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ABSTRACT. Let f be a quasi-monotone mapping from a compact, connected
manifold M™ (m > 3) onto a space Y; then there is an open mapping g
from M onto Y such that, for eachy € Y, g~ !(y) is not a point and g ~'(y)
and f~!(y) are equivalently embedded in M (in particular, g~!(y) and
£~ '(») have the same shape). Applying the result with f equal to the identity
mapping on M yields a continuous decomposition of M into cellular sets
each of which is not a point.

Let M™ be a compact, connected topological manifold of dimension
m > 3; let f be a mapping from M onto a metric space Y satisfying: for each
open, connected set U C Y, each component of f ~'(U) is mapped onto U by
f (such mappings are exactly the quasi-monotone or, equivalently, the quasi-
open mappings of Whyburn [Why-1], [Why-2]; in particular, monotone
mappings are quasi-open). The main result of this paper is that f can be
approximated by an open mapping g from M onto Y satisfying for each
y € Y: (i) g7'(») is not a point and (ii) g ~'(») and f~'(y) are equivalently
embedded in M (in particular, g ~'(y) and f ~!(») have the same shape). Even
for the case f = id,, (i.e., the identity mapping of M), this result yields the
nontrivial fact that there is a continuous decomposition of M into cellular sets
each of which is not a point. Continuous decompositions of the plane into
nondegenerate cellular sets were constructed by Anderson [A-4] and Sosinskii
[So]. In [A-1], R. D. Anderson announced that the plane can be filled up with
a continuous collection of pseudoarcs; however, he never published a proof.
The results of this paper were inspired by Theorem II announced by Ander-
son in [A-1] (Theorem II appears in this paper as Corollary (1.1)).

The techniques used in this paper are reminiscent of those used by
Anderson [A-2), [A-3], [A-4], by D. Wilson [Wi-1], [Wi-2], and by Walsh
[Wa-1], [Wa-2].

The main result of this paper is stated in §1; in addition, in §1 we show that
the main result is a consequence of an apparently weaker result. The proof of
this latter result forms the bulk of this paper and is the content of §§5 and 6;
§5 contains a technical device and §6 contains the actual proof. In §2, some
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fundamental properties of brick partitions are stated; also a filtration
obtained from a brick partition is described.

§§3 and 4 contain the proof of a very modest version of the main result.
These two sections are included strictly for pedagogic reasons; specifically, it
is useful to have Proposition (4.2) for comparison when discussing the
difficulties faced in proving Proposition (6.1).

TERMINOLOGY. All spaces considered are assumed to be metric and all
spaces of functions are to be given the uniform topology; in particular, for
mappings (= continuous functions) between compact spaces the topology is
given by the supremum metric. All metrics will be denoted d( , ). M™ will
denote a compact, connected topological manifold of dimension m possibly
with boundary (denoted dM). A set is nondegenerate if it is not a point. Int( ),
cl( ), and diam( ) will refer to the topological interior, the closure, and the
diameter of a set, respectively. (At times, we will also denote the closure of a
set K by K.) If A is a collection of sets, then 4* is the union of members of 4
and p(A4), the mesh of A4, is the supremum of the diameters of the members of
A. We will abusively use N {4,|y € T} to denote N, cr4,.

An ordered collection (4,, ..., 4,) is a chain provided 4; = A; only if
i=jand 4, N A;,_, #D fori=2,...,n (this is not the standard use of the
term chain since we are permitting 4, N 4; & even if |i —j| > 1). A
collection A refines a collection B if each set in A is contained in a set of B; 4
is called a refinement of B. A sequence {4, }>., is nested provided 4, D A, D
Ay. ...

Let f be a mapping from X onto Y; f is ogpen provided f(U) is open for each
set U C X, f is monotone provided each f~!(y) is connected, and f is
quasi-open or quasi-monotone provided for each open, connected set ¥ C Y if
U is a connected component of f~!(V), then f(U) = V (for mappings
between compact, locally connected spaces the above definition of quasi-open
and quasi-monotone coincides with standard definition of each; see [Why-2,
p- 110] and [Why-1, p. 152]). Two further facts which we need from [Why-2]
and [Why-1] are: (i) if f is a quasi-open mapping between compact, locally
connected spaces and f = / ° m is the monotone-light factorization of f, then
! is open; (i) if {f,}7-, is a sequence of quasi-open mappings between
compact, locally connected spaces and f = lim,_, , f,, then f is quasi-open.

By an isotopy of X we mean a path {},cup OF {M},epap Of self-
homeomorphisms of X where [a, b] and [a, b) are subintervals of [0, o). The
statement let 8 = B, U B, U - - - U B, be an arc will mean that B8 is an arc
(we use B to denote both the mapping and its image) and the ;s are subarcs
with 8; N B;,, a single point for i = 1,..., n — 1 and with the ;s covering
B; B(0) and B,(0) (resp., B(1) and B,(1)) denote the endpoint of B contained
in B, (resp., B,).
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Let f be a mapping from X onto Y; a closed subset K C Y with int(K) =&
is called f-admissible provided int(f ~'(K)) =@. We say that f is admissible if
each closed subset K C Y with int(K) = is f-admissible (observe that open
mappings are admissible).

The support of an isotopy {h,},e(4s) is denoted supp({A,}) and is equal to
cl({x| for some ¢ € [a, b}, h,(x) # x}).

Let A and B be closed subsets of a manifold M™; then 4 and B are
equivalently embedded provided there is an isotopy {,},e(0,.0) Of M satisfying:
(i) for each neighborhood V of A4 there is a neighborhood U of B and a ¢,
with A C h(U) C Vforall ¢ > t,; (ii) for each neighborhood U of B there is
a neighborhood V of 4 and a t, with B C h~'(V) C Uforallz > ¢,

Let A be a collection of sets and let B be a set; define st%(B, 4) = {a €
Ala C B}, st'(B,A) = {a € Alan B #J}, and, inductively for i > 2,
st'(B, A) = st!(st "!(B, A)*, A); at times we will use st(B, 4) in place of
st'(B, A).

1.

MAIN THEOREM. Let M™ be a compact, connected manifold with m > 3, let f
be a quasi-open (equiv., quasi-monotone) mapping of M onto a space Y, and let
€ > 0. Then there is an isotopy {h},c(0,.) of M satisfying: (i) hy = identity; (ii)
lim, , f o h, = g exists and g is open; (iii) for each t € [0, ), d(f,f° h,) <
&; (iv) for each y € Y, each component of g~ \(p) is nondegenerate and g~ '(y)
and f~\(y) are equivalently embedded in M.

REMARK. It will be clear from the proof of the Main Theorem that if 4 is a
closed subset of M with dim(4) < m — 2 (we are referring to the covering
dimension of 4), then we can assume that, for ¢ € [0, o), A5y, 4 €quals the
identity and, hence, that f|5p 4 = 8laarua-

The following corollary was announced by R. D. Anderson [A-1] but a
proof was never published.

(1.1) CorROLLARY. If f is @ monotone mapping from M™ (m > 3) onto Y, then
there is a montone open mapping g from M onto Y.

REMARK. The author proved a version of (1.1) in [Wa-1, Corollary (3.7.2)]
with the additional assumption that Y be a polyhedron; however, the mono-
tone open mapping obtained in [Wa-1] is not obtained by an isotopy of M
and definitely does not satisfy condition (iv) in the Main Theorem.

We can quickly reduce the Main Theorem to the case where f is monotone
as follows. Let f = / © m be the monotone-light factorization of f; the Main
Theorem applied to the monotone mapping m yields an isotopy of M which
also “works” for f.
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The remainder of this section deals with showing that the fact that
lim,_,, f > h, = g implies that f ~'(y) and g ~'(y) are equivalently embedded.
The proof of the following lemma is left to the reader.

(1.2) LEMMA. Let X and Y be compact metric spaces, lety € Y, and let V be
a neighborhood of y. Then there is an ¢ > 0 such that, for any pair of mappings
f, 8 from X onto Y with d(f,8) < &, g~ '(y) C f~ (V).

The following proposition is probably known and is certainly in the spirit
contained in [K-L].

