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AUTOMORPHISMS OF THE DEFORMATION SPACE OF A
KLEINIAN GROUP1

BY

JAMES A. GENTILESCO

Abstract. In the following paper, we determine the biholomorphic

automorphisms of a cross-product of Teichmüller spaces. This in turn helps

us to determine the biholomorphic automorphisms of the deformation space

of a Kleinian group using the fact that its holomorphic universal covering

space is a cross-product of Teichmüller spaces. Among other interesting

results, we show that in general the deformation space is not a homogeneous

space.

Preliminaries. It has been known for some time (see Bers [2]) that the

classical modular group of the Fuchsian group T, denoted by Mod(T), acts as

a group of (biholomorphic) automorphisms of the Teichmüller space T(T)

and that this action is effective except in a few low dimensional cases [2]. We

assume throughout that T is finitely generated of the first kind without elliptic

elements. In a deep result, H. L. Royden proved that the (biholomorphic)

automorphism group of the Teichmüller space T(T), where U/T is a compact

Riemann surface of genus > 3, is precisely the action of Mod(T), i.e.,

Aut T(T) = Mod(r), if genus U/T > 3 [8]. Later C. Earle and I. Kra

generalized this result to the case where U/T is compact with finitely many

punctures with the exception of a few cases [5]. The technique, in both cases

that of H. L. Royden, is to exploit the fact that a biholomorphic

automorphism of T(T) induces a complex linear isometry between cotangent

spaces over corresponding points on T(T) identified by the automorphism

and then to characterize such complex linear isometries in such a way that

this correspondence is pointwise (i.e., depending on the point) the action of

an element of Mod(r) and then to use the proper discontinuity of Mod(r) to

show that globally (i.e., independent of the point) the automorphism is the

action of some element of Mod(f) [8].
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In the attempt to determine the biholomorphic automorphisms of a cross-

product of Teichmüller spaces and then more generally those of the defor-

mation space of a Kleinian group, I proceeded along the lines mentioned

above, i.e., to characterize the mappings induced between the cotangent

spaces of a cross-product (which is a direct sum of cotangent spaces of the

Teichmüller spaces in the cross-product) at corresponding points identified by

an arbitrary biholomorphic automorphism. In order to condense this paper

and highlight the main results, one should assume the following results:

[A] There exists a Finsler structure on the tangent bundle to a cross-

product of Teichmüller spaces (which turns out to be the max of the Finsler

structures on the tangent bundle to each space) such that the Kobayashi

metric is the integrated form of the norm given by this Finsler structure.

[B] Biholomorphic automorphisms of a cross-product of Teichmüller spaces

induces complex linear isometries on the tangent bundle in the norm given by

the Finsler structure (the max of L°° norms).

[C] Biholomorphic automorphisms of a cross-product of Teichmüller

spaces induce complex linear isometries on the cotangent bundle in the norm

dual to that given by the Finsler structure (which turns out to be the sum of

Ll norms).

Statement [A] is an application to Teichmüller space of a more general

theorem of Royden [9]. Statements [B] and [C] are consequences of statement

[A]. Details are supplied in the author's thesis [10].

We remind the reader that a point in Teichmüller space is an equivalence

class of Riemann surfaces and that the cotangent space over s«ch a point is

the Banach space Q(X) of holomorphic quadratic differentials on any

surface X in the equivalence class with finite L1 norm ([1] and [4]).

1. Complex linear isometries between cotangent spaces.

Definition. Let x, x' G @"=xBi, where the B¡ are Banach spaces, x =

(x,, . . ., x„), x' = (x'x, . . . , x'„). x is said to be perpendicular to x' (written

x ± x') if for each /', either x, or x[ is zero.

Lemma I. Let f: Q(XX) © ■ ■ • © Q(Xn)-> Q(YX) © • • • © Q(Y„) be a
complex linear isometry between direct sums of the complex Banach spaces of

holomorphic quadratic differentials on the Riemann surfaces X¡, Y¡ in the norm

|| • || + • • • + || • ||, where ||r/>|| = \S\<$>\, <¡> a holomorphic quadratic differential.

Let x = (x,, . . . , x„) and x' = (x'x, . . . , x'n) be such that x J. x'. Let

(x„ ...,*„)-*/ (y„ . . . , y„), (x'„ ..., *;)V (y'„ . . . ,y'n). Then for each i,

1 < < < n, one of the following holds.

(0 y t = o,
(ii) y/ = 0, or

(iii) y,' = r¡y¡ for some r¡ > 0.
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Remarr. It turns out by Lemma II that case (iii) never occurs.

Proof. Let x = (x„ . . . , x„) and x' = (x\, . . . , x'n) he such that x J_ x'.

