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ADJACENT CONNECTED SUMS AND TORUS ACTIONS1
by

dennis mcgavran

Abstract. Let M and N be closed, compact manifolds of dimension m and

let X be a closed manifold of dimension n < m with embeddings of

X X Dm~n into M and N. Suppose the interior of X X Dm~" is removed

from M and N and the resulting manifolds are attached via a homeomor-

phism/: X X sm~"~x -> X x S**~"~'. Let this homeomorphism be of the

form fix, t) = (x, F(x)(t)) where F : X -> SO(m - «). The resulting mani-

fold, written as M #x N, is called the adjacent connected sum of M and N

along X. In this paper definitions and examples are given and the examples

are then used to classify actions of the torus T" on closed, compact,

connected, simply connected (n + 2)-manifolds, n > 4.

Let M and N be closed manifolds of dimension m. The connected sum

M#N is obtained by removing the interior of an w-cell from each and

attaching the resulting manifolds together via a homeomorphism between

their boundaries. This construction can be generalized in the following

manner. Let A' be a closed manifold of dimension n < m and suppose that

X X Dm~" is embedded in both M and N. Then (X X Dm-")° (- the

interior of X X Dm~") can be removed from each and the resulting mani-

folds can be joined together via a homeomorphism/: X X sm~"~x -» X X

Sm~"~l between their boundaries. We shall require that/ be of the form

f(x, t) = (x, F(x)(t)) where F: X -» SO(m — n). Despite this restriction, the

result will not be uniquely determined and will depend upon framings of X in

M and N. We shall call manifolds obtained in this manner adjacent con-

nected sums.

This construction was used by Goldstein and Lininger in [3] to study free

S '-actions on simply connected 6-manifolds. If M and N are such manifolds

admitting free S '-actions, then the interior of an invariant tubular neigh-

borhood of an orbit can be removed from each. These tubular neighborhoods

will, of course, be homeomorphic to S ' X D5. The resulting manifolds can be

attached along S ' X S4 to obtain a new simply connected 6-manifold admit-
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ting a free S '-action. This construction was used to classify all free S '-actions

on closed, compact, connected, simply connected 6-manifolds with torsion

free homology.

This paper was motivated by the realization that similar constructions

could be used to study 7"-actions on simply connected (n + 2)-manifolds. In

§§1 and 2 we define adjacent connected sums, determine some of their

properties and compute some examples. These examples are then used in §3

to classify locally smooth 7"-actions on closed, compact, connected, simply

connected (n + 2)-manifolds. Such actions were classified by other methods

in [13], [14] and [16] for n = 1, 2 and in [11] for n = 3, 4. This paper then

completes the classification of all such actions.

Certain notation will be used frequently. X° will denote the interior of a

space X. X «c Y will indicate that X is equivalent to y in some category C

(e.g., PL, equivariant, homotopy). 3f"km¡xakXk will denote the connected sum

of ak copies of Xk, k = 1, . . . , n. X \jfY will be the space obtained by

attaching X to Y via some homeomorphism /: A —» B where A c X, B c Y.

We will also write this as X \jA Y. In the sphere S", S"+ and SI will

represent the upper and lower hemispheres so that S+ n S"_ sj""1, the

equator. We use T>" and 7>" for the upper and lower halves of D".

1. Adjacent connected sums. Let M and X be closed manifolds with

dim M = m and dim X = n < m and suppose g: X X Dm~n -> M is an

embedding. For convenience identify (x,y) with g(x,y) E M. A smooth

framing of X X Dm~" in M is a smooth map F: (X, x0) -» (SO(m - n), id).

Let Fx denote F(x) and let (M, X, F), or simply (M, F) when X is

understood, denote M with a particular framing of X X Dm~" in M. If Fand

G are framings we have their composition F ° G = H: (X, x0) -» (SO (m —

n), id) where Hx = Fx- Gx. The identity framing is /: (X, x0) -» (id, id) and

we will use M to denote (M, I). By F~x we mean the framing such that

(F-\ = (Fxyx.

Let (M, F) and (N, G) be framings of X X Dm~" in M and N, respec-

tively. The adjacent connected sum, or adjacent sum, of M and N along X,

denoted by (M, F)$x (N, G), is obtained in the following manner. Remove

from M and N the interiors of the embedded copies of A' X Dm~", obtaining

M and N, each with boundary homeomorphic to X X Sm~"~x. Define /:

dM^> W by f(x,y) = (x, G~xFx(y)). Then (M, F) #x (N, G) = M uf Ñ
The following easy lemma shows that we need only consider sums of the form

(M, F) #XN.

1.1. Lemma. (M, F) #x (N, G) ^ (M, G~x ° F) #x N.

Let /: X X Dm~" -* M and g: X X Dm~" -+ M be embeddings and let

(M, F) and (M, G) denote framings of their respective images. We say that
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(M, F) is homotopic to (M, G), indicated by (M, F) ~ (M, G), if there is a

map H: (X X Dm~" X I)^>M X SO(m - n) such that H(x,y, 0) =

(f(x,y), Fx) and H(x,y, 1) = (g(x,y), Gx). (M, F) is isotopic to (M, G) if

H (x, y, t) is an embedding for each t.

In this paper only the identity framing will be used so we will be investiga-

ting manifolds of the form U = M #x N. Of course our results will also hold

for framings isotopic to the identity.

