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ABSTRACT. Let C(X) be the space of continuous functions on a compact
T,-space X where each point of X is a Gs. If F: B> C(X) is a
biholomorphic (in the sense that F and F ~! are Frechet differentiable) map
of B={f||f|l <1} onto a convex domain with DF(0) = I, then F is
Lorch analytic (i.e., DF(f X g) = ag for some a; € C(X)).

Let R be a commutative Banach algebra with identity such that the
Gelfand homomorphism of R into C(9N) is an isometry. Starlike, convex,
close-to-convex, spirallike and ®-like functions are defined in B = {x €
R| |Ix|| < 1} for L-analytic functions in B and they are related to associated
complex-valued holomorphic functions in A = {z € C| |z| < 1}.

Introduction. In §§2-7, let R be a commutative Banach algebra over the
complex numbers with identity (denoted by 1) and let 9N be the space of
maximal ideals in R. Then 9N is a compact, T,-space where the topology is
the weakest topology on 9N such that the Gelfand transformation x(M) of x
is a continuous function on 9. Assume further that the Gelfand
homomorphism of R into C(9N) is an isometry; i.e., ||x| = sup{|x(M)| |M
€ M)} forallx e R.Let B={x € R|||x|| < 1}and A = {z € (| |z] < 1}.

If D is an open set in R, we say F: D — R is L-analytic in D if for each
x € D, there is F'(x) € R such that

. F(x+ h) — F(x) — hF'(x)]

lim =0

h—>0 1Al
[11]. Thus it is clear that L-analytic functions are Fréchet differentiable. If F:
B — R is L-analytic in B, then for each x € B, F(x) = 3%_,a,x" where
a, € R and the series converges uniformly on ||x|| < p < 1 [7, Theorems

3.19.1 and 26.4.1]. If F: D — R is L-analytic in D and for each y € F(B),
there is an open neighborhood V¥ of y such that F~! exists and is L-analytic
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196 L. F. HEATH AND T. J. SUFFRIDGE

in V, then we say that F is locally bianalytic in B. If F is univalent
(one-to-one) and locally bianalytic in B, we say that F is bianalytic in B. If F
is L-analytic in B, then for each M € 9N, there is an associated holomorphic
function F,,: A — C defined by F,,(z) = F(z1)(M) for all z € A. If F(x) =
S®_,a,x" is L-analytic in B, then we write F(x)/x for the L-analytic
function T°_,a,x""".

2. Preliminary lemmas.

LeMMA 2.1. Let V: B X I — B be L-analytic in B for each t € I = [0, 1],
V@©O,t)=0 for all t€1l, V(x,0)=x for all x € B. If lim,_4.(x —
V(x, t))/(xt) = U(x) exists and is L-analytic in B, then Re U(x)(M) > 0 for
all M € 9N and all x € B.

Proor. For each t € I, V(x, 1) satisfies Schwarz’ Lemma [17, Theorem A]
so || V(x, 9)|| < ||x|| for all x € B. For all M € 9 and all x € B,

[Var (x(M), )| = [V (x, YM)| < [V (x, DIl < lIx].

For z € A, the choice x = z1 shows that V,(-, ¢) satisfies Schwarz’ lemma.
Now letting z = x(M), we have |(V (x, £)/x)(M)| = |Vy,(x(M), 1)/ x(M)| <
1 (where the limit value is to be taken when x(M) = 0) and taking the
maximum over all M € 9, we have ||V (x, t)/x| < 1. Hence,

x = V(1) 1= IV (x, 9)/x|

ReT (M) > ; >0 foralltz el

The lemma follows.

DEFINITION 2.2. Let D be a domain in R. If U: D — R is L-analytic in D
and Re U(x)(M) > 0 for each M € 9N and each x € D, then we say U has
positive real part in D.

ExaMmpLE 1. Let X = (1,2, ..., n} with the discrete topology. Then C(X)
= C" with the multiplication (a;, a5, ..., a,) " (b, by ..., b)) =
(aby, azb,, . . ., a,b,) and the unit ball B is the polydisk {(z,, z, ..., 2,):
lz| <1, 1 < j < n}. Therefore, L-analytic functions on B are functions
F(zy, 25 . . ., 2,) = (F\(2y), F)(29), - . . , F,(z,)) where each F; is analytic in
the unit disk A. There are n maximal ideals M,, M,, ..., M, in C(X) given
by M, = {(z), 2 ...,2,) €C" z =0}. It follows that U =
(U, Uy, . .., U,): B— C" has positive real part if and only if Re U(z) > 0
whenever |z| < 1 (where it is assumed that U is L-analytic in B). Note that if
U has positive real part, then zU is in the class @ defined in [15).

EXAMPLE 2. Let X = [0, 1] with the usual topology and R = C(X). Then
L-analytic functions on B are the power series F(f) = Zy_,a,f" where
a, € C(X) with lim sup ||a,||'/” < 1. The maximal ideals are the sets M, =
{f € C(X): f(x) = 0} for some x, 0 < x < 1. Therefore, if U is L-analytic
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in B, U has positive real part if and only if Re U(f)(x) > O for all f € B and
x €0, 1].

