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ABSTRACT. In [15] Zeeman introduced the process of twist-spinning an
n-knot to obtain an (n + 1)-knot, and proved the remarkable theorem that a
twist-spun knot is fibred. In [2] Fox described another deformation which
can be applied during the spinning process, and which he called rolling. We
show that, provided one combines the rolling with a twist, the resulting knot is
again fibred. In fact, this result holds for a larger class of deformations,
defined below.

0. Introduction. The process of spinning may be described as follows.
Suppose we have a knotted arc in half 3-space R3, with its endpoints in
R? =3R3. Rotating R about R? generates R*% and the arc sweeps out a
knotted 2-sphere. Now suppose that during the spinning process we move the
arc in R3 (keeping its endpoints fixed); provided it is returned to its original
position at the end of the spinning, we again obtain a 2-sphere in R*. We call
this process deform-spinning; a precise definition (in any dimension) is given
in §1 (where for convenience we work with the one-point compactification B>
of R3). The first example of deform-spinning was given by Zeeman [15]; this
was the operation of twisting the knot about its axis. Subsequently, Fox [2]
described another variation on spinning, called roll-spinning, and showed that
this differs from twist-spinning. (Specifically, he showed that the roll-spun
figure eight knot cannot be obtained by twist-spinning the figure eight.)

Now, the main result of [15] is the striking theorem that any twist-spun
knot is fibred. It is natural to ask whether this can be extended to rolling, or
some combination of rolling and twisting. First we need a definition of
rolling; in [2] Fox only gives a picture of rolling a figure eight knot, and
remarks that the operation resembles “rolling a stocking”. Our first
observation is that in Fox’s pictures points of the arc move from the right of
the knot to the left. This suggests that, instead of rolling the knot down the
string, we should pull the string through the knot. In other words, we should
consider an isotopy of space which moves a base-point once around the knot,
and is fixed away from the knot. Unfortunately, this only makes sense for a
knotted circle, and we do not get a motion of the corresponding knotted arc,
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since no point of the knot is fixed throughout. However, we can still use this
idea once we observe that in order to define deform-spinning it is enough to
know the end result of the motion. This observation is formalised in the
discussion preceding Lemma 1.2, and allows us to give an alternative
definition of deform-spinning. In §2 we give examples using this definition; in
particular, we define rolling in Example 2.2. The above discussion should
justify this nomenclature; we have not attempted to give a precise definition
in terms of a motion of an arc. We remark that in Fox’s example the motion
induces conjugation by a longitude on the group; this is enough to show that
our roll-spun figure eight is the same as his (see §6).

Having arrived at a suitable definition of rolling, we show that an /-roll,
m-twist spun knot is fibred for m # 0; in fact this is true when rolling is
replaced by any of a fairly large class of deformations. The proof occupies §4.
In §5 we investigate the fibre, and in §6 we relate the deformations of a
classical knot to the automorphisms of its group. In §7 we show that (in
contrast to twist-spinning simpliciter) the bundle group need not be finite; as
a consequence we obtain examples of fibred knots provided by our theorem
which cannot be obtained by twist-spinning any knot whatsoever.

Notation. We work in the PL category. All manifolds will be oriented, and
all maps between manifolds orientation-preserving. D", B” will both be used
to denote an n-ball, and S" an n-sphere. The quotient map R' — S will be
written 8 — 8, where § = ¢ iff § — ¢ € Z. Note that the map S' X S' - §';
0 X ¢ -0 + @is PL.

An n-knot will mean a locally flat pair (S"*2, K) with K = S"; we will
usually refer to “the knot K”. A ball pair is a locally flat pair (B"*2, 8) with
B = B"and 08 = B N 3B"*2. Again, we will refer to “the knotted ball 8.

If X is a space and g: X — X a homeomorphism, we write X X, S ! for the
space

XXR/(xx0=g(x)X(@+1):x€EX,0€ER)
which we identify with
XXI/(xx0=g(x)X1:x€X).

(1 is the unit interval [0, 1] C R.) We denote the equivalence class of x X 6
by x X, 8 orx x 0.

If G is a group and h: G — G an automorphism, we denote by G X, Z{t)
that extension of G by the infinite cyclic group generated by ¢ in which
conjugation by ¢ induces 4 on G. Then

m(X X, 8') = m(X) X,, Z.
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1. Deform-spinning. Let (B"*2, B) be a ball pair. The spin of (B"*2, B) is
the sphere pair
3(B"*% B) X B> U,4(B"*? B) x3B2

The notion of deforming the knotted ball 8 during the spinning process may
be expressed as follows. Let f,: B"*2— B"*? (§ € I) be an isotopy
rel 3B"*2 (ie. £,|0B"*2 = id for all ) such that f,(8) = B; Goldsmith [5]
calls f a motion of (B"*2, B). The deform-spun knot corresponding to f is
then the sphere pair

3(B"*2 B) x B? ua(B"“ X dB?, oUl [f,(p) X 5]). (1.1)

Whilst this definition corresponds admirably to the intuitive idea of
“deforming a knot while it spins”, it has the disadvantage that interesting
motions may be difficult to describe precisely (cf. Fox [2]). The following
reformulation mitigates this problem.