Now let M and N be m-manifolds with boundary and let DM and DN be

cells contained in the boundaries of M and N respectively. We will use

M # N to denote M U/ N where/: DM -> DN is a homeomorphism. If A" is a

closed «-manifold and we have X X ßm-"-1 embedded in dM and dN then,

as before, we can form (M, F) #x (N, G) where F and G are framings of

X X Dm~"~x in 9M and dN, respectively.

Suppose M and N are closed manifolds and M and N are manifolds such

that dM= M and dÑ~ = N. It is not difficult to see that M #x N =

d(M #x N). This relation is useful since M #x N is frequently easier to

compute.

2. Examples of PL adjacent sums. In this section we consider various

examples of adjacent connected sums. For the arguments we use, it is

necessary to assume that all manifolds and all embeddings are PL.

Although the examples themselves are interesting, they were chosen

because of their applications to torus actions in §3.

2.1. Example. Suppose Tm is embedded via the identity into the second

factor of S" X Tm. Then (Sn X Tm) #Tm Sm+" sSm+". To see this, we

proceed as indicated at the end of §1 and compute 9[(T>"+1 X

Tm) #Tm Dm+n+x]. We have 7>n+1 X Tm ^ I X (D" X Tm) and we may

assume that we are joining this to Dn+m+x along {0} X (D" X Tm). We then

obtain D"+m+x so that 9[(7>n+1 X Tm) #T„ Dm+"+x]s¿ Sn+m.

The following is similar to Theorem 3 of [3].

2.2. Theorem. S" #s„ S" ^ Sp+X X S"~p-X, 0 < p < n - 3.

Proof. We consider D"+x #SPD"+X. The (PL) embedded Sp in each

summand bounds a disk Dp+X and we write each D"+x as Dp+X X D"~p.

Thus we wish to join Dp+X X D"'" to Dp+X X D"~p along Sp X D"~p.

Since we have the identity framing of Sp in each case, we obtain Sp+X X

D"~p. Therefore S" #s„ S" ^ Sp+X X S"-"'1.

The following result and its corollary will be used frequently.

2.3. Theorem. Let N = #'_0SA X D"~p,~x, r > 0, where n - p¡ > 3 for

each i. Let M be an n-dimensional manifold with boundary and suppose we have

embeddings of N into 9M and 97)". Suppose K = M \jf D" where f: N —» N is
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induced by the identity framing on each summand SPl X D"~p'~x. Then K s

(...((M #snD")#SP,  . ..)#s„7>").

Proof. We first wish to show that there is a cell D"~x c97>" such that

D"~x n N = Sp" X D"-p°~x. Let us assume that N = B u { U;=0#,} where

P s Z)"-', /7 s Dp< x D"-p<-x and each Z7, is attached to B along Sp'~x X

D"~Pi~x, the latter being pairwise disjoint. Also note that A^ aAe (\/ri_0Sp').

Let   X = 97)"  - {U^o#,°}-   Thus   X s   # r(S"~2   X I)   and   X

^{v;.,5-2}.
Let 7) c B° be an (n - l)-cell with B a regular neighborhood of D. Let

Sp°~x X I be an annulus in B such that (Sp"~x X I) n 95 = S'0-' X {1}

= 97^° X {x0} c9/70 where x0 Gg^"-'»-1), and (S*>-1 X /) n 7> =

Spo-x X (0) c 97). Let Dp+° = (Dp° X {x0}) u (S*0-1 X I), and let Dpj be a

Po-cell contained in D° bounded by Dp+° n D = S*0-1 X {0}. Then Sp° =

ßp+o u Dp_o represents a generator of irPo(Sp°) c ">(#) m Trpo(\/r¡=0Sp'). The

embedding w: (S^0, S^°)^(A, 7>) whose image is Dp_° u 7)^> represents the

trivial element of irpa(X, D) » npo(X, * ) = trpo(\/j=xSf~2), so it is homoto-

pic to an embedding o: (SPo, SP_°)^>(X, D) where o(SPo) bounds a disk in

X - D°. We may in fact assume that a is homotopic to a in (X — D",d(X

- D0)). By restriction we have u: (Sp+°, 9S*°)-»(A" - 7>°, d(X - D°))

homotopic to o: (Sp+°, 9S*») -* (X - D°, 9 (X - D°)).
Now (Sp+°, 9S^°) ^he (Sp°, *) is 2p0 - (n - 1) + 1 = 2p0 - n + 2 connec-

ted since n >p0 + 3. (X - D°, d(X - D0)) » (#(r + l)(S"~2 X I),

9(#(r + 1)(S"~2 X /))) so it is 2p0 - (n - 1) + 2 = 2p0 - n + 3 con-

nected. Therefore, by 10.2 of [5], we have w isotopic to a.

_Thus we may assume that SPo = Dp¿ u DPJ bounds a disk in X - D°. Let

D{¡~x be the normal bundle of this disk_with H0u D^~x = D"~x. Choose a

regular neighborhood 7>0"~' of Z70 U DS~X such that 7>0"-' n N = Sp° X

D"~p«-X and let D¡¡ be a collared neighborhood of D¡¡~x. Remove D{¡ from

D" and form M0 = M #SP0 7)¿\ We then need M0 u Y (D" ~ (DS)°) where

Y = (N - (Sp° X D"-po-x)°) Ufl-2 7>"-'. Thus Y at #r._lSPl X D"-«-1

and we want (M #s,0 D¡¡) u y 7)". Continuing in this manner proves the

theorem.