EXAMPLE 3. Let R = H *(A). In this case, one needs to modify Definition
2.2 to replace M by M’ = cl{M, € M: f € M,=1(z) =0, |z| < 1}. The
theory in the remainder of this paper can then be applied to this space. Thus
U: B —» H*(4) has positive real part if Re U(f)(z) > O for all f € H* and
z€A. For example, U =0 +NHA—-H'=1+2f+2f2+ ... has
positive real part.

LEMMA 2.3. Let F: B— R be bianalytic in B. Let G: B X I > R be
L-analytic for each t € I, G(x, 0) = F(x), for each x € B, G(0, t) = F(0) for
each t € I, and G(B,t) C F(B) for each t € I. If lim,_,.(G(x,0) —
G(x, t))/t = xH (x) exists and is L-analytic, then H(x) = F'(x)U (x) where
U has positive real part in B.

PrROOF. We will show that V' (x, f) = F ~!(G(x, t)) satisfies Lemma 2.1. Fix
x € B, x # 0, and expand G (x, ) about x,

G(x,t) = F(V(x, 1)) = F(x) + F'(x)(V(x, 1) — x) + K(V(x, 1), x)
where | K (y, x)||/|ly — x|| > 0as ||y — x|| - 0. Therefore,
G(x,0) — G(x, 1) B x = V(x 1) B K(V(x, 1), x)

F'(x)
t t t
If we show K (V' (x, ), x)/t > 0ast— 0%, then
) X — V(x, t) , -1
Jim ——— =[F'(x)] H(x)

and the lemma follows by Lemma 2.2.

To show that K(V(x, ), x)/t—>0 as t—0*, observe that ||(x —
V(x, t))/t| is bounded as t - 0*; otherwise, for some sequence {t,}, 7, -0
and ||(x = V(x, t,))/t,|]| = oo. In this case,

X — V(x, t,,) K(V(xa t”), X) llx — V(x’ tn)”

xH (x) = nli)ngo F'(x)

Ix =V )l lIx = V(x5 )l t,
so that
F’(x)L(x’t") -0 asn— 0.
Ix =V (x )]

But this implies that F’(x) is a generalized divisor of zero which contradicts
the L-analyticity of F ~!. Thus we have shown

. KWV(x,0,x)  K(V(x,0,%x) |V(x,0)— x|
lim ————— = lim = 0.
t—0* t t—0* ” V(x, t) - x|| t
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LEMMA 2.4. Let U have positive real part.
(D) If M € O, then

1= ix| 1+ ||l
T3 e ReVOM) < Re U(x)(M) < 7=

Re U(0)(M)
for all x € B;

and so Re U(0)(M) > 0 if and only if Re U(x)(M) > 0 for all x € B.
(2 Re UO)(M) > 0 for all M € O implies U(x) is nonsingular for all
x € B.

PrOOF. For M € 9 and 0 # x € B, let p(A\) = U(Ax/||x||[}(M) for A €
A. Since p is holomorphic in A and Re p(A) > 0, by the classical inequality,
1 — A 1+ Al
Y Re p(0) < Re p(A) < =R Re p(0)
s0, A = ||x|| yields (1). (2) follows from (1) and the fact that Re U(x)(M) > 0
for all M € O implies U(x) & M for any M € O and, hence, U(x) is
nonsingular.
DEerFINITION 2.5. If U has positive real part in a domain D c R and
Re U(x)}(M) > 0 for all M € 9 and all x € D, then we write U € ¥ (D).
If D = B, then we write @ for ¥ (B).

LEMMA 2.6. Let P € . Then, for each x € B, the initial value problem
dw/dt = —wP(w), w(0)= x,

has a unique solution V(t) = V(x,t) defined on t > 0. For fixed t > 0,
V.(x) = V(x, t) is L-analytic and univalent in B and

17 e 0l < lixens — T ) %)

for all t > 0 and all x € B where § = min{Re P(0)(M)|M € IN}.

ProoF. The proof of the existence and uniqueness of the solution is covered
in [12]. If (1) holds, then the solution can be continued to obtain a solution
for all # > 0. The univalence of solution follows from the uniqueness of the
solution, and the L-analyticity of ¥ (x, ) in B for each ¢ > 0 follows from the
equilocal boundedness of the successive approximations V,,(x, #) of V(x, t)
and Theorem 8.4.3 [6, p. 272].

We now show (1). For each M € 9N, V(1) (M) is the solution of the initial
value problem

du/dt = —uPy (u), u(0)=V(O)(M)=x(M).
By [1, Lemma 1], |V (£)(M)| < |V (0)(M)| for all ¢ > 0. Differentiating
[V()M)P = V(iXM)V (1)(M), we get
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d\Vv M
|V(t)l(M)| l (‘2( )l = —Re PM(V(t)(M))
L |V (5 M)
T T @en RO
_ 1=l _ =i
T+ voen O < -1

and (1) follows.

3. Starlike functions. In C, if f(z) = 2. a,z", a, # 0, is holomorphic in A,
then f is starlike in A if (1 — #)f(A) C f(4) for all t € I = [0, 1] which is
equivalent to Re(zf '(z)/f(z)) > O for all z € A. We will define starlike
functions in R and relate them to starlike function in C.

DEFINITION 3.1. A bianalytic map F: B — R is said to be starlike in B if
FO)=0and (1 — t)F(B)yc F(B)forallt € I.