The homeomorphism g = f~': B"*? x I - B"*? x I induces a
homeomorphism

g: B"*?* X 3B*— B"*? X, 9B,
with 2|9B"*2 x 9B? = id. Now g sends U »c;[f,(B) X 8] to Uye,[B X 8]
=8 X 81,832, so extending g by the identity we get a homeomorphism from
the pair of (1.1) to the pair
3(B"*2%, B) X B> U,(B"*%4 B) Xq, 0B
So, for any homeomorphism g: (B"*2, B) —» (B"*2, B) with g|daB"*? = id,
set
P(g) =3(B"*% B) X B> U,(B"*% B) X, 3B
Then we have

(1.2) LemMmA. P(g) is a locally flat sphere pair, depending (up to
homeomorphism) only on the pseudoisotopy class of g (rel 9B"*?).

PrOOF. By the Alexander trick, there is an isotopy F: B"*2 X I — B"*2 X
I with F|aB"*? x I =id and F;' =g As above, this gives a
homeomorphism

3B"*2 X B U,B"*? X3B>—»3B"** X B> U,B"*? X, 3B
But
dB"*2 x B* U B"** xdB* =3(B"*? x B?),

an (n + 3)-sphere. Similarly 98 X B*> U B X,3B* is an (n + l)-sphere.
Local flatness of P(g) follows from that of (B"*2, B).
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Finally, suppose g and A are pseudo-isotopic rel 3B"*2 (as maps of pairs).
That is, there is a homeomorphism

H:(B"*%,B)x I>(B"*3,B)x I

with H|(B"*2, B) X {0} = id, H|d(B"*% B) X I =id and H|(B"*% B) X
{1} = hg~'. Then H induces a homeomorphism

(B"*%,B) Xq dB> - (B"*? B) %, dB?
which extends by the identity to P(g) = P(h). [

Write H(B"*2, B) for the group of self-homeomorphisms g of (B"*2, B)
with g|0B"*2 = id, and D (B"*2, B) for H(B"*?2, B) modulo pseudo-isotopy
rel 3B"*2. We call elements of ) (B"*2, B) deformations of (B"*?, B). For
y € D(B"*2, B) we write y(B8) = (S"*3, y(B)) for P(g), where g is any
representative of y, and call the knot y( 8) the y-spin of B.

REMARKS. (1) The reason for choosing pseudo-isotopy is that it is the
strongest congruence relation on H (B"*2, B) through which deform-spinning
obviously factors. Using isotopy instead would not affect the considerations
of this paper. In case n = 1, the two relations are the same anyway (see §6).

(2) If y and ¥’ are conjugate in ) (B"*2, B) then y(B) = v'(B).

Now let (S"*2, K) be a knot, and fix a point * on K. Define H,(S"*? K)
to be the group of those homeomorphisms g: (S"*2 K) — (S"*% K) such
that g = id on some neighbourhood of * (depending on g). For g, h €
H,(S"*2, K) define g ~ h iff g is pseudo-isotopic to 4 (as maps of pairs) rel
some neighbourhood of #. This is a congruence; let D(S"*2 K) =
H,(S"*% K)/~. (Cf. The “stable homeotopy group” of Giffen [3].) Now
suppose that BJ'*? is a ball neighbourhood of * such that (B*2, B'*2 n K)
is unknotted and let (B"*2, B) be the complementary ball pair. There is an
evident homomorphism

@: D(B"™2, B) > D(S"*2% K)

(extend by the identity). It is not difficult to see that ¢ is an isomorphism, and
that for y € D(S"*2, K), ¢~ '(y)(B) is independent of the choice of BI'*2.
[Proof. If (*B"*2, *B) is another pair as above, with B**2 C int(* B"*+?), let
¥: D(B"*?, B) - D(*B"*2, *B) be the obvious homomorphism. The ¢’s and
¢’s display D(S"*2, K) as a direct limit. But there is a homeomorphism A:
(B"*2, B) - (*B"*?, *B) such that Y([g]) = [hgh~']. Hence ¢ is an
isomorphism and Y(y)(*B) = v(B).] We write yK = (§"*3, yK) for
@~ '(Y)(B), the y-spin of K.

REMARK. (3) The choice of base-point is immaterial, for suppose *, and
* , are points of K giving groups %,(S"*2, K) and D,(S"*2, K). Choose a
suitable ball neighbourhood B'*? of *, U =, with complementary pair
(B"*2%, B). We get an isomorphism
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e GDI(S"”, K)— GD(B"”, B)— D, (S"*% K)
such that (g1 )(YX(K) = VK.

2. Some deformations.

(2.1) EXAMPLE. Twist-spinning. Let (S"*2, K) be a knot. Take a tubular
neighbourhood K X D? of K with exterior X = cl(S"*? — (K X D?). (That
is, we take an embedding i: K X D? —» S"*? extending the projection K X
{0} - K. When no confusion can arise, we identify X X D? with its image
under i, and refer to this image as the tubular neighbourhood. In case n = 1,
we always assume K X x null-homologous in X for x €9D2) Let 3X X I be
a collar of 3X = K XdD? in X (with 39X identified with 9X X {0}; this
convention will always apply to collars). Define : (S"*2, K) > (S"*2, K) by

t(xx G xp)=xx(0+9)xXp, xxX0xp€KXID2XI,
t(y)=y, ye&idX X1

Let 7 be the class of ¢ in D(S"*% K). The r™-spin of K is called the
m-twist-spin of K.