2.4. Corollary. With the same hypotheses as in 2.3, suppose M s D". Then

à: s #r nsp'->-x x d"-»<-x.
/ —0

Proof. We want K = (Dx") uN (7>2"), A7 s #'_0S" x D"-*--1. As in the

proof of 2.3, find Z)0", such that Dxn = (7>f - (ß0",)°) u T>0"„ (Z)," - (7)0",)°) n

DSX = Dx"~x, SPo X D"-p«-x c 97>¿, and

((dDxn) n t>0",) n (a - ( # S* x D"-»-1 J° j s 7)""2 c />,"-'.
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Likewise find D¡¡2 c D2 satisfying corresponding properties. Contained in K

we have X = 7>0", #s„0 D^ = SPo+x X D"~p"~x. Furthermore, X will be

attached to K - Xo along Dx"~x \JD,-* 7>2""' a TJ"-'. Thus K a (K -

X°) # SPo+x X D"~Po~x. Continuing in this manner proves the corollary.

We now wish to consider S"~x #SpXTk (S"~k~x X Tk) where the embed-

ding Sp X Tk^> S"-k~x X Tk is a product of an embedding Sp -* S*-*-.'

and a homeomorphism Tk —» Tk. We first prove the following lemma.

2.5. Lemma. Suppose 0 < p < n — 5 and suppose we have an embedding

Sp X D"~"~2 X 7' ^9(7)""' X 7') which is the product of an embedding

S" X D"~p~2^dD"~x and a homeomorphism 7'-> T1. Suppose we have

D" = Dp + X X D"-p-x and an embedding S" X Tx X D"-"'2 -+ D" which is

the product of S" ^97>"+1 and an embedding Tx X D"-"'2-^ D"'"'1. With

these embeddings,

D" #SPXT¡ D"~x X Tx a Sp+X X D"-p-x # Sp+2 X T»"^-2.

Proof. We consider D"~x x 71 as (D"~x x 7), #so(D"-x x I)2. We

first find

Mx = D" #S„XI (D"~x X 7),a D" #> D" a Sp+X X D"-p~x.

We now have that

M = D" #SPXT, ZT"' X 7' a Mx Ujf (7)"-' X I)2

where X = S" X D"~p~2 x 7 u 7)""' X 5° and these are joined along S"

X D"-p-2 X S°. It is not difficult to see that X a Sp+X X D"~p~2 where

D"~x X S° is the union of the north and south polar caps. Thus we want

Ms Mx #SP„(D"-X X I)2.

We need only show that X is contained in an (n — l)-cell in dMx. It will

then follow that

M a M, # (D" #SP+1 D") a Sp + X X Dn~p~x # Sp+2 X D"-"'2.

First write D"~x as Dp+X X B"~p'2 where the image of the embedding

Sp x Dn-p-2^Dn-i is ^fj)p+x)x D"'p~2. In (7)"-' X 7), we have

(Z)',+' X D"-p-3) X I a 7>"-2 X 7 and joining this (in (7>"~' X 7),) to

D"~x X S° along D"~2 X S° gives D"~l = Y. Now we have 7>" = DP+X,X

D2 X D"-p-3 where the image of Sp X Tx X D"-p~2 -» D" is 3(D'+I) X

(97)2 X 7) X D"-p-3. We may join, in 97»", Sp X D2 X D"'"'3 to S" X (7

x 7) x D"-p-3 along S" x I x D"'"'3 and still have Sp X D2 X D"'"'3.

But now we can take this Sp X D2 X D"~p~3 and join Y to it along

Sp X I X D"~"~3 and get a cell Dn~x containing X.

2.6. Corollary. With the embeddings in 2.5, S"~x #s,xr. S"-2 X 71 a

Sp+X X s"~p~2 # Sp+2 X S"~p~3
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Before we generalize this result we need to make some observations about

tori embedded in Euclidean space. We may embed T2 in R3 in the following

manner. Take the unit circle in the (x, y)-plane, translate it via the vector

(0, 2, 0) and then rotate about the x-axis. Inductively, suppose we have

Tk~x c R* C R*+1 with center at the origin. Translate this 2 units along the

x^-axis and rotate in the (xk, xk+,)-plane. In terms of coordinates, we have

Tk = ((cos a„ . . . , cos a,(2 + sin a,_,(2 + sin a,_2( • • • (2 + sin a,) . . . ))),

. . ., cos ak(2 + sin ak_x( ...)),

sin ak(2 + sin ak_x( . . . )))| 0 < a, < 2ir).

We shall call this the standard torus Tk c R*+1. Let a = (a„ . . . , ak) and

consider the isotopy F: Tk X I -> Dk+2 defined by

F(a, t) = (cos ax, . . . , cos a,(2 + sin a,_,( . . . (1 + t + t sin a,) . . . )),

. . ., sin ak(2 + sin ak_x( ...)), (1 - r)sin ax).

An examination of this isotopy proves the following.

2.7. Lemma. Let Tk be the standard torus in Dk+X c D", n > k + 1. Then

we may write D" as D2 X D"~2 so that Tk is isotopic to (97)2) X Tk~x where

Tk~l is a standard torus in Dk c D"~2.

We shall call an embedding as described in Lemma 2.7 the standard torus
in 97)" a S"~x.

By modifying F slightly we have the following.