(1.3) PropoSITION. Let {h,},c(0,00) and lim,_,, f © h, = g be as in the Main
Theorem. Let y € Y, let {W,}i>, be a sequence of open neighborhoods of

f~(y) with W, C W,_, and with f~'(y) = N2, W,, and let ¢ > 0. Then there

is an integer k and a number s > 0 (both depending on ¢ and y) such that
W, C N,(f~\(»)) and, for each t > s,

g_l(y) c ht_l(Wk) - Nc(g-](y))'

PrROOF. Let U C g(N,(g~'(»))) be an open neighborhood of y with g~ (V)
C N,(g7'(»))- Applying (1.2) with ¥ = U, there is ¢ > 0 such that, for
t > t,(f°h) (y) C g~ "(U). Choose k such that W, C N,(f~'(»)), f(W,)
C U, and (f° h) '(f(W,) Cg~'(U) for t > t. Let U’ C f(W,) be an
open neighborhood of y with f~(U’) C W,. Applying (1.2) with V = U’,
there is s > ¢ such that, for 1 > s, g~'(y) C (f ° h)~'(U’). Observe that if
t > s, then

g7' S (foh)'U) = 7N UY) C TN (W)
Ch'(fef(W)) g™ '(U)C N (27 ()

hence, the proof is complete.

REMARK. Since lim,_ . f°h =g, it follows that lim,_ g h ' =f;
applying Proposition (1.3) to the latter yields the conclusion in (1.3) with the
roles of f and g interchanged and with A, in place of A,.

Armed with Proposition (1.3) and this remark it follows easily that f ~!(y)
and g () are equivalently embedded in M. The purpose of introducing the
concept of “equivalently embedded” is to give emphasis to the strong
relationship between the point inverses of g and those of f; this paper
contains no further development of the concept.

2. Throughout this section Y will denote a compact, connected, locally
connected metric space. A brick partition 8§ for Y is a finite collection of
pairwise disjoint open connected (nonempty) subsets of Y satisfying: (i) G * is
dense in Y and g = int(g) for each g € §; (ii) if U is an open subset of Y
and g,g' € 6§ with gNn g N U +#J, then thereisa pointy €Egng n U
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with y € int(g U g'). (We have omitted mention of a metric related condition
which the elements of § must also satisfy; we will not need this condition;
see [Bi, p. 304].) By a closed brick partition, we will means a collection
consisting of the closures of the elements of a brick partition.

In [Bi], Bing proves that Y has a sequence {§;}%2., of brick partitions with
G, refining ;,_, and with lim,  u(8,) =0. We will need the following
slightly stronger form of this result. Let f be a mapping from a compact
metric space X onto Y (we must assume that Y is not a point); a brick
partition § is f-admissible provided {g — g|g € §}* is f-admissible. We
assert that for each such mapping f there is a sequence {8}, of brick
partitions for Y as above satisfying the additional requirement that each §, is
Jf-admissible. The proof of this assertion can be extracted from [Bi] by
recalling that the collection W — (W3 U - - - U W,) constructed in the proof
of Theorem 5 on p. 308 of [Bi], is uncountable; this fact makes it possible to
choose the brick partitions in Theorems 5-8 in [Bi] to be f~admissible.

Given a closed brick partition § of Y, we can obtain a filtration of Y as
follows. Let § = {g),..., g,}; let

@={(up..., )1 <ty <uy< -+ <u <g;8,N"-" NG, *3;
ifg & {8p---+8, )

theng, N (g, N- " Ng)F*& N """ NE&J

Ifx=(u,...,4) € Q thenlet |x| =g, N --- N g, and call k the length
of x. Partially order & by defining x = (u;, ..., %) < X' = (4}, .. ., u)
provided |x| C |x’|; we leave to the reader to check that we have a partial
ordering. Let I(&) be the length of the longest chain in @; let O, =
{minimal elements of @}; and, inductively for t =2,...,I(@) — 1, let
M, = {minimal elements of & — 9N, _, which do not have length one}. Let
Mg = {elements in @ with length one}.

3. The following proposition is well known (e.g., see Proposition 1 in
[Wi-1]); we will use it in the next section. The proof is left to the reader.

(3.1) PROPOSITION. Let X and Y be compact metric spaces and let {F,}7.,
and { K}, be two sequences of finite collections of compact sets satisfying:
(3.1.1) For each n, K} = Y and F} = X; and lim,_,  p(K,) = 0.
(3.1.2) There exists a one-to-one and onto function T,: F,, — K, such that:
(@) For n>2, if f,EF,, f,_, €F,_, with f,C f,_,, then T,(f)C
Tn - ](f;x- l)'
(b) If x € X, then there is a sequence { f,}%., with x € f, € F, and with,
forn3> 2, f Cf_,.
(c) Ify € Y, then there is a sequence {k,}7., withy € k, € K, and with,
forn> 2k, Ck,_yand T, \(k,) C T,”\(k,_).
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GlY)Iff,.... i €F,andfin- - nfI#D, then T,(fHN--- N
T,(f?) #3. Then there exists a mapping g from X onto Y defined by
00 [~}
g( N f,.) =M T,(%)
n=1 n=1

for each nested sequence { f,}., with f, € F,.

n=1

4. The following theorem is a modest version of the Main Theorem; the
proof of Theorem (4.1) is based on Proposition (4.2) and is presented at the
end of this section.

(4.1) THEOREM. Assume the hypothesis of the Main Theorem. Then there is an
isotopy {h},e(0,0) and a mapping g =lim,  (f° h) satisfying all the
conclusions of the Main Theorem except that, in place of g being open, we have
that g is admissible.

(4.2) PROPOSITION. Let M™ be a compact, connected manifold with m > 3, let
f be a monotone mapping of M onto Y, and let ¢ > 0. For each positive integer
n, there is a monotone mapping H, from M onto Y and a H,-admissible closed
brick partition J,, of Y satisfying:

(4.2.1) p(J,) < ¢/3 and, for n > 2,J, refines J,_, and p(J,) < ¢,/2" where

g =min{£, ..., & ),

min{d(jn—l’ (Jn—l - St(jn-—l’ Jn—l )))*ljn—l € Jn—l }}
(42.2)Forn > 2,ifj, € J,and j,_, € J,_, withj, C j,_,, then
Hn—l (ll’lt(j")) c Hn-—ll (int(jn— l)) - NI/Z" (}ln_l (lnt(Jn)))

PROOF. Let {§;}%., be a sequence of f-admissible closed brick partitions of
Y with §; refining §;_, and with lim,__ pu(8;) = 0. Choose i, such that
1(8;) < e/3;letJ, = 6, and H, = f. We will now present the construction
of the n = 2 stage; the method for going from the nth stage to the (n + 1)st
stage is essentially the same construction.

Choose i, > i, such that p(8,) < §,/2* and let J, = §, . Let T = {(jp,Jjy)
€ J, X Jy|j, C 1) For each y = (j,,jy)) €T, let B, C H; '(int(j})) be an
arc with B,(0) € H” l(int(j,)) and with H, \(int(j,)) C N, ,2{(B,); and let
U, C H, '(int(j,)) be an open neighborhood of B,. We can assume that the
U,’s are pairwise disjoint. Let {kf},elo’,] be an isotopy of M with k3 =
identity, with supp({k?},cp1) C {U,ly € T}*, and with B, C
(H, © k)~ \(int(jp) for each y = (j,, j,) € T.

(4.3) REMARK. We need to be sure that each of the B,’s is chosen so that
any neighborhood of g, (0) can be “pulled over” the entire arc B,. There is no
difficulty in making such choices; henceforth, we will implicitly assume that
all arcs used are so chosen.
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The n = 2 stage is completed by letting H, = H,  kZ. The inductive step is
done similarly by choosing i, > i,_, such that p(8,) <§,/2" and letting
Jn = Qi,, and ' = {(jn’jn—l) € Jn X Jn—lljn g.jn—]}’ and usmg Hn—l in place
of H, and N, /,.(B,) in place of N, ( B,).

PROOF OF THEOREM (4.1). (4.4) Define the isotopy {&,},c(o,) as follows.
Let A, = identity for ¢ € [0, 1] and, for each integer n > 1, if t € [n, n + 1],
then let b, = k? o ki o - - - o k'o k"*! Observe that H, = f o h,. We will
now verify that lim,  H, exists; we leave to the reader to verify that
lim,_, (f ° h,) exists.

Let K, = (jpUu - Ujlinn - njf#@ and j,nUa N -+ NJ7)
=g for each j, € J, — {jl,...,j7}}. Let F, = {cI(H, '(int(k,)))|k, € K,}
and let T,(cl(H, '(int(k,)))) = k,. It is easily verified that the sequence of
triples 7,: F, — K, satisfies the hypothesis of Proposition (3.1); it is useful to
have the observation that, since J, is H,-admissible, if k, =j! U - - - U jI €
K,, then

cl(H,™! (int(k,))) = cl(H,,‘l (int( j,}))) U - - - U c(H, ! (int(j7))).

