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THE COMMUTING BLOCK MAPS PROBLEM
BY
ETHAN M. COVEN, G. A. HEDLUND AND FRANK RHODES

ABSTRACT. A block map is a map f: {0, 1}" — {0, 1} for some n > 1. A
block map f induces an endomorphism f,, of the full 2-shift (X, o). We
define composition of block maps so that (f o g),, = fo © 8- The commu-
ting block maps problem (for f) is to determine C(f) = {g|f-g = g - f}.
We solve the commuting block maps problem for a number of classes of
block maps.

Introduction. Let (X, o) denote the shift dynamical system over {0, 1}, also
called the full 2-shift. Thus X is the set of bisequences of zeros and ones,

X=H{0,1}={x=(x,-)|x,.=00rl;i=0,tl,...}.

We assign the discrete topology to {0, 1} and the product topology to X, thus
making X homeomorphic to the Cantor discontinuum. The shift
homeomorphism o: X — X is defined by [o(x)]; = x;, .

An endomorphism of (X, ¢) is a continuous, shift-commuting map of X to
itself. Much is known about the endomorphisms of (X, o)-see the survey
article [H]. However, little is known about their commuting properties. For
example, given an endomorphism F, can one determine {G|F > G = G ° F}?

Let Z, = {0, 1} denote the ring of integers modulo 2 and let n > 1. An
n-block is a sequence b, - - - b, where b, =0 or 1 for 1 <i < n. An n-block
map is a function from the set of all n-blocks to {0, 1}. The set of all n-block
maps will be denoted %,. A block map is a member of § = U .9, ie., an
n-block map for some n.

A block map f induces an endomorphism f, of (X, o) defined as follows. If
fis an n-block map, then

[foo (x)],‘=f(xi e xi+n—|)'
A theorem of Curtis, Hedlund and Lyndon [H, Theorem 3.4] asserts that
every endomorphism of (X, o) is of the form ¢™ ° f_ for some block map f
and some integer m. We will define equality of block maps so that f = g if
and only if f = g, and composition of block maps so that (f° g), =
fo ° 8- This will allow us to turn questions about endomorphisms into
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questions about block maps. Questions about block maps are often quite
susceptible to solution as they can be phrased in finite combinatorial terms.

Forf € 9, let

C(f)={g€F|f-g=2g°f}

The commuting block maps problem (for f) is to determine C(f). The solution
to the analogously defined “commuting endomorphisms problem” follows
from the solution to the commuting block maps problem. If F = ¢™ o f_ is
an endomorphism, then {G|F°G=G° F}={o0"°gln €Z, g € C(f)}.
In this paper, we solve the commuting block maps problem for a number of
classes of block maps.

A polynomial function in n variables over Z, is a function of the form

Eai| "‘i"x:l o o . x':n
where i, - - - i, ranges over the set of n-blocks. Any such function defines an
n-block map. For example, the polynomial

xX;+ x; + xpx3 + 1

defines a 3-block map. It is well known [H, Theorem 19.1] that distinct
polynomial functions define distinct n-block maps. An elementary counting
argument then shows that the set %, of all n-block maps is identical with the
set of polynomial functions in n variables over Z,—each set has 22" members.

Although the formal presentation of the theory in this paper makes no use
of the polynomial representation of block maps, the commuting block maps
problem was originally posed and solved in terms of polynomials. Indeed, the
definitions and the statements of the results (although not necessarily the
proofs) are often better understood in the language of polynomials. We shall
sometimes provide the translation into this language.

The paper is structured as follows. §1 is devoted to preliminaries. Much of
the terminology and notation introduced is either new or differs from the
standard terminology and notation of [H]. §2 deals with an important class of
block maps, those which are linear in the first variable. §3 contains the
solution to the commuting block maps problem for the class of linear block

maps, those of the form a, + Xa;x;. In §4 we show that if f(x,- - - x,) = x,
+ ¢(x; - - - x;) where k > 2 and the full product x,x, - - - x; is a summand
of @(x, * - * x;), then (modulo translations) every member of C(f) is the sum

of an odd number of powers of f. In §§5 and 6 we solve the commuting block
maps problem for f(x, - - - x) = xo + [I¥_,(x; + §;) where k > 2. We show
that (modulo translations) C(f) consists of either the set of all sums of an odd
number of powers of f, or the set of all powers of f, depending on the least
period of the k-block §, - - - §,.

It appears that a major stumbling block to a full solution to the commuting
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block maps problem is the lack of any real understanding of factorization
(with respect to composition) of block maps, the only exception being the
case of linear maps, where the factorization problem was completely solved
by J. D. Ferguson [F]. For example, the results of §§4-6 cited above can hold
only for maps which have no commuting factors. Yet we have no method of
determining whether a given map even has any proper factors.

It should be pointed out that our methods are peculiar to the full 2-shift.
They rely heavily on the algebraic structure that the set of block maps inherits
from Z,. The additive structure breaks down for subshifts and the multiplica-
tive structure becomes much more complicated for full shifts on more than
two symbols.

The authors wish to thank J. D. Ferguson for pointing out that our original
results of §4 could be extended to a class of maps much larger than that
considered in §§5 and 6.

1. Preliminaries. Under the usual definition of equality of functions (in
particular, equal functions have the same domain), the correspondence
between f and f, is not one-to-one. For example, if f € ¥, and g € ¥, are
defined by

f(x) = xy, 8(x1xy) = xy,

then f# g, but both f, and g, are the identity map of X. Since our
motivation for studying block maps comes from their connection with
endomorphisms, this notion of equality is too restrictive.

We could define an equivalence relation ~ on % by f~ g provided
fo = 8> and then study %/~ instead of ¥. In fact, we will do this
informally. We define equality in F as follows: if f € %,, and g € ¥,,, then
f =g provided f(b,- - - b,)=g(b,---b,) for every N-block b, - - - by
where N = max{m, n}. It is easy to see that f = g if and only if f, = g,.
Furthermore, equality holds if and only if f and g are defined by the same
polynomial.

Under this definition of equality, ¥, C ¥,,, for all n > 1. Thus every
n-block map may be thought of as an (n + 1)-block map as well.

In the sequel, we shall define a number of properties of block maps and a
number of operations of the set of block maps, usually by defining them on
each 9, separately. We shall omit the verifications that these properties and
operations are well-defined.

We define the binary operation of composition ( ° ) on the set of block
maps as follows. If f € 5, andg € 9,, theng o f € ¥, _, is defined by

gof(x1  Xpsna1) = 81" V)
wherey, = f(x;- - - x;y . forl1 <i < n.

1



116 E. M. COVEN, G. A. HEDLUND AND FRANK RHODES

For example, if f(x,x,x;) = x; + x5(1 + x;), then g = f o fis calculated as
follows.

g(x1xx3x4x5) = flx; + (1 + x3), X, + x3(1 + x,), x5 + x,(1 + xs) ]
=x; + X(1+ x3) +[x, + x3(1 + x)][1 + 53+ x(1 + x5)]
= (x) + X, + xx3) + (X3 + X3+ x3x)(1 + x3 + x4 + x4%5)
= (X1 + X3 + X3%3) + (X3 + X33 + Xx4 + XpX4X5)
+ (X3 + X3+ X3x4 + X3X4%5) + (X3X4 + X3X4 + X3X4 + X3X4X5)
= X; + Xpx4 + XyX4Xs.