THEOREM 3.2. Let F(x) = Z_, a,x" be locally bianalytic in B. Then F is
starlike in B if and only if Fy,(z) = Z2_, a,(M)z" is starlike in A for all
M € 9.

PROOF. Assume F is starlike in B and set G(x, t) = (1 — f)F(x). Lemma
2.3 applies with xH (x) = F(x) so that F(x) = xF'(x)U(x) where U has
positive real part. However, U(0) = 1 by equating coefficients, so by Lemma
24, U € 9. Setting x = ze, we conclude

S a,(M)z"!
‘3= na,(M)z""!

n=1
and, hence, F), is starlike for each M € .
Conversely, if F), is starlike for every M € 9N, then for fixed x € B, the
function V(x, ) = F~!(e™'F(x)), defined near t = 0, satisfies the initial
value problem

>0 forzeA

w(x, 0 _ F(V(x, 1))
ot V(x, )F'(V(x, t))

]V(x, 1), V(x,0) = x.

Set P(w) = F(w)/wF'(w) for all w € B. By hypothesis, P € ? and so by
Lemma 2.6, V (x, f) is the unique solution of the initial value problem

dw/dt = —wP(w), w(0)=x.
Then ||V(x,?)|| < ||x]] <1 and F(V(x, 1)) = e 'F(x), t > 0. This implies
that (1 — £)F(B) C F(B), 0 < t < 1. To see the univalence of F in B, let
X1, X; € B such that F(x;) = F(x,). Suppose V, (f) = V(x, {) is the unique
solution of
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dw/dt = —wP(w), w(0)=x,
and let W, (1) = F(V,(9), i =1,2. For small 1 >0, W, () satisfies the
initial value problem

dw/dt = —w, w(0)= F(x),
which has a unique solution W, (f) = F(x,)e™" for ¢t > 0. Since F(x)) =
F(xy), W, () = W, (9) for t > 0. Since W, () -0 as t — + o0, and since F
has a local inverse in an open neighborhood of 0, V, () = V, () for all
t > M >0. Then V, (1) = V, (¢) for all £ > 0; in particular, x, = V, (0) =
V.(0) = x, and F is univalent in B.

ExAMPLE 1. Let F: B — R be given by F(x) = x(1 — ax)~2 where ||a| <

1. Let M € 9 and set a(M) = a. Then |a| < 1 and Fy,(z) = z/(1 — az)?,
which is known to be starlike. Therefore F is starlike. If X = {1, 2, ..., n} so
that C(X) = C" = R, F has the form

F(z),2,...,2,) = (z,/ (1- a,z)z, ceszy/ (11— a,,z)z)
where |[g| < 1,1 < j < n.

IfR = C[0, 1),

F()(x) =f(x)/ (1 = a(x)f(x), 0<x<1,
If R = H*(Q),

F(f)2) = f(2)/ (1 = a()f (@), |2l < 1.
ExaMPLE 2. Other choices for F: B — R that will make F starlike are

F(x)=x+ax’>, a€R,|a| <3,

F(x)=x ﬁ (1-ax)?

j=1
where each o; > 0 and 22, o < 2 with ||g;|| < 1 for each .

4. Convex functions. In C, if f(z) = 2., a,z", a; # 0, is holomorphic in A,
then f is convex in A if f(A) is a convex domain. This is equivalent to
Re(1 + zf "(z)/f'(2)) > O for all z € A. We will define convex functions in R
and relate them to convex functions in C.

DEFINITION 4.1. A bianalytic map F: B — R is said to be convex in B if
F(B) is a convex domain.

THEOREM 4.2. Let F(x) = 2%, a,x" be locally bianalytic in B. F is convex

n=1

in B if and only if F\,(z) = ., a,(M)z" is convex in A for each M € 9.

Thus the Alexander relation (F is convex in B if and only if G is starlike in B
where G (x) = xF'(x) for all x € B) holds.
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PROOF. Assume F is convex in B. Set G(x, t) = 3 (F(e'V'x) + F(e V')
and apply Lemma 2.3. Expanding F(e*'V'x) about x, we have

L(F(eV'x) + F(e~ Vi)
=3[ F(0) + F(x)(e™' = Dx + 3 F/(x)(e™V = 1)°x?
+F(x) + F(x)(e™V' = Dx + 1 F/(x)(e™V' = 1) + o(1)]
= F(x) + xF'(x)(cosy/ ¢ — 1)
+3x%F"(x)(cos 2/t — 2 cos\/t + 1) + o().

Therefore,

lim G(x,0) — G(x, 1)
10+ t

- (2

1 — cosv/¢
t
=3[xF'(x) + x*F"(x)].

+ x*F"(x) ‘li_i;’l* COS\/t(Q—-tis\-/—tl)

Therefore F'(x)U(x) = 3[F’(x) + xF”(x)] where U has positive real part.
Equating coefficients, we conclude that U(0) =11 and so U € 9. This
means

s, n’a,(M)z""!

Re |1 +
et N, (M)z" !

>0 forallM € 9N

so that F,, is convex in A.