Let g be the mapping defined in (3.1); we now check that lim, , H, = g.
Let § > 0 and let n, be such that u(K,) < & for n > n,. Let x € M and let
{f.}>-1 be a nested sequence with f, € F, and x € N, f,. For each n,
H,(x) € T,(f,) and, since g(x) = N, T,(f), g(x) € T,(f,). Therefore, if
n > ny, then d(g(x), H,(x)) < 8.

We now show that g is admissible. Let L be a closed subset of Y with
int(L) =J. Let x € g~!(L) and let n > 0; we will now produce x’ € N, (x)
with g(x’) € L. Let ny be such that X,5,1/2" <. Let j, €J, with
Ny/»o(x) N H,-\(int(j, )) 2 and let n, > n, be such that there is a j, € J,,
with j, Cj, and st(j,,J,)* N L =3. Let j,,jn+1---5J,, be a nested
sequence with j, ., € J, ,; for i=1,...,n — ny Let x, € Ny n(x) N
H,-'(int(j,)) and, inductively for i = ny+ 1,..., n,, recalling condition
(422), let x; € N, 5(x,_)) N H,”'(int(j))). Observe that d(x, x,) <
2iL,,1/2' < and it is easy to verify that g(x, ) € st(j,,J,)*; let x' = x, .

To be sure that each g~!(y) is nondegenerate, we must change the
construction in the proof of Proposition (4.2) as follows. For each j, € J,, let
B! and B’ be disjoint nonempty, open subsets of H, '(int(j)). A more
careful choice of the B’s will insure that for each n > 1, if j, € J, and
Jan €y € J), then H,”\(int(j,)) N B} #, i = 1, 2. We leave to the reader to
verify that this modification guarantees that each g ~'(y) is nondegenerate.

5. Proposition (5.1) below is an embellished version of Proposition (3.1) and
is used to produce open mappings ((5.1) appears as Proposition 2 in Wilson’s
paper [Wi-1] and the reader is referred there for a proof). Proposition (5.2) is
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the technical device used to govern the construction contained in the next
section; (5.2) is a variation of Wilson’s Proposition 3 in [Wi-1]. Both these
propositions have their genesis in Anderson’s work [A-2], [A-3], [A-4].

(5.1) PROPOSITION. Assume in addition to the hypothesis of Proposition (3.1)
that:
h‘zs.l.l) Ifk,, k, € K, and k, N k, #, then
T, ' (k,) N T, ' (k) #9D.
(5.1.2) There is a > 0 such that if f,, f, € F, and f, N f, #9, then
Ja © Ny (f2)-
(5.1.3) There is b > O such that if f, € F,, and f,_, € F,_, with f, C f,_,,

then
. Ja1 © Nyjr (f)-
Then the mapping g constructed will be open.

oo

(5.2) PROPOSITION. Let X and Y be compact metric spaces and let {J,} -,
and {P,}_, be two sequences of finite collection of compact sets satisfying:

Ji=7Y and P;=X; lim p(J,)=0. (5.2.1)

(5.2.2) The members of J, (resp., P,) have pairwise disjoint nonempty inte-
riors; and, for each j, € J,, j, = cl(int(j,)).

(5.2.3) There is a one-to-one and onto function R,: J, — P, such that:

@) if pa»---,Pf EP, and py 0 - - - N pf #D, then R”\(p)N -~ - N
R \(pg) #2;

(&) ifJp» Jy € J, and j, 0\ j, #B, then R,(j,) 0 R,(iy) #.

(524) Forn > 2, ifj, € J, and j,_, € J,_, with j, N int(j,_,) =D, then
int(R,(j,)) N int(R,_ () #2.

(52°5) For n > 2’ lf.]n € Jn’ then N {jn—] € Jn—lan-l .n—l) n Rn(.,rlt) 7&@
for some j, € st(j,, J,)} #D.

(5.2.6) There is ¢ > O such that if j,, j, € J, and j, N ji, #9D, then R,(j,) C
Nc/2" (Rn (jr/x))'

(5.2.7) There is a d > 0 such that, forn > 2, if j, € J, and j,_, € J,_, with
jn N int(jn-l) #Q’ then Rn—l(jn—l) c Nd/2"(Rn(jn))'

Then, letting K, = {(jiu---vjdljin- - nji# and j, N (y
n---nNjh =3 for Jn €Jn — {]pL s ’J:}}’ letting F, = {R,,(j,:)
U URGM,U - Ujl €K} and letting T(R()U -+ U
RGN =jlU - .- Ujj, the triples T,: F,— K, satisfy the hypothesis of
Proposition (5.1) with a = 2c and b = 4c + d.

PRroOF. It is easy to show that conditions (3.1.1), (3.1.3), and (5.1.1) hold

and conditions (5.1.2) and (5.1.3) are direct consequences of (5.2.6) and
(5.2.7).
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ConpITION (3.1.2). (a) Let f, € F, and f,_, € F,_, with f, C f,_,. Suppose
that T,(f,) € T,—(f,-,); then there is j, C T,(f,) with j, Z T,_,(f,_,) and
Jn-1 € T,_(f,—) with j, N int(j,_,) . Property (5.2.4) implies that f, N
int(R,_,(j,—,)) #9; since int(R,_,(j,—,)) N f,_; =, we have the contra-
diction that f, Z f, _,. Hence we must have T,(f,) C T,_,(f,-))-

ConDITION (3.1.2). (b) Let x € X and let j} € J, with x € R,(j;). Let
Di_y = {Ja-1 €J,_| there is a j, €st(j;,J,) with R, (1) N R,(jn)
#J}. Property (5.2.5) implies that there is k*_, € K, _, with (D_)* C k*_,.
If x € R,_,(j,—), then property (5.2.4) implies that j,_, € D _,; hence,
Jio1 C kX, and x € T,Z\(k~ ). Letting f* , = T,”\(k>_,), we will now
show that a sequence {f} chosen as above is nested. Since T,(f’) C
st(J,'» J,)*, it suffices to show that R,(j,) C f;_, for each j, € st(j, J,). To
this end, notice that if j, € st(j;, J,) and R,(j,) N R,_,(j,—,) 9, then
Jn-1 € D;_,; therefore, R,(j,) C f¥_;.

ConDITION (3.1.2). () Lety € Y and let j} € J, withy € j2. Let E}_, =
{Jn-1 € J,_/| there is a j, € st(j}, J,) with R,_,(j,_y) N R,(,) #F}; let
ky_, € K,_, with (E)_))* C k}_, (property (5.2.5) guarantees that k)_,
exists). We leave to the reader to use (5.2.5) to verify that a sequence {k;'}
chosen as above is nested and that 7,”'(k?) C 7,2 (k).

6. Proposition (6.1) below together with Propositions (5.1) and (5.2) will be
used to prove the Main Theorem in much the same manner that Propositions
(4.2) and (3.1) were used to prove Theorem (4.1).

(6.1) PROPOSITION. Let M™ be a compact, connected manifold with m > 3, let
f be a monotone mapping of M onto Y, and let ¢ > 0. For each positive integer
n, there is a monotone mapping H, from M onto Y and a H,-admissible closed
brick partition J, of Y satisfying:

6.1.1) n(J)) < ¢/3 and, for n > 2, J, refines J,_, and p(J,) < &,/2" where
gn = min{gb sy on—-1 min{d(jn—l’ (Y - St(jn—l’ Jn—l)*))ljn—l € Jn—l}}'

6.1.2) For n> 2, if j,€J, and j,_, € J,_, with j, N j,_, 3, then
H\(nt(jp) 0 H,7\GntG, ) #2.

(6.1.3) For n > 2, if j, €J,, then N{j,_; € J,_|cl(H,_\(nt(j,_ ) N
cl(H, \(int(j,))) #D for some j, € st(j,, J,,)} *9.

6.1.4) If j,.j. € J, with j, nj, #3, then H, \(int(j,)) C
Ny »(H,” (int(j,)))-

(6.1.5) For n>2, if j,€J, and j,_, € J,_, with j, N j,_, 9, then
Hn_—ll(int(jn - I))NI/Z" (Hn_ ‘(lnt(jn)))

DiscussioN. Although the proof of Proposition (6.1) is long, the mapping
H, is obtained from H,_, by a finite sequence of alterations with each
individual alteration consisting of “pulling” a small neighborhood of one
endpoint of an arc in M over the entire arc and “alongside” several other
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arcs. The proof of Proposition (6.1) splits into three basic parts; first, in
(6.2)(6.4), we construct the partition J, and develop a “bookkeeping system”
(which is unfortunately very complicated) which contains a detailed
description of each individual description of each individual alteration;
second, in (6.5) we give a global description of the alterations used to obtain
H, from H,_, (it is difficult to prove that H, satisfies condition (6.1.4)" using
the global description); in (6.6), we obtain H, from H,_, by a sequence of
alterations each of which is part of an alteration described in (6.5) and,
simultaneously, we prove that H, satisfies condition (6.1.4)".