There are three particular block maps which we will find useful in the
sequel. The 1-block maps 7, 0 and 1 are defined by

I(x))=x;, 0(x;)=0 1I(x)=1L
Thus 7, is the identity map of X and hence I commutes with every block
map.
We will use the power notation to denote repeated composition. Formally,

fO=1and for n > 0, f**' = fo f". It follows easily that f**!' = f" o f as
well, and hence
(fln > 0) C ().

Our (partial) solution to the commuting block maps problem relies heavily
on the algebraic structure that ¥ inherits from Z,. We describe this structure
below.

We define the binary operations of addition (+) and multiplication (-) on
the set of block maps as follows. If f € ¥, andg € %,, thenf+ g, f-g €
%y, where N = max{m, n}, are defined by

(f+8)by---by)=f(by--b,)+gb b)),
(f-g)b, - by) =f(b1 e bm)'g(bl et bn)'
We define addition and multiplication on X and on the set of
endomorphisms similarly. It follows easily that

(f+ 8o =St 80 and (f 8)e = foo' 8oo
With operations + and -, ¥ is a commutative ring with identity. Since
f-f=f for all f, there will be no confusion with the power notation

f? = f o f, which we reserve for composition.
Composition distributes over addition and multiplication as follows.

(g+h)of=gef+hof, (g-h)of=(gf) (hof)
With operations + and °, ¥ satisfies all the axioms for a ring except the

right distributive law: h o (f + g) need not equal 4 o f + h o g. For example,
letf=0,g=1landh =1+ 1.
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If g € 9, commutes with f, then the (n + 1)-block map & defined by
h(xy - w s Xae) = 8(%2 "+ * X,41)
also commutes with f. Therefore to determine C(f), we need not look at
“translated” maps like A, whose polynomial representation does not “involve”
x;. We now introduce a formal device for effecting this reduction of the
commuting block maps problem.
We define the translation operator T on the set of block map as follows. If
f €Y, thenTf € 9, is defined by
Tf(xy - -« Xpp)) = f(2 0 * Xui)-
We shall often abbreviate this by writing
Tf(0B) = Tf(1B) = f(B).
The following properties of translation are easily derived.
(1.1) LEMMA. (a) T is additive, i.e., T(f + g) = Tf + Tg.
(b) T is multiplicative, i.e., T(f-g) = Tf- Tg.
©)7T0=0and T1 = 1.
(d) (Tf)oo =foo °c0 =0 ofoo'
©T(gef)=Tgeof=g°Tf
(F) f =g if and only if Tf = Tg.
The operator T will be used to reduce the commuting block maps problem

as indicated by the following result. (See also (1.4) and the comments
following it.)

(1.2) LemMA. (a) g € C(f) if and only if Tg € C(f).

(b) C(f) = &(T).

It follows from (1.2) that C(f) can be easily recovered from
{g € C(f)|g = Thfor some h}.

Thus the number max{n|g = T"~'h for some h} will be of some interest to
us.
Let f be a block map. The left and right extents, A(f) and p(f), of f are
defined as follows. If f is constant (i.e., f = 0 or 1), then A(f) = p(f) = 0; if f
is not constant, then

A(f) = max{n|f = T""'g for some g},
p(f) = min{n|f € F,).

In terms of polynomials, if f is an n-block map then A(f) is the smallest and
p(f) the largest subscript of a variable which appears in the polynomial
representation of f(x, - - - x,).

We list some properties of A and p.



118 E. M. COVEN, G. A. HEDLUND AND FRANK RHODES

(1.3) LeMMA. Suppose f and g are block maps and f is not constant. Then

@) A(TY) = A(f) + 1 and p(Tf) = p(f) + 1.

(b) Iff € ,, then 1 < A(f) < p(f) < n.

() f = TP~ for some h satisfying A\(h) = 1.

d) If f €9, with n > 2, then p(f) = n if and only if f(BO) # f(B1) for
some (n — 1)-block B.

(e) p(f + &) < max{p(/), p(8)}. Equality holds if p(f) # p(g).

We say a block map f is trivial provided A(f) = p(f). It is easy to see that f
is trivial if and only if f is constant or of the form 7"I or T"I + 1 for some
n > 0. For the most part, we will be concerned only with nontrivial block
maps.

For each block map f, let

C'(f) = { g € C(f)|g is constant},
C"(f) = { g € C(f)| g is not constant},

C*(f) = {g € C(f)N(g) = 1}.
(1.4) LEMMA. Let f be a block map. Then C"(f) = {T*glk > 0, g € C*(f)}.

PRrOOF. Let & € C”(f). Then h is not constant, so h = T*®~1lg for some g
with A(g) = 1. Then g € C(f) and so g € C*().

Let h = T*g for some g € C*(f). Since g is not constant, p(g) > 1. Hence
p(h) > 1 and so & is not constant. But h € C(f) andso h € C”(f). [OJ

It follows that to solve the commuting block maps problem for f it is
sufficient to determine C’(f) and C*(f). The set C'(f) is easily determined. If
f €Y, then 0 € C(f) if and only if f(0") =0 where 0" is the n-block
consisting of all zeros. The analogous result holds with 1 in place of 0. The
major portion of this paper (§§3-6) will be devoted to the determination of
C*(f) for certain classes of block maps.

2. Linearity in the first variable. In this section we will be concerned with
block maps of the form f(x, - - - x,) = x; + @(x, - - - x,), which we will call
linear in the first variable. Linearity in the first variable is important in the
study of endomorphisms of (X, o) because it is one of the simplest known
properties of a block map f which implies that f_ maps X onto X, f is
finite-to-one, f,, preserves the Bernoulli (3, )-measure, as well as various
other properties (see [H]). The main result of this section is that if f is
nontrivial and linear in the first variable, then every member of C*(f) is
linear in the first variable.

Let f be an n-block map with n > 2. Then we may write

f(xl t X") = xl‘P(xZ to xn) + (p(x2 e X,,). (*)
We may either think of ¢ as the “coefficient” of x, in f(x, - - - x,) or think of
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¢ as the “quotient” and ¢ as the “remainder” when dividing f(x, - - - x,) by
X

We introduce a formal device for picking out this quotient or coefficient.
We define the quotient and remainder operators Q and R on the set of block
maps as follows. Let f € ¥,; we may assume that n > 2. Then Qf, Rf €
% _, are defined by

n—1
Of(B) = f(0B) + f(1B),  Rf(B) = f(0B).
The properties of Q and R listed below follow easily from the definitions.

(2.1) LemMA. (a) Q and R are additive, i.e., Q(f+ g) = Of + Qg and
R(f+ g = Rf + Rg.

(b) 9T =0, i.e., QT(f) = O for all f.

() RT is the identity operator, i.e., RT (f) = f for all {.

(2.2) LeMMA. If f is not constant, then p(Qf) < p(f) — 1.

