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PROJECTTVE GEOMETRIES AS PROJECTIVE
MODULAR LATTICES

BY

RALPH FREESE1

Abstract. It is shown that the lattice of subspaces of a finite dimensional

vector space over a finite prime field is projective in the class of modular

lattices provided the dimension is at least 4.

In this paper it is shown that the lattice of subspaces of an «-dimensional

vector space over the field with p elements (i.e., a projective geometry of

dimension n — 1 over Zp) is a projective modular lattice for 4 < n < w and

p a prime. This answers problem 9 of [15].

Recall that a modular lattice L is a projective modular lattice if for any

modular lattices M and TV and any lattice homomorphisms h of L into N and

f of M onto TV, there is a homomorphism g of L into M such that

f(g(a)) = h(a) for all a E L. This is equivalent to the existence of a homo-

morphism / of a free modular lattice FM^) onto L and a homomorphism g

of L to FM(X) such that /( g(a)) = a for all a E L. The map g ° / is a

retraction, i.e., it is an endomorphism of FM(A') which is point-wise fixed on

its image. Thus projective modular lattices are the retracts (images of retrac-

tions) of free modular lattices. In particular, every projective modular lattice

is a sublattice of a free modular lattice. Thus as a corollary to our result we

obtain that every finite planar modular lattice can be embedded into a free

modular lattice (in fact, into FM(4)), since all these lattices can be embedded

into the subspace lattices described above (cf. [3]).

The first section of this paper reviews the definition and important results

on von Neumann «-frames of characteristic r. It is shown in [4] the free

modular lattice generated by an «-frame of characteristic r, which we denote

FM(P(«, /•)), is a projective modular lattice for 3 < n < w and r > 1. In the

second section a review of von Neumann's coordinatization is given. We

prove the main result in the third section by showing that FM(P(«,p)) is

isomorphic to the lattice of subspaces of an «-dimensional vector space over

Z , for 4 < « < w andp a prime.

A subdirectly irreducible modular lattice L is a splitting modular lattice if

there is a lattice equation e such that each variety of modular lattices either
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satisfies e or contains L, but not both (cf. [13]). The above results imply that

the lattice of subspaces of an «-dimensional vector space over Tjp, L(Zp), is a

splitting modular lattice (see [2]). Moreover, the Hall-Dilworth example of the

second kind obtained by gluing L(Z*) and L(Z*) together over a one-dimen-

sional quotient is a splitting modular lattice. Let epq be the splitting equation.

In a subsequent paper this will be applied to congruence varieties. It will be

shown that if % is a variety of algebras with modular congruence lattices,

then those congruence lattices satisfy epq, p ¥= q. Thus congruence modularity

implies identities strictly stronger than the arguesian law (cf. [5]).

1. Preliminaries. Let L be a modular lattice. We say that L contains an

«-frame if there exist ax, . . . , a„, cx2, cX3, . . ., cXn E L such that (i) the sub-

lattice generated by ax, . . . ,an is the Boolean algebra 2" with atoms

ax, . . ., a„, and (ii) ax + cXJ = a, + cXj = a, + a, and axcXj = ajCXJ = a,a,. In

this situation we shall simply say that {a¡, cXj) is an «-frame in L. We let 0

denote the least element of this Boolean algebra, i.e., 0 = axa2 and we do not

insist that 0 is the least element of L. We let P(n) denote an «-frame as an

abstract system of generators and relations and we let FM(P(«)) be the

modular lattice freely generated by a„ . . . , an, c,2,. . ., c,„ subject to the

relations described above which make {ax, . .. ,an, cX2, . . . , cXn) an «-frame.

A great deal of information about «-frames is contained in [9]-[12], [14].

Let {a¡, cXj; i = 1, . . . , n,j = 2, ...,«} be an «-frame in a modular lattice

L. Let cjX = cXj and for 1, i,j distinct let c0 = (c,, + cXj)(a¡ + af). In Lemma

5.3 of [14, p. 118], it is shown that, for distinct i,j, k,

c>k = (<fc + cjk)(ai + ak). (1.1)

In the definition of an «-frame the index 1 plays a special role. However, by

(1.1), we see that this apparent lack of symmetry is only illusionary.