Let (x„ . . . , x„) -V (y„ . . . ,y„), (x'„ .. ., xn)-^ (y\, . . . ,y'„). Since/ is an

isometry ||x,|| + • • • + ||x„|| = ||y,|| + • • • + ||y„|| and ||x',|| + • • • +

IKII = ll/ill + • ■ • + ||/||- Since/is linear, (x, + x'„ . . . , x„ + x'„)^(yx
+ /,,... ,v„ + y'n);   hence   ||x, + x',|| + • • • + ||x„ + x'n\\ = || y, + y\\\

+ • • • + lb» + /II- Now  ||x, + x;n + • • . + K + X'n\\ = ||X,n
+ ' ' ' + \\x„\\ + ||x',|| + • • • + ||x¿|| since x J_ x'. By substitution \\yx +

/.II + • • • + \\y„+y'n\\ = l|v,|| + H/,11 + • • ■ + ||y„|| + \\y'„\\. Since ||y,. +
/II < ||v,|| + M for norms, all /, it follows that \\y, + v/|| = ||y,|| + \\y¡\\,
all i. Let y, = <j>¡, y'¡ = tj,; then equivalently

Í/y^ + il"Í/yN+l/yN' all/

or JVJ&I + kl - l«r>/ + 1.1 = ° which implies that l^,- + tj,| = |<i>,| + |r/,.| a.e.,
since the integrand is nonnegative by the triangle inequality. Now |<¡>, + tj,| =

\<t>¡\ + |tj,| a.e. implies that tj,/<í>, can take on a.e. (that is, a.e. in every

parametric disk) only values that are nonnegative or oo.

It is then clear, by continuity, that |<#>, + r/,| = |<#>,| 4- |tj,| everywhere and

hence t/,/</>, is a meromorphic function that is always nonnegative or infinite.

Since nonconstant meromorphic functions are open mappings, one of the

following must be true:

(i) fc = 0,
(ii) Tj, = 0, or

(iii) tj, = r¡*b¡ for some r¡ > 0.

Lemma II. Let f: Bx © • • • ffi B„ -* B\ © • ■ • © B'„ be a complex linear

isometry (where the B¡, B¡ are complex Banach spaces) in the norm || • ||

+ • • • + || • ||, where || ■ || is a norm for each Banach space. Let x =

(x„ . . . , x„) and x' = (x'x, . . . , x'n) be such that x ± x'. Let (x„ . . . , x„)

-*J(Vi. ■ ■ ■ . vj, (^i. • • • - x'„)-*f (y'x, . . . ,y'n) and suppose that y¡ = y'¡ for

some i; then y, = y¡ = 0.

Proof. Let x = (x„ . . . , x„) -V (y„ . . . , yn), x' = (x'x, . . . , x'„)

-*f (y'\, ■ ■ • ,y'„) he such that x J_ x' and suppose y, = y,' for some /'. Since/

is an isometry ||x,|| 4- • • • + ||x„|| = ||y,|| 4- • • • 4- ||y„|| and \\x\\\

+ • • • + IKII = ll/ill + • • • + 11/11. Since/ is linear (x, - x'x, . . . , x„-
xñ)S(yi -y'x,...,yn- y'„) and therefore ||x, - x',|| 4- • • • 4- ||x„ - x'„\\

= II V! - v',11 + • • • + \\y„ -/U. The term \\y, - y',\\ = 0 by hypothesis.

Now ||x, - x',11 + ■ ■ ■ + \\x„ - x'n\\ = llx.ll 4- • • • + ||xn|| = ||x;||

4- ••• 4- \\x'n\\ since x L x'.
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By substitution,

IIV.-/H+ • •• +||v,-1-/_1|| + ||y,+1, ...,/+1||+- •• +\\y„-y„\\

= 11*11+ ••• +IWI + II/.II+--- +11/11

= 2IMI+ (11*11 + 11/111+ • • • +llz-i„ + l/-ill

+ ||*+>||+||/+.||+--- +||*|| + ||/|D-
Since by the triangle inequality, || y} - y}\\ < \\yj\\ + \\yj\\ all/, it follows that

|| v,.|| = 0, thus/,- = 0. Hence y, = y\ = 0.

Theorem I. Let f: Q(XX) © • • • © Q(X„)-> Q(YX) © ■ • • © Q(Y„) be a

complex linear isometry between direct sums of the complex Banach spaces of

holomorphic quadratic differentials on the Riemann surfaces X¡, Y¡, in the norm

|| • || 4- • • • 4- || ■ ||, where \\$\\ = ^/|«f»|, $ a holomorphic quadratic differential.

Then there exists a permutation a G S„ (symmetric group on n letters), such that

fmx,y. Q(Xi)°% Q(Ya0)),       Ki<n.

Proof. The proof is by induction on n.

n = 1. /: Q(XX)^> Q(YX). There is nothing to prove. Assume that the

theorem is true for n = k — 1. We must prove that the theorem is true for

n = k, that is, for/: Q(XX) © • • • © Q(Xk) -» Q(YX) © • • • © Q(Yk). Let

0 ¥= (x,, 0, . . . , 0) -V ( v,, . . . , yk) he fixed and (0, x2, . . . , x'k)

-V(y\, . . . ,y'k) be arbitrary. (Note that if Q(XX) = {0}, we cannot pick an

x, ¥= 0. In that case, choose any point (0, . . . , x,, 0, . . ., 0) G ®¡Q(X¡),

x¡ ¥= 0; otherwise 0, Q(X¡) = (0} and there is nothing to prove. Let (x'„

x'2, . . . , 0, x'i+ x, . . . , x'k) be the other arbitrary point.)