REMARKS. (1) By Remark 3 of §1, 7 is independent of the choice of
base-point. Suppose ¢’ is defined similarly to ¢, but using a different tube and
collar. By uniqueness of neighbourhoods and collars (see, for instance, Wall
[13] (for neighbourhoods) and Zeeman [14, Chapter 5, Theorem 13] (for
collars)) there is a homeomorphism g: $"*? —» $"*? with g|K = id, gt = ¢'g.
By altering g close to the base-point, g represents an element of D (S"*2, K),
and still gz = 'g. Hence 7 is well defined up to conjugacy and, by Remark 2
of §1, r™(K) is well defined. A similar remark will apply to all our other
examples.

(2) Retracing the path from motions to deformations followed in §1, one
may convince oneself that this definition corresponds to the intuitive idea of
twist-spinning introduced by Zeeman in [15). The proof of Theorem 2.4 will
clarify the connection with Zeeman’s formal definition.

(3) Note that ¢ is the identity on a neighbourhood of K. The following
argument, due to Professor R. D. Edwards, shows that every element of
D(S"*2, K) has a representative of this kind. It suffices to prove this for a
ball pair (B"*2, B), so let g: (B"*2, B) > (B"*% B) be a homeomorphism
with g|dB"*? = id. Let N be a regular neighbourhood of 8, with N n9B"*?
a regular neighbourhood of 38 in dB"*2 Let N’ be another such, with
N cint(N’). Then (g(N’), N’ n9B"*?) is a regular neighbourhood of
(B, 3B8) in (B"*2, dB"*2), so by the theory of relative regular neighbourhoods
(Cohen [1, Proposition 7.1(a), Proposition 7.10(a) and Theorem 3.1]) g is
isotopic rel (dB"*2 U B) to g, with g,(N’) = N’. Now define g,: (B"*%, B) >
(B"*2, B) by
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g, = { g oncl(B"?— N')UdB"*?
? id onN,

and on N’ — int(N) = §' X B"*! extend the already defined
homeomorphism on the boundary arbitrarily. That this is possible follows
from the concordance classification of PL homeomorphisms of S' X S”
(Kato [8] for n > 3; Gluck [4] for n = 2; and for n = 1 use the fact that g,
must preserve a longitude of 8, and therefore a meridian of S' X B?).

By the Alexander trick, the restrictions of g, and g, to (N’, B) are isotopic
rel ON’; hence g, and g, are isotopic rel 3B"*2, and so represent the same
element of ) (B"*2, B). Thus g, is the required representative.

It also follows that such a representative is unique up to pseudo-isotopy
rel N. For suppose we have go, g,: (B"*% B)— (B"*% B), g|0B"*? =id,
g|N =id and g, pseudo-isotopic to g, rel 9B"*% We may assume each
g = id on the larger neighbourhood N’. Let G be the pseudo-isotopy; i.e.

G: (B"*2, B) x I - (B"*%, B) X I,
G|aB"*? x I =id, G|B"*?x {0} =g, G|B"*?x (1} =g,

Then the above argument shows that G is isotopic rel 3 (B"*2 X I) to G’ with
G’|N x I = id; G’ is a pseudo-isotopy from g, to g, rel(dB"*2 U N).

(2.2) EXAMPLE. Roll-spinning. Let (S3 K) be a 1-knot. Take a tubular
neighbourhood K X D? with exterior X, and a collar X X I of 3X in X.
Define r: (S3, K) - (S3, K) by

r(xx0 xg)=(x+ @)X 8 Xp, Xx§Xp€KXID>X]I,
r(y)=y, ye&odX XL

(Here weuse K = S' = R/Z.)

Let p be the class of r in 9D (S?, K). The p’-spin of K is called the I-roll-spin
of K.

REMARKS. (1) For the connection between this definition and Fox’s original
idea, see §0.

(2) There is a map p: X —3D? such that on 39X = K X 3dD? p restricts to
projection on the second factor, and such that pr = p. This fact allows the
extension of Zeeman’s theorem to roll-twist-spun knots, and so to other
deformations with this property. This motivates the following definitions.

(2.3) DerFINITIONS. Let (S"*2, K) be a knot. A projection for K is a pair
(», K X D?) where K X D?is a tubular neighbourhood of K with exterior X,
and p is a map X »3D? extending the projection K X9D?—»3D2 A
homeomorphism g: ($"*2, K) — (S"*2, K) is compatible with (p, K X D?) if

(i) g|K X D*=id, and

(i) p > (g|X) = p.
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A deformation y € 9 (S"*2, K) is untwisted if there is a projection (p, K X
D?) and a compatible representative of y.
We can now state our main theorem.

(2.4) THEOREM. Let (S"*2, K) be a knot, and let y € D(S"*% K) be
untwisted. For each nonzero integer m the (m-twist)-y-spin of K is fibred; i.e.
S"*3 — r™yK is a fibre bundle over S'.

The proof will be given in §4; first we give more examples of deformations.

