly contained) already. We give a simple example to
illustrate. Let T be a finitely generated Fuchsian group with signature (2, 2; 2,
3), that is U/T is a compact Riemann surface with two distinguished points
p, and p, such that if z,, z, € U are such that #(z;) = p,, i = 1, 2, where 7:
U— U/T is the projection mapping, then there are elliptic elements vy,
Y2 ET, 14(2)) = 2, v, = order {y\) = 2; vy(2y) = z5, v, = order {y) =3.
Now Mod(T) ¢ Aut T'(T') because every quasi-conformal self-mapping f of
U/T which leaves the set { p,, p,} fixed induces an element of Aut 7'(T), but
only those f which send every p; into a p; with v, = v, i, j = 1, 2, correspond
to elements in Mod(T). 2 = C — R; then T(I', @) = T(T) X T(). Let h €
Aut T(I'), h & Mod(T'). Then the mapping & X h € Aut T([, Q), but h X h
& Mod(G, Q)H. The same argument applies unchanged for a whole
collection of finitely generated Fuchsian groups I' with signature (g, n;
v, ...,0,)suchthatg > 2,n> 2,2 < v, < 0 and v; < v; < oo for at least
two indices / and .

In the following theorem we drop the requirement that the components A;
of G be simply connected.

THEOREM VIIL. Let G be a finitely generated nonelementary, nonexceptional
Kleinian group. Assume that G does not contain elliptic elements. Then
Aut T(G, Q) is the semidirect product of Mod(G, Q) by K, where K = {h €
Aut T(G, )/ h lifts to an k € H) (H previously defined in §3), if and only if
the normalizer of Mody, (T;) in Mod(T) is Mod™(T'), 1 < i < n.

REMARK. Since Mod,, (T',) is a normal subgroup of Mod”(I';), Mod"(T") is
contained in the normalizer of Mod, (T;) in Mod(T).
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Proor. We recall that 7(I'})) X - - - X T(T,) is the universal covering
space of T(G, {2) and that

() x--- xT(T,)
Mod,, (T;) X - - - X Mody, (T,)

T(G, ) =

(see [6], [7]). By a general covering space theory, it is not difficult to show that
f € Aut T(G, ) if and only if a lifting f belongs to the normalizer of
Mody, (T')) X - - - X Mody (T,) in Aut T([)) X - -- X T(T,). From a
previous theorem, Aut T(T')) X - - - X T(T,) is the semidirect product of
Mod(T)) X - - - X Mod(T',) by H (see §3). From another result (in this
section), every f € Aut T(G, ) has the property that

T(T,) onto T(ro(i))

fl T/ Mody 1)* MOdH (T) MOdH,(,,(F o))

biholomorphically for some ¢ € S,. Hence f € Aut T(G, Q) and o = id, if
and only if a lift of such an f, f~|r(r,.)1 T(T;) - T(T;) belongs to the normalizer
of Mody, (T';) in Mod(T)), all i. But f € Mod(G, @) if and only if the
normalizer of Mod (T') in Mod(T;) is Mod#(T)), all i. Now if o # id, we
again lift f to an f and conclude that f € H, hence by definition, f € K. Once
one realizes that all such f € Aut T (G, ), 0 # id can arise in this fashion
only, that is f € H, the result is proven.

PROPOSITION II. Let G be a finitely generated nonelementary, nonexceptional
Kleinian group. Then T (G, Q) is not homogeneous, that is, if x, y € T(G, Q)
are arbitrary, there does not exist in general an h € Aut T(G, Q) such that
h(x) =

PrROOF. We remark that if x = (x,,...,x,) € T(G, ) then (via the
isomorphism theorem, §5), each x; is an equivalence class of points in 7'(T)),
under Mod,, (T;) C Mod(T')). Since Mod(T')) identifies conformally equivalent
Riemann surfaces (see [1]), any two Riemann surfaces representing x; are
conformally equivalent. Let x = (x,..., x,) € T(G, ) be arbitrarily
chosen.

Choose y = (yy, . . .,¥,) € T(G, Q) such that a Riemann surface in the
equivalence class y, is not conformally equivalent to a representative
Riemann surface from any of the x;, 1 < i < n (this can always be done
assuming the hypothesis). Suppose there existed an & € Aut T(G, Q) such
that A(x) = y. Lift h to an & on the universal covering space TTY) X --- X
T(T,). By a previous theorem (see §3), & is an element of the semidirect
product of Mod(T,) X - - - X Mod(T',) by H. Since each element of
Mod(T;), each i, identifies conformally equivalent Riemann surfaces [1], so
does Mod(T')) X - - - X Mod(T,,)) on T(T)) X - - - X T(T,) componentwise.
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Similarly, any element of H identifies conformally equivalent Riemann
surfaces by looking at the induced mapping on the cotangent space, using the
cotangent space splitting theorem (see §1), and applying Royden’s result (and
generalization, see [5]). Hence every element of Aut 7(I')) X - - - X T'(T,)
identifies conformally equivalent Riemann surfaces. In particular, 4 €
AutT(T,) X - - - X T(T,). But i maps some lift of x, via the covering
mapping, denoted X = (%,, ..., X,) to a lift of y, denoted y = (y,,...,y,).
Then, in particular, a Riemann surface representing y, must be conformally
equivalent to a Riemann surface representing X; for some i. However, by the
opening remark and the way y = (y,,...,»,) was chosen, we arrive at a
contradiction.
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