Suppose F,, is convex in A for each M € O and let x, y € B, = {x €
R| ||x]| < r}, r < 1. Since F,, is univalent, F is bianalytic in B. Let V' (#) =
F~'tF(x) + (1 — ©)F(y)). Then forall M € 9N,

Fy (V(1)(M)) = tFy, (x(M)) + (1 = )Fy (y(M))-
Since F,, is convex in |z| < r, |V (£{)}(M)| < r. Choose M € I such that
V() = |V ()M)| < r and the convexity of F follows.
ExaMPLE. (i) x(1 — ax)~! when ||a|| < 1 is convex.
(ii) log[(1 + x)(1 — x)™'] is convex.

5. Close-to-convex functions. In C, a holomorphic function f: A — C is said
to be close-to-convex in A if there is a convex function g: A — C such that
Re(f'(2)/g'(z)) > 0 for all z € A. In [9), it is shown that every close-to-
convex function is univalent. We define close-to-convex functions in R and
show that every close-to-convex function in B is univalent. Compare [13] and

(17).
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DEFINITION 5.1. Suppose F: B — R is L-analytic in B. We say that F is
close-to-convex if Fy,: A — Cis close-to-convex in A for all M € 9.

Clearly if G: B— R is convex in B, U € ?, and F'(x) = G'(x)U(x) for
all x € B, then F is close-to-convex in B.

THEOREM 5.2. If D is a convex domain in R and G: D — R is such that
G’ € P (D), then G is univalent in D.

PROOF. Let x,, x, € D, x, # x,. Since D is convex, {tx, + (1 — x|t €
I} Cc D. We have

2 G(1x, + (1 - )x1) = G'(tx + (1 = 1)x,) (%3 = x1)
so that

G(xy) — G(x)) = (x = %)) fo "Gi(tx, + (1 - 1)x,) .
Let M € O be such that ||x, — x,|| = |[(x, — x;}(M)|. Then

(G (x2) = G(x)))(M)| = ||lxy — x4l j: G'(txy + (1 — t)x,)(M) dt

1
> ||Ix, — x,ufo Re G'(tx, + (1 — £)x;)(M) dt >0

and hence G (x,) # G(x,).
THEOREM 5.3. If F is close-to-convex in B, then F is univalent in B.

ProoF. If there is a convex function G: B — R such that F'(x) =
G'(x)U(x) for some U € ¥, we may apply Theorem 52 to Fo G~
G (B) = R to conclude that F is univalent.

Otherwise, let x, x, € B, x, # x, and choose M € 9N such that |(x, —
X (M)| = ||x, — x,||. Since F,, is close-to-convex in A, there is a convex
function g: A — C such that Re(F,,(z)/g'(z)) > 0 for all z € A. Define G:
B> R by G(x) = Z¢_, (b 1)x* where g(z) = 32_, b, z*. Then G is convex
(in particular, bianalytic) in B. Consider H = F o G~': G(B) - R and let
»1 = G(x;) andy, = G(x,). As in the proof of Theorem 5.2, we have

Fx) = F(r) = Ha) = How = [ H(02+ (1= 0202 = ) d
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so that
(F(xy) — FO))(M)| = [(H(y;) — H))(M)|
=| [ s+ = i )) ] 102 = 7))

> "Re H'(ty, + (1 — )p)(M) dt|(y, — y,)(M))

=f' Re Fiy(G Yy, + (1 — 1y )(M))
o (G N+ (1= 0y )(M))

if |(y; — y1)(M)| # 0. But

dt|(y, — y))(M)| >0

llx, = xll = |(x, — x ) (M)

=|fol (G (2 + (1 = )y )(M) dt| |(y2 = »1)(M))]

so the desired result follows.
ExaMmpLE. (i) F(x) = x(1 — ax)(1 — x)~? is close-to-convex in B where
lla — 31|| <3 because F,/(z) is known to be close-to-convex for every M €

(ii) Every starlike function is close-to-convex.
(iii) Every convex function is close-to-convex.

6. Spirallike functions. In C, if f(z) = 2., a,z", a, # 0, is holomorphic in
A, then f is spirallike in A if Re(e™"zf'(z)/f(z)) > O for all z € A where
a € (—m/2, w/2). If f is spirallike in A, then f is univalent in A [14]. We will
define spirallike functions in R and prove that they are also univalent in B.

DEFINITION 6.1. Suppose F(x) = 2%_, a,x" is locally bianalytic in B. We
say that F is spirallike in B if there exists a € R such that Re a(M) > 0 for
alM € 9 and U € 9 such that

a Fix) = F'(x)U(x) forallx € B(where F) _ § a,,x""). 8}
n=1

From (1), we see that (F(x)/x)(M) 0 whenever M € 9 and so
F(x)/x and a are nonsingular. It is clear that (1) can be replaced by the
condition Re(bxF'(x)/F(x)(M) > 0 for all M € M where b = a~' and
xF’(x)/ F(x) means (F(x)/x)”'F'(x).