(2.5) EXAMPLE. Generalised rolling. Rolling can be extended to n-knots
(8"*% K) as follows. Take a tubular neighbourhood K X D? of K with
exterior X, and a collar dX X I of X in X. Let H: K X I -> K X I be an
isotopy with Hy = H, = id. Define ry;: (S"*2, K) - (S"*2, K) by

ra(x X 0 X)) = H,(x) X § Xp, xX8 X¢p€KX3dD*xI,
L4

ry(y)=y, ye&dX XL

The corresponding deformation p, is untwisted as there is a projection
(p, K X D?) such that p(y X ¢) = p(y) fory €3X, ¢ € I, and hence pr,, =
p.

(2.6) EXAMPLE. p-spun deformations. Let us recall the definition of p-spin-
ning a knot (S"*2, K). (See e.g. Gordon [7, §4].) We fix a point * on K, and
take a ball neighbourhood B'*2 of * such that (B]*2 Bf*?N K) is an
unknotted ball pair. Let (B"*2, B) be the complementary ball pair. The p-spin
of K, a knot of S"*? in $"*P*2 is the pair

(Sn+p+2,pK) =8(B"+2,B) X BP+! Us (Bn+2’B) X 9BP*1,
If y € D(S"*2, K), we can define a deformation Py of 7K as follows. Let g be
a representative of y with g| Bj'*2 = id. Define a representative ?g of Py by
Pg(x Xy)=x Xy, x€03B"%Lye B,
Pg(x X y) =g(x) Xy, x € B"*2%y €3BP*\.
If v is untwisted, so is Py. Note that the group #(°K) of the p-spin of K is

equal to the group of w(K) of K, and (%g), = g,. (The group #(K) is
7,(S"*? — K).) Hence

7((Pr)(°K)) = 7(*K)/ (x = (*8)4(x))
=n(K)/(x= g,(x)) = 7(YK).

(2.7) EXAMPLE. Symmetry-spinning. Suppose the knot (S3 K) has a
symmetry g of order n # 0; that is, g is a homeomorphism (S3, K) — (§3, K)
of period n with fixed-point set an unknotted circle J disjoint from K. Since g
moves all points of X, it does not represent a deformation. We remedy this by
dragging K back to its starting position.
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Formally, we have S3/g = §3 let a: S*— S° be the quotient map. Let

= a(K), J = a(J). K and J are circles in S, with J unknotted. Also
Lk(K J) = Lk(K, J) = j, say, is coprime to n. Let (p, K X D? be a
projection for_ K, with K x D? disjoint from J.

Now a~ /(K X D?) is the n-fold cyclic cover of K X DZ; it is therefore a
tubular neighbourhood K X D? of K with

a(X¥ Xv) =nx Xvo (X €K, 0 € D?).

It follows that g/|K X D? being the canonical covering transformation of
K X D?* > K X D2 is given by

X Xov>(x+1/n) Xo.
Hence, picking an integer k such that jk = 1 (mod n),
g=gkxXv>(x+k/n)Xv, X€EK,v€D2
Now pick a collar 83X X I on the boundary of X = cl(S* — (K X D?) and
define s”: (S3, K) — (S, K) by
s'(x x0 X@) = (x - (k(1 - cp)/n)) x 0 Xo,
X0 x¢ € K xdD?* X I,
sS(XXv)=(x—k/n)Xv, XxXv€K XD?
sS(y)=y, yEX —(0X X I).

Then s'g|K X D*=id and s'g|cl(X — (3X X I)) = g, 50 s, = s'g repre-
sents an element o, , of D (S3, K). The projection (p = pa, K X D?) shows
that g, , is untw1sted

REMARK. This example may also be considered as a generalisation of
rolling by taking n = 1, g = id and J any unknot disjoint from K. Then
og,k = pk'

3. Bundles over S'. In preparation for the proof of Theorem 2.4 we collect
here some facts about bundles over S'. In dealing with such bundles we
neglect the structure group. Thus a bundle over S' with fibre F is for us a
map q: X —» S which is locally trivial with fibre F, and an equivalence of
two such is a homeomorphism A: X, — X, of total spaces making

%8 > X,

\/

Sl

commute.
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To any homeomorphism g: F — F there is associated a bundle over S'
with fibre F; it has total space F X, S'! and projection
¢:f X080 (fEF0ER).

Conversely, any bundle X — S' with fibre F is equivalent to some F X, S!
— S, and then g is called a characteristic map for X — S'. The bundles
associated to homeomorphisms g, and g, are equivalent iff g, is isotopic to a
conjugate of g, (lift an equivalence to the infinite cyclic cover F X R). Thus,
denoting by JC(F) the homeotopy group of F, the order of a characteristic
map in JC(F) is an invariant of the equivalence class of a bundle. We call this
the order of the bundle. Notice that if the bundle may be endowed with
structure group Z,, the order must divide n.
If m € Z, we can define an action of Ron X = F X, S' by

t-(fX0)=fx(@+m) (tERSXHEX)
This satisfies
q(t-x) = q(x) + mt (teERx EX). 3.1
We prove a converse to this.

(3.2) LEMMA (CF. ZEEMAN [15, LEMMA 5]). Let m be a nonzero integer. If q:
X > S'is a map onto S and if R acts on X so that (3.1) holds, then q: X — S
is a fibre bundle with characteristic map given by the action of —(1/m) € R.