Since x, ¥" 0 and / is an isometry, then there exists a y, ^0. By a

permutation, say y, ¥= 0, then by Lemma I either y', = 0 ory\ = rxyx, rx > 0.

If y\ = rxyx, rx > 0, then by linearity,

(0, x'2/rx, ..., x'„/rx) -^ (yx,y'2/rx, . . . ,y'k/rx)

so that by Lemma II, y, = 0, which is a contradiction. Hence y\ = 0. Since

(0, x'2, . . . , x'n) is arbitrary, we see that /: (0, x2, . . ., x'k) -» (0, y2, . . . , y'k),

that is /rest: Q(X2) © • • • © Q(Xk)^ Q(Y2) © • • • © Q(Yk). We claim
this mapping is onto, for if not, then there exist points (x„ x2, . . ., xk),

x, ¥= 0, (0, y2, . . . ,yk) such that/(x„ x2, . . . , xk) = (0,y2, . . . ,yk). Since/is

onto and we have already assumed Q(YX) ¥= {0}, then there exists points

(x'„ . . . , x'k) G 0,. Q(Xi), (yx, 0, .... 0) G 0, 0(7,), yx ¥° 0, such that
f(x\, ...,x'k) = (yx, 0, . . . , 0). Since (0, y2, . . . ,yk) ± (yx, 0, . . ., 0), we

can apply Lemma I to/-1 and get that x'x = 0 or x', = rxxx since x, ¥= 0. If

x', = rxxx, then f~x(yx/rx, 0, . . . , 0) = (x„ x2/r„ . . ., x'k/rx) and thus by

Lemma II applied to/-1, x, = 0 a contradiction. Hence x', = 0 and thus/(0,
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x2, . . . , x'k) = (y,, 0, . . . , 0). Since yx ¥=0 this, however, contradicts the

above. Hence/¡res, is onto. Now by induction, there exists a. r G Sk_x such

that fmx¡): Q(Xi)^ontoQ(YT{i}), 2 < i < k. We claim that f¡Q(X¡): Q(XX)

->onto Q(YX) and hence the theorem, since there would exist a G Sk such that

fmxr Q(Xi)^onto Q(Ya(¡)), \< i < k.

For let (x,, . . . , xk) he arbitrary and let x, vary while x2, . . . ,xk are fixed.

By linearity, /(x„ . . ., xk) = f(xx, 0, . . . , 0) 4- /(0, x2, . . . , xk). It is clear

that/(0, x2, . . . , xk) remains invariant as x, is allowed to vary. We will show

that/(x,, 0, . . . , 0) = (v,, 0, . . . , 0) and hence it follows that/(x,, . . . , xk)

only varies in the first component of the image direct sum as x, is allowed to

vary which implies the claim. So suppose there exists some y, ¥= 0, 2 < i < k.

Then since /¡rest is onto, there exists a point (0, x2, . . ., x'k) such that /(0,

x'2, . . . , x'k) = (0, . . . , y„ 0, . . . , 0). But then by Lemma II, v, = 0, a

contradiction. Thus/(x,, 0, . . . , 0) = (yx, 0, . . ., 0).

Theorem II. Let f: Q(XX) © • • • © Q(Xm)^Q(Yx) © • • • © Q(Yn)
where m > n and f and the Q(X¡), Q(Y¡) are as in the previous theorem. Then

at least m — n of the Q(X¡) are (0}, and if we eliminate m — n trivial spaces

from ©fLißC^Q, and possibly renumber the remaining spaces, then f: Q(XX)

© • • • © Q(X„)^onto Q(YX)® ■ ■ ■ © Q(Y„) and splits componentwise up

to a permutation (as in the previous theorem).

Proof. Add m - n trivial spaces {0} onto ®L\Q(Yi)- Then /: Q(xi)

©• • • <BQ(Xm)^Q(Yx)®- ■ • ©e(y„)©{0}©. • • ®{°}- Since/is
a complex linear and we now have the same number of components in each

direct sum, the previous theorem implies that there exists a a G Sm such that

f\Q(X.y Q(Xi)^>oMo Q(Ya(0), 1 < i < m. Since we have added on m - n

trivial spaces, there must exist at least m — n trivial spaces among

07L, Q(Xj). Eliminate precisely m — n of them. Then after a possible

renumbering of the remaining spaces, we have /: Q (Xx) © • • • © Q (X„) -»

Q ( Yx) © • • • © Q ( Y„) and the previous theorem implies the rest.

Remarr. The previous section has the following geometrical interpretation:

Definition. A unit vector x is called an extreme point of the unit ball if and

only if there do not exist linearly independent vectors x' and x" with

x' + x" = x and ||x'|| 4- ||x"|| = ||x|| = 1

Using the proof of Lemma I, one can prove:

Lemma. The unit vector x = (x„ . . . , x„) in Q(XX) © • • • © Q(X„) is an

extreme point of the unit ball if and only if there is some i such that Xj = 0, if

inf-

using the fact that complex linear isometries carry extreme points into
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extreme points, one can also prove Theorem I directly using the above

lemma.