The remainder of the discussion is devoted to: first, a comparison of
Propositions (6.1) and (4.2) and a description of the central difficulty
encountered in proving (6.1); second, a comparison of the approach used to
prove Proposition (6.1) with those used in [Wa-1], [Wa-2] and [Wi-1], [Wi-2];
third, an outline of the proof of Proposition (6.1) for a special case and
suggestions which should be helpful in reading the proof of Proposition (6.1).

A COMPARISON OF PROPOSITIONS (4.2) AND (6.1). Conditions (6.1.1) and
(4.2.1) are exactly the same; part of condition (4.2.2) is retained in condition
(6.1.5). In Proposition (4.2), if j, C j,_,, then H, '(int(j,)) C H,~'(int(j,_,))
and condition (6.1.2) necessarily held; although it is necessary to state
condition (6.1.2) explicitly, the construction is such that it is easily seen to
hold. Conditions (6.1.3) and (6.1.4) represent the essential differences between
Propositions (6.1) and (4.2). Condition (6.1.3) is needed to insure that the H,’s
converge to a function (the information needed is that if H, '(j,) N
H,\(j,_,) #, then j, is “close to” j,_,). Condition (6.1.4) guarantees that
the H,’s converge to an open mapping.

The major difficulty in the proof of Proposition (6.1) is to achieve condition
(6.1.4) subject to the constraint imposed by condition (6.1.3). Condition
(6.1.4) is extremely “delicate” since each time H,~'(j,) is altered it is
necessary to alter H,~'(j) for each j, € st(j,, J,); this makes it necessary to
alter H,”'(j}) for each j! € st(j,, J,) where j., € st(ji,, J,) .. .. The “book-
keeping system” established in (6.3) lists each alteration which is to be made;
the complexity of the system results from the interdependence of various
alterations.

A comparison of Proposition (6.1) and Proposition (3.1) in [Wa-1]. Those
readers not familiar with [Wa-1] may skip this paragraph; in this paragraph
only (3.1.-) will refer to conditions in Proposition (3.1) in [Wa-1]. The role of
K.’s and R,’s in Proposition (3.1) is played by the H,’s (i.e., we define K, and
R, by letting K, = (cl(H,”'@nt(j,)lj, € J,) and letting R, (cl(H,”'(nt(j,))))
= j,). The first part of condition (3.1.3) is automatically satisfied and the
second part is essentially condition (6.1.2). Conditions (3.1.2) and (3.1.4) are
replaced by condition (6.1.3); condition (3.1.6) is replaced by condition
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(6.1.5); and, condition (3.1.5) is replaced by condition (6.1.4). Notice that
there is not a condition in Proposition (6.1) which plays the role of condition
(3.1.7); the latter condition and the rule in (3.3) are used to achieve condition
(3.1.5). There is a definite temptation to use a variation of (3.1.7) and (3.3) in
the proof of Proposition (6.1) in order to achieve condition (6.1.4); and such
an approach can be used to get condition (6.1.4) partially satisfied. This
author’s experience with several such approaches convinced him that if a
method can be used to achieve condition (6.1.4) exactly, then the method can
be used from the outset; i.e., without partially achieving condition (6.1.4) by
the preliminary use of a variation of (3.1.7) and (3.3). (In fact, there is a
precise sense in which the method used in proving Proposition (3.1) is a
“nonisotopic” method.) Nevertheless, those familiar with [Wa-1], [Wa-2] and
[Wi-1] can benefit by contemplating an approach to the proof of Proposition
(6.1) based on the technique used therein.

AN OUTLINE OF THE PROOF OF PROPOSITION (6.1). Suppose that J,_; and
H,_, have been constructed; since the information in (6.1.1)"~'<(6.1.5)" ! is
not needed in order to construct H, and J,, it is not necessary to know the
method which was used to construct J,_, and H,_,. Let @, O, .. ., My g,
be the filtration of Y obtained from the partition J,_, (see §2) and let
M, = {|x||x € O,}* i=1,2,...,1(®). The partition J, will be a union,
JIU - - U JI®, of pairwise disjoint collections with

Myu---uMcint((J}u---UJi)) fori=12...,1(@).
For the remainder of the discussion, we are going to assume that Y is a 2
dimensional manifold (for convenience, without boundary) with the bricks in
the partitions being 2-cells which intersect in arcs. In particular, I (&) = 3, M,
is a collection of points, M, is a collection of 1-cells, and Mj is a collection of
2-cells. (The only special property of 2-manifolds we want to use is that
I(®) = 3; the case with (@) = 3 is sufficiently complex in order to illustrate
the approach which is used to achieve condition (6.1.4).) Recall that J,, will be
the union of collections J,!, J2, and J2; J! consists of bricks which intersect
M,, J? consists of bricks which intersect M, — (J,))*, and J? consists of
bricks which intersect M, — (J,! U J?)*; see Figure 1. In Figure 1, notice that
the bricks in J? (resp., J) are smaller than those in J,! (resp., J;?); in fact, the
actual difference in size is greater than the difference which is illustrated.
The collections J;!, J2, and J; are constructed inductively as follows.

Step 1. The collection J,' is chosen as is indicated in Figure 1 with
M, C int((J,")*); note that each element of J, meets M,; in addition, the
diameter of the elements of J,! should be “small”. For each pair j, € J,! and
Jny € J,_, with j, N j,_, #9, a m-ball Q C H,~\(int(j,)) is chosen with
diameter less than 1/2"*2 and an arc n C H,”'(int(j, U j,_,)) is chosen with
one endpoint in Q and with H,”!(int(j,_,)) contained in the 1/2"*! neigh-
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borhood of 7. One alteration of H,_, is to “pull” a small neighborhood of the
endpoint of 7 in Q over the entire arc #. Each such arc is divided into subarcs
whose diameters are less than 1/2"*2 Let E, be the maximum number of
subarcs needed for any such arc and let &, = E,; + 1. Throughout the
construction the arcs (resp., m-balls) chosen should be pairwise disjoint; and
the only intersections of arcs and m-balls are those specified.

M
T"’ 2
. 7
M 2 3. o .- J3
3 I "n\"_ T o n 2 M,y
/ 7 M, n "
M, oo [T 1 T 1L T ~ °

FIGURE 1

Step 2. The collection J? is chosen as is indicated in Figure 1 with
M, C int((J,) U J)*), with each element of J? meeting M,, and such that if
Jn €J,) and (j},...,j®) is a chain of elements from J? with j, N j! #3,
then j, U - - - U j® is “close to” j,. For each pair j, € J?> and j,_, € J,_,
with j, N j,—, ¥4, an m-ball Q and an arc 7 are chosen as in Step 1; for
each such Q and 7 an alteration as described in Step 1 will be done. For
each j, € J., each m-ball Q C H,~\(int(j,)) previously chosen, and each
chain (j}, ..., ;®) of elements from J? with j, N j! #@ do the following:
choose arcs ay, . . ., ag and m-balls Q,, .-+ s Qp, (the m-balls should have
diameters less than 1 /2"+2 with @, C H,_\(int(j})) for i = 1,..., &,, with
a, C H,_ ,(mt(;,, U j)) and one endpomt of a; in Q, and the other in Q, and
with a C ,_1(nt(j} U ji~") and one endpoint of a; in Q, and the other in
Oi_pi= 5, The ;s and Q, s are used to alter H,_, as is indicated
in Figure 2 for i= , &, H,_\(int(j’)) is “pulled alongside” one fewer
subarc of  than H, ,(mt(;,: 1) is “pulled alongside”. The choice of &, is
such that H,_ l(mt(‘/‘s')) is not “pulled alongside” any of 7.

g\% ia‘éi====:‘n=:

H; '(13) H ') H'(jY) H; (i)

FIGURE 2
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Divide each arc chosen above (both the n’s and the a’s) into subarcs whose
diameters are less than 1/2"*2 Let E, be the maximum number of subarcs
needed for any such arcandlet &6, =1+ &, + &, - E,.