Let [a¡, cXj} be an «-frame in a modular lattice L, n > 3. Then for i,j, k

distinct we have the following projectivity

a¡ + Oj/0 7> a, + a, + ak/ak \ cik + a,/0

/- a, + Oj + ak/cJk \ a¡ + Oj/0.

This projectivity defines an automorphism atJ of a, + a/0 given by

«,>(*) = ((x + ak)(cik + a/) + cJk)(a¡ + a,). (1.3)

If {a¡, cXj) is an «-frame, « > 3, in a modular lattice L and r is a positive

integer, we say that it is an «-frame of characteristic r if

a'l2(at) = ax. (1.4)

Here aX2 is a,2 iterated r times. We let P(n, r) denote an «-frame of

characteristic r as an abstract system of generators and relations, and we let

FM(P(«, /•)) denote the modular lattice freely generated by P(n, r). That is,
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FM(P(«, r))   is   the   modular   lattice   freely   generated   by   ax, . . . ,

an, cx2, . . . ,cXn subject to the relations which make it an «-frame and the

additional relation (1.4).

It is shown in Theorem 1.6 of [4] that if / is a homomorphism from a

modular lattice M onto L and L contains an «-frame {a¡, cXJ} of characteris-

tic r, then M contains an «-frame {a¡, cXJ) of characteristic r such that

f(5¡) = a¡ and f(cXj) = cXJ. The next theorem follows from this and the

definition of FM(P(«, r)).

Theorem 1.1. For « > 3 and r a positive integer, FM(P(«, r)) is a projective

modular lattice.

2. A review of von Neumann's coordinatization. We shall require some of

von Neumann's results on coordinatizing modular lattices, [14], [7], [12]. Von

Neumann begins with a complemented modular lattice L containing an

«-frame, « > 4, and uses this «-frame to define a ring with 1, RL, called the

auxiliary ring. He then uses RL to coordinatize L. In defining RL and showing

that it is a ring von Neumann does not use the hypothesis that L is

complemented. Thus every modular lattice that contains an «-frame, « > 4,

has an auxiliary ring RL (which depends on the «-frame as well as L). Let {a¡:

/'= 1, ...,«} U {cXJ:j = 2, ...,«} be an «-frame in L. Let

Ly = (x E L: xoj = 0 andx + a¡ = a¡ + a,}.

Here 0 = axa2 and need not be the least element of L. Let i,j, k be distinct.

Since

a¡ + aj/0 ? a,. + a, + ak/cik \ ak + a,/0,

there is a projective isomorphism

P&jy.ai + aj/O^a.+ aj/O (2.1)

given by

x •-> (x + cik)(ak + a,). (2.2)

Similarly we have

P^iY^ + aj/O^^ + aJO, (2.3)

x h> (x + cJh)(a¡ + ah).

If i,j, k, h are distinct, set

p(!A) = pfo) • p(H).
An L-number is an ordered «(« — l)-tuple

ß = (ßiJ:i*j,i,j= \,...,n)
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such that

ßu S Lip (2.4)

ßkH = ßyPÜA)   all/ ¥>j,   k*h. (2.5)

By (2.5) an L-number is determined by any one of its components.

Conversely we have the following.

Lemma 2.1 ([14, p. 130]). If by E Lip then there is a unique L-number ß

whose (i,j)th component is bip

Suppose ß, y are L-numbers and that i,j, k are distinct indices. Set

Sik-(ßu + yJk)(ai + ak). (2.6)

von Neumann shows that 8% E Lik and thus uniquely determines an L-num-

ber 8 by Lemma 2.1. Moreover he shows that the L-number thus obtained is

independent of the choice of i,j, k [14, p. 131], and (2.6) holds for all choices

of distinct i,j, k. Multiplication of L-numbers is now defined by yß = 8 (cf.