ProoF. If p(f) = 1, then f = I or I + 1 and so Qf = 1. Therefore p(Qf) =
0.Ifp(f)=n>2,thenfe Y, ThusQf €%,_,andsop(Qf) < n—1. O
The next result expresses equation (*) in terms of Q and R.

(2.3) THEOREM. Let f be a block map. Then

f=1-TQf + TRY. (*#)
Furthermore, this expression is unique, i.e., if f = 1-Ty + T, then y = Of
and ¢ = Rf.

PrROOF. Let f € 9,,; we may assume that n > 2. Let g = I- TQf + TRf.
To show that g = f, it suffices to show that for every (n — 1)-block B,
g(0B) = f(0B) and g(1B) = f(1B).

If B is an (n — 1)-block, then

g(0B) = 0-TQf(0B) + TRf(0B) = Rf(B) = f(0B),
g(1B) =1-TQf(1B) + TRf(1B) = Qf(B) + Rf(B) = f(1B).

To show that the expression (**) is unique, let f = I- Ty + To. Then for

every (n — 1)-block B,
f(0B) =0-Ty(0B) + Tp(0B) = ¢(B),
and therefore ¢ = Rf. Similarly

f(1B) =1-TY(1B) + Te(1B) = y(B) + ¢(B)

and hence y(B) = f(0B) + f(1B),41.e.,y = Qf. (O
As a corollary, we obtain the product rule for the quotient operator.

(2.4) CorROLLARY. Q(f-g) = Of - Qg + Of - Rg + Rf- Qg.



120 E. M. COVEN, G. A. HEDLUND AND FRANK RHODES

A block map f is called linear in the first variable, written f € £,, provided

of =1.
In terms of polynomials, an n-block map f where n > 2 is linear in the first
variable if and only if

JOq o x)=x+@(x:-x,)
for some (n — 1)-block map ¢.
The following properties of £, are easily verified.

(2.5) LeMMA. (a) I € £,.

(b)f € £, ifand only if f = I + To for some .

©AS)=1forall f € L,.

(d) f € £, is nontrivial if and only if p(f) > 2.

() If f €Y, where n > 2, then f € £, if and only if f(OB) # f(1B) for
every (n — 1)-block B.

(2.6) LEMMA. If f,g € £,, then g o f € £,.

ProOF. Write f =1 + TRf and g = I + TRg. Then g f=1+ T(Rf +
Rg-f). O

(2.7) CorOLLARY. If f € £,, then f* € £, for all n > 0 and hence { f*|n >
0} C C*(S)

A straightforward calculation establishes the relations among the Rf" when
feeg.

(2.8) LemMA. If f € £,, then for every n > 0,

Rf"*' = Rf + Rf" o f = Rf" + Rf o f".

(2.9) LEMMA. Let f € £,. Then for every g, Q(f ° g) = Qg and furthermore,
for every k > 1, Q%(g o f) = Q%g o f.

PROOF. Write f = I + TRfand g = I- TQg + TRg. Then

feg=1-TQg+ T(Rg+ Rf°g)

and so the first statement follows from (2.3).

We prove the second statement by induction on k. Since

gof=1-[T(Qg°f)]+ T[Rf-(Qg°f)+ Rg~f],
the statement is true for kK = 1 by (2.3). Now suppose it is true for k. Then
0 * (g f)=0Q"Q(g°f)] = 0“(Qg~f)
=[0X(Qg)] f=0"g~f O

The next two results are due to J. D. Ferguson [F]. We include proofs
because of the relative inaccessibility of [F].
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(2.10) LemMA [F, THEOREM 3.6]. If f € £, and g is not constant, then

p(g°f)=r(g) +po(f) - L

PRrOOF. Since neither f nor g is constant, p(f) > 1 and p(g) > 1.

If (g =1, theng=Tor I+ 1. 1If g=1I then g o f=f and the result
holds. If g=1+1, then go f=f+ 1. Since p(f + 1) = p(f), the result
holds in this case as well. A similar argument shows that the result is true if
p(f) =1

Thus we may assume that p(f) = m, p(g) = n where m, n > 2 and hence
that f € 9, and g € ¥,. Thereforeg o f €, , ,_,.

By (1.3), there exist A =a,---a,_;, and B=b,-- - b,_, such that
f(A40) # f(A1) and g(BO0) # g(B1). By (2.5), (0C) # f(1C) for every (m — 1)-
block C; thus, given an (m — 1)-block C and b = 0 or 1, we can choose ¢ = 0
or 1 such that f(cC) = b. Therefore we may successively choose

Cp_t» Cy_2 - - - » €y such that
(1) if n < m, then
flennay - @) =b,_py .. f(er- - i@y " Qi) = by,
(2) if n > m, then
flenrar - @p ) = bty o f(Cummar = Cam1@1) = by iy
and

f(cn—m T Cn—l) = bn—m’ . ’f(cl te Cm) = bl'
LetC = ¢, - - c,_,. Then either
g ° f(CA0) = g(BO) and g f(CAl) = g(B1)
or
g ° f(CAO) = g(Bl) and g o f(CAl) = g(BO).
Since g(B0) # g(B1), in either case we have g o f(CA0) # g o f(CA1). There-
forep(gef)=n+m-—-1 O
We remark that (2.10) need not hold if f is not linear in the first variable.
Let f € 9, where
S(X1X3x3%4) = X5 + X, X4 + X1 X3X4.
Thenf o f € %, and
fof(x-- - x7) = x,

Thus p(f) = 4and p(f ° f) = 3.
The following theorem is an immediate consequence of (2.5) and (2.10).

(2.11) THEOREM (FERGUSON). If f € £, is nontrivial and g  f = g, then g is
constant.

(2.12) THEOREM. If f € £, is nontrivial, then C*(f) C £,.
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PROOF. Let g € C*(f). Since Qg ° f = Qg, Qg is constant by Ferguson’s
Theorem. If Qg = 0, then A(g) # 1, therefore Qg = 1,ie,g € £,. O

We conclude this section with two results which will be useful in the
solution of the commuting block maps problem for the class of block maps
considered in §§4-6.

(QI3)LemMA. IffE L, and g o f=h o f, then g = h.

PRrOOF. It suffices to show that if g o f = 0, then g = 0. Suppose g is not
constant, i.e., p(g) > 1. Since p(f) > 1, by (2.10) we have

p(g°f)=p(g) +p(f) 1> 1
Therefore g is constant. Since 1 o f = 1, it follows that g = 0. [J

(2.14) LemMA. Let f € £, and let n > 0. Then g € C(f) if and only if
g°f"€C(.

ProOOF. The “only if” statement is clear. Suppose then that g o f* € C(f).
Then (g o f) o f" = (f°g)°f" Since f" € £, g f=fegby(213). O

3. Determination of C(f) when f is linear. In this section we will be
concerned with block maps of the form f(x, - - - x,) = a, + Za;x;, which we
will call linear. We will solve the commuting block maps problem for linear
block maps.

NoOTATION. Whenever the summation symbol ¥ appears in this section
without limits, the lower limit will be assumed to be 1 and the upper limit will
be assumed to be finite.