2. The modular group of a cross-product. Let T(TX) X • • • X T(T„) be a

cross-product of Teichmüller spaces of Fuchsian groups T¡, 1 < ; < n, each

finitely generated of the first kind without elliptic elements. We define the

modular group of this cross-product to be Mod(r,) X • ■ • X Mod(r„) where

Mod(r,) is the modular group of T(T¡), /'</<« [5]. Let x = (x„ . . . , x„)

G T(TX) X ••• X 7\rn) and 9 « (9X, . . . , 9„) G Mod(r,) X • • • X

Mod(r„). Then 9(x) = (9x(xx), ..., 9n(xn)) G T(TX) X • • • X T(T„).

Proposition I [10]. The modular group acts on the cross-product T(TX)

X • • •  X T(Tn):

(i) as a group of biholomorphic automorphisms,

(ii) as a group of isometries in the Kobayashi metric,

(iii) as a properly discontinuous group,

(iv) effectively, if type T¡ = (g¡, n¡), i.e., U/T¡ is compact of genus g, with n¡

punctures, and 2g¡ + n¡ > 4, all i.

Corollary. If type T¡ = ( g¡, n¡) satisfies 2g¡ + n¡ > 4, all i, then statements

(i) and (i\)from the above proposition imply that

Mod(r,) X ••• X Mod(r„) Ç Aut T(TX) X • • • X r(r„).

Lemma III [10]. Let M be a complex analytic manifold. Let G be a properly

discontinuous group of biholomorphic self-mappings of M. Let 9 be any

biholomorphic self-mapping of M. If for each x G M there exists an element

yx G G such that 9(x) = yx(x), then 9 G G.

3. Automorphisms of cross-products.

Theorem III. Suppose Tx, .. ., T„ are Fuchsian groups which have no elliptic

elements and the type T¡ = (g¡, n¿) satisfies 2gi 4- n, > 4, all i (i.e., Ti is

nonexceptional). Then Aut T(TX) X • • • X T(Tn) is the semidirect product of

Mod(r,) X ••• X Mod(r„) by the finite subgroup H, where H is defined as

follows: Let N = {(/,/)|l < i < j < n and type T¡ = type Tj). For each

(/,/) G N define fj: T(T¡) —» T(TJ) to be a chosen biholomorphic mapping (such

mappings exist between Teichmüller spaces of groups of the same type [3]). For

each (/',/) G N, let hi} = (kx, . . . , k„), where kr = id if r ¥= i, j, k¡ = fy, and

kj = fj~x. Then H is the subgroup generated by the elements htj.

Lemma IV. Let the product Mod(r,) X • • • X Mod(r„) by H (as above) be

the set of all elements of the form g ° h, where g G Mod(r,) X • • • X

Mod(r„) and h G H. Then the product Mod^) X • • • X Mod(r„) by H is a

group   under  composition   and  operates properly   discontinuously   on   T(TX)

x ••• x 7xr„).
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Proof. Clearly the identity element belongs to the set and the associative

property holds. We need to show that every element has an inverse and the

closure property. We first remark that if g G Mod(r,) X • ■ • X Mod(r„)

and h G H are arbitrary, then h ° g ° h~l G ModÇT,) X • • • X Mod(r„)

since h permutes the factors of r(r,) X • • • X T(T„), g G Aut T(TX)

X • • • X Aut T(T„); hence h ° g ° h~x G Aut T(TX) X • • • X Aut T(Tn)

= Mod(r,) X ••• X Mod(r„) (since Aut T(T¡) = ModíT,.); Royden [8]).

Thus if gx ° hx and g2 ° h2 are any two elements, (g, ° hx) ° (g2 ° h2) =

(h\ ° g3) ° (ft> ° hi) = Oh ° ftt) ° ni = (ft; ° h\) ° hi = ft ° K where the ft
G Mod(r,) X .-• X Mod(r„) and the h¡ GH. If g ° h belongs to the
product, then let (g ° h)~x = (h~x ° g~x ° h) ° h~x, and

(h~x ° g~x ° h) ° h~x belongs to the product by the above remark.

By definition, the group H is clearly finite; hence Mod(r,) X • • • X

Mod(r„) is of finite index in the product group Mod(r,) X • ■ • X Mod(r„)

by H and since Mod(r,) X • • • X Mod(r„) operates properly discon-

tinuously on T(TX) X • • • X T(T„), it follows that the product Mod(r,)

X ••• X Mod(r„) by H operates properly discontinuously on T(TX)

X • • • X T(T„).

Proof (of Theorem). From the corollary at the end of the last section and

the definition of H, it is clear that the product Mod(r,) X • • • X Mod(r„)

by H is contained in Aut T(TX) X • • • X T(Tn). Hence it suffices to prove

containment in the other direction.