[7, p. 289]).
If ß and y are L-numbers, then the sum is the L-number 5 whose (i,j)th

component is given by

8u =[(ß0 + <*)(*, + ak) + (yu + ak)(a, + cik)](a¡ + ft,). (2.7)

Furthermore, von Neumann shows that if L-numbers ß, y, 8 satisfy (2.7) for

one distinct triple i, j, k, they satisfy it for all such triples. In particular the

above formula for 5^ is independent of the choice of k ¥^ ij. Using this we

obtain additional independence in the definition of addition.

Lemma 2.2. If ßip y y E Ly and c'ik E Lik n Lki, then

[(ßij + cik)(aj + ak) + (y0 + ak)(aj + c,*)](a, + a,)

= [(ßü + c'ik)(aj + ak) + (yy + ak)(aj + 4)](a,. + a,).        (2.8)

Proof. Define a¡ = a„ I = 1, ...,«, c'u = c¡, for / ¥= i, k, and let c'ik be the

element given in the lemma. For i ¥= h,l let

¿hi = ¿¡h = «h + ¿it)« + <*/')•

Using Lemma 5.3 [14, p. 118], the reader can show that {a',, c'x,} forms an

«-frame. Since « > 4, choose / ¥= ij,k. By the above remarks the left side of

(2.8) is unchanged if k is replaced by / and the right side also unchanged if k

is replaced by /. But since c'¡, = ca, the resulting expressions are equal. Hence

(2.8) holds.   □

With the above operations the L-numbers form a ring RL with 1 [14, p.

157]. The 1 of this ring is the L-number whose (ij)ih coordinate is ctj and
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whose 0 is the L-number whose (ij)th coordinate is a,. We let 1 and 0 denote

these L-numbers so that (1)^ = c,-, and (0),-,- = a,. (1 and 0 also denote the

greatest and least elements of the «-frame; no confusion should arise.)

At this point we take L = FM(P(«, p)), where « > 4 and p is a prime. Let

ay be the automorphism of ax + a2/0 given by (1.3), and let ß be an

L-number. Checking the definition of 1 © ß (we use © for the addition in

RL) and comparing it with the definition of a,-, we see that (1 © ß)0 = aJßJ).

Since a{2(ax) = ax holds in L = FM(P(n,p)) by definition,

0© 1 © 1 © • • • ©1 =0       (p l's)

holds in RL. Thus RL has characteristic p. Consequently there is an embed-

ding of Zp into RL given by

t H+ (a/(a,.): 1 < ij < n, i ^j),       t = 0,1, . . . ,p - 1. (2.9)

For t E Z or Zp we abbreviate the L-number (a,j(a,): 1 < ij < n, i =£j) by t.

Thus ty = ay(a¿). Formula (2.6) for multiplication yields for r,s E Zp

(rtJ + sJk)(a¡ + ak) = (rs)ik. (2.10)

Lemma 2.3. An L-number ß has a two-sided multiplicative inverse if and only

if ßy E Lji for some (and hence for all) i ¥=j- If y is the inverse of ß, then

Yy = ßjiforali i^j.

Proof. Let y be an L-number such that yß = ßy = 1. Then, by (2.6),

Cj¡ = ¿y = (ßtk + ykJ)(ai + aj)-

Thus

Cp + ßtk = (ßik + Y*,)(a, + «, + ßik)

and

ßjk = (fy + ßik)(aJ + ak)

= (ßtk + Ykj)(<*j + ak)(a¡ + a, + ßik)

= (ykJ + ßik(<>j + ak))« + aj + ßik)

= (ykJ + ßik« + ak)« + <*k))(ai + aj + ßik)

= hkj + ßik"k)(ai + <*) + ßik)

= ykJ« + aj + ßik)

< ykj-

A similar argument gives ykJ < ßJk. Thus ßJk = ykj E Lkj. A proof of the

converse is given in Anmerkung 3.1 of [12, p. 208].   □

If r as 0 (modp), it is invertible in Z and hence RL. As a corollary, we

obtain the following formula, which will be used later.
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(i/r)ij = (r)ß   forr^O   (mod/»). (2.11)

Here l/r is the inverse of r in Zp. (Recall that rß = aj^af), etc.)