PROOF. Let F= g !(0), and let g2 F— F be the homeomorphism
f(=1/m)-f. Then we can define ¢: F X, S'>X by o(f X 0) =
(8/m) - f. Now let ¢’ X >R be any function (not continuous) such that
4'(x) = q(x) for each x € X. Define x: X - F X, S' by

x(x) =[(=g'(x)/m)- x] X ¢'(x).
If ¢”: X - R also lifts g, then ¢”(x) = ¢'(x) + n, for some integer n,. Hence
[(=g"(x)/m)-x] X q"(x) =[(—n,/m)- (—q'(x)/m)-x] X q"()
= g("‘)[(— q'(x)/m)- x] X q"(x)
~[(~2)/m)-x] % (") = m)
= [(~gC)/m) - x] % 4(9)
and so x is independent of the choice of ¢'.

But we may cover S' by sets U such that ¢’ can be taken PL on ¢~ '(U);
hence x is PL on X. Then ¢ and x are mutually inverse, and

g(f%0)=q(f)+8=8 (fEFHER),
so ¢ is a bundle equivalence. []
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4. Proof of Theorem 2.4. Recall that we are given a knot (S"*2, K) and an
untwisted deformation y € D(S"*2 K). We have to prove that 7™yK is
fibred for m # 0.

Let (p, K X D?) be a projection for K, and g a compatible representative
for y. Let X = cl(S"*2 — (K X D?) be the exterior of K, and take a collar
09X X I of 9X in X. Let ¢ be the representative of 7 defined using 3X X I as
in Example 2.1.

Take an n-ball neighbourhood K_ of the base-point in K, and set B_ =
K_ X D2 Then (B_, K_) is a standard ball pair, so we can construct 7™yK
using the complementary ball pair (B, K, ). Thus

(8"*3 7™K) =9(B,,K,) X B2 Uy(B,, K, ) X(mg 0B~
Note that
3B, =9B_ =3K, XD?>y K_ x9aD?

(see Figure 1). A tubular neighbourhood of 7™yK is 3K, X D* X B*U K,
X D? X 9B? and so 7™yK has exterior

X'=K_ X3D?X B> U X X(mg)0B2

FIGURE 1

We shall fibre X'.
Now let F: 9X X I -3X X I be the isotopy

xX 0 Xpox X (0+mp)xe, xX§€KxdD,peL
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Then F extends to an isotopy H: X X I - X X I with H, = ¢t~™. [Proof. Let
p: I X I—>1I be a map with (g, 0) = p(0, ) = 0, p(p, 1) = p(l, 9) = ¢;
e.g. w(e, ¥) = max(0, ¢ + ¢ — 1). Define H by

(yX(p))(dal—)FF(,_wp)(y)X(pX\p, yXe€EX XLy €l
zXyYPrz Xy, zEX-OBXXI)y€EL
This has the required properties.]
H induces a homeomorphism
H: X X(mg 0B — X X, 3B
Extending by the identity gives a homeomorphism
X'=K_X3D*x B*U,X X, dB? 4.1)

where a is the restriction of H to K_ X 3D? X B2, and is thus given by the
formula

x X 8 Xgx X (0+ mp) X . 42)

In case g = id, note the resemblance of (4.1) and (4.2) to Zeeman’s definition

of twist-spinning; the argument above can be used to show that the two
definitions agree. From here on we follow closely Zeeman’s proof.
Letusset Y = X x, 3B First we define a map q: Y —9D? by

a9(y X 9)=p(y)—mp, yEX,QER

This is well defined as pg = p on X. Secondly, we define an action of Ron Y:

t-(yXg9)=yX(p—1), tERyEX,pER.
Then

9(t-(r X 9)) =p() = (M@ — D) = q(y X 9) + m.

Thus Lemma 3.2 applies to show that g: Y —3D? is a fibre bundle. Now the
composite map

K_ x3D? x3B*5 3X x, 9B*53D?
sends x X 0 X @ to
P(x X (0+ mp)) —mp =0+ mp—mg=0;

i.e. it is projection on the dD? factor. Hence ¢ extends to a fibre bundle g:
X’ —>9D2. Moreover, it is straightforward to check that on 39X’ = 7™yK
X dD?, q is projection on the dD? factor. Hence the fibration extends nicely
over 7™yK X (D? — 0) = 7™yK X 3D? X [0, 1), and the theorem is proved.
O
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REMARK. From the proof, the fibre is homeomorphic to the interior of
q7'(0) = K_ x {0} X B2 U {y X ¢ € X X, 3B p(y) = mp }.
Thus the fibre is punc(M) = M — {pt}, where
M=K X Bzup{y XpEX ng'|p(y)=_rr5}
for

K xX3B*S (y X @ €3X X, S'|p(y) =mp },
x X g (x Xm_<p)>~< P.

Also the characteristic map is given on ¢~ 0) N Y by the action of —1/m,

namely y X @->y X (¢ + 1/m). Under a this corresponds to
K_ x {0} x3B*>— K_ x {0} xdB?, 3
x X 0xg>x x0x (9 + 1/m). .