Step 3. The collection J? is chosen as is indicated in Figure 1 with the
property that if j, € J! U J2and (j}, . . ., j®) is a chain of elements from J}
with j, N j! #@, thenj! U - - - U j® is “close to” j,. For each pair j, € J?
and j,_, € J,_, with j, N j,_, 9, an m-ball Q and an arc 7 are chosen as
in Step 1; for each such Q and 7, an alteration as described in Step 1 will be
done. For each j, € J! U J,,z, each m-ball Q C H,”!(int(j,)) previously
chosen, each chain (j, ..., %) of elements from J with j, N j! #O, arcs
aj, ..., ag and m-balls Qy, ..., Qg are chosen as in Step 2. (Since this is
the last step in the construction of J, = J! U J? U J2, it is not necessary to
subdivide the arcs chosen above.) Let j, € J! U J,,z, let Q C H,”\(int(j,)) be
a m-ball previously chosen, and let (j, . . ., jfz) be a chain of elements from
J? with j, N j! #&. There are two “types” of Q’s. First, Q was paired with
an arc m; in this case, an alteration as described in Step 2 will be done.
Second, Q was paired with an arc & which was chosen in Step 2 for _1:', eJ)
and ( j?,, cee ji,s') a chain of elements from J? with j:, N j:,' #J; in this case,
H,_, will be altered as is indicated in Figure 3. Notice that the choice of &, is
such that H,~!,(int(j¥2) is not “pulled alongside” any of &

The reader is encouraged to “sketch” a proof that condition (6.1.4)" will
hold if the alterations indicated above are done (the above outline omits a
few technical but important details). The approach to use is to show that if
JaNJj,#D andj,_, € J,_,, then

Hn_l(int(jr,l)) N H— 1 (mt(.ln l)) C Nl/2" (H ! (lnt(.]n)))

H7'(3) .\
HZ1(j2) \:
L]

H7'Ga)

b a;

ﬁ\ﬁ_\

ﬁ

ay

k\\#\&\%

LR X ]

( ( C ——

H G H'(j?) HI'GYH Hy' G

W

FIGURE 3
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An important observation is that the alteration done with respect to the n’s
guarantees that (6.1.5)" holds for pairs j, and j,_, with j, Nj,_, # <; in
particular, the above containment holds if j, N j,_, # <.

Finally, the reader is urged to first read the following proof assuming that
Y is a 2-manifold; once one understands the proof for this case it is an easy
matter to understand the general case.

PROOF OF PrROPOSITION (6.1). Let {8,}:2, be a sequence of f-admissible
closed brick partitions of Y with 8, refining §,_, and with lim,_, ., u(8,) = 0.
Let ¢, be such that (8, ) < ¢/3; let J, = 8, and let H, = f. Let us assume
that the metric on M is such that (6.1.4)! holds this completes the n = 1
stage.

In (6.2)+6.7), we give in detail the construction of the n = 2 stage; in (6.8)
we indicate that the inductive step, going from the nth stage to the (n + 1)st
stage, can be done by modifying the construction of the n = 2 stage. In (6.3),
(the subscript s will be explained later) we carefully construct several
collections of arcs and in (6.5) and (6.6) we modify H, by “pulling” various
sets over these arcs in order to obtain H, (recall the proof of Proposition
(4.2)).

(6.2) Let 8 = 1/2% and let a, > c, be such that:

(62.1) p(8,) < £&/2* and for each g €6,, N{j, €J,|j, meets
st’(g, 8, D) #Q The partition §,_is used to control the construction so that
condition (6.1.3)? will hold.

Let @, O, . .., M, g be the filtration obtained from the brick partition
Jo= Ul dl } (see §2). We are now going to build J, inductively,
s=1,...,I(®), using the I ’s; at the same time we will be constructing
collections of arcs which will be used later to modify H, in order to obtain H,
(we emphasize that no modifying of H, is done until (6.5)). The subscript s in
(6.3), refers to the sth stage in the induction, s = 1, . . ., I(@).

(6.3); The s =1 stage: Let 3r, = min{d(|x|, Y —j}"U -+ Uj¥)|x =
(uy, - - ., w) € O, }; recall that if x,y € M, and x # y, then |x| N |y| =
Let ¢; > a, be such that:

(6.3.1), p(8)) < 7, and for each x € M,, letting J3 = st(|x|, §,,), (J5)* C
int(st(|x|, §,)*).

Let J) = {J5|x € O, }*; J will be a subset of J,.

Let T') = {(jy, u)| for some x € M, j, € J5 and u appears in x; i.e.,
J2 N Jji #9}. For each y = (j,, u) €T, let Q, C H, (int(j,)) be an open
m-ball with diam(Q,) < 8/4 and let

s —"Iy UT"y C H, ' (int(j, U j))
be an arc satisfymg
634), m) C Q0 m,(1) € H'GnGif)) C Noyo(m); for i=1,...,b,

diam(n)) < 8/4.
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In addition, we assume that the 7, U Q,’s are pairwise disjoint. Let E, =
max{b |y €ET,} and let &, = E, + 1; for each j, € J3, let
9, = {Q,Iy €T, and Q, C H, ' (int(j,)); i.e., ¥y = (Ui u)}.
(6.3), The inductive step, s = 2, ..., I(®@): For each x = (4;,..., %) €
oM, let
|Zl=c(lx| = (JFu---uJs")*)
and let
D¥=(Y —jfru - Ujt)

U{@ )My EMuU - UM_,andy € x}*.
Let 37, = min{d(|%|, D*)|x € M, } and let c; > c;~! be such that:
(6.3.1), u(8,;) < 7, and, for x € IM,, letting
J5 = st(|%], 8c) — st((J; U - - - U 8,),
(J3)* C int(st(| %], 8,,)*).
(6.3.2), Foreachy e 9, U - - - U M, _,,
st®-1((J3)*,8.;)* C int(st(| 5], 6,,)*).

(6.3.3), Letting J5 = {Ji|x € IM,}*, for each j, €J5, N{Jj; € J!
U - -+ U J37 " j; meets st®-1(jy, 8,,)*) #O.

Let T, = {(j,, u)| for some x € M, j, € J; and u appears in x; i.e.,
J2 N ji #3}. For each y = (jp, ) €T, let O, C H,” !(int(j,)) be an open m
ball with diam(Q,) < 6/4 and let

n,=m U - Uy C H (int(j, U jt))
be an arc satisfying:

634), ) C Q; m,(1) € H'Gt(1) C Nyjo(ny); for i=1,...,b,
diam(n,) < §/4.
Foreachj, € J} U - - - U J5~!, define
&= ugIu- - UGS
as follows:

@' = {chains (j})|/; € J5 and j, N j} #B};
@2 = {chains(j}, 3)| /1, j2 € J5 andj, N j} #D);. . .
@51 = (chains (j3, /3, - - - J5 " Wids 3o - - - »J3* € J3 and j, 0 j} #D).

Let j, €J; U - - - U J3~". For each w, = (j3}) € ;' and for each p €
P, let
J2?

— - 1 . do
z:’nP - (Qﬁ’np’ a"’hP - a“’nl’ u-- an"},")
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be such that:
(6.3.5)¢ Q C H, '(int(j})) is an open m ball with diam(Q,, ,) < 8/4;
a,, CH (1nt(j2 U Jj3)) is an arc with a w0 C Qo With &, ,(1) € p, and
with diam(aj ;) < 8/4for1 < k < d, .
Inductively, i =2,...,&,_,, for each w, = (j3,...,j;) €L and for
eachp € ‘3?1.2, let

= ol . .,
e = (Qw,-p’ A = Qup U anil")
be such that:

(6.3.5%% Q,, C Hl Y(int(j3)) is an open m ball with diam(Q,,,) < §/4;
» € H'(nt(j3~" U jj)) is an arc with &, , C Q«w with o, ,(1) € Q,, ,

where w_y =0z ---,j3", and with diam(af ) < /4 for k =
L....d,

Let E, = max{{b |y €T,} U {4, pljzer - UuJsTLbweg, and
pe@ J}andlet &, =1+ 6, + &,-E, + +(‘5s , + E,. For each j, €

1t 9, = (Q, |v ET, and 0, C H;'Gnt(); ic, ¥ = Gy 0} U (Qulo

(.]2’ ce ’.12) € Jz’ @ 2 and ./2 12’ le pr = Hl l(mt(.lz))} This
completes the induction on s.

(64) Let J,=J; U - - - U JI®, A final condition on the choices of arcs
and m-balls in (6.3); — (6.3),, is that there be no unnecessary intersections.
More specifically: (i) all arcs constructed are to be pairwise disjoint; (ii) all
the m-balls specified are to have pairwise disjoint closures; (iii) the only
intersections between arcs and m balls are those necessitated by (6.3.4), and
(6.3.5),fors =1,..., I(®).