Lemma 2.4. Let i,j, k be distinct and ß, y be L-numbers. Then

(ak + ßy)(ai + yjk) = (ak + ßy)« + (~yß)ik).

Proof. This is Lemma 10.6 of [14, p. 172]. Although at this point, von

Neumann has begun to use complemention, this lemma does not require it.

D

3. The main result. In this section we prove the following theorem.

Theorem 3.1. Let V be a vector space of dimension n, 4 < « < <o, over Zp,p

aprime. Let L(V) be its lattice of subspaces. Then L(V) is a projective modular

lattice.

By Theorem 1.1, the above result will follow from the next theorem.

Theorem 3.2. Let V be as above. Then L(V) » FM(P(n,p)).

Proof. We take V to be «-tuples of elements from Zp. If v = (vx, . . . , v„)

E V, we define the support of v to be {/': v¡ ¥= 0). If v E V, let uw be the

vector obtained from v by setting the z'th component equal to 0. Throughout

this section we let L = FM(P(«, p)).

Define a map c: V -> L by

c(0) = 0, (3.1)

c(0, ...,0,r,0, ...,0) = a,.    ifr^O,   r E Zp, (3.2)

where r is in the z'th place,

c(0,...,r,...,s,...,0) = (-s/r)y,       r,s E Zp,   r ¥■ 0, (3.3)

where r and j are in the z'th and7th places, respectively, and inductively if the

support of v has at least three elements, i andj among them, define

c(v) = « + c(vw))(a, + c(vw)). (3.4)

Recall that (-s/r)y = a.ys/r(a,) = et¡j(a¡) where t is an integer such that

— s = tr (mod p). Since a^(a¡) = a¡, a.y(a¡) does not depend on which t is

chosen. By equation (2.11), (—s/r)y = (—r/s)ß if s ^ 0 in Zp. Thus (3.3) is

well defined.

We shall now show that (3.4) is independent of the choice of i andj in the

support of v. First suppose that the support of v is exactly {i,j, k) and that

c, = r„ Vj = rp and vk = rk, with r„ rp rk all nonzero in Zp. Since z and k are

in the support of v,

c(v) = « + c(v"))« + c«k%
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Now c(voy) = (~rk/rf)Jk and c(uw) = (-fl/ity by (3.3). Thus, since

- (-rk/rj)(~rj/ri) " ~rk/rt>

Lemma 2.4 yields

c(v) = « + «rjrj).)« + (-o/r,)..)

= (a* + «rj/riij)« + (-^/O/J-
Proceeding by induction, assume that the support of v contains at least

four indices and that i,j, k are among them. We abbreviate the vector (uw)w

by t/'A It suffices to show that

« + c(o(/)))(ay + c(ow)) < ak + c«k)).

Since (3.4) holds for t?(,), c(vi0) < ak + c(v^'k)). Thus

a¡ + c«°) < a¡ + ak + c«'-k))

and

aj + c(u°>) < Oj + ak + c(©ü'*>).

Let S be the support of v. The reader can show by induction that

a. + c(v(i'k)) < Sfo: hES,h^k).

Thus

(a,. + c(t><'>))(a, + e<»<»)) < (a,- + ak + c(v^))(aj + ak + c(t^*>))

= ak + « + c(v<'*)){ 2>*)(a, + a* + *>*«))

A**

= ak + « + c(v^))(aj + c(v^) + ak^ ah)
\ h¥=k      I

= ak + « + c(v^))(aj + c(v^))

= ak + c(v^).

Lemma 3.3. (i) 7/z is in the support of v E V, then a, + c(v) = a, + c(o(0).

(ii) If u,v E V and u¡ ¥= 0 ^= v¡ and Vj = u, for all j except possibly i, then

a¡ + c(u) = a, + c(v).

(iii) lfr=£0 in Zp, then c(rv) = c(v).