Let h G Aut T(TX) X • • • X T(T„). Since the Kobayashi metric on T(TX)

X • • • X T(Tn) is induced by a Finsler structure on the tangent space

invariant under biholomorphic mappings (see [A]), h induces a complex linear

isometry between the tangent spaces (in the max norm given by the Finsler

structure on the cross-product, see [B]) over each pair of points x and h(x) in

T(TX) X ••• X T(T„). Since the cotangent space is dual to the tangent space

with dual norm, the induced mapping h* between cotangent spaces over x

and h(x) is a complex linear isometry in the dual norm, which by a previous

theorem is the sum of L1 norms (see [C]). Hence by a previous theorem (see

§1) h* splits componentwise up to a permutation, that is, h*,(Xy. Q(X¡)-+

Q(Yo(o) f°r some o G S„. Since r„ . . . , Tn are assumed to be of nonexcep-

tional types, this implies by a theorem of Earle and Kra [5] that T¡ and ro(/)

are of the same type (g¡, n¡). Hence by definition of H, there exists an element

g G H such that g|r(r>: T(T¡) -» T(Ta^) all i, and hence the induced

mapping glQ(Y^y. Q ( Y^i}) -^ Q (X¡) all i. Then one has that (h ° g)*Q(Xiy

Q(X¡)^> Q(X¡) all i. By the results of Royden, generalization of Earle and

Kra [5], X¡ is conformally equivalent to X[, for all i. This implies the existence

of ^, G Mod(r,) such that h ° g(x) = (^,(x,), . . . , *„(x„)), where x =

(x„ . . . , x„) G T(TX) X •••  X T(Tn)   [4],   or   h(x) = * ° g~x(x),   * G
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Mod(r,) X ••• X Mod(r„), g-x G H. Since x G T(TX) X • • • X r(r„) is

arbitrary, there exists an element 9 G (Mod(r,) X • • • X Mod(Tn))H such

that h(x) = 9(x) for all x (see above lemma and §2). Hence h G Aut T(TX)

X ••• x T(T„) implies that h G (Mod(r,) X • • • X Mod(T„))H.

We only have left to show that Mod(r,) X • • • X Mod(r„) is a normal

subgroup of Aut T(TX) X •• • X T(T„). It suffices to show /(Mod(r,)

x ••• x Mod(r„))/_1 ç Mod(r,) x • • • x Mod(r„), because by using

inverses, /(Mod(r,) X • - • X ModfTJ)/-1 D Mod(r,) X • • • X Mod(r„)

as well and hence the claim. Let / G Aut T(TX) X • • • X T(TX) and g G

Mod(r,) X ••• X Mod(r„). If f G H, then / ° g ° f~x maps each

component T(T¡) onto itself. Thus/ ° g °f~x G Mod(r,) X • • • X Mod(r„)

(since Aut T(T¡) = Mod(r,); Royden [8]). Then if / G Aut T(TX) X • • • X

T(Tn) is arbitrary, then / = /2 ° /, where /, G H, f2 G Mod(r,) X • • • X

Mod(r„) and / o g o /-" „ f2 o (/, o g o /,-•) o /-> = /2 o gl o /2-' e

Mod(r,) X ••• X Mod(r„) since gx, f2 G Mod(r,) X • ■ ■ X Mod(r„). By

definition of H, clearly (Mod(r,) X • • • X Mod(r„)) n//= {id}. Hence

Aut T(TX) X ••• X T(Tn) is the semidirect product of Mod(r,) X • • • X

Mod(r„) by H.

Theorem IV. Suppose Tx, . . . ,T„ are Fuchsian groups which have no elliptic

elements and type T, is not (1, 1) or (0, 4), all i. Then Aut T(TX) X • • • X

T(T„) is the semidirect product of Aut T(TX) X • • • X Aut T(T„) by the finite

subgroup H, where H is defined as follows: Let N = {(i,j)\\ < i <j < n and

Bfij: T(T¡) -> TÇTj) biholomorphic}. For each (/,/) G Ñ, let hy = (Ac,, . . ., k„),

where kr = id if r ¥= i, j, k¡ = fy, and ky = ff1. Then H is the subgroup

generated by the hy.

Proof. Clearly the semidirect product of Aut T(TX) X • • • X Aut T(T„)

by H is contained in Aut T(TX) X • • • X r(r„). Hence we need to prove

only containment in the other direction. We remark that if type (T,) = (0, 3)

for some /", then T(T¡) = pt. since dimc T(T¡) = 0. Thus Aut 7(T,.) = {id}

and neither affects nor contributes anything to the result.

If type (r,) is exceptional, not (0, 3), and by hypothesis not (1, 1) or (0, 4),

then there exists a Fuchsian group f, of nonexceptional type such that T(T¡)

is biholomorphically equivalent to T(T¡) [3]. It is then obvious that one can

replace the original cross-product T(TX) X • • • X T^r,,) by the

biholomorphically equivalent cross-product T(t,) X • • • X T(tn), where T,

= f, if type T, is nonexceptional or (0, 3), via a biholomorphic mapping /:

T(TX) X ••• X T(r„) -^ T(f,) X ••• X T(tn) which splits component-

wise, that is f¡T(T): T(T¡) -^ T(fi), 1 </'<». Let h E Aut r(r,) X • • • X

T(Tn). Then g = / ° h ./">: T(TX) X •• • X 7\f„) ^ r(f,) X • • • X
T(t„) is biholomorphic, and by the previous theorem and the triviality of
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type (0, 3) (if it appears) g splits componentwise up to a permutation, that is,

there exists a o G S„ such that g|T(fy. T(T¡) -» T(to(()). Since / splits

componentwise, this implies that h^T{T): T(T¡)-» r(ro(/)). Since h evidently

permutes the factors, and H by definition is a group of transpositions of the

factors, there exists g G H such that 9 = h ° g~x G Aut T(TX) X • • • X

Aut T(T„). Hence h = 9 ° g where 0 G Aut T(TX) X • • • X Aut T(rn) and

gGH.
Analogous to the previous theorem, Aut T(TX) X • • • X Aut T(Tn) is a

normal subgroup of Aut T(TX) X • • • X T(Tn). Clearly Aut r(r,)

X ••• X Aut T(T„) n H = {id}. Hence Aut T(r,) X ■ • • X 7\r„) is the

semidirect product of Aut T(TX) X • • • X Aut T(Tn) by H.

4. Biholomorphic mappings between cross-products.

Theorem V. Let h: T(TX) x • • • x 7\rj-> T(f,) x • • • x 7\f„), m >

n, be a biholomorphic mapping between cross-products of Teichmüller spaces.

Then at least m — n of the T(T¡) are trivial, and if we eliminate m — n trivial

spaces and possibly renumber the remaining spaces, then h: T(TX) X • • • X

T(Tn)^T(tx)X ••• X T(tn).

Proof. Let h: T(TX) X • • • X T(TJ^T(TX) X • • • X T(T„), m > n,

be biholomorphic. Then for each pair of points x = (x,, . . . , xm) G T(TX)

X ••• X T(TJ and h(x) G T(tx) X • • • X T(Tn) there is an induced

complex linear isometry /: Q(XX) © • • • © ß (*„)-> Q(YX) © • • • ©

Q(Yn) on the corresponding cotangent spaces over x and h(x). If m > n,

then there exist at least m — n Q(X¡) = {0} by a previous theorem (see §1).

Since dimc T(T¡) = dimc Q(X¡), the result follows. By eliminating m — n

trivial spaces and possibly renumbering the remaining spaces, then h: T(TX)

X ••• X r(r„) -» T(TX) X • • ■ X T(t„). If m = n, the statement holds

vacuously.

Corollary I. There does not exist a biholomorphic mapping between an

n-fold product of Teichmüller spaces and an m-fold product, unless the number

of nontrivial spaces in each product is the same. If the number of nontrivial

spaces is the same and in addition we assume all nontrivial types nonexceptional

in both cross-products, then a biholomorphic mapping exists if and only if the

nontrivial types in one product are precisely those appearing among the

nontrivial types of the other (counting multiplicities).

Remarr. Exceptional types, if any, must appear in a prescribed manner.

Proof. The first statement follows directly from the theorem. Assume that

the number of nontrivial spaces in each product are the same and each

nontrivial type is also nonexceptional in both cross-products. If the nontrivial

types appearing in one product are precisely those appearing in the other
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(counting multiplicities), clearly there exists a biholomorphic mapping

between products, since Teichmüller spaces of the same type are

biholomorphically equivalent [3].

Conversely, if h is biholomorphic under the above assumptions, the in-

duced mapping on cotangent spaces over corresponding points splits

componentwise up to a permutation (see §1), and using the result of Earle

and Kra [5], the nontrivial types in one product of Teichmüller spaces are

precisely those in the other product (counting multiplicities).

Corollary II. A cross-product of nontrivial Teichmüller spaces is never a

Teichmüller space.

Proof. Follows directly from theorem.

Corollary III. // h: T(TX) x • • • x T(Tn) -* T(tx) x • • • x T(tn) is

biholomorphic and T¡, T¡ are nonexceptional, then h splits componentwise up to a

permutation,   that   is,   there   exists   a   a G Sn   such   that   hiTrry.    T(T¡)

_^o„to  r(r      ); aU L

Proof. By the above theorem, Bo G Sn such that type T¡ = type fa(/).

Since Teichmüller spaces of the same type are biholomorphically equivalent,

there exists /: T(T,) X • • • X T(Tn) -> T(TX) X • • • X T(T„)

biholomorphic, / splitting componentwise up to a permutation. Then f ° h:

T(TX) X • • • X r(r„) -* 7Xr,) X • • • X T(Tn), so that by a previous

theorem (see §3), / ° h belongs to the semidirect product of Mod(r,)

X ••• X Mod(TJ by H. Therefore, / ° h splits componentwise up to a

permutation, and hence h splits componentwise up to a permutation.

5. Automorphisms of the deformation space. Let G be a finitely generated

nonelementary Kleinian group with region of discontinuity ñ. Let / be a

quasi-conformal automorphism of C u {oo}./is said to be compatible with

the group G if/G/"1 is again a Kleinian group and/is conformai on A(G),

the limit set of G. (It is not known if this latter condition is automatically

satisfied by all finitely generated Kleinian groups.) / is called normalized if /

fixes 0, 1, and oo. Two normalized compatible quasi-conformal mappings/,,

f2 are called equivalent if fx(z) = f2(z) for all z G A(G). Each equivalence

class is a point in T(G, ñ), the deformation space of G. Let A,, . . . , A„ be a

maximal collection of nonequivalent connected components of fi, i.e., there

does not exist g G G such that g(A,) = Ay, for /' ¥= j. Let GA|, . . . , GA^ be the

corresponding stability subgroups, i.e., GA ={g£ G/g(A,) = A,}. Then

T(G, fl) a T(G&i, A,) X • • • X T(G^, A„) (biholomorphically), where

7"(GA , A,) is the deformation space of G supported in A, (see [6]).