2.8. Lemma. Suppose we have an embedding f: (Tk X I) X D"~k~x -» 7>*+I

X £>«-*-> = D" which is the product of the identity D"~k~l-*D"~k~i and

an embedding Tk X I -* Dk+X whose image is a product neighborhood of a

standard Tk c Dk+X. We may write D" as D2 X Dk X D"~k~2 so that f is

isotopic to an embedding whose image is (dD2 X I) X (Tk~x X I) X D"~k'2

where Tk~x X I is a product neighborhood of a standard Tk~x c Dk.

For our applications to adjacent connected sums we need to have another

isotopy that modifies a standard 7*X7)""'c"1c7)*:+1x7)"_A:_1. To this

end we consider

Tk X I X D"-k~2 = {(a, z)\ a E Tk C Dk+X, -1 < z < 1} X D"-k~2.

Define

G((a, z), t) = (cos a„ \((z - 1)(1 - /) + 4)cos a2(l + t + t sin a,),

.. ., \((z - 1)(1 -0 + 4)

•cos a,(2 + sin a,_,( . . . (1 + / + t sin a,) . . . )),

. . . , \((z - 1)(1 - r) + 4)sin ak(2 + sin ak_x( ...)... ),

(1 - i)sin a, + zt)
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Examination of this proves the following.

2.9. Lemma. Suppose k < n - 2. Suppose f: Tk X P"-*-1-> Z)*+1 X

Dn~k~x is the product of a standard embedding of Tk -» Dk+i and the identity

D„-k-X _^ Dn-k-\   Then we can write D" as D2 X Dk X Dn~k-2 and f is

isotopic to an embedding g whose image is 97)2 X (Tk~x X 7) X D"-*-2

where Tk~x X I is a product neighborhood of a standard Tk~x c Dk.

2.10. Theorem. Suppose 0<p<n-k-4. Let Sp X />«-*-*-• x Tk

-> S"-*'1 X Tk be a product of an embedding Sp X D"-*-*-*_» S"-*"1

and a homeomorphism Tk-*Tk. Let S"~x =dD" =d(Dp+x X D"-"'1) and

let S" X D"~p~k~x X Tk be a product of the inclusion S" ->9Z)*+1 and an

embedding (Tk X I) X D"-p~k~2-* Z>*+l X Dn-p~k-2, where the image of

Tk X I is a product neighborhood of a standard Tk c Dk+X. With these

embeddings

k    .    .

(S"-k~x X Tk) #s,x7-* S"~x a # lk\sp+x+j X s"-p~J~2.

Proof. By 2.6, the theorem is true for k = 1 so suppose it is true for K — 1

and consider M = D"~K x TK #5,xr* 7>". Let TK = Txx Tx~l. By 2.8,

we may assume that Z>" = Dp+X x D2 x DK X D"~P~K~3 and our

embedding S" X o"~p~K-x X TK-> D" is a product of the inclusions Sp

-^dDp+x, (Tx x I)^>(dD2 X I), the identity £>■-#-*-»-* D»-*-*-3 and

an embedding (TK~X X I) -» DK whose image is a product neighborhood of

a standard TK~ ' c 7)K. First we have

Af, = D"~K X I X TK~X #SpxlxT>c-< D"

„D„-K+i x tk-x #spxtK_iD"

K-\

= # lK ~ l )sp+x+-i x D»-r-J-\
y=o V    j    )

Then M = Mxux D"~K x I x TK~X where

A = 7>"-* X 5°X T*"1 UYSP X D»-k-p-i xlX TK-X = XXUYX2

where Y = S" X D»-*-/-« X S0 x TK~X. Thus

X a £>»-*->-> x TK~l X (7>*+1 X 5° Us,xSo S" X 7)

a /}*-*-#-> x r*-1 X S*+1.

Therefore M = A/, #âf,».xr«-i Dn~K+x X TK~X.

As before we wish to show that X is contained in an (n — l)-cell in 9AÍ,. In

9(7)"_A: X 7 X TK~X) we have Dp+X X D"-K-p~2 X I X TK~X which we

may join to Xx along T»"-*-1 X S° X TK~X to get D"~K X TKX = Wv In

97>" we have Sp X ft*-*-*-* x D2 X TK~X, where 97)2 corresponds to 7„
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and we may join this to X2 along S" X D"'K~P~2 X I X TK~X to get

S" X D"-K'p-2 X D2 X TK~X = W2. Thus we have X = XxuYX2cWx

UZW22¿ Dn~K X TK~X c9M, where Z a Sp X z,"-*-*-2 X I X TK~X.

Contained in this copy of D"~K X TK~X we have Ux = Sp+ X D"~K~P~2 X

D2 X TK~X c W2. Thus Ux a D"~K X TK~X. In fact we may assume D"~K

X TK~l = Ux u k, ((D"'K X TK-X) - U°x) where

Vx = 55. XD"-K-"-2 XIX fK~i Uy2Sp-x X D"-K-p-2 X D2 X TK~X,

V2 = Sp~x X D"-K-p-2 XIX TK~X.

Then    Vx  a £)«-*-''     x  7*"1.   Therefore   7)""*   X  T*"1   =  Ux

\jDn-K-ixTK-i(D"-K X TK~X). Now

£/,  C S^   XT)2 X DK X D"-p-K-3 =   U2~ jyn-\

Thus D"~K X TK~X c U2 uK, (7)"_A: X T*-1) a £>"-». Furthermore the

embedding of X into Z)"~ ' will be of the type described in this theorem.