A block map f is called linear, written f € £, provided it is a finite sum of
the form

a,+ 2a,T I
where g, = 0 or 1. In terms of polynomials, an n-block map f is linear if and
only if there exist ay, a,, . . ., a, = 0 or 1 such that

n
f(xp 0 x,) =ag + ‘21 a;X;.
i=
The nontrivial members of £ are easily recognized: a, + 2, 7'~ 'I is
nontrivial if and only if card{i > l|a, = 1} > 2.
Let f= ay + Za,T'"'I be linear. We say that f is homogeneous, written
f € £y, or inhomogeneous, written f € £,, according as a, = 0 or 1.
We noted in §1 that with operations + and o the set of all block maps
satisfies all the axioms for a ring except one of the distributive laws. However,
£, is a ring, in fact it is a unique factorization domain.

(3.1) THEOREM [F, p. 53]. With operations + and o, £ is isomorphic to
Z,[ x), the ring of polynomials in one indeterminate over Z,.
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PRrROOF. The isomorphism is given by

YaT ' I->ax"". O
We note the fact, first observed by Ferguson [F, Theorem 3.3), that £,, is
characterized by its distributivity properties: f € £, if and only if fo (g +
h)y=fog+ fohforallg, h.
An immediate consequence of (3.1) is

(3.2) LemMa. If f € £, then £, C C(f).
(3.3) LeMMA. If f € R is nontrivial, then C(f) C £.

PrOOF. Let f = ay + Sa, T~ 'I. Since f is not constant, ¢, = 1 for some
i> L If Mf)>1,ie, if g, =0, then f = T 7~ 'h where A(h) = 1. Since
f €L, sois h, and C(f) = C(h). Therefore we may assume that A(f) =1,
a, = 1, in particular f € £,.

We will show by induction on p(g) that

if gof+ feo gisconstant, theng € £. (*)

Let p(g) = 0. Then g is constant and so g € £.

Suppose n > 1 and (*) is true for all block maps with right extent less than
n. Let g o f+ f o g be constant and let p(g) = n. Then Q(gof+ fog) =0

and so Q(g°f)=Q(f°g) But Q(g°f)=Qg°f and Q(f°g)= Qg
Therefore by Ferguson’s Theorem (2.11), Qg is constant, call it b.
We now have g = bl + TRg and p(Rg) < n. Thus

gof=b(ay+XaT 1)+ TRg = f,
fog=b2aT '+ foTRg,
and so
gof+feog=ab+ T(Rg°f+f°Rg)
Therefore T(Rg © f + f o Rg) is constant and hence sois Rg © f + f o Rg. By
the inductive hypothesis, Rg € £. Thereforeg € £. [

Let f = a, + 2a,T'~'I be linear. We say that f is even or odd according as
card{i > 1|a; = 1} is even or odd.

(3.4) LeMMA. Let f € £, and g, h € £,. Then
(@)geof=fogifandonly if fis odd.
(b) hog=go hifandonly if g and h are either both even or both odd.
PRrROOF. Let
f=aT"'1, g=1+>2bpT"
and
h=1+>¢T 'L
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Then

gof=1+22abT* and
feg=Xa+ 33 abT ™+,

Therefore g © f = f o g if and only if Zaq;, = 1, i.e., f is odd.
Similarly,

goh=1+22b+2XbgT*
and

hog=1+c¢+XXbgT+ 2.

Therefore h > g = g o h if and only if Zb, = 3¢, i.e., g and h are either both
even or both odd. []

The solution to the commuting block maps problem for nontrivial f € £
now follows from the preceding results.

(3.5) THEOREM. Let f € £ be nontrivial. Then

(@) If f € £ and f is odd, then C(f) = £.

(b) If f € £, and f is even, then C(f) = £4.

(©)Iff € £, and f is odd, then C(f) = (g € £|gis odd}.
(d) If f € £, and f is even, then

C(f)={g€Lylgisodd} U {g € £,|g is even}.

We now turn our attention to nonconstant, trivial block maps, i.e., those of
the form T"I or T"I + 1. By (1.2), we may assume that n = 0. Since /
commutes with all block maps, we need only consider f = I + 1.

For b—O or 1, let 5b=1+b. Thus 0=1 and 1= 0. For an n-block

=b,- let B=b,--- b,

(3.6) LEMMA. Let f € . Then f € C(I + 1) if and only if f(B) + f(B) = 1
for every n-block B.

We define the skew-translation operator S on the set of block maps as
follows. If f € ¥, then Sf € ¥, ., is defined by

Sf(0B) = f(B), Sf(1B)=f(B)+ 1.

(3.7) ProposiTiON. C(I + 1) = {Sf|f € F}.
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PROOF. Let f € %,. Then for every n-block B,

[}
—
s

Sf(0B) + Sf(0B) = Sf(0B) + Sf(1B) = f(B) + f(B ) + 1
Sf(1B) + Sf(1B) = Sf(1B) + Sf0B)=f(B)+ 1 + f(B) =1,

andso Sf € C(I + 1).
Let f € C(/ +1). We may assume that f € %, where n > 2. Define
g € %,_, by g(B) = f(OB). Since f(1B) + f(1B) = 1,

f(1B) =f(1B) +1=f(0B) + 1=g(B) + 1.

Therefore f = Sg. O

The solution of the commuting block maps problem for linear block maps
is completed by the following result. Recall that if @ = 0 or 1, then a” denotes
the n-block consisting entirely of a’s.

(3.8) THEOREM. Let f be linear and trivial.

(1) If f is constant, then C(f) = {g € ¥,|n > 1, g(a”) = a}, where f is the
constant map a.

(2) If f is not constant and f € £, then C(f) = F.

(3) If f is not constant and f € £,, then C(f) = {Sg|g € F}.

4. The Sums of Powers Theorem. In this section we show that if f € ¥, | is

given by

F(xo - X)) = X0+ @(x; -+ %)

where k > 2 and the full product x,x, - - - x; is a summand of @(x; - - - x;),
then every member of C*(f) is the sum of an odd number of powers of f. We
note that x,x, - - - x, is a summand of g(x, - - - x;) if and only if Q% = 1.
Furthermore, this condition holds if and only if the number of k-blocks B
such that g¢(B) = 0 is odd. We note that for each k > O exactly half the
(k + 1)-block maps linear in the first variable satisfy this condition.

We will prove the Sums of Powers Theorem by defining an operator L on
the set of block maps such that (1) if g € C*(f), then L(Rg) = 0 and (2) if
Ly = 0, then ¢ is a sum of remainders of powers of f. The result then follows
because TRf" = f° + f".