Proof, (i) If (3.2) applies to v, then (i) holds. If (3.3) applies with s =£0,

then

a¡ + c(v) = a¡ + (-s/r)y = a¡ + (~r/s)ß

= at + a¡ = a, + c(v(i)),

since (-r/4,. E Lft.
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Now suppose v has support with at least three elements, with z andy among

them. Then by induction a¡ + c(üw) = a, + c(v(,J)) and by definition c(t>w)

< Oj + c(viiJ)). Thus, by (3.4),

a,. + c(v) = a, + « + c(v(i)))(aj + c(v^))

= « + c(t>{,)))(a,. + a, + c(ow))

= « + c(u(0))(a,. + a, + c«iJ)))

= a¡ + c«°).

Part (ii) of the lemma follows immediately from part (i). Part (iii) follows

easily from the definition of c.   □

Part (iii) of the above lemma shows that c may be viewed as a map from

the one-dimensional subspaces of V into L. We wish to extend c to all of

L(V). First we require some knowledge of the automorphisms of L =

FM(P(«,p)).

Recall that GL(«,p), the general linear group of degree « over Zp, is the

group of all nonsingular « X « matrices with entries in Zp. We wish to show

that GL(n,p) can act on FM(P(«,p)) as a group of automorphisms. Recall

that « > 4. Let E^ be the element of GL(«,p) obtained from the identity

matrix by multiplying the z'th row by r, r E Zp, r =£ 0, z = 1, . . ., «. Let 7i(/)W

be the matrix obtained from the identity by interchanging the z'th andy'th

rows. For i ¥=j let E(i)+ríJ) be the matrix whose main diagonal entries are all 1

and whose (i,j)th entry is r and whose other entries are all 0. These matrices

are called elementary matrices.

Lemma 3.4. GL(«,p) is generated by £(1)W, j = 2, . . . , «, E^, r E Zp —

{°}> £(3)-K4)> r E Zp.

Proof. Since the symmetric group on (1, 2, ...,«} is generated by trans-

positions of the form (1,7), the 7i(lx/) generate all permutation matrices. Now

Er(i) = PE^P-X where P = 7i(4)(0 and E^_^ = PE^^P'1 where P =

E^x^E^y Thus we obtain all the elementary matrices and these are known

to generate GL(«, p).   □

Consider the result of letting Zs(3)_,.(4) act on

ei, - (0, . . ., 0, 1, 0, . . ., 0)       (1 in the z'th place)

and

e,; = (- 1, 0, . . ., 0, 1, 0, . . ., 0)       (1 in they'th place).

e4 is mapped to (0, 0, —r, 1, . . . ) and the other e, are fixed. eX4 is mapped to

(—1,0, — r, 1, . . . ). In analogy to this we define

£4 = r43 = a43(a4),       a¡ = a¡   for i =£ 4,

c'14 = (ax + /-«Köj + c,4),       c'Xj = cxp   j ^4

(cf. (3.3) and (3.4)).
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Lemma 3.5. The {a'¡, ci,} defined above form an n-frame of characteristic p.

Proof. Since a'4 = r43 < a3 + a4, a¡(2J¥=i a,) = 0 if i =£ 3 or 4. Moreover

a'A 2  «/) - a3« + a4)« + a2 + rA¡ + ■ ■ ■ ) = "3r43 = 0

and

«ii 2  a}J = r*3y 2  */) = r43(a3 + a4)[ 2  <*,] = '««j = °-

Hence a\, . . ., a'n are independent.

Now we shall show that a'x, c'X4, a'4 generate a copy of Af3:

c\c'x4 = ax(a3 + cx4) = 0,

a4C'l4 = r43« +  C14> - ^(«S +  a4)« +  Cm) =  >43a3 = °>

a', + c',4 = a, + (a, + r43)(a3 + c14)

= (a, + r43)(ax + a3 + c,4)

= a, + /-43 = a', + a4,

a4 + c'i4 = /-43 + « + r43)(a3 + cX4)

= (a, + r43)(r43 + a3 + cX4)

= (a, + r43)(ax + a3 + a4)

= a, + r43 = a', + a4.