THEOREM 6.2. Every spirallike function in B is univalent in B. Furthermore, if
F is spirallike in B, then F,, is spirallike in A for each M € 9.
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PrOOF. Since F’(x) is nonsingular for each x € B, F is locally bianalytic in
B. For fixed x € B and ¢ near zero, set V(x, t) = F (e *F(x)). Then
V (x, t) is a solution of the initial value problem

dw/dt = —wP(w), w(0)=x,
where P(w) = aF(w)/wF'(w). By (1), P € ? and so by Lemma 2.6, V (x, )
is the unique solution for ¢ > 0 and V' (x,1) >0 as t - 0. Let x;, x, €E B
such that F(x,) = F(x,) and let ¥, (¢) = V(x;, r) be the unique solution of
the initial value problem

dw/dt = —wP(w), w(0)=x,i=12

Let W, () = F(V, (1)) forallt > 0,i = 1, 2. For small ¢ > 0, W, (¢) satisfies
the initial value problem

dw/dt = —aw, w(0) = F(x,),
which has a unique solution W, (f) = F(x;)e™* for ¢ > 0. Since F(x)) =
F(x,), W, (1) = W, (1) for all ¢ > 0. Since W, () >0 as 1 - + oo, we con-
clude that x, = x, as in Theorem 3.2.

That F,, is spirallike in A follows from the equation a(M){F(x)/xKM) =
F'(x}(M)U(x)(M), and writing x = z1 gives a(M)[F,/(2)/z] = F3,(2)Up(2)
where Re U, (z) > 0. Write a(M) = |a(M)|e* where a € (—7/2, 7/2).

ExXAMPLE. Let

_ ©o (b+1)b+2-1):---(b+n-1
F(x) = x(l _ ax) (+bd) = 2 ( )( ) ( ) a”x"

n=1
where |la|| <1, ||b]] <1 and —1 < Re BH(M) < 1 for all M € 9. For
example, one might take b = pe’- 1 where a is real, 0 < |a| <7 and
0 < p < 1. Then

(F()/x)- (F(x)"'=(1 = ax)(1 + abx) ™",
and setting U (x) = (1 + b)(F(x)/x)(F'(x))”" yields
Re U(x)(M)
= Re[(1+ B(M))(1 = a(M)x(M))(1 + a(M)b(M)x(M))""].
With z = a(M)x(M) and B = b(M),
Ux)(M)=(1+B)1~-2)/(1+ B2)

and it is easy to show Re U(x)}(M) > 0.

7. ®-like functions. See [1] for the definitions of a ®-like function and a
®-like domain in C.

DEFINITION 7.1. Let F: B — R be a locally bianalytic function in B, and
F(0) = 0. If ®: F(B) > R is L-analytic, then we say F is ®-like in B if there
is U € @ such that ®(F(x)) = xF'(x)U(x) for all x € B.

n
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Since F(0) = 0, ®(0) = 0. Letting a — 0 in ®(F(ax))/a = xF'(ax)U(ax),
we have ®'(0)x = xU(0) for all x € B. Setting x = al, where 0 < |a| < 1,
we see that @'(0) = U (0).

DEFINITION 7.2. Let D be a domain in R which contains 0 and let
P € P (D). If, for each a € D, the initial value problem

dw/dt = —®(w), w(0)=a,
where ®(w) = wP(w), has a unique solution w = W(¢) € D for all ¢ > 0 and
W(t) - 0ast— + oo, then D is said to be ®-like.

Note that starlike, convex, close-to-convex and spirallike functions are
®-like for appropriate choices of ®.

THEOREM 7.3. If F is ®-like in B for ®(v) = vP(v) where P € 9 (F(B)),
then F is univalent in B and F(B) is ®-like.

PRrOOF. The proof follows along the lines of the proof of Theorem 1 in [5].

THEOREM 7.4. If F: B — R is bianalytic in B with F(0) = 0 and F(B) is
®-like, then F is ®-like in B.

Since our proof uses Lemma 2.3, and therefore is shorter than Theorem 2
[5], we will give our proof.

PrOOF. Since F(B) is ®-like, for each x € B, let W, () be the unique
solution of dw/dt = —®(w), w(0) = F(x) where ®(w)= wP(w), P €
% (F(B)). Since F is bianalytic in B, set V, () = F~ (W, (?)) for all ¢ > 0.
Then V,(0) = x and

F(V ()Vi(1) = Wi (1) = =W ()P (W, (1) = —F(V.())P(F(V.(0))
for all # > 0. Letting ¢ = 0, we have — F'(x)V[(0) = ®(F(x)). To show that

- V/0) = xU(x) for some U € P, let G(x,1)= W (t)= F(V (?) in
Lemma 3.2. Then
Gx0 -G . F(V.(0) - F(V.()

t—0* t t—lgl* t
—~ F(x)V(0) = xH ()
is L-analytic in B and so H(x) = F’(x)U(x) where U has positive real part.
Hence xU(x) = —V/(0). Since xF'(x)U(x) = ®(F(x)), we have U(0) =
®'(0) = P(0), and so Re U(0)(M) = Re P(0)(M) > 0 for all M € 9N and,
by Lemma 24, U € 9.