It follows then that

M a Mx # (D" #s,+,x7.,-, D"-K+x XTK~X)

a Mx # ( # (*" T l\sp+2+J X D"-p-J-2 J

a I  # (*7 lW+1^ X D"-p-j~x \

#\  # (K~ l\sp+2+J X D«-r-J~* )

= Sp + X X D"-p~x #     # (^7 l\sp + x+j X D"-p-J-x  I

# ( # (K-Z l)sp+x+J X D"-p-j~x \ # sp+K+x X D"-'-*-1

= #f*p,+ ,+> X D'\n-p-j-

Thus

(S""*"1 X 7*) #SPXT* S"~x sW = #lK\sp+x+J X Sm~'"J~x.

We now wish to consider S"~x #T* S"~x. We start with the following.
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2.11. Lemma. Suppose we have regular embeddings of T" 4 into the

boundaries of two copies of D", n > 5. Then

n — 4 . .

7>" #r„-4 7)" = # ln 74W+1 X D"-J~x.

Proof. This is true for n = 5 by 2.2. Therefore we use induction and

consider 7>" #r„-< D". We may assume that T>" = D2 X 7>"~4 X D2 and

Tn-4 x D3 = Tx x T"~s X I x D2 =97)2 x (T"~5 X I) x D2 where

7""5 X 7 is regularly embedded in 7)"~4. Let Sx+ and S i be the upper and

lower hemispheres of Tx. We first form Mx = D" u Y Dl x -0"-2. ^ "" SI
X Tn~5 X D3.We have

M, a 7 X Z)"-1 ur7 X Z)"-' = 7 X ( # (n 75W+1 X D"-J-2\

a#("75W+1 XD"-J~X.

We now need M = Mx\jx (Di X D"~2) where

X = I X D"~2 u2 Sx_ X T"~5 X D3 a Z)"-1 #soxr-5 7>4 X T"~5

Z = S°X T"'5 X D3.

By 2.10, * a  #"705Ç"5)S1+J' X Z)"-2-^. As usual we wish to show that X

is contained in an (n - l)-cell Z)"_l c 9Af,. We write

X = I X D"'4 X I X I Uz Sx_ X (T"~5 X 7) X 7 X 7.

InT)2 X Z)"-2 we consider

7 X Z)"~2 c £/, = 7>2 X7"-5 X 7 X 7 X (1) uKl7 X Z)"~4 X 7x7

a D"~x C9(Z)2 XT)"-2),

K, = Z X T""5 X I X I X (1}.

Furthermore, in M,,

W= {/, n97)" a(5| XT"5 X 7 X 7 X (1))

Uw,l(S,0X T"'SX 7X7X7)

a 7 X 7""5 X D2,

Wxs S°X T"'5 X {1} X D2.
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In D" we have

Sí X T"~5 X D3 c U2 = Sí X T"~5 X I X I X I

Uy2D2X T"-5 X 7 X 7 X (1}

a D2X 7"-5 X D2,

where

V2 = Si XT"'5 X I X I X {1}.

InM„

í/2n9(7)2 XT)""2) a(S°X T"-5 X I X I X I)

U^2(S| XT"'5 X I X I X {1})

a 7 X T"~5 X D2 =W,

where

w2= s° x T"-5 x i x i x (l).

Thus we have X c Ux u ^ U2 » 7)"" ' c 3AÍ,.

As before we get M = M, # (7>" u x D"). By 2.4,

M a Mj #      # (" 7 5]s2+y X Z)"-2^ )

= ["# (" 7 5W+I x d"-j-x \ # Í #l" " *)s»-j x or'-1 )

# S"-3 X D3

n-A

= #i"74W+IxZ)"->-1.

2.12. Theorem. Suppose we have standard embeddings of Tk —> S"   x,n — k

> 4. Then

Sn~X #r* S"-1 a # i*W+1 X S" 7-2

Proof. We first consider D" #r* Z>", i.e., if we let X = Tk X D3 X

Dn~k~4, we want
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D" u* D" = Dk+4 X D"-k~4 Ux T>*+4 X D"'k-4

a (Dk+4#T> Dk+4) X Dn~k-4

= I # (k\sj+x X D"-J+3 j X D"-

k    .   .

= # (A:W+1 x D*-*~x.

*-4

It follows that

,-7-2S""1 #T„ S"~x a # í ^W*1 X S"'

We now prove the following lemma which is essential to our classification

theorems in the next section.

2.13. Lemma. Let T"~4 = 7, X T"~5. Suppose we have product embeddings

7, X (T"~5 X D4)^SX X D"and(Tx X D4) X 7"~5 -h> D6 X T"~5 (where

7""5 -> D" is regular). With these embeddings

n — 5. .

D6 X T"~5 #j,-,S' X D" a # I" 7    \SJ+2 X D"-J~x.

Proof. We first form Mx = 7"-5 X D6 \jx I X Dn a 7 X D", where

X = 7 X 7"~5 X Z)4. Then we form M = 7xZ)"ur/X7)'' where Y =

5° X Z)" usoxz 7 X 7"-5 X D4, Z = 7"-5 X Z)4. Let 7+ = (x G 7 =

[-1,111 x > 0), 7" = {xG7| x < 0}. Then 7 X T"~5 X D4 = (7+ X
T"~s X D4) #^-5 (7- X 7""5 X D4). To find Y we first form (7+ X T"~5

X D4) Uz7>" a 7>"and(Z_ X 7"-5 X D4)uzD" a 7>" so that

y a D"#Tn-iDn a#i" 7 5W+I X D"~J~\

Then

il/a 7>"+1 Uy7)"+1 a # Í" 75W+2 X T)"^'-1.