Let A be a component of fi and GA = {g G G/g(A) = A}. Since G is

nonelementary, there exists a holomorphic universal covering h: f/—»A (U
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the upper half-plane). Let T be the group of conformai automorphisms of U

such that y er if there exists an element x(v) G G such that h ° y =

X(y) ° h. There is an exact sequence of Kleinian groups {1} -> H c-*mi T

->x G -» {1} where H is the covering group of h: {/-» A. T is Fuchsian and

U/T is conformally equivalent to A/GA. T is called the Fuchsian model of G

over A [6].

Definition. We call a Kleinian group G exceptional if for its Fuchsian

model T,, . . . , r„, some T, is of exceptional type.

Theorem VI. Let G be a finitely generated nonelementary, nonexceptional

Kleinian group. Let h: 7\G, ß) -» T(G, ñ) be a biholomorphic self-mapping of

T(G, ß). Then there exists a permutation a G S„ such that \T(G^>A):

T(GA , A,) -^onto T(GA{ , Ao(l)) biholomorphically, I < i < n. (h acts on ' the

product via the isomorphism.)

Proof. The universal covering space of r(G, ß) is T(r,) X • • • X T(T„)

for some Fuchsian groups Tx,. .. ,T„ (see [7]). The holomorphic covering

mapping is » ■» *, X • • • X irn, where ir¡: T(T¡) —> T(GA, A,) is the

holomorphic covering mapping for each component, 1 < / < n. Let h:

T(G, ß) -♦ T(G, ß) be a biholomorphic self-mapping of T(G, ß). Let h:

T(TX) X • ■ • X T(T„) -+ T(TX) X • ■ • X T(Tn) be a lifting of h to the

universal covering space. Then by the theorem on cross-product of Teich-

müller spaces (see §3), there exists a permutation a G Sn such that /i|r(r,:

T(T¡) -*onto T(Ta(i)) biholomorphically, 1 < / < n. Since tt is of the form

w = 77, X • • • X w„, 77-,: r(r,)^ ^(G^, A,) it follows easily that h\T(G/iA):

T(GA|, A,) ̂ .onto T(GA{), Ao(0) biholomorphically. Let

T(TX) X ■ ■ • X T(Tn)
T(G, ß) =

ModWi(r,) X • • • X ModHn(Tn)

he the deformation space, via the isomorphism (see [6], [7]) of the finitely

generated nonelementary Kleinian group G. Let

Mod"'(r,) x • • • x Mod""(r„)

Mod(G' V = Mod^r,) x ••• x Mod^(rn)

be the associated modular group acting on T(G, ß), where H¡ = the

holomorphic covering group of h¡: U-* a¡; H¡ c T, ModH(r,) = the

subgroup of Mod(r,) induced by all quasi-conformal automorphisms w:

U-> U such that wT¡w~l = T, and wH¡w~x = H¡ Modw(r,) = the subgroup

of Mod^r,-) (and Mod(r,)) induced by all quasi-conformal automorphisms

w: U-> U such that wyw-1y~' e H¡ for all y G T¡ (see [6]).
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Theorem VII. Let G be a finitely generated nonelementary, nonexceptional

Kleinian group with nonequivalent components A,, . . ., A„ and Fuchsian model

T,, . . ., T„. Assume, in addition, that G does not contain elliptic elements and

that A, is simply connected for all i, \ < i < n. Then Aut T(G, ß) is the

semidirect product of Mod(G, ß) by the subgroup H, where H is defined as in

§3.

Proof. If A, is simply connected, then H¡ = {id} since H¡ s= 77,(A,) from

which it follows easily that Mod{id)(r,) = {id} for 1 < / < n [6]. Hence

T(G, ß) = T(TX) X ••• X T(T„), a cross-product of Teichmüller spaces,

where r„ . .., Tn is the Fuchsian model of G. Since G does not contain

elliptic elements, T¡ has no elliptic elements, 1 < i < n. Also G nonex-

ceptional by definition means that each T¡ is of nonexceptional type. Hence

the theorem on cross-products of Teichmüller spaces (see §3) yields the result.

Remark. The requirement that G not contain elliptic elements is necessary.

If G contains elliptic elements, then, in general, one has Mod(G, ß)// c¿

Aut T(G, ß) (properly contained) already. We give a simple example to

illustrate. Let T be a finitely generated Fuchsian group with signature (2, 2; 2,

3), that is U/T is a compact Riemann surface with two distinguished points

p, andp2 such that if z,, z2 G U are such that 7r(z,) = p¡, i = 1, 2, where m:

U -* U/T is the projection mapping, then there are elliptic elements y„

y2 G T, y,(z,) = z„ t>, = order <y,> = 2; y2(z2) = z2, v2 = order <y2> = 3.