8. Convex F-holomorphic functions in C(X). If D is an open set in the
Banach space ® and F: D —» %, then F is said to be F-holomorphic in D if
for each x € D, there is a bounded linear map DF(x): ¥ — B such that
lim, , ||F(x + k) — F(x) — DF(x)Xh)||/||h|| =0. If F: D—>% is F-holo-
morphic in D and for each y € F(B), there is an open neighborhood ¥V of y
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such that F~!': ¥ > D is F-holomorphic in ¥V, then we say F is locally
biholomorphic in B. If F is univalent and locally biholomorphic in B, we say
that F is biholomorphic in B. If F is F-holomorphic in D, then for each
Xy € D there is a disk in D with center at x, such that F(x) =
2% o1/n!D"F(x)(x — x,)") where D"F(xy) € L,(%, B ), space of all con-
tinuous symmetric n-linear maps of 9" into ® and the series converges
uniformly in this disk. If F: B —> % is F-holomorphic in B, then F(x) =
=®_o1/n!D"F(0)x") for all x € B [7, Theorem 3.16.2). If B is a commuta-
tive Banach algebra with identity, it is clear that every L-analytic function is
F-holomorphic; however, not every F-holomorphic function is L-analytic [7,
p. 115). We will prove that F-holomorphic implies L-analytic in the special
case in which F is a biholomorphic map of the unit ball of C(X) onto a
convex domain in C(X).

Assume X is a compact T,-space such that each point of X is a G;; ie.,
each x € X is the intersection of a countable number of open neighborhoods
of x. Let C(X) be the Banach algebra of complex valued continuous
functions on X (with sup norm and pointwise multiplication).

THEOREM 8.1. Let C(X) be as above. If F: B— C(X) is a convex
biholomorphic function in B such that DF (0) = I, then F is L-analytic in B and
hence bianalytic in B.

Without loss of generality, we assume F(0) = 0. The proof will be given in
the following six lemmas.

LemMMA 82. If k, u € C(X), k =0 on an open neighborhood of x, € X,
u(xg) = 1 and |u(x)| < 1 if x # xo (such a peaking function u exists since
every point of X is Gj), then when |a| < 1, we have

[ DF (au)]™ ' (D"F (au)(k™))(x0) =0 forn=2,3,....

PROOF. Assume k =0 on the open neighborhood N of x, Then N°,
complement of N, is compact, so that for fixed a, 0 < |a| < 1, we can choose
r>0 (say r = |a|(1 — m)/(||k|| + 1) where m = sup{|u(x)| |[x € N} < 1)
so that

llaw + BK|| = |(au + Bk)(xo)| = |a| forall B €C,|B| <r.

Define I € C(X)* by I(f) = |a| f(xo)/« for all f € C(X). Then /(au) =
|a] = ||au|| and ||/|| = 1. Since F is convex biholomorphic in B, we know by
Theorem 4 [16, p. 583] there is a function w: B X B — C(X) such that w is
F-holomorphic in each variable, w(au, au) = 0, Re I(w(au, au + Bk)) > 0 if
|B| < r, and

F(au) — F(au + Bk) = DF (au)(w(au, au + Bk)).



MAPS IN A COMMUTATIVE BANACH ALGEBRA 207
Expanding F(au + Bk) about au, we have

Fau + pk) = F(au) + 5 % D"F (au)(k™)
n=1] :

so that
w(au, au + k) = —pk — 3 % [ DF (au)]” ' D"F(au)(k").
n=2 ¢

Applying /, we have
o(B) = w(au, au + Bk) = — i. -g,- I([ DF (au)] ™' D"F (au)(k"))

is a holomorphic function of 8 for | | < r and Re v(B) > 0. Since v(0) = 0,
v(B) = 0 and Lemma 8.2 follows.

LemMa 83. If k, u € C(X), k(xy) =0 and u is as in Lemma 8.2, then
[DF (au)]"(D"F(au)(k™)Xxp) =0 for n =2,3,....

We will prove this without utilizing the G5 property. Let 4 be an index set
of the open neighborhoods of x, and let A, be the set of functions uzk where
u; € C(X), u5 = 1 on Uy, complement of U,, support of u; C U5, 0 < u; <
1, where Us is an open neighborhood of x, and U; Cc U,. 4, #3J by
Urysohn’s Lemma. Let U = {4,|a € 4}. It is routine to show that % is a
filterbase in C(X) which converges (in the norm topology) to k [2, p. 211].
Apply Lemma 8.2 to each u;k and the result follows.

LEmMMA 8.4. If k, u are as in Lemma 8.3, we have
[ DF (au)] ™' D?F (au)(u, k)(x,) = 0.

PRrOOF. First assume k is as in Lemma 8.2. Set (1 + #3)"/% = a(1 + itju +

Bk where | 8| = t'/2, and t is sufficiently small and positive so that
a(l + it)u(xy) + Bk(x,)
gl = <la| <1
V1+ ¢

Let / be the same as in the proof of Lemma 8.2. Since F is convex
biholomorphic in B, we know again by Theorem 4 [16] that F(aw) — F(g) =
DF (au)(w(au, g)) where Re /(w(au, g)) > 0. Expanding F(g) about au, we
have

F(g) = F(au) + i 1 D" (aur)(g — ow)’

= F(au) + DF (au)(g — au)

+ DZF(au)( i+ au Bk

’ o 2
Vi+e Vi+e )+ )
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since (1 + )71/2 — 1 = O(¢?) and | 8| = t'/2. By Lemma 8.2 we then have
iautf

1+ 2 [DF(au)]"DZF(au)(u, k) + 0 (%)

w(au, g) = —(g — au) —

so that

lo _—itla]

w Wl Do) = ==

+ -liialzﬁ [DF(au)]-IDZF(au)(u, k)(xo) + 0(12).