The operator L is derived in the following manner. Suppose g € C*(f) is
an (n + 1)-block map. We “expand” the equation

gof(Xo " Xpui) T fo8(x0" * " Xpyi) =0
and set the “coefficient” of x,x, - - - x,_, equal to zero. In formal terms,
Ly = QY gof+fog)whereg=1+ Ty.
For example, let f(xox,x,x;) = xo + X;x,x; and let g € C*(f) with
g(xg...x,) = xo+ ¥(x, - - x,). Then
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gof(xor " Xpu3) + fog(xXo" + + Xy43)

= (%o + X 23) + Yo f(xy - Xp3) F[ X+ Y(x - - - x,)]

+x + (- Xpar) [0 + ¥ (x5 - Xpe2) ][ X3+ ¥(xq- - Xn43)]
=Yoo Sf(xrr Xeps) FY(xc X)) F xxpd(xg - Xn43)

FXX(X3 0 X)) F XWX X)W (Xt X ys)

F XX (X0t X)) F X (Xt X (X e Xn43)

X (X0 X (X3 0 Xy2)
FP(xy s X (X3 - - Xna2)W(Xa " Xpi3)-

Therefore the coefficient of x,x, in this expression is
Y(X4° * * X,43) +[coefficient of x,x, in Y(x, - - - x,)]
+ [ coefficient of x,x, iny © f(x; * - - x,,3)]-

The lack of economy of the “polynomial” approach should now be clear.
For the remainder of this section, we proceed formally.

NotaTioN. For the remainder of this section, f = I + T where p(g) = k
> 2 and Q% = 1. In particular, Rf = ¢.

(4.1) LemMA. If p(p) = k and Q%p =1, then Q¥ 'p =1+ b for some
b=0orl.
PrOOF. By (2.3), Q*~'p = I- TQQ*~'p + TRQ* 'p. Therefore Q* o =

I+ TRQ*"'p. By 2.2), ((Q*"'p) < p(g) — (k — 1) = 1, s0 po(Q*~'p) = 1.
Thus TRQ* g is constant and the result is proved. []

(4.2) LeMMA. If g € C*(), then
Q* 'Rg + Q¥ 'Rg o f+ TRg = 0.

PROOF. By (2.12), g € £,, so we write g = I + TRg. Since f = I + TRf, we
have

gof+f°g=T(Rg+ Rg°f+ Rf+ Rf°g).
Thus
Rg+ Rgof+ Rf+ Rfeg=0.
But Q*"'Rf = I + b, hence
Q“ '(Rf+ Rfog)=(I+b)+(I+b)og=TRg
and so

0=Q'[Rg+ Rgof+ Rf+ Rf o g]

=Q“'Rg+ Q*'Rgof+ TRg. O
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We define an operator L on the set of block maps as follows:

Ly =0+ Q" of+ Ty

The properties of L listed below follow from the definition of L and the
properties of T and Q listed earlier.

(4.3) LEMMA. (a) L is additive, i.e., L(y + ¢') = Ly + LY.

(b)L0O=0and L1 = 1.

©LWeofN)=Ly-f

(d) LRf = 0.

(4.4) LEMMA. If Ly is constant, then so is QX).

PROOF. Since Ly is constant, QLy = 0. Then

QLY = Q" + QMY o f.

By Ferguson’s Theorem (2.11), Q% is constant. []

(4.5) LEMMA. Suppose Ly is constant and p({) > k. Then

Q" Yy =al + Ty

where a = 0 or 1, LY’ is constant, and p(y') = p(¢) — k.

PROOF. Let R(Q* ) = ¢'. Then

QKW =1I-TQO* W+ Ty =1-TQN + TY.
By (4.4), Q% is constant, call it a. Hence
QY =al + TY.
Let Ly = c. Then,
c=[al + TY'] +[a(I + TRf) + TY o f] + TY
=T +{ °f+ aRf + ),
and so
VHYef+aRfi+y=c (*)
Then
LYy + LY of+Ly=c

and so Ly’ = Ly’ o f. By Ferguson’s Theorem (2.11), Ly’ is constant.

Suppose p(y’) = 0. We show p(y) = k. Since ¢’ is constant, §' = ¢’ © f.
Thus (*) becomes aRf + ¢ = ¢, and so p(aRf + ¢) = 0. Now p(y) > 0, so by
(1.3), p(¥) = p(aRf). Hence a = 1 and so p(¢y) = p(Rf) = k.

Suppose p(y") > 0. Write (*) as

Y +¢ of=aRf+ ¢ + ¢,

and so

p(¥' + ¥ o f) =p(aRf + ¢ + ¢).
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Since y’ is not constant, it follows from (2.10) that p(y’ ° f) = p(y") + k and
so p(y’ + ¢ o f) =p(¥) + k. If p(y) = k, then p(y) > p(aRf) > p(c) =0
and so p(aRf + ¢ + ¢) < p(y) = k. Therefore p(y') + k < k, which implies
that p(y’) = 0. Thus p(y) > k, and so p(y) > p(aRf) > p(c). Then p(aRf + ¢
+ ¢) = p(¥). Hence p(¥') + k = p(¥). [

(4.6) LEMMA. If Ly is constant, then p(y) = nk for some n > 0.

PRrROOF. Let p(y) = nk + r where n > 0 and 0 < r < k — 1. We show that
r = 0 by induction on n.

Let n = 0. Then p(y) < k — 1 and so by repeated application of (2.2),
p(Q* ') = 0. Therefore Q*~ 'y is constant and so

O Y+ Qf lyeof=0.
Hence Ly = Ty and so Ty is constant. Therefore p(y) = 0.

Let n > 1 and suppose the lemma is true for all nonnegative integers less
than n. Let Ly be constant and p(y) = nk + r. Then Q* % = al + TY
where p(y’) = (n — 1)k + r and Ly’ is constant. By the inductive hypothesis,
r=0.

Suppose Ly is constant. We associate with ¢ a sequence q; = q;(), i > 0,
defined by repeated application of (4.5). Specifically, let y, = ¢ and for
n 2 0’ Qk_l‘l/n = anI + T‘l/n+l'

It follows from (4.5) that if Ly is constant and p(y) = nk, then g;(y) =0
and y; = Oforalli > n.

The next result is an immediate consequence of the additivity of 7, Q and
L.

(4.7) LEMMA. If Ly andLy’ are constant, then so is L(y + {'). Furthermore
a( + ) =a@) + a}) foralli>0.

(4.8) LEMMA. If Ly is constant and p(y) = nk, where n > 1, then a,_,({) =
1.

PrROOF. We prove the lemma by induction on n. Recall that Q¥ = g,/
+ Ty,

Let n = 1, i.e,, p(y) = k. Then by (4.5), p(y,) = 0 and so ¢, is constant, say
b. Therefore Q*~ 'y = a,I + b and so

Ly = a,TRf + Ty.

If ay = 0, then Ly = Ty is not constant. Therefore q, = 1.

Suppose that n > 2 and the lemma is true for n — 1. If Ly is constant and
p(y) = nk, then by (4.5), Ly, is constant and p(y,) = (n — 1)k. By the
inductive hypothesis, a,_,(y,) = 1. But a,(,) = 4, () for all i > 0. There-
forea,_ () =1 O
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(4.9) LEMMA. Let Ly = 0 and p(y) = nk where n > 1. Let ¢/ = ¢ + Rf".
Then LY’ = 0 and p(y') = mk where 0 < m < n — 1.

PrOOF. Since f* = I + TRf" € C(f), LRf" = 0. Since L is additive, Ly’ =
0. Hence p(y') = mk for some m > 0. Since p(Rf") = nk, it follows from
(1.3) that 0 < m < n.