Thus (a/, c^} is an «-frame. Let a'x2 be defined as ax2 using the primed

elements. Notice

4î = «n + c'n)«2 + «a) = (^12 + cX3)(a2 + a3) = c23.

Now a'x2 only uses the elements a\, a'2, a'3, c'x2, c'x3, c'23. Since each of these

elements is equal to the corresponding unprimed elements, a'X2 = a,2. Thus

a'n«\) = «£2(^1) = ai = a'v i-e-> me frame {a¡, c'XJ) has characteristic p.   Q

It follows from the defining properties of FM(P(«, p)) and from the above

lemma that there is an endomorphism / of FM(P(«, p)) such that f(a,) = a'¡

and f(cXj) = c'Xj. Let A = Em-m.

Lemma 3.6. f(c(v)) = c(Av) for all v E V.

Proof. If v4 = 0, then Av = v and an easy induction shows that/(c(t>)) =

c(v). Since if s =£ 0, c(sv) = c(v) and ¿,4u = Asv, we may assume v4 = 1. If

t>, = 0 for all i but 4, then c(o) = a4, f(c(v)) = a4 and

c(Av) = c(0, 0, - r, 1, . . . ) = r43 = a4.

Now suppose v = (0, 0, — s, 1, 0, . . . ). Then

c(v) = a43(a4) = j43,       Av(0, 0, - r - s, 1, 0, . . . ).
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Hence c(Av) = a43r(a4) = (s + r)43. We shall show that/(c(u)) = /(í43) = (s

+ r)43 = c(Av) by induction on s. The case s = 0 was handled above.

Assume the result for s — 1. First note that a3 + a'4 = a3 + r43 = a3 + a4

since r43 E L43 and

a3 + c'4x = a3 + (ax + r43)(a3 + c,4)

= (a3 + ax + r43)(a3 + c,4) = a3 + cX4 = a3 + c4X.

Now using the addition formula (2.7) (recall L = c») and induction we

obtain

f«v)) = f(s43)

= /t(c,3 + ((* - 1)43 + ax)(a3 + c4x))(a3 + a4))

= «3 + (f((s - O43) + ax)(a3 + c4x))(a3 + a4)

= (c,3 + ((s + r- 1)43 + ax)(a3 + c4x))(a3 + a4)

= (s + r)43.

In the case 5 = 1 we obtain/(c43) = (r + 1)43.

Now assume v4 = 1 and ufc = — s ^ 0 and v, = 0 for j ^ 4,/c, where

Á: =£ 3,4. Then

(/lti)3 = -r,       (Av)4 = 1,       (-4ü)fc = -s,

and

(¿o), = 0,       j * 3,4,k.

By (3.4) and (3.3) and (2.6),

c(v) = s4k = (c43 + s3k)(a4 + ak).

Thus

/(c(o)) = ((r + O43 + s3k)(r43 + ak).

By Lemma 2.3, s4k E L4k n Lk4. Thus we can apply Lemma 2.2 with c'ik =

s4k to obtain

(r + 1)43 = [(r43 + ak)(s4k + a3) + (c43 + s4k)(a3 + ak)](a3 + a4).

Since c43 = c34, (c43 + s4k){a3 + ak) = s3k. Thus

(r + 1)43 + s3k = [(r43 + ak)(s4k + a3) + s3k](a3 + a4 + s3k)

= («3 + ak)(s4k + ai) + s3k)« + a4 + a*)

= ('43 + ak)(s4k + <*3) + s3k-

Hence,

/(c(u)) = ((r43 + ak)(s4k + a3) + s3k)(r43 + ak)

= «3 + ak)(s4k + a3) + s3k(r43 + ak)

= «3 + ak)(s4k + a3) = c(Av),
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since

*vXr* + ak) = s3k« + a*)(r43(«3 + a4) + <*k)

= s3k« + a3r43) = s3kak = 0.

Now let v be a vector with support at least three, i and j in the support,

i ¥=7 ¥= 4 ¥= i. Now using induction

/(c(U))=/(a,. + c(^')))(a,. + c(^)))

= fa + c(^(t,('))))(0, + c(A(o<>>)))

and, if z'j i= 3,

c(Av) = (a,. + c(i»<'>))(a, + c(i»<»)).