(6.5) The mapping H, will be obtained from H, by a finite number of
alterations; we will now give a detailed description of one of these alterations.

Let ji' € J, and let j, € st(j}, J,); let vy be such that j, € J5°. Note that
Y=(pu) €T, .Forl/=1,...,1letv bean integer and let (j}, . . . ,j}) be
a chain such that:

) (65.1) 1 < vy <oy <5< 1@); Gy - -.»J3) EX; and, for I =
s o eenly
U2 .- 5J3) E Qe
In particular, (jz,jzl', Y - ,_12', ...,Jj3)is a chain.

Forl=1,...,tandi=1,...,r, let o/ =(j},...,j}; from the data
in (6.5.1) we obtain the following.

(652) Ry = {(Qyym, = m} U - - - U n%)) where y = (j,, u); letting p, =
Q,,

{zo\lrpl (Qﬁ’nypl "’l:Pl a:"nl’l Ua "l) crc

0y 1 e d, .
2o = (Qw,' N e Ua,.,,ff,}")}’

1
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forl=2,...,¢lettingp, = OQui-to
7] = 1 PR d
R {E“hPl (QUMI I ‘-’hP/ - a‘-’{,P/ U Ua,,,l;jfl )’ trc

2o e vati).
Ewr,\pl (Q"’rppl’ a"’lﬁ/ a“’rlppl Uu---Ua P !

N(n,) and N(a,,,) will denote “small” neighborhoods of the arcs 5, and
@, Tespectively. Since all the arcs involved are pairwise disjoint, we can
assume that all such neighborhoods are pairwise disjoint; in addition, if
Y = (Jo, u); then N(n,) C Hl_](int(iz UJji) and if © = (g, ...,J5) € 9;
then N(a,,) C H{ '(int(j, U j;)) when r = 1 and N(a,,) C H; '(int(j; '
U j;)) when r > 1. Furthermore, at various points during the altering of H,
and the venfymg that J, and H, satisfy (6.1.1)>~(6.1.5)* we will further restrict
the size of these neighborhoods.

Before describing the alteration, it is convenient to simplify the notation
describing the data in (6.5.2). Let

(Bo B> -+ -5 Bp)

= (Mys Aipy + - - » Uy tpr At + v+ 3 Qugaps + v o5 Qs+ v o5 aa,'l.p,);
let Qg = Q,, and for B, = a1, let Qp = Q.. "[he arc f3, is the union of
n,’s and each of B, By, . . ., By is the union of a},’s; let A;, A, ..., Ag be

the collection of these subarcs of the B;’s ordered as follows:
Bo=MUMNU:-- UAqD,
:BD—1=Aq,,+|U}\D+2U CUA, s
B = qu+l u---u Aq,’
Bo=2A 41U Ul

Using the above data alter H, as follows. Let {h,},¢(o, 1) be an isotopy of M
with hy = identity and with supp({h,},c(0, 1) € N(Bp) such that ("} r€(0,1]
“pulls” a small neighborhood of B,(0) contained in Qg, over the entire arc B,
Successively, i = 1,..., D, let {h},epizi+1) be an isotopy of M with hy, =
identity and with

i-1
supp({ 4}, 1z, 2i41) € N (B;) U ( Uo (Qp,, V) N(Bq)))
q-

such that {h,"},elz,.,z,.ﬂl “pulls” a small neighborhood of B;(0) contained in
Qg over the entire arc j; and‘ then “pulls” the neighborhood “alongside”
AgUAg U - - UMNg_; LetHy=H ohp,ohyp_1yyy° - - °hy
Essentially, H, is obtained from H, by making the above alteration for all
possible choices of data satisfying (6.5.1) and (6.5.2); however, there is the
minor problem that different sets of data may well “overlap”. More precisely,
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two sets of data (By, - . - , Bp) and (B, - - - , Bp-) are said to overlap provided
that there are ¢ and ¢’ with 8, = B; in this case, it follows that 8, ., = B; 1,
By+2=By+2 ---»Bp = Bp. (This last statement can be verified using the
following two facts. First, if 8, = S, then either g = ¢’ =0and B, = B, =
n, or

B, = ayrp,s By = aixp,

and, therefore, w* = &Y and p, = p;. Second, w* (resp., &¥) and the
conditions in (6.5.2) that p, = Q, (resp., py = Q;) and, for / =2,...,1¢,
P = Qw/l: o (resp., I =2,...,¢t, p| = Qéf,‘_'.wi-n) completely determine
Bq+|’ R :BD (resp., Bz;'-'-l’ e BL,)’))

The alterations described above have two important features. First each set
“pulled alongside” various arcs meets only that arc which it is “pulled over”.
Second, the sets “pulled alongside” various arcs are “pulled straight along-
side” the arcs; i.e., the sets are not permitted to “wiggle back and forth™ along
the arcs. (The second feature and the facts that the diam(Qj,)’s are less than
8/4 and that the diam();)’s are less than §/4 imply that each successive set
“pulled” alongside the A;’s is within §/2 of the previous one. At least this will
be the case if the N (8;)’s are chosen small enough; we assume that they have
been so chosen.)

One way of obtaining H, is to make the indicated alteration for all possible
choices of data in (6.5.1) and (6.5.2). The reader should observe that
conditions (6.1.2)* and (6.1.5)? can be verified by studying the role of the ,’s.
Condition (6.1.3)? is relatively easy to verify but it is convenient to delay
doing so until later. We are left with condition (6.1.4)%; certainly, achieving
(6.1.4)% is the central difficulty faced throughout the construction. At this
point, we suggest that the reader compare condition (6.1.4)? and the
alterations outlined in this section in order to get a “sense” that (6.1.4)? holds.

Thus far we have attempted to give a global description H,; in the next
section, we will obtain H, from H, in a more “controlled” manner thereby
facilitating the verification of condition (6.1.4)>. The method of the next
section will also illuminate the role of the filtration 91, . . ., @IL,(@).

(6.6) We are now going to alter H, inductively fors = 1, ..., I(&). Recall
that the N(n,)’s and the N(a, ,)’s are small neighborhoods of the n,’s and
a, ,'s, respectively.

s = 1: For each y = (j,, u) € T}, alter H, by using an isotopy of M with
support contained in Q, U N(n,) to “pull” a small neighborhood of 7,(0)
contained in Q, over the entire arc n,. Let H;, denote the mapping so
obtained. It is easily verified that H, , satisfies (6.1.2)* and (6.1.5)* for j, € J;.
We now check that H, , satisfies (6.1.4)* for pairs j,, j5 € J; with j, N j5 #3.
Letx = (uy, . . ., w) € O, with j,, j5 € J5; then we have that
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Hyy' (int(j,)) C H, ' (int(ji" U - - - U ji)) C Ny (Hy,' (int(j3))).
(The latter containment follows from (6.1.5) and the fact that J, is H,-
admissible.)

s = 2: For each y = (j,, u) €T, alter H,; by using an isotopy of M with
support contained in Q, U N(n,) to “pull” a small neighborhood of 7,(0)
contained in Q, over the entire arc 1,. Let Hj, denote the mapping so
obtained. It is easily verified that Hj, satisfies (6.1.2)> and (6.1.5) for
Ja € J3 U JF; however, H{, does not satisfy (6.1.4) for all pairs ji,, j; € J; U
J} with j, N j; #@ (H]{, does satisfy (6.1.4)? for such pairs j,, j; € J3).

Let @ = (jj, . . .,Jj;) € for some j, € J; and let p € ¥, ; necessarily,
p = Q, for some y = (jj,, u) € T;. Obtain a set of data as in (6.5.1) by letting
vo=1,0,=2( =1),and (j}, . ..,j) = w. Extract the data of (6.5.2) from
the above data and alter Hj, as outlined in (6.5); observe that part of the
alteration was done while altering H, to get H,,. The mapping H,, is
obtained by making the above alteration for all triples j, € J3, w € 22, and
p € 9, (if the present data j,, w, p overlaps with previous data jj, «’, p, then
part or all of the alteration based on j,, w, p will have been done; in that case,
complete the remainder of the alteration).

Certainly, H,, satisfies (6.1.2)? and (6.1.5)* for j, € J; U J? and there is no
difficulty in doing the above altering of H, so that H, , satisfies (6.1.4)* for
J»J5 € J;. That (6.1.4)* holds for pairs j,, j; € J; U J? can be checked as
follows.