For all i > 0, ¢;,(¥) = a,(¥) + a,(Rf"), and since p(y) = p(Rf") = nk,
a,_(¥) = a,_(Rf") = 1. Therefore a,_,(y’) = 0 and so by (4.8), p(y") # nk.

Therefore 0 < m< n—1. [

(4.10) LemMA, If Ly = 0, then ¢ is a sum of remainders of powers of f.

Proor. By (4.6), p(y) = nk for some n > 0. We prove the lemma by
induction on n.

Let n = 0. Then ¢ = 0 is the empty sum. Suppose n > 1 and the lemma is
true for all nonnegative integers less than n. Let Ly = 0 and p(y) = nk. Let
Y = ¢ + Rf". Then Ly’ = 0 and p(y’) = mk where 0 < m < n — 1. By the
inductive hypothesis, ¢’ is a sum of remainders of powers of f, and therefore
soisy =¢ + Rf". O

(4.11) THEOREM. Let f(xy- - - x) = xo + @(x, - - - x;) where k > 2 and
the full product x,x, - - - x; is a summand of o(x, - - - x;). Then every member
of C*(f) is the sum of an odd number of powers of f.

PROOF. Let g € C*(f). Then g = f° + TRg and LRg = 0. By (4.10), Rg is
a sum of remainders of powers of f. Since TRf" = f° + f, if Rg is the sum of
m remainders of powers of f, then g is the sum of 2m + 1) powers of f. [

5. The Small Period Theorem. In this section we will determine ©*(f) when

k
flxo - x)=x0+ Il (x + &)

i=1
where k > 2 and the least period of 8, - - - §, is no greater than ; k.

By (4.11), any member of C*(f) is the sum of an odd number of powers of
f. We show that if g is the sum of 2s + 1 distinct powers of f with s > 0, then
there exists x € X such that g o f (x) #f, ° g8.(x). This implies that
C*(f) = {f"n > 0}.

Let B=b,- - - b, be an n-block and let 1 < p < n. We say that p is a
period of B provided b, = b,,, for 1 < i < n — p. Note that n is a period of
every n-block.

NoTATION. Throughout this section,

(D f=1+Tk_,T'(I + §) where k > 2.

(2) The least period of 8, - - - §, is p.

3)y, z € X are defined as follows.
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Yp=1+8, and y,, =1+4 forl<r<p-1
z,, = §, =1+8 forl<r<p-1

(5.1) ProPOSITION. f,_(y) = z.

and z,,,,

ProoF. It suffices to show that [f ()], =1+, and [f(D)p+, =
Yperfor1<r<p—1

The first equality follows from the fact thaty, = y,, , foralli € Z.

Suppose that 1 < r < p — 1. Then

k
[foo(y)]np+r= ynp+r + H (yr+i + 81')‘
i=1
Ify,;; =1+ §;for 1 <i <k, then in particular,y;,,, =1+ § for1 <j < k
— r.Howevery;,, =1+ 3§, forl < j<k—r,s08=25,, forl <<k
— r. Therefore r is a period of §, - - - §,, contradicting the minimality of p.

Therefore y,,; = §; for some i, 1 < i < k, and 50 [f (M) psr = Vmosrr O

(5.2) PROPOSITION. f_(2) = z.

PROOF. Let i € Z. Since Z¥_,z,,; = 1 + Z¢_,(1 + §), z,,; = §; for some j,
i < j < p.Hence II{_ (z;,, + §) = 0and so [fo(2)]; = z. O

(5.3) THEOREM. Let f(xq - - - x) = xo + II¥_\(x; + 8,) where k > 2. Let p
be the least period of &, - - - 8. If p < 3 k, then C*(f) = {f"|n > 0}.

Proor. It suffices to show that C*(f) C {f"|n > 0}. Let g € C*(/). By
(4.11), g = 3% , f™ where s > 0. Without loss of generality, we may assume
that0 < my < - - - < m,,. We show thats = 0.

Suppose s > 1. By (2.14) we may assume that m, = 0. Since f € £,, so is
S™ and hence f2' maps X onto X [H, Theorem 6.6]. Therefore there exists
x € X such that f7'(x) = y. Since

2s
8w S =2 f2!
i=0
and f2(x) = z form > m,,
2s
2t =w
i=1

where w; = 0 for allj € Z and
2s
2 Jo(x) = z.
i=2

It follows that
8w ° S (%) = foo (%)
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and
Eo(X)=x+y +z
Let ¢ be the largest integer such that gp < k. Since 2p < k, ¢ > 2. Then

[ e ° foo () ]p=[foo ()] o= % +H( Xgpsi + 8;)-

Since (y + z),, =1 and (y+z),,p+,=0for1<r<p—l, (x+y+
Dp=1+x,and(x +y + 2),4, = X4, for1<r<p-1
Butf,og.(x)=f.(x+y+2z),s0

[feo ® 8(X) ], 1+x+H(n,,+,+1+8)H(n,,+. 8,)

where
={pl1<j<gq} and J' ={(ill<i<ki&J}

Since §; = 8, foralli € J and [f,, ° 8,(X)] + [8e0 ° fc(¥)]sp = 0,

8P
=1:£[(@+,+8)+H(@+,+1+8)H(,¢+. 8,)-

ieJ ieJ’

Therefore, for each n € Z, one and only one of the following holds:

Xpei=1+8 forl <i<k. ¢))
§; fori € J,
i T { 148 forielJ. )

Suppose (1) holds for some n. Then since 2p < k,
XnaDp+p= Xppizp = 1 + 8, =1+ 8,

But p € J, so (2) does not hold for n + 1. Consequently (1) holds for n + 1.
Similarly,

X(n=Dp+p= Xpp = 1+ 8‘, =1+ 82p.

But g > 2 and hence (2) does not hold for n — 1. Therefore (1) holds for
n — 1. It follows that (1) holds for all n € Z and hence x = y. Then
f™(x) = z, which contradicts the choice of x. Therefore (1) holds for no
n € Z, i.e., (2) holds for all n € Z. But then x = z and so f™(x) = z, again
contradicting the choice of x.

Therefore we conclude that s = 0. [J

We remark that C’(f) is easily determined for the block maps considered in
this section. If p = 1, then C’(f) consists of the constant map &, alone. If
p > 2, then C’(f) consists of both constant maps 0 and 1.
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6. The Large Period Theorem. In this section we will determine C*(f) when

k
fOo- - x)=xo+ Il (x, + &)

i=1
where k > 2 and the least period of 8, - - - &, is greater than ; k.
We begin with two technical results about periods of finite blocks.

(6.1) LEMMA. Let p>2 and 1 < r < p— 1. If r and p are periods of
bl ct bp+r_|, then b’ = bp.

ProoOF. The proof is by induction on r.