3. Torus actions. Let M"+2 be a closed, compact, connected, simply

connected (n + 2)-manifold and suppose the torus 7" acts on Mn+2 in a

locally smooth manner. In this section we classify all such actions for n > 4.

By this we mean that we will be able to identify the manifold if we know

what the weighted orbit space looks like. Such actions were classified for

n = 1, 2 in [13], [14] and [16] and for n = 3, 4 in [11]. Thus, with these results,

such actions are classified for all n. Unless stated differently all manifolds are

assumed to be compact and connected and all actions are assumed to be

locally smooth and effective.
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Now suppose that T" acts on a closed, simply connected (n + 2)-manifold

M. In [6] the following results were established: (1) the orbit space M* is a

disk D2; (2) all stability (isotropy) groups are isomorphic to Tx = Sx or

T2 = Sx X Sx; (3) the interior points of M* correspond to principal orbits;

(4) isolated points on 9 (M*) correspond to orbits of type 7"~2 (isotropy type

72) while the remaining points on 9 (A/*) correspond to orbits of type T"~x;

(5) the 7'-stability groups span 7n; (6) cross-sections exist; (7) such actions

exist for all n. The existence of cross-sections was used to prove an

equivariant classification theorem, i.e., actions with identical weighted orbit

spaces are equivariantly homeomorphic. The last result was significant since

no such actions were known for n > 4. In [11] it was shown that there were

P'-stability groups Tx, . . . , Tn such that 7" a 7, • • • X 7„. It was also

shown that for each n, there is a unique simply connected manifold Mn+2

admitting an action of 7" satisfying the following condition: there are exactly

n 7'-stability groups 7,, . . . , 7„ with each F(T¡, Mn+2) connected. It was

shown that these manifolds, Mn+2, serve as building blocks for the

construction of other actions in the following manner. If

(7", Mn+2), trx(M"+2) a 0, is any action, then it can be obtained from an

action (7", M„+2) by equivariantly replacing copies of D4 X T"~2 with

copies of S3 X D2 x T"~3. The following diagram shows how this replace-

ment occurs. It can easily be seen that M5 = S5 and M6 = S3 X S3. In this

section we first identify all the Mn+2. We then classify all actions (7", Mn+2).

jn-2   x£)4

\ y S3 xD2 x T"~3

We are considering locally smooth actions while in the last section we

worked entirely in the PL-category. We now give some lemmas that will

enable us to apply the PL-examples to the actions of this section. We first

need some terminology. We shall say that (7„ 7^ is an adjacent pair of

P'-stability groups for an action (7", M"+2) if there is an invariant D4 X

T""2 so that the induced action (7", D4 X 7"~2) has stability groups 7„ 72

and 7, X 72. (7,, 72, 73) will be called an adjacent triple of 7'-stability
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groups if (7,, 72) and (72, 73) are adjacent pairs, with invariant copies of

D4 X T"~2, (D4 X T"-\ and (Z)4 X 7n_2)2, respectively, such that (D4 X

T"-2)x n (D4 X T"-\ a D2 X 7"-' and (0} X 7"~' c F(T2, Mn+2). In

this case we say that (7>4 X 7"~2), and (D4 X 7"~2)2 are adjacent and we

let X(TX, T2, T3) denote (D4 X T"~2)x u (D4 X T"~2)2. Standard methods

involving cross-sections can be used to prove the following.

3.1. Lemma. X(Tx, 72, 73) a S3 X D2 X T"~3 iff 7" a 7, X 72 X 73 X
T>n — 3

The following is a refinement of a result mentioned earlier.

3.2. Lemma. Suppose T" acts on a closed, connected, simply connected

(n + 2)-manifold M. 7/(7,, 72) is an adjacent pair of Tx-stability groups then

there exist Tx-stability groups 73, 74, . . ., T„ such that 7" a 7, X 72 X 73

X • • • X 7„.

Proof. Let k be the number of 7'-stability groups, where each such

stability group T¡ is counted once for each component of F(T¡, M). We fix n

and induct on k. If k = n, then M a M„+2 and 7" is isomorphic to the

product of the 7'-stability groups so we are done. Therefore suppose the

result is true for all k < K. Let 7" act on M with K 7'-stability groups

TX,T2, . . . ,TK (not necessarily all distinct) where (7^, 7,) and (T¡, Ti+X) are

adjacent pairs for 1 < i < K. The situation is illustrated in the following

diagram. It suffices to show that there are 7'-stability groups

{C3, C4, . . ., C„) such that 7" a TK X Tx X C3 X • • • X C„. We know

from [11] that there is an adjacent triple (7), 7}, Tk) such that X(T¡, 7}, Tk) a

S3 X D2X 7"-3. Suppose X(T¡, 7}, Tk) & S3 X D2 X T"~3 if (i,j, k) =£

(K, 1, 2) or (K - 1, K, 1). Then we may equivariantly remove X(TK, 7,, 72)

or X(TK_X, TK, 7,) and replace it with a copy of D4 X T"~2 where the

action (7", D4 x 7"~2) has adjacent 7'-stability groups (7*, TJ or

ÍTk-\> Tx), respectively. The remaining 7'-stability groups will be

{72, . . ., TK) or {7,, ... , TK_X] (listed as above). Continuing this process,

the 7'-stability group eliminated will always be the first or last one listed. But