Case 1. j, € J7 and j, € J} withj, N j, #D.

Let y € O, with j5 €J} and let x € 9, with j, €J;. Let x =
(u, ..., w)and y = (uy, ..., u); it follows from (6.3.1), that x > y and,
therefore, that {u,, ..., .} C {u}, ..., u.}.

We first show that

Hy3' (int(j)) € Nj (Hy7' (int(j3)));
since H,”'(int(j{" U - -+ U ji%)) C Ny o(H\(nt(j3), it suffices to show
that
Hp5' (int(j)) € H ' (int(jth U - - - Uji)).

Since a chain in any 9/22 has length at most &,, it follows from (6.3.3), that if
J, appears in a chain w € Q}; andy = (j;,u") ET, thenu” € {u), ..., w.}.
The containment H,,\(int(j,)) C H,; '(int(ji U - - - U j¥)) follows by
observing the effect of the various alterations on H,™'(int(j,)).

We now show that

Hp' (int(j3)) € Ny (H5' (int()»))).
Since H,,'(int(j3)) C H, '(int(ji* U - - - U j)), it is enough to show that
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Hp; (int(j3)) N H(int(ji%)) C Nyjp (HiZ' (int(jy))) fori=1,..., k.

The latter containment is true for ¥/ € {u,, . . ., u} since for such #/ we have
that H,”'(int(j¥)) C N3 (H 2'(1nt(_/,_))) If u & (uy,...,u}, then j; Z ji;
therefore, H,'(int(j3)) N H,”\(int(j}¥)) is determined by the fact that H, was
altered by pulling H,™ '(int(j)) over n, for y = (j3, &)). Let w = (j) € @ and
letp = Q, (v = Uz %)); Hj, was modified with respect to the data j;, w, and
p and this modification guarantees that H3'(int(j5) N H,” '(int(j{1)) C
N; /2(H|,21(lnt(]2))) (At least the last statement is true if the neighborhood
N (n,) is “small enough”.)

Case 2. j,, j; € J? with j, N j, #9D.

Since the roles of j, and j; are interchangeable, it suffices to show that
H5\(int(j,)) C N;(H I','2'(int(j’2))). First, observe that (6.3.1), implies that there
is a unique y = (u), ..., %) € M, with j,,j5 €EJ}. Fori=1,...,k, we
have that

H, 21 (int(/,)) N H” l(‘m(l ) C Hy” '(mt(; ) C Ns;» (H 12 (mt(lz)))

We must show that if u & {u,...,u} and H, 2'(1nt(_1,_)) N H; \(int(j¥))
#J, then the intersection is contamed in Ns /2(H12 (mt(jz))) This inter-
section is determined by choices of data j; € J}, w =(j},...,j}) € Sl and
€ 9, with jj € st(j}, J;) and j5 = j,. (Recall from the definition “of o
that r < &,.) If r = &, then the alteration based on the data j, w, and p
does not result in H,3'(int(j,)) meeting H,” '(int(j})); this is true in view of
the definition of &, and in view of the feature in the alteration which has
H5\(int(j;)) being “pulled less and less far” into H,”'(int(j}')) as i gets larger
If r<f§, and j5 € {j3, ...,j3'}, then the data j5, &(j3, . . . ,Jj3, j3) € ¥
and p € ¥, will result in H, 5'(int(j5)) being “pulled” to within §/2 of that
part of H u'(mt(/z)) N H,; \(int(j}")) resulting from the alteration done with
respect to the data j;, w, and p. If r <&, and j; = jj forsome 1 < ¢ < r — 1,
then that part of H,,!(int(j,)) “pulf;d” into H,”!(int(j}")) (by the alteration
based on the data j;, w, and p) was “pulled inside” that part of H>'(int(j3))
“pulled” into H, '(int(j})) (by the alteration based on the data jj,
Uz -+ >} E 9};, and p). Combining the above two statements, we have that

Hy5' (int(j,)) 0 H™' (int(j})) C Nyjp (Hi5' (int(j3)))-

The inductive step, altering H, , to get H, ,, \: For each y €T, alter H,,
with respect to n, exactly as H, , was altered to get H{,; let H; ., denote the
mapping so obtained. Part of the inductive hypothesis (we have not explicitly
displayed the inductive hypothesis) is that H,  satisfies (6.1.2)* and (6.1.5)?
forj,€JjuUu---U J2 It is easily verified that Hj,, satisfies (6.1.2)* and
(6.1.5)% for j, € J2 - U J3*'; however, H{,,, does not satisfy (6.1.4)?
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for all pairs j,, j3 € J; U - - - U J3*! with j, N j; #D. (Part of the inductive
hypothesis is that H, satisfies (6.1.4) for all pairs j,, JHEJU...UJS
with j, N j; # &; it follows easily that Hy, ,, satisfies (6.1.4)? for such pairs.)

Let o =(j3,...,J5) EX*' for some j, EJJ U -+ UJ; and let p €
9, lfp=Q, forsomey €T, U - - - UT,, then obtain a set of data as in
(6.5.1) by letting v, =1, v, =s + 1 (I =1), and (j}, .. .,Jj5") = w; extract
the data of (6.5.2) from the above data and alter H,,, as outlined in (6.5)
(more precisely, complete that part of the alteration which has not been done
previously). If p = Q. ,. (it is convenient to let '}, = w, p} =p, v} = s + ],
and j,, = j,), then integers 1 < vy <v,;< -+ <v, < I(®@), chains
Gty orjiyforl=1,...,t and an element? = (J» w) €T, are uniquely
determined as follows. Let v; be such that o} € 9."2 for some 2 €T}
u- U J327! (necessarily, v} § o). If py = Q. then let v; be such that

5 € SZJ";3 for some j,; €J; U™ -+ U J3* ! (necessarily, v} 502) If py =

Qa,‘ v then let v} be such that o) € * for some j,, €J; U -+ - U J{""
(necessarily, v} § v3). Continue in this manner until p; = Q«,‘+I s, andpl,, =
O, let v/, be such that y = (jj, u) €T, (necessarily, v7,, < v;). Data as in
(6.5.1) is obtained by letting v, = v}, |, o, v, V=10,_y...,0 = v; and
letting (j3', ...,j3) =w,_;4, for I=1,...,t Extract the data of (6.5.2)
from the above data and alter Hj,,, as outlined in (6.5) (more precisely,
complete that part of the alteration which has not been done previously).

Let H,,,, be the mapping obtained by making the above alteration for all

triples w € X*, j, €J3 U--- UJs5 and p € 9,,. Certainly, Hy.
satisfies (6.1.2)*> and (6.1.5)* for j, € J) U - J’+l and there is no

difficulty in doing the above altering of Hj ., so that H,,,, satisfies (6.1.4)
for j,, j5 € J3 U - - - U Jj. That (6.1.4)% holds for pairs ji,, j5 € J; U - -+ U
J3*! can be checked by checking the following cases.

Case 1.1. j, € J5*! and )’ €J2 with j, N j, #3.

Cage 12. j,€J ”‘ and j;, € J? with j, N j; #9.

Case 1.s. J2 €EJ3*! andj2 € Js with j, N j, #9.
Case 2. j,, j5, € J3*! withj, N j, #D.
Checking Case l.e for 1 <e<s Lety €9, with j5 € J} and let x €
M, ,, with j, € J3. Let x = (u;,...,%) and y = (u}, . . ., u); it follows
from (6.3.1),,, that x > y and, therefore, that {u,, ..., %} C {4}, ..., u.}.
H L (nt(j,) C Ns(Hy, Le1(nt(j5))). It suffices to show that if
H YL \(int(jy) N H; '(int(j})) #O, then this intersection is contained in
Ny /o(H L (i), If u € {uj, . . ., ui), then the latter containment holds
since H,”'(int(j{)) C Ny/(Hy, % (int(j)). For u & {uj, ..., w}, our
approach is to show that if an alteration of H, , resulted in H, ’,'(mt(j,_)) being
“pulled into” H,”'(int(j}")), then that part of H,.\ (int(jy) N H; '(int(j}))
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resulting from the alteration is contained in N ,(H 1k 1Ant(2)).

The set H L (int(j,)) N H,”'(int(j}")) is determined by alterations made
with respect to sets of data consisting of integers
1 < vo<v1 R iv, =s+ 1 vy=(j, u)€T,, and chains
Uals ++ > 03 For 1= 1,...,t satisfying (6.5.1) such that j, appears in
(s - - - »Jj¥) and one or both of the following hold: (i) various of the jj’s are
subsets of j}‘; (i) u” = u.