Denote by rot(d): B? — B? the conewise extension of the map (9B*> —dB%;
@ @ + ) for any § € 3dB2 Then the extension

K_ x {0} x B>— K_ x {0} x B?,

x X 0 XoP>x X 0 X rot( 1/m)(v)

of (4.3) is a characteristic map for the bundle K_ X3dD? X B*—dD2 It
follows that a characteristic map for the bundle provided by the theorem is
the restriction of

Mo M,
{ [x X v x X rot(l/_m)(v)] uly X gy X (¢ + l/m)].

5. The fibre. In this section we describe the fibre of 7™yK in more
recognisable terms than those of the remark of §4 when y is one of the
deformations defined in Examples 2.2, 2.5 and 2.7. One may easily show,
using Remark 3 of 2.1, that 7yK = — =™y~ K, so we need only consider
m > 0.

(5.1) PROPOSITION. Let (S"*2, K) be an n-knot, and H: K X I > K X I an
isotopy with Hy = H, = id. Let G: K X3D? - K X93D? be the
homeomorphism x X 0 — Hy(x) X 0. Let N**? be the manifold obtained from
the m-fold cyclic branched cover of K by removing a tubular neighbourhood of
the lift of K and sewing it back using G. Then the fibre of ™py K is a punctured
N, and its closure is a bounded punctured N with boundary the knot v™py K.
Moreover, off a neighbourhood of the lift of K the characteristic homeomorphism
is equal to the canonical covering homeomorphism. (py, is defined in Example
25)
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ProOF. We will use the notations of (2.5) and of §4. By the remark of §4 it
suffices to identify N with
M=K X B? Uﬁ{y X P EX X, S'Ip(y) =%}
Now the m-fold cover of X may be obtained by pulling back the m-fold cover
(5! - S'; ¢ > me) along p; thus it is
X = {(yxpex x S'Ip(y)=n_up7}.

The m-fold branched cover of K is then K X B U, X, where B’ is the
homeomorphism

K X 3B {y X § €3X X S'|p(y) = mp },
xX > (x X mp) X @

We can define a homeomorphism
@ {y X9 EX X, S'|p(y) =mp} > X

with ®8 = B’G as follows. Define an isotopy ¥: X X I - X X I by

(x X 8 X @) X yi> (HyHyq(x) X 8 X) X ¥,
xX 0 Xp€eEdX XILy€EI

yXypy Xy, yeEX-—(0XXI)yEL

(Recall p: I X I—>1 with p(p,0) = p©,¢) =0, p(p, 1) = p(l,9) =9)
Then ¥, = r;', so ¥ induces a homeomorphism X x(,”)S'—>X x S
Moreover, p¥, = p for all ¢ € I, so this restricts to a homeomorphism

®: {y X9 EX X, S'|p(y) =mp} > X.
Forx X § € K X 9B,
®B(x X 8) = ®((x X ml X 0) X 9)
= (Hy(x) X mB X 0) X § = B'G(x X 8).
Hence the fibre is as claimed. Also the characteristic homeomorphism is

equal to the covering transformation on the lift of X — (X X I). [J

(5.2) COROLLARY. Let (S>, K) be a 1-knot. The fibre of v™p'K is the m-fold
cyclic cover of S*(K, m/1) branched over K. (p is defined in Example 2.2.)

ProOF. By S3(K, m/l) we mean the manifold obtained from S3 by
removing a tubular neighbourhood K X D? of K and sewing it back by
means of a homeomorphism K X dD? — K X 3D? which takes a meridian to
(a - meridian) + (b - longitude); here a and b are coprime integers with
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a/b = m/l. This notation for Dehn surgery is taken from Rolfsen [10,
Chapter 9].

In [6], Goldsmith shows how to commute the operations of surgery and
taking a branched cover. Using this, the result is immediate from (5.1). (Note:
Goldsmith considers only surgery on a link disjoint from the branch set. Her
proof goes through unchanged without this hypothesis.)

Note that we use the term “branched cyclic cover” rather loosely, in that
the projection is not required to be 1-1 over the branch set; it will be 1-1 iff m
divides /. Also if m and / are coprime the branching index is 1; i.e. we have an
unbranched cover. []

In case m = 1 in (5.2), the fibre of 7p'K is just S3(K, 1/1), punctured on
the knot X, and the characteristic homeomorphism is equal to the identity off
a neighbourhood of K. In fact, using the proof of (5.1) one can show that the
characteristic homeomorphism is isotopic to the identity on S*(K, 1//) by an
isotopy which rotates K on itself / times. From this it is not difficult to prove
the following result, which will be used in §7.

(5.3) COROLLARY. If (S3, K) is a 1-knot, 7p'K has group m,S*(K, 1/1) X Z.
A meridian of tp'K is the product of a generator of Z and the image of a
meridian of K under the map m(S> — K) - mS*(K, 1/1). O

_(5.4) PROPOSITION. Let (S*, K) be a knot with a symmetry g of order n. Let
K, j; k and o, be as in Example 2.1. Let N* be the mn-fold cyclic cover of
S3(K, m/k) branched over K U J which corresponds to the kernel of the
homomorphism

abelianise

m(S?— KuJ)" S Z{) X L) > Z,,(t).

Here t, corresponds to a meridian of K, t, to a meridian of J, and the last
homomorphism sends t, to t, t, to t™™. _

Then the fibre of ™0, , K is punc(N), and off a neighbourhood of the lift of K
the characteristic homeomorphism and the canonical covering transformation
agree.