Mn+2 must eventually be obtained by this process and, for an action

(7", M„+2), each adjacent triple (C„ Cp Ck) is such that X(C¡, Cp Ck) a S3

X D2 X T"~3. Furthermore, at least one such triple will also be a triple for

the action (7", M) (other than (TK_X, TK, 7,) or (TK, 7„ T-J). But this

contradicts our assumption about such triples. Therefore there is a triple

(i,7, k) ¥• (K, 1, 2) or (K - 1, K, 1) such that X(T¡, 7}, 7*) = S3 X D2 X

T"~3. Remove this and equivariantly replace it with a copy of D4 X 7"~2

having 7'-stability groups Tt and Tk. But (TK, 7,) will be an adjacent pair for

the resulting action and the conclusion follows by induction.
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3.3. Lemma. Suppose 7" acts on a closed, connected, simply connected

(n + 2)-manifold M. Let U0 a Z)4 X T"~2 be a tubular neighborhood of an

orbit of type T"~2. Then there is an (n + 2)-cell D"+2 c M such that U0 is a

PL submanifold of Dn+2.

Proof. Suppose the action (T",M) restricted to U0 has adjacent 71-

stability groups 7, and 72. Then there are 7'-stability groups 73, 74, . . . , 7„

for the action (T",M) such that 7" a 7, X 72 X 73 X • • • X 7„. Consider

the following diagram. The action (7", UQ) is the product of the linear action

(7, x 72, D4) and the free action (73 X • • • X 7„, 7"~2) so U0 can be

triangulated so that there exists a PL submanifold W a (7, x T2x I)x

T"-2 of 9i/0 a S3 X T"-2. Let (D\ be a PL cell in 7, X 72, let

Vx = 7, X 72 X 7 X C(73) X 74 X • • • X T„ a 72 X 7 X D2 X T"~3

and let Ux = (7)2)0 X I X D2 X T"~3. Form

Yx — U0 U(z)2)0x/xr3xr" 3 Ux a (D   X T"~  ) U D2XIXTiXT»-i D   XT"

a(Z)4 X 7' u„!xr. 7)5) X 7"~3

a 7)5 X 7"-3.

Obviously U0 is a PL submanifold of Yx. Continuing in this manner for each

stability group 74, . . . , 7„, we eventually obtain Y„_2^Dn+2 with U0 a PL

submanifold of D"+2.

We now identify all the manifolds Mn+2.
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3.4. Theorem.

Mn+1 ^#j(j + ])s2+J x Sn~J>       n > 4-

Proof. We know that

i

M6 = # Â ■ + i)52+> x S*~J = S3X S3.

Now suppose that

Mn+2 can be obtained from Mn+X in the following manner. Let 7" — 7,

X • • • X 7„ and consider the product actions (7"~' X 7„, Mn+X X Sx) and

((72 X x Tn-2) x <Jn-\ * T„ X 7,),   7"~3 x S3).   In   the   action

(7"_1, Mn+X) let (Z)4 X 7"~3), be a tubular neighborhood of the orbit

corresponding to the stability group 7„_, X 7,. We then have D4 X T"~3 X

Sx =(D4 X T"~2)x embedded equivariantly in Mn+X X Sx. Let D4 X Tx be

a tubular neighborhood of the orbit corresponding to the stability group

7„_, X 7, in the action (7„_, X 7„ X 7„ S5). We then have 7"-3 X D4 X

7' = (D4 X T"~2)2 equivariantly embedded in 7""3 X S5. It is not difficult

to see that Mn+2 a (Mn+X X Sx) #r„-2 (S5 X 7""3). The following diagram

illustrates the situation. If we let V =  ^j~xj("+¡)S2+J X D"~J, then M„+2

a9((F X SX) #Tn

T"-3).

2 (Db X T"~3)) so we compute (V X Sx) #r*-2 (Db X

Mn+i   XS1

D* x T"~2

T"-3 xS5

We know there exists a cell (7)"+1), c Mn+X a3Ksuch that (D4 X 7"-3),

is a PL submanifold of (D"+X)x. Furthermore we know that with a specified

triangulation 7,

N(r!),u,(Dn+2)2,    *- #y(* + 5)s'+> x 7>"->
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where (7)"+2)„ (D"+2)2 and X are PL submanifolds of V. We show that we

may assume that (Dn+X)x and (D4 X Tn~3)x are also PL submanifolds of V

and that (Z)"+1), c (Dn+2)x.

First, subdivide V so that we have an (n + l)-simplex P and a regular

neighborhood N of P with N c(7)"+1),. Let 7), and D2 be connected

polyhedra contained in dV such that (7>n+1), c D° c 7), c D2, D2 =£dV.

Define a map/: 9F -> R+ such that

(1)/-'(0) = P,
(2)/isPLonA,

(3) ± < /(x) < i for x G Z), - A,

(4)/(x)>i forxG9P"-Z)„

(5)f(x)= 1 forx G F- Z)2°.

Approximate/by a PL map/such that/ a /on N and |/(x) - f(x)\ < | for

all x EdV. Then/_1(0) = P and for some e, f < e < 1, U = /"'[0, e] is a

regular neighborhood of P. Thus U a 7>"+1 and (7>"+1), c <7°.

If A" n Í/ =0 then we may assume that U C (Z>"+2),. Otherwise choose a

simplex S c U and regular neighborhoods A2 and A3 of S such that 7V3 c A2

and A2 n X =0. Then there is an ambient isotopy of V throwing U onto N2.

Thus we may assume that the embedding U —>dV is isotopic to an embedding

that misses X and we have (D4 X 7"~3), c (7>n+1), c U° c 9(Z)"+2),.