Let ¢ be such that 1<00§v,<-~- <v, <e§v+,< . <v,
Exploiting the fact that u & {u], ..., uk} we wﬁl now show that’j J5 0 Jjae 27
and that if j; Cji, then 1 < /< g — 1. Condition (6.3.3), implies that
J3 N j3-+ O (the reason being that both j, and jj-' meet T '(jp J¥)* and
J3 C 8.5); J,NJjy~' #2 and condition (6.3.1), ~imply that if z € O,
with jj-' € J3, then z > y; if 2/ € 9, | and 2’ * z, then (6.3.1),, 1mphes
that (J5)* N (J§)* =3 and, therefore,

{jZID"" LU ’jzru'-'}* - (J2z)* g.]]“" U--- U.’]u’:

We can use the argument in the preceding sentence to proceed inductively for
i=t—1,t—2,...,q9+ 1 as follows. Since j; N jj #J, condition (6.3.3);
implies that j; N j7-' #&; condition (6.3.1), _ and j; N j;-' #< imply that
if z€ M,  with ji—+ € J3, then z > y; if 22 € M, | and z' # z, then
(6.3.1),,_, implies that J%)* N (J$)* =D and, therefore,

(U5 -} CUS)* U U - - U

If v,=e and j; € {j)s, ...,jy}, then that part of H \(int(j,)) being
“pulled into” H,™'(int(j}*)) by the alteration based on the data y = (ji5, u”) €
T, and {("...,j"}sa, ..., will be “pulled inside” of H,;‘(mt(;,_)) N
H,;!(int(j}")) and, therefore, w1ll be contained in Nj /2(H Ls+1(0t(2)).

If o,=ej5 & {(Js% - .-, Jj5}), and r, <&, , then that part of H\ '(int(j,)
bemg ‘pulled into” H,™ \(int(j})) based#on the data y = (j;,u”) €T, and
{Ga' -+ -+ J} 1=, will be “pulled alongside” that part of H, ’,'(mt;(jz))
which was “pulled into” H, '(int(j¥)) by the previous alteration (done when
altering H,, _, to get H,,) based on the data y=(j;,u") €T, and
{(/2,...,_/2)|1 vy g = 13U AUl - - ., Jj5 7)) In particular, we will
have the part of Hl H,(mt(/,_)) N H; \(int(j})) resulting from the above
alteration contained in Ny ,(H,7 Y ((int(j))).

If v,=E,j; GE {J2% .. .,Jj3}, and r, = &, , then the alteration based on

the data y = (j;,u") €T, and {(12 e ,12)},- ..... . will not result in
H'(int(j,) bemg “pulled Tato” H- 7 !(int(j})). (To see this, recall that none
of the jj’s for I=4¢q, ¢+ 1,...,t are contained in j¥ and, using the

definition of 60 , show that the part of H .\ (int(j}) into which
H'(int(j,)) is bemg pulled does not meet H, !(int(j}")).)
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If v, # e, then the part of H,'(int(j,)) being “pulled into” H, '(int(j}))
based on the data y = (j5,u”) €T, and {(j},...,j})}im1,..... Will be
“pulled alongside” that part of H, y,'(mt(h)) which was “pulled into”
H,"\(int(j})) by the previous alteration (done when altering H 15,—1 tO get
H,,) based on the data y = (j;, u”) € T, and {(jy’, . . ., jp)|l = 1,.. > q}
U (Ua)-

The arguments given in the preceeding paragraphs combine to show that
Hi L \(int(jy) © Ns(H LY (@nt(j3)).

H Y \(nt(jp) C Ny(H L \GntGp)). If u € {uy, . .., u}, then

HL o (int(j3)) N H™ ' (int(jf)) © Nyjp (HiGY (int(j3)))

since

H\"' (int(j})) € Ns/, (H 1 (int(jz)))'

If ué {u,...,u), then HZ Y (int(j3) N H, '(int(j}')) is determined by
alterations made with respect to sets of data consisting of integers
1< vo<v,§ <. §O,=e, y=(j3,u") <T,, and chains (LA 1)
for I =1,...,¢t satisfying (6.5.1) such that j; appears in (jJ, . . .,jy), say
Ja=jf, and one or both of the following hold: (i) various of the ji’s are
subsets of ji'; (i) «” = u. That part of H Y (int(j3) N H,”\(int(j}")) resul-
ting from an alteration based on such a set of data will be contained in
Ny/(H[ L ((int(jy)) since H '(int(j,)) will be “pulled inside” by the
alteration based on the data consisting of integers
1< °o§°|< SR <v, =e<s+ 1 y=(; u)€ET,, and chains
(Gl it =1 7 e = 15U (G .. ., j8)) U {(y). Consideration
of Case l.e is now completed

Checking Case 2. j,, j5 € J3*! with j, N j; #D.

Since the roles of j, and j; are interchangeable, it suffices to show that
H 3\ (int(jy) C© Ny(HSL ((int(j9))). First, observe that (6.3.1), | implies that
there is a unique y = (u;,...,u) € M, with j, j5 € J3. For i=
1,..., k, we have that
H L (int(j2)) N Hy™' (int(ji)) € Hy ' (int(j#)) € Ns/» (H Lol (mt(;;)))
For u & {u,...,w} with H\ (int(j,)) N H{ '(int(j})) #, we must
show that the intersection is contained in Nj,,(H,\ (int(j5)). This inter-
section is determined by alterations made with respect to sets of data
consisting of integers 1 < vy <o, < - - - <o, =s+1, vy=(0j3, u”)EI‘
and chains (jY, . . .,j5) for IZ2,7. ., t satisfying (6.5.1) such that j, =
and one or both of the following hold (1) various of the j¥’s are subsets of j 1, ;

(ii) »” = u. (Recall that r, < &,.) If r, = &,, then the alteration based on the
above data will not result in Hy (int(j,)) meeting H,” '(int(j})); the reader
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can check this statement by using the definition of &, and an argument
similar to that used in considering Case 2 for s = 2. If r <&,, then either
Js = jj for some 1 < i, < r, — 1 or, if such is not the case, then H 1 (nt(j3)
will be altered with respect to the data consisting of the integers
1 < voiv,< SR <v, =s+1 v=(; u)€T,, and chains
(U, ... ,jz")ﬁ =1L...,t=1}YU{(Ud-.-.JF =Jpi3)) We leave to the
reader to check that in elther case the desired containment holds.

(6.7) Letting H, = H| ;) the only condition which remains to be verified
is (6.1.3)?. The reader should first study the effect of the alterations described
in (6.5) in order to verify that if j, € J, and H, \(int(j,)) N H; (int(},)) #2
for some j, € J,, then j2 € st®1@-1(j,, J,). Conditions (6.3.2),, s =

, I(R), imply that st®@(j,, J,)* C int(st(j,, 8 4)*); the latter contain-
ment and condition (6.2.1) imply (6.1.3)? as follows. Let gE Q be such that
Ja C g; hence, st(j,, J,)* C st¥(g, 8, J*- Ifj, € J, is such that H2 1int(j)) N
H~ '(mt(j,)) #J for some j;, € st(_;z, Jy), then j, meets st’(g, §,)* since
J3 € st®@(ji, J)* Cint(st(j,, S, J*). Condition (6.1 3)? now follows from
(6.2.1). This completes the constructlon of the n = 2 stage.

(6.8) The construction of the n + Ist stage from the nth stage is done
exactly as the construction of the 2nd stage from the 1st stage was done
provided the following change of parameters is made in (6.2). Let § = 1/2"*!
and let a,,, be such that §,  refines each of the §;’s used during the
construction of the Ist through nth stages. In place of ¢,/2% use £, ,/2"*!, in
place of J, use J,, and in place of H, use H,. This completes the proof of
Proposition (6.1).

PROOF OF THE MAIN THEOREM.

(6.9) Recall that in §1 we reduced the Main Theorem to the case with f
monotone. Using Proposition (6.1) construct triples R,: J, — P, by letting

= {cl(H,”'(nt(,))j, € J,} and letting R,(j,) = cl(H, 'Gnt(j,)). It is
easily verified that the sequence of triples satisfies the hypothesis of
Proposition (5.2). Let g be the open mapping obtained from Proposition (5.1)
and, as in (4.3), it follows that g = lim, . H,. (We leave to the reader to
extract the isotopy {4}, (o, «) from the proof of Proposition (6.1).) Finally, to
be sure that each g ~!(y) is nondegenerate modify the proof of Proposition
(6.1) exactly as the proof of Proposition (4.2) was modified in (4.3).
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