Now Mod(r) Ç Aut T(T) because every quasi-conformal self-mapping / of

U/T which leaves the set {px,p2} fixed induces an element of Aut T(T), but

only those /which send every p, into ap, with v¡ = Vj, i,j = 1, 2, correspond

to elements in Mod(r). ß - C - R; then T(T, ß) = T(T) x T(T). Let h G

Aut r(r), h £ Mod(r). Then the mapping h X h G Aut T(T, ß), but A X A

G Mod(G, Q,)H. The same argument applies unchanged for a whole

collection of finitely generated Fuchsian groups T with signature (g, n;

vx, . . . , v„) such that g > 2, n > 2, 2 < v¡ < oo and v¡ < u, < oo for at least

two indices i and/.

In the following theorem we drop the requirement that the components A,

of G be simply connected.

Theorem VIII. Let G be a finitely generated nonelementary, nonexceptional

Kleinian group. Assume that G does not contain elliptic elements. Then

Aut T(G, ß) is the semidirect product of Mod(G, ß) by K, where K = {h G

Aut T(G, Q)/h lifts to an h G H) (Hpreviously defined in §3), if and only if

the normalizer ofModH(T¡) in Mod(r,) is Mod"'(r,), 1 < i < n.

Remark. Since Modw (T,) is a normal subgroup of Mod^r,), ModH'(r,) is

contained in the normalizer of Mod^ (T¡) in Mod(T,).
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Proof. We recall that T(TX) X • • • X T(Tn) is the universal covering

space of T(G, ß) and that

T(TX) X ••• X T(T„)

T{G'ß) = Mod„,(r,) X ••• X Mod^ir.)

(see [6], [7]). By a general covering space theory, it is not difficult to show that

/ G Aut T(G, ß) if and only if a lifting / belongs to the normalizer of

Mod^r,) X ••• X ModH(T„) in Aut T(TX) X • • • X T(T„). From a

previous theorem, Aut T(TX) X • • • X T(Tn) is the semidirect product of

Mod(r,) X ••• X Mod(r„) by H (see §3). From another result (in this

section), every/ G Aut T(G, ß) has the property that

^(r.)        onto ^(Taü))

fwm+p):  ModH(T¡)   -   Mod^íT^

biholomorphically for some o G Sn. Hence / G Aut T(G, ß) and o = id, if

and only if a lift of such an f f^T(r.y T(T¡) -> T(T¡) belongs to the normalizer

of Mod^/r,) in Mod(r,), all /.' But / G Mod(G, ß) if and only if the

normalizer of Mod^/r,) in Mod(r,) is Mod^'lT,-), all /'. Now if o ¥= id, we

again lift/to an/and conclude that/ G H, hence by definition,/ G K. Once

one realizes that all such / G Aut T(G, ß), a ^ id can arise in this fashion

only, that isfGH, the result is proven.

Proposition II. Let G be a finitely generated nonelementary, nonexceptional

Kleinian group. Then T(G, ß) is not homogeneous, that is, if x, y G T(G, ß)

are arbitrary, there does not exist in general an h G Aut T(G, ß) such that

h(x)=y.   '

Proof. We remark that if x = (x,, .. . ,xn) G T(G, ß) then (via the

isomorphism theorem, §5), each x, is an equivalence class of points in T(T¡),

under Modw (T¡) C Mod(r,). Since Mod(T,) identifies conformally equivalent

Riemann surfaces (see [1]), any two Riemann surfaces representing x, are

conf ormally equivalent. Let x = (x,, . . . , x„) G T(G, ß) be arbitrarily

chosen.

Choose y = (y,, . . . , v„) G T(G, ß) such that a Riemann surface in the

equivalence class yx is not conf ormally equivalent to a representative

Riemann surface from any of the x¡, 1 < /' < n (this can always be done

assuming the hypothesis). Suppose there existed an/iE Aut T(G, ß) such

that h(x) = y. Lift h to an h on the universal covering space T(TX) X • • • X

T(T„). By a previous theorem (see §3), h is an element of the semidirect

product of Mod(r,) X • • • X Mod(r„) by H. Since each element of

Mod(r,), each i, identifies conformally equivalent Riemann surfaces [1], so

does Mod(r,) X • • • X Mod(r„) on TXr,) X • • • X r(r„) componentwise.
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Similarly, any element of H identifies conformally equivalent Riemann

surfaces by looking at the induced mapping on the cotangent space, using the

cotangent space splitting theorem (see §1), and applying Royden's result (and

generalization, see [5]). Hence every element of Aut T(TX) X • • • X T(T„)

identifies conformally equivalent Riemann surfaces. In particular, h G

AutT(r,) X ■ • • X T(Tn). But h maps some lift of x, via the covering

mapping, denoted x = (x,, . . . , x„) to a lift of y, denoted >> = (yx, . . . ,y„).

Then, in particular, a Riemann surface representing yx must be conformally

equivalent to a Riemann surface representing x, for some i. However, by the

opening remark and the way y = (yx, . . . ,y„) was chosen, we arrive at a

contradiction.
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