Since Re /(w(au, g)) > 0, we conclude that
—ila|tB
1+ ¢

Since arg B is arbitrary, we have
[ DF (au)]™ ' D?F (ati)(u, k)(x5) =0 ifk =0

in an open neighborhood of x,. Now assume k € C(X) and k(xp) = 0.
Apply the argument in Lemma 8.3 to obtain the conclusion.

LEMMA 8.5. If k, u are as in Lemma 8.3, then
[ DF (au)] ™ D"F (cs)(', k"~ ")(xo) = O
when0< I<nn=213,4,....

PrROOF. When / = 0 and n > 2, the result is Lemma 8.3. When / = 1 and
n = 2, the result is Lemma 8.4. Assume the result is true for fixed / and n and
prove it for /+ 1 and n + 1. Let G = F~'. Then, for all f € B, we have
G ° F(f) = f, DG(F(f)) e DF(f) = I, identity map from C(X) into C(X),
and

D*G(F(f))(DF(f)(g), DF(f)(#)) + DG(F(f))(D’F(f)(g: 1)) =0,
zero map from C(X) into C(X), forallf € Band allg, h € C(X). Hence

D*G(F(f))(z. h)
- DG(F(N)| DF(([PF(H] ™ '(8). [PF(H]”'W)]

Re [ DF (au)] ™' D?F (cts)(u, k)(x) > O.

- ~ (o)) [DFO([PF(N] () [DF ()] )]

Define H: B — £,(C(X), C(X)), space of all continuous symmetric n-linear
maps of C(X)" into C(X), by

H(f) =[DF(f)]"'D"F(f) = DG(F(f))D"F(f) forallf € B.
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By the induction assumption H (au)(u’, k" 'Nxo) =0 and H(au +
eu)(u', k"~ ")(xg) = 0 for small |¢| > 0. Hence

DH (au)(u)(u', k"~ )(xo)

_ H(ou + eu)(u’, k"~")(xo) — H (aw)(u’, k"~")(x)
= lim : =0

On the other hand,
DH(f)(u) = D*G(F(f))(D"F(f), DF (f)(u))
+ DG (F(f))(D (D"F (f))(w))
= —[DF(H)] "' [ DF()H(f), w)] +[ DF(£)]” (D (D"F(f))(w)).

Since H (au)(u’, k"~') € C(X) and vanishes at x,, the first term is zero when
evaluated at f = aw and (u/, k"~') and x, by Lemma 8.4. Hence
0 = DH(au)(u)(u’, k"~")(xo)
= [ DF(au) ] '(D(D"F(au)(u', k™*'~+D))(u))(xo)

which is the result for / + 1 and n + 1.

LEMMA 8.6. Let u € C(X) such that u(xy) = 1 and 0 < u(x) < 1 if x # x,.
If f € B, then F(f)(xo) = F(uf)(xo).
PROOF. If f(x,) = O, then (uf)(x,) = 0 and
F(f)(xo) = % % D"F(0)(f ")(x0) = f(xo)

since f plays the role of k in Lemma 8.3. Similarly, F(uf)(x) = (uf)(xg).

Assume f(x,) # 0. Let N = {x € X|u(x) < |f(xp)|/2Ilf]|} and set v(x) =
u(x) if x € N and o(x) = min(u(x), |f(x)l/|f(*)]) if x € N. Then v €
C(X) and |(ofXx)| <3| f(xo)| if x € N and |(of)x)| = min(u()|fx)), | fxo))
if x € N°. Therefore vf/f(x,) plays the role of # in Lemma 8.5. Setting a = 0,
in Lemma 8.5, we have, for all nonnegative integers / < n,

D"F(O)((ef/f(00))’, (1 = 0)f)" ™" )(x6) = 0

and hence

DF(0)((of)', (1 — ©)£)"™")(x%0) = 0.
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Then
F(f)(x0) = F(of + (1 — 0)f)(x0)

-3 = DFO)((of + (1 = 0)1)")(%)

n=1

=5 3 oy DO (- 09" )

n=1 [=0

00

S L DEO((o))(x0) = F(of)(Xo)

n=1
If we use uf, instead of f, the same v works for uf and we have F(uf)(x,) =
F (vuf)(xy). Since vu can be used instead of v for f, we have F(f)(xy) =
F(vuf)(x,) and hence F(f)(xo) = F(uf)(x,).

LeMMA 8.7. If f, g € B such that f(xg) = g(x,), then F(f)(xo) = F(g)xo)-

PROOF. Let € > 0 be given. Since F is continuous at f, there is § > 0 such
that [|[F(f) = F(h)|| < eif [If — hll < 8. Let N, = (x € X| |f(x) — g(x)| <
0} and let N be an open neighborhood of x, such that N C N,. Since x, is a
G;, there is u € C(X) such that u(xg) =1, 0 < u(x) < 1, if x # x5 and
u = 0 on Ny. By Urysohn’s Lemma, there is v € C(X) such that 0 < o(x) <
lforallx € X,v=1o0on N and v =0on N{. Set h = vg + (1 — v)f. Then
|If — A|| < 6 and ug = uh. Therefore, by Lemma 8.6,