ProOOF. We use the notations of (2.7) and of §4. It suffices to identify N
with
M=KXB Ug{y X9 €X X, S'p(y)=mp}.
As in (5.1), the second term is homeomorphic to
{rxeoeXxx, s'p(y)=mp}
(as s, is isotopic to g on X). We shall show that

{(rxoe(X-J)x,8"p(y)=mp}
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is the (unbranched) cover of a(X — J) = S — (int(K X D?) U J) defined
in the statement of the proposition.

Let X = a(X). Consider the following diagram, in which g is projection on
the first factor, r is the quotient map and o’ is defined by commutativity.

¥ x 9 €(X ~J) x Rlp(y) =my}
\r

q
xX-J ¥ X 0€(X~J) xS Ip(y) =mep}
L]
xX-J

The map aq is a regular cover whose deck group G is Z<id X tr) & Z,{g X
id), where tr: R - R is translation by 1/m; the map 7,(X — J) — G is given
by tpid X tr, g X id. Now {y X ¢ € (X — J) X, S'|p(y) =me} is
obtained by quotienting by the subgroup (g X tr™) of G. Thus o’ is a regular
cover; its deck group is G/(g X tr") = Z, ,{t), the map G - Z,,(t) being
id X tr>t, g X id—>¢~™. This is the cover it was claimed to be.

The remainder of the proof is similar to (5.1) and (5.2), and is omitted. []

6. Deformations of classical knots. In this section we show, using results of
Waldhausen, that the group of deformations of a nontrivial knot K in S° is
determined by the group system of K. Let G be the group of K and choose a
peripheral subgroup G,. Define

Auty(G) = {a € Aut(G)| a|G, = id}.
Since any two peripheral subgroups are conjugate, this is independent (up to
isomorphism) of the choice of G,.
(6.1) THEOREM. 9D (S3, K) = Aut,G.

PROOF. Let X be the exterior of a tubular neighbourhood of K. Take a

base-point x, on 90X, and let
(G, Gy) = (m(X, xo), 7, (3X, xp))-

Let JC(X, 9X) be the group of homeomorphisms g: X — X with g|dX = id,
modulo pseudo-isotopy rel 9X.

(6.2) LEMMA. The homomorphism (X, 9X ) — Aut,G; [g]l—> g, is an
isomorphism.

PrOOF OF LEMMA. This follows from the work of Waldhausen [12] in a
similar manner to Corollary 7.5 of [12]. Note that [ g] determines g, uniquely,

not just up to inner automorphism, as the base-point is on dX. We remark
that Lemma 6.3 of [12] only works if base-points are taken in the interior. The
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crucial point is when, having constructed a map f: M — N inducing a given
homomorphism on 7,, a boundary component of M is homotoped into dN. If
the base-point is on this boundary component, to do this rel base-point
requires more than that f, preserve the peripheral structure. In our case this
still works because G is sent to itself, not just to a conjugate. The details are
left to the reader.

Note that pseudo-isotopy could be replaced by isotopy (or by homotopy).
O

Now Remark 3 of (2.1) shows that the homomorphism ((X, 0X)—
9 (S? K) given by extending by the identity is an isomorphism, and the
theorem is proved. []

Notice that if p is a meridian and A a longitude generating G,=Z @ Z, 7
corresponds to conjugation by p and p to conjugation by A. (It follows from
Simon [11] that these are the only inner automorphisms in Aut,G.) If X is not
a torus knot, G has trivial centre, so we have proved

(6.3) COROLLARY. If K is not a torus knot, the subgroup of D(S3, K)
generated by T and p is isomorphic to ZD Z. []

Let , , be the torus knot of type (p, g). For K = k, , G has infinite cyclic
centre generated by pu??A. Thus we have

(6.4) COROLLARY. In D(S?3, K ™p=1 0O

The fact that u”X is in the centre of m(k,,) is a consequence of the
existence of a fibring of «, , with bundle group Z,,. (An excellent description
of this fibring for the trefoil «,; may be found in [15].) Corollary 6.4 may be
derived directly from this as follows. The fibring gives rise to an S !-action on
§3 - — K, 4 Define an isotopy of (S3, K, o) by using the S'-action outside a
tubular neighbourhood of «, ,, holding fixed a smaller tube, and filling in
suitably on the intervening collar. The endpoint of this isotopy represents
774p, which is thus trivial.

In fact, using the presentation G = |a, b: a” = b?| of the group of «, , and
taking G, = {a’, b'a’) (pr + gs = 1), it is not hard to show that Aut,G is
generated by conjugation by p = b’a’, and so to deduce

(6.5) CorOLLARY. 9D(S>, &, ) = Z, generated by . []

7. Knots with infinite bundle group. In the last section we saw that
deformations of the type considered in Theorem 2.4 and distinct from
m-twisting do exist. It is conceivable that these might give rise only to knots
obtainable by twist-spinning; in this section we show that this is not the case.
The method is to determine which powers of a meridian lie in the centre of a
knot group, and was suggested by [7].
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If G is a group, C(G) will denote its centre. Let (S”*2, K) be a knot, G its
group and a € G a meridian. Then C(G) N {a) = {(a*) for a unique
nonnegative integer k, namely the order of a in G/C(G). Since any two
meridians are conjugate in G, k is independent of the choice of a; we write
¢(K) for k. Clearly, ¢(K) is an invariant of knot type. (In fact, more is true;
in [7] Gordon shows that ¢(K) is an invariant of the homotopy type of a
fibred knot complement, subject to certain restrictions on the homotopy of
the fibre.)