Ifr=1,thenb, =b,="--- =b,

Suppose 2 < r < p — 1 and the lemma is true for all positive integers less
than r. Let p = nr + s where 0 < s < r — 1. If s = 0, then p = nr and so
b,=b,. 1f 1 < s < r — 1, then b, = b,. Furthermore, for 1 <i <r —1, we
have

bi = bi+p = bi+nr+s = bi+s'

Therefore s and r are periods of b, - - - b, ,_,. By the inductive hypothesis,
b, = b, and thus b, = b,. [

(62) LeMMA. Let 2 < p< k and 1 <r< p—1. If r is a period of

by+ - b,,,_yandp is a period of b, - - - by, then r is a period of b, - - - b,.

ProOF. If kK < p + r — 1, then there is nothing to prove. Suppose k > p +
r. Weshow thatb, = b, for1 < i< k—r.

Let1 < i< p— 1.Thenb, = b,,, sincerisaperiodof b, - - b,,,_;.

Since p + r < k,p is a period of b, - - - b,,, and thus b, = b, ,. But p is
also a period of b, - - - b,,,_, and hence by (6.1), b, = b,. Therefore b, =
b,,, fori=p.

Letp+ 1< i< k+r.Thenl<i— np < pfor somen > 1. Since b, =
b, for1 < j< p,wehaveb,_,, =b,_,.,. Sincep is a period of b, - - - by,
we have b;,_,, = b;and b,_,, ., = b;,,. Therefore, b, = b,,,. [0

In showing that every sum of an odd number of powers of f commutes with

f we will have to “evaluate” expressions such as
Rfe [I+ T(Rf"+ - - + Rf"»)],

which is the same as “expanding”

k
[T (1 +8) + T(RM + - - - + Rf™)].
i=1
We will write o; = T°7!'(1 + §,) and B; = T'(Rf™ + - - - + Rf"™). The above
product then is II¥_,(o; + B,), and a;, B; are elements of ¥, which is a

commutative ring with identity (with operations + and -).
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We will derive some “orthogonality” relations involving the a’s and B’s
which will simplify the expansion of the product. We first indicate the
consequences of the orthogonality relations.

(6.3) LEMMA. Let A be a commutative ring with identity. Let k > 2 and let
a,B€EAfor 1<i<kandj>1.Let2< p<kandfor1<r<p-1,
let m = min{p — 1,k — r}. If

M) BBiy,=0forj>1land1 <r<p-—1,

@By, =0for 1 <r<p-—1,
then

k p—1 k
H(ai+ﬂi)= I "‘iH(ai"'Bi)-
i=1 i=1 i=p

If furthermore, p > Lk, then

k k k k
'Hl (ai + .B:) = 'Hl o; + ZIBJ H Q.
i= i= j=

i=1
i
We omit the straightforward but tedious proof.
NortATION. For the remainder of this section,
() f=T+T_,T'U + §) where k > 2.
(2) The least period of 8, - - - §, isp andp > 2.
() Forn > 1, ¢, = Rf". Therefore f* = I + To,.
In particular, @, = II*_, T""'(1 + §)).
@ =IE5T7'(1 +8).
(S)Forl<r<p-1,m=min{p—1k—r}and

m,
6 =117 +85,,).

i=1

(6) For 1 < j < k,

k
¢ = Il T-'(1 + 5.
1i:}
In terms of polynomials,
Py X )= +8) - (g + 8p—l)’
(i)r(xl e xm,) = (xl + 81+r) T (xm, + 8m,+r)’
@(xy - - X)=(x, +8) - (xj—l + 8;—1)(’9+| + ‘sj+|)’ w (o + )
The main orthogonality results will be that ¢,,- T, =0for 1 <r < p —
1. We will then use (6.3) to show that if g is the sum of an odd number of
powers of f, then g o f+ f o g can be written as a sum of products of the
form T'(g,, - T'p,) where 1 <r < p — 1.
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Let g, 1 be block maps. We say g is a factor of h provided h = g- i’ for
some block map 4’. It follows from the definition that g is a factor of 4 if and
only if Tg is a factor of Th.

(6.4) PROPOSITION. ¢’ is a factor of ¢,, and for 1 <r < p—1, T'¢, is a
Jfactor of ¢,.

PROOF. It is clear that ¢’ is a factor of ¢,.
Suppose 1 < r < p — 1. Then
m.+r
g = [ T-'(I+8).
i=r+1
Since m. + r < k, T'§, is a factor of @,. []

(6.5) PROPOSITION. If 1 <r < p — 1, then T'¢’ - T'¢, = 0.
Proor. It suffices to show that ¢’ - ¢, = 0. Sincem, < p — 1,

T 71 [+ 81 + 5,4,)]
i=1

is a factor of
p—1 m,

¢ 6= T a+8) T 1 +85,,)
i=1 i=1

Suppose §; = §;,, for 1 <i < m,. Then r is a period of §, - - - §,. If
m,=p — 1, then by (6.2), r is a period of §,- - - §,, contradicting the
minimality of p. If m, = k — r, then r is a period of §,- - - §,, again
contradicting the minimality of p.

Therefore §;,, = 1 + §, for some i, 1 < i < m, and so (I + §)({ + §,,,)
= 0. Thus

m,

I [ +8)J +8,,)] =0

i=1
Therefore ¢"- ¢, = 0. []
(6.6) LEMMA. Let a; = T* "Y1 + 8) for 1 < i < k and let {Blj>1}bea
collection of block maps. If
M BB+, =0forj>1land1 <r< p-—1,
(2) T'¢' is a factor of B, for 1 < r < p — 1, then
k k
H (; +B)=¢" H (a; + B)
i=1 i=p

If, furthermore, p > 3 k, then

k k
IL( +B) =9+ Z B
i=1 Jj=pr
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Proor. It suffices to show that condition (2) of (6.3) holds. Since for
I<r<p-1,

m, m, m,
Mo, =TTt +5,,)=T T U+8,,)=T4,
i=1 i=1 i=1
it follows from hypothesis (2) and (6.5) that 8,117~ ,a;,, =0for 1 < r < p —
1. O

(6.7) PROPOSITION. Letn > land 1 < r < p — 1. Then
(an) Pn Trq‘)l =0.

(bn) 20 T’(P,, =0.

(cn) (pn . Tr n = 0’

(d,) ¢’ is a factor of g,

(e,) ¢’ is a factor of ¢, ° f".

Proor. The proof is by induction on n.

(a))Hc,)): Since T'¢’ is a factor of T'p, and T'¢, is a factor of ¢,,
T"p, - T', is a factor of @, - T'p,. Then by (6.5), ¢, T'p, = 0.

(d,): See (6.4).

(e): For 1< i<k, let ay=T""(I+ ) and for j > 1, let B, = Ty,
Then ¢, ° f = [I*_,(a; + B,). It suffices to show that conditions (1) and (2) of
(6.6) hold. By (a,), ;- T'p, = 0 and so T’p, - T'*"p, = 0, i.e,, B;B;,, = 0 and
(1) holds. Since ¢’ is a factor of ¢;, "¢’ is a factor of 8, and so (2) holds.

Suppose that (a,)—(e,) are true. We show that (a,, )¢, ) hold.

(a,+1): It follows from (2.8) and (a,) that

Pur1  T0r = (@ + @ 2 f") T'9, = (9, ° ") - T'o,.
Since T'¢’ is a factor of T"p, and T, - T'p, = T7p,, by (6.5) it suffices to
show that T"¢, is a factor of T, - (¢, ° f").