IF(f)(x0) = F(8)(xo)l = |F(f)(x0) — F(ug)(xo)|
= |F(f)(x0) = F (uh)(xo)|
= [F(f)(x0) = F(h)(xo)l < IIF(f) = F(h)Il <e.
Since & can be made arbitrarily small, F(f)(x,) = F(g)(xo)-
We can now prove Theorem 8.1.
PrOOF. Let f, g € B and x, € X. For small |a|, we have that f + ag,

f+ ag(xp)l € C(X) and agree at x,; therefore, by Lemma 8.7, F(f +
ag)(xo) = F(f + ag(xy)1). Therefore,

F(f + ag)(xo) = F(f)(xo)
a
. F(f+ ag(xo)1)(x0) — F(f)(%0)
= P
= DF(f)(&(x0)1)(x0) = &(x0)DF (f)(1)(xo)-
Since x, is arbitrary, we have DF (f)(g) = gDF(fX1); i.e,, F is L-analytic in
B and F'(f) = DF(f)1).

DF(f)(8)(%0) = lim
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REMARK 1. The normalization DF(0) = I is necessary in Theorem 8.1 as is
seen in the following example. Define F: C[0, 1] -» C[0, 1] by
F()x) = (x + D) + (3 —0)f(x + 1) if x €[0, 1) and F(f)x) = f(x)
if x €[4, 1]. Then F is a continuous linear map of C[0, 1] onto C[0, 1] and
so F is a convex biholomorphic function in B. But F is not L-analytic and
DF(0)= F+# I

Without the normalization, we have

COROLLARY. If F is biholomorphic in B, and F(B) is convex then F = L » G
where L is a univalent affine map of C(X) onto C(X) and G is bianalytic in B.

Proor. Define L(f) = F(0) + DF(0)(f) forall fE Band G= L' F
satisfies Theorem 8.1.

REMARK 2. The proof of Theorem 8.1 depends on the existence of a
peaking function u at each point x € X. In general, an arbitrary compact
T,-space X does not have peaking functions at each point; for example, if X
is the set of all ordinals which are less than or equal to the first uncountable
ordinal with the order topology, then the first uncountable ordinal is not a G;
point. See [10, Exercises 1.1, 5.C, and 4.J]. It would be interesting to know if
Theorem 8.1 is true for an arbitrary compact T,-space.

Note that Theorem 8.1 contains Theorem 3 of [15]. To see this, take

X ={1,2,...,n} with the discrete topology. Also compare Theorem 8 of
[16].

9. Example and a remark. We now give an example of a function which is
univalent and F-holomorphic in B such that F~! is not F-holomorphic in
F(B), F(B) contains an open set, but F(B) is not open. The example is in the
Banach algebra H® = { f|f: A — C is holomorphic in A and sup{|f(2)| |z €
A} < ) [3], [8]. Define F: B— H*® by F(f) = f+ af? for nonconstant
a € H* such that for some z, € A, |a(z,)] = 3. To show that F is univalent
in B, suppose that f, g € B such that F(f) = F(g). Then (f — g)(1 + a(f +
g)) = 0 which implies that f(z) = g(z) or f(z) + g(z) = —1/a(z) for each
z € A. We claim the first equation always holds. By hypothesis, there is
zo € A such that |a(zo)| = 3. Since f, g € B, there is 8 > 0 such that | f(z)| <
1 -6 and |g(z)] < 1— & in some open neighborhood of z, The second
equation implies 1/|a(z)] < 2 — 28 in this neighborhood, hence
la(zo)| > 1/(2 — 28) > 1, which is a contradiction. Hence f(z) = g(z) in this
open neighborhood of z, and therefore f = g.

To prove that F ~! is not F-holomorphic in F(B), observe that F'(f) = 1 +
2af and so F'(f) is nonsingular as long as 1 + 2a(z)f(z) # 0 for z € A. If
|a(z,)| >3, let f be the constant function —1/2a(z,). Then ||f|| <1 and
F'(f) is singular. It follows that F~! is not F-holomorphic in F(B).

F(B) contains an open set since the equation ¢ = f + af 2 has the solution
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f=(=1+4+V1+4a)/2a=2/(1 + V1 + 4ac ) where ¢ € H* and ||¢|| is
small.

To prove that F(B) is not open, suppose |a(z,)| >3 and let f be the
constant function —1/2a(z,). Then F(f) = a/4a*(z,) — 1/2a(z,), and if
¢ € H®, ||¢|| small, we have a/4a*(z,) — 1/2a(z,) + ¢ = f + af  for some
f € B if and only if f = — 1/2a(z,) + 8§ where 6 € H* and &(z) = 8§(z)(1
— a(z)/a(z,)) + a(z)8%(z). Let & have the property that e(z,) = 0. Then
0 = &(z)) = a(z,)8%(z,) so we conclude 8(z)) = 0. Since &(z) = §(zX1 —
a(z)/a(z))) + a(z)8%(z), it follows that ¢ has at least a double zero at z,. This
means that any function of the form a/4a%(z,) — 1/2a(z,) + € such that
€(z;) = 0 and €'(z,) # O cannot lie in F(B).

This example shows that Theorem 5 [5] is false. F is univalent and
F-holomorphic in B with F(0) = 0 and DF(0) = I, but F(B) is not open.
Hence F is not locally biholomorphic in B and therefore F is not ®-like for
any function .
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