Let U be a PL_(« + 2)-cell in F such that Ü n9P" = f7. We have a

triangulation of 9í/ - (t/°) induced from V and a triangulation on (7>"+1),

which makes (D4 x T""3), a PL submanifold of (7>"+1),. By Theorem 17 in

[8], this triangulation of (9f/ - ([/")) U (Dn+X)x extends to all of U. Thus

(D4 x 7"-3), c (7)"+1), c (7)"+2), c V and all containments are PL.

To compute (V X Sx) #T»-2 (D6 X Tn~3) we first find

((Z)"+2)1X5')UZ)4X7.„-2(7)6X 7"-3)

s((Dn+2)x X Sx) #r„-2(7)6X 7"-3).

This is A, a   #jZl(nJ3)S2+J X D"-j+x.
We now need ((7)"+2)2 X Sx) u Y Nx where

y a    #/(" ~ j)s1+y X Z)"-> | X Sx = ñs1.

We have Î7 c 7)"+1 c9(7)"+2),. (We can let Dn+X =9(7>"+2)1 -(7)"+1)?.)

Therefore K c 7)"+l X 5' c9A,. Since S1 bounds in dNx we have Y c

Z)"+1 X Sx c 7>"+2 cg^ and 7 c 7)"+' XS'x/c Dn+1 X I c Nx.

We may assume that Y = Y X Sl = Y XdD2 c Dn+X X D2 c TV,. It

follows that ((Dn+2)2 X S1) U y A, a A, # A2 where A2 = (Z)"+I X Z)2)

Uy((7»"+2)2X5').
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As in the proof of 2.3 we break (Z)^+2)2 up_into (n + 2)-cells Ck, one cell

for each summand Sk X Z)"-*+1 of Y with Y n Ck = Sk X Dn'k+X. Then

(D"+\ X Sx is obtained by joining the Ck X Sx together along Z)"+1 X Sx.

Break D"+x up into (n + l)-cells Ck in a similar manner. We can form TV2 by

first forming (Ck x D2) #skxs' (Q x S1) f°r eacri ^ ana< then joining these

together along copies of (Z>" X D2) UDnxS< D"+x X Sx a 7>"+2. Thus 7V2 is

the connected sum of all the (Ck X D2) #s„xs, (Ck X Sx). But

(CkXD2)#s*xsl(Ck XSX)

a Sk+X X D"'k+2 # Sk+2 X Dn~k+X.

Thus

N2 a ("#/(" ~ \\s2+j X D"-J+x \

and

(V X Sx) #T.-2(D6X 7"-3) = A, #7V2

- [l(n 13)s2+j * d"-j+i ) * [#Anj i \y+j x D"-j+i )

= (" - 3)S3 X D" # Í"# (» - 3J52+> X Z)-^' ]

# (""^U"-1 x Z)4

# (" - 3)S3 XD"# (#,/(" ~ \)s2^ X 7)->+I )

# I # (/ - 1)(" 7 3W2+> X D"-J+x \

# (n - 4)(n Zl)sn-X X D4
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+ (/- l)("73)]s2+'x D"-J+x )

# (n - 3)(n Zl)s"-X X D4

= (" 2 2)53 X D" # ( *2y(" + 2\)S2+J X D"~'+1 )

# (n-3)(nZl)s"-i X 7)4

n —3     . .

= *4/+lF+J XZ)"->+1.

Computing the boundary of this proves the theorem.

The following lemma will be used to classify all 7"-actions on simply

connected (n + 2)-manifolds.

3.5. Lemma. Suppose T" acts on a closed, connected, simply connected

(n + 2)-manifold M with M =3A. Let D4 X T"-2 be an invariant neigh-

borhood of an orbit of type T"~2 and let the embedding «: D4 X T"~2 -» S5 X

T"~3 be the product of a standard embedding 7' X D4 -» S5 and the identity

jn-3 _^ Tn-3   wuh ^ embedding

M #T„-2S5 X T"~3 = M # "#(n~3\s2+Jxs"-A.

Proof. We first find A = N #r.-2 Db X T"~3. By 3.3 and 2.9,

Âa A # (7)" + 3 #T,-i D6 X 7""3) a A #1 # Í" ~ 3 js2^X7)" + 1^ I.

Again, looking at the boundary proves the theorem.

As mentioned earlier, if (7", M"+2) is any action of 7" on a simply

connected (n + 2)-manifold, then it can be obtained from an action

(7", M„+2) by equivariantly replacing copies of D4 X T"~2 with copies of

S3 X D2 X T"-3. Since

S5 X 7""3 a(53 X D2 U D4 X Sx) X T"~3

a 53 X 7>2 X 7"-3 u 7)4 X 7""2,
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we see that

M"+2^(...(Mn+2 #7.„-255X 7"-3) #  ...) #T-2S5X T"'3.

Since each time an S5 X T"~3 summand is added the number of orbits of

type 7"-2 is increased by one, we have the following.

3.6. Theorem. Suppose T" acts on a closed, compact, connected, simply

connected (n + 2)-manifold M with n + k orbits of type T"Z2. Then

Proof. Fix n. By 3.4 the theorem is true for k = 0, so suppose it is true for

K - 1 and let T" act on M with K orbits of type 7"~2. By induction, if

w-%{Áji\)*v-ii"jt))r"tr'-

then M = M #,,-1 S5 X T"~3. Thus, by 3.5,

M = M # I #1" 7 3\s2+J X S"-J j
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