(7.1) LeMMA. If K is a fibred knot with a fibring of order m, then ¢(K) divides
m.

PROOF. Let X be an exterior of K. Then X is fibred over S! with fibre F
and characteristic map A4, where 9F = K and A™ is isotopic to the identity.
Without loss of generality, A has a fixed point x, € 9F. Then x, gives rise to a
cross-section representing a meridian a in 7,(X, x, X 0), and

(X, xo X 0) = m,(F, x,) Xy, Z{a).
Since A7 = id, a™ € C(m,X). [

(7.2) THEOREM. In each dimension n > 1 there are knots K7, K7, ... and
untwisted deformations v; of K" such that

(a) v, K" has the same group as the (6i + 1)-twist-spun trefoil; and

(®) c(rr,K") = 0.

REMARK. The knots 7y, K" are all distinct by (a); (b) implies by Lemma 7.1
that 7y, K" is not a twist-spun knot.

Proor. First note that it suffices to prove the case n = 1; examples in
higher dimensions can then be constructed by p-spinning the knots K;' and
deformations y; as in Example 2.6. (One must check that the p-spin of 7 is
again 7; we leave this to the reader.)

Now consider the 1-twist /-roll spin of any 1-knot K. Let K have group G
and let (p, A) be a meridian-longitude pair for K. Let

H=mS (K, 1/1) = G/ (' = 1),

and let ¢: G —» H be the quotient homomorphism. According to Corollary
5.3, p'K has group H X Z{t), and a meridian is ¢() X t. Hence

7(1p'K)/C(n(mp'K)) = H/C(H),

and c(7p'K) is the order of () modulo C (H).
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2i crossings

FIGURE 2

Now for i =1, 2,... let K, be the knot shown in Figure 2, and let
H, = m,S*(K,, 1). The fibre S*(X,, 1) of 7pK, may also be obtained by
surgery of type —1/i on the trefoil knot «, ;; see Figure 3. This is the fibre of
70"k, 3, which by Corollary 6.4 is the same as 75+, ;. Hence (a) holds if

Y; = p, by Corollary 5.3.
2\ m -1/i

5

)
&

() R,
0 -G

-1fi -1/i
FIGURE 3
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We will use the presentation of H; given by the presentation {a, b:
a® = b* of the group of the trefoil. A meridian is b~ 'a, and a longitude
a*(b~'a)~S. Thus

H,=|a,b:a* = b (b~'a)" 'a~% = 1.
C(H,)) is infinite cychc generated by a® = b3, so
%, = H/C(H)=|ab:a? = b =1=(b""a)" "a?|

=|a,b:a%> = b* = (b7'a)

61+l |

=l|a,b,c:a® = b = ¢¥*! = abc = 1.
Groups of this form are called triangle groups, and have been extensively
studied; see e.g. Milnor [9].

Now, from Figure 3 we see that a meridian of K; maps to the curve in
S3(ky3, — 1/i) depicted in Figure 4. Recalling that the presentation {a, b:
a* = b*) comes from the decomposition of S into two solid tori with «, ; on
their common boundary (Figure S5), we see that the curve of Figure 4
represents ba~'b"'a in H, Hence c(7pK;) is the order of the element
d = ba"'b"'a = bac of Z,.

The proof is completed by Lemma 7.3 below. [J

=1/i

e

Image of meridian of
K;in $(k, 3,~1/i)
FIGURE 4

(7.3) LEMMA. Let = be the triangle group |a, b, c: a* = b* = ¢" = =1|
where r is an integer, r > 1. Let d = bac. Then d has order zero in E

PRrROOF. According to Milnor [9], = can be represented as the group of
isometries of the hyperbolic plane P generated by rotations through 7, 27 /3
and 27 /r about the vertices 4, B, C of a triangle with angles #/2, = /3 and
w/r. Reflecting the triangle ABC in its sides generates a tesselation of P
invariant under 3. A fragment of this tesselation is represented in Figure 6.
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FIGURE 5

(Note: Figure 6 is actually part of the tesselation of the Euclidean plane by
triangles with angles /2, w/3 and = /6. Hence straight lines in the diagram
through points like 4 and B represent straight lines in P, although lines
through points like C do not.)

FIGURE 6

The effect of d on a typical triangle T is shown in Figure 6. It follows that d
takes the points C~, C, Dto C, C*, D *, respectively. Suppose d has nonzero
order. Then it is a rotation about some point E, say, of P. Now E must lie on
the bisectoz}&g‘roduced, of C~CC*, and also on C*D* produced. Since
T*CD=CC*D* = 37 /r, the triangle CC *E has area

—
7— 3n/r+3n/r+ CEC*)<a(l —6/r).
But CC *E contains the union of the triangles CC*D* and C *CD (shaded
in Figure 6), which has area
6n(1—(1/2+1/3+1/r)) =a(1 —6/r).
This contradiction establishes the lemma. []
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