For 1< i<k, let =T "'(I+ §) and for j > 1, let B = T’p,. Then
¢y o f* =I_y(a; + B). By (b,), ¢, T%p, =0 for 1 < j < p—1, and so
T, - T"*'¢, =0 for 1 < j < p—1, or equivalently, T"p,- T'p, = 0 for
r+1<i<p+r—1ThusT¢,-B, =0forr+1<i< p+r— 1 Since
m+r<p+r-—1,

m+r m+r
T’y 11 (o + B) = T'p, - II o =T T,
i=r+1 i=r+1

Therefore T'¢, is a factor of T"g, - II72*/, (a; + B;) which in turn is a factor
of T'g, - IIf_ (e + B) = T'o, - (y °f"). Thus (a,,,) is true.
(b, +1): It follows from (2.8) and (b,) that
O TP =@ (T, + Ty o f") =@ (T, o f*) = @, - T"(gp, © f7).
By (e,), T"¢’ is a factor of T"(g, ° f"). Since T'¢, is a factor of ¢, T'¢’ - T'¢,
is a factor of ¢, - T", ., and so by (6.5), ¢, - T'g,,, = 0.
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(hs1): By 28), ¢, °f =@, + @y, hence Tq, o f=To + Ty,
Therefore
(@ o) (To e )= T+ @ TQu1 + @it T + @iy TP,y
and so
Pt T@ui1 =@ T+ @1 TQpy + @iy Ty + (9, ° f) - (T, © f).
The first three summands are zero by (a,), (b, ) and (a, ) respectively. But
(@, N (T'p, ° ) = (¢, T'yp,) ° f which is zero by (c,). Therefore ¢, , -
Trq)n+l = 0.

(d+0): By 28), 9,41 = @, + @, ° f". By (d,), ¢’ is a factor of ¢, and by
(e,), ¢’ is a factor of ¢, o f". Therefore ¢’ is a factor of @, ;.

(€,41): For1 < i< k,lete, = T""'(I + §)and forj > 1,let B, = T, ,.
Then ¢, o f"*! = TI*_,(a; + B). It suffices to show that conditions (1) and (2)
of (6.6) hold. By (¢, 1), ¥4 79,4, =0and so TVg,,,- T"*'g,,, =0, ie,
B:B;+, = 0 and so (1) holds. By (d,,,), T'¢’ is a factor of T'p,, , i.e.,, T'¢’ is
a factor of B, and so (2) holds. Thus ¢’ is a factor of ¢, , o f. [0

(6.8) PROPOSITION. Let 1 < r < p — 1. Then for all m,n > 1, ¢,,- T'p, =
0.

PrOOF. By (6.7) the result is true if either m = 1 or n = 1. It therefore
suffices to show that if ¢, - T'g, = 0, then ¢, ,,- T7p,,, = 0.
As in the proof of (¢, ) of (6.7),

Pt T Qi1 =01 T+ @ T + Qe T + (9, T',) © S

By (6.7), the first three summands are zero. The fourth summand is zero by
the inductive hypothesis. Therefore ¢, - T'9,., = 0. O

(6.9) PROPOSITION. If p > 1 k, then for all n > 1,

k
¢ of =+ 2 T, @,
j=p

PrROOF. For 1 < i < k,letoq; = T""'(I + §) and for j > 1, let B, = Ty,
Then ¢, - f* = [I*_(a; + B,) and it suffices to show that conditions (1) and
(2) of (6.6) hold.

Let1<r<p-1By(6.7), ¢, Ty, =050 T, - T, =0,ie, BB,
= 0 and (1) holds. By (6.7) again, T'¢’ is a factor of T"g,, i.e., T'¢’ is a factor
of 8, and (2) holds. ]

(6.10) PROPOSITION. Let s > | and let n, > 1 for 1 < i <2s. If p >3k,
then

2s k 2s )
wel+Zr) -0+ 3 Erng

i=1 j=pi=1
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PrOOF. For 1< j <k, let oy =T'"'(I+8) and for j > 1, let B =
=%, Since B, = TJ Icx T(p ) and

2s 2s
.21 T(pni = .21 (I + Tq)n'_) = .21 1,

it follows that

2s k
(P1°(1+2f"')= H("j"'ﬁj)'
i=1 j=1
Therefore it suffices to show that conditions (1) and (2) of (6.6) hold. Let
1<r<p-1By(68),¢, T, =0forallm, n > 1. Thus g, - TV*'¢,,,
= O forallj, m, n > 1, and since

2s 2s
le?j_'_’ = ( ‘21 Tj(p'l,) ) ( 21 Tj+r(p’l.-)9

it follows that B,3,,, = 0, ie., (1) holds. By (6.7), ¢ is a factor of g, for all
n > 1,so T'¢’ is a factor of 2,=,T<p,,i, 1e., T'¢’ is a factor of B, and so (2)
holds. [J

(6.11) THEOREM. Let f(xq - - - x) = xo + II*_ (x; + &) where k > 2. Let p
be the least period of 8, - - - 8. If p > 1 k, then C*({) is the set of all sums of
an odd number of powers of f.

ProOOF. Every sum of an odd number of powers of f is linear in the first
variable and hence has left extent one. So by (4.11), it suffices to show that
every sum of an odd number of powers of f commutes with f.

Let g = 3% ,f If s = 0, then g = f™ € C(f), so we may assume s > 1.
By (2.14), we may assume that n; = 0 and n; > 1 for I < i < 2s. Then using
(6.10) and (6.9),

(1+2f")—<p.+2 S Tig, ¢

Jj=pi=l1

2s k )
=(p]+2 sz(pn,».(i)j

i=1j=p

2s
—¢1+2(<P.+_2T<P,., <P,)=<P|+2<P1°f"’~

i=1 =p i=1

Therefore

i=1

2s 2s
T¢.+ET<P,°f"’+T<m°(1+2f’”')=
i=1
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Then

2s 2s
g°f+f°g=(1+Zf"')°f+(1+T¢>n)°(1+2f'*)

i=1 i=1
2s 2s 2s
I+ Tp+ S (I+Te)ofr+1+3 fr+ To o > f*

i=]1 i=1 i=1

2s 2s
To, + X To, o f* + Tg, o X fr=0.
i=1 i=1
Therefore g € C(f). [
It is easy to see that for the block maps considered in this section, CH
consists of both constant maps 0 and 1.

REFERENCES

(F]1J. D. Ferguson, Some properties of mappings on sequence spaces, Ph. D. Dissertation, Yale
University, 1962.

[H] G. A. Hedlund, Endomorphisms and automorphisms of the shift dynamical system, Math.
Systems Theory 3 (1969), 320-375. MR 41 #4510.

DEPARTMENT OF MATHEMATICS, WESLEYAN UNIVERSITY, MIDDLETOWN, CONNECTICUT 06457
(Current address of E. M. Coven and G. A. Hedlund)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTHAMPTON, SOUTHAMPTON S09 5NH,
ENGLAND (Current address of Frank Rhodes)