Furthermore for {/,y) n {3, 4} = 0, (^u)('> = ^(u(,)), (Avf» = v4(uw) and

thus/(c(t>)) = c(Av). Assume now that z = 3. We can assume the support of v

is 3, 4, and j for if there were another element in the support we would use

that for z. If (Av)3 ¥= 0, then

c(Av) = (a3 + c((Avf>))(aj + c(0)«>)).

By Lemma 3.3,

a3 + c((Av)m) = a3 + c(Av) = a3 + c(/4(t?(3))).

Thus/(c(t5)) = cL4(u)) holds in this case. In the one remaining case we have

v4= 1, v3 = r, Vj: = — s and vk = 0 otherwise. Then C<4u)3 = 0 and Av agrees

with v in the other coordinates. Thus c(Av) = s4J. Now

f(c(v))=f(« + (-r)43)(s4J + a3))

= « + a4)(a3 + (r43 + aj)(s4J + a3))

= « + a4)(a3 + aj + r43)(s4j + a3)

= (a, + a4)(a3 + a4 + aj)(s4J + a3)

= s4j + (aj + a4)a3 = s4J = c(^u).   D

Let r G Zp, r ^ 0 and let B = E^ so that (Pu), = u, for z ^ 4 and

(Pt>)4 = rv4. Define a'¡ = a¡, i = 1, . . . , «, and c^ = c,y if j =£ 4 and c',4 = rX4.

Since r ¥= 0, Lemma 2.3 implies that rX4 E L4X. From this it follows that

{a'¡, c'y} is an «-frame. Furthermore this «-frame has characteristicp since the

elements defining af2(ax) are the same in the primed frame. Hence there is an

endomorphism g of FM(P(«, p)) such that g(a¡) = a'¡ and g(cXj) = c'y.

Lemma 3.7. For all v E V, g(c(v)) = c(Bv).

Proof. If v4 = 0, then it is easy to see that g(c(v)) = c(v) = c(Bv). Thus,

as above, we may assume v4 = 1. If all the other components are zero, the

result holds. Suppose u, = — s =£ 0 and vk = 0 if k ^ Aj. Also suppose./' ^ 1.
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Then since c4, = c,4 and rx4 = (\/r)4x, by (2.11),

g(c(v)) = g(s4J)

= g«\ + *i>)(«4 + aj) = (ri4 + sXj)(a4 + Oj)

= (0A)4i + »vXö4 + »y) = (VO* = c(Bo).

If y = 1, choose k ¥= 1,4 then using the above,

S(c(t>)) = g(*4i) = ^((Ä4* + ckX)(a4 + a,))

= ((s/r)4k + ckX)(a4 + ax) = (s/r)4X = c(Pt>).

Since (Pt>)(0 = P(t>(i)), the case when v has at least three nonzero compo-

nents is easily handled.   □

We now consider 7f(lxy). We let j = 2; the other cases are similar. Let

C = £(1X2) and let a'\ = a2> a2 = a\> a'j = apJ > 2> c'l2 = c2\  = C12. c'\j " c2/>

y > 2. It is easy to check that {a¡, c'y] is an «-frame of characteristic p. Let «

be the endomorphism of FM(P(n,p)) satisfying h(a¡) = a¡, h(cXJ) = c'XJ.

Lemma 3.8. For all v E V, h(c(v)) = c(Ct>).

Proof. The result holds if v has only one nonzero component. Suppose

t>, = 1 and Vj — — s and vk = 0 otherwise. Assume y ¥= 2. Choose k ** 1,2,/.

Note that

h(cv) = h((cXk + cy)(ak + a,))

= «k + c2j)« + a¡) = ckJ.

For v as above, c(v) = sXJ. We shall show by induction that h(sXJ) = s2j =

c(Cv):

h(sXJ) = h((((s - 1)„ + ak)(aj + cXk) + ckj)(ax + a,))

= (((s - \)v + ak)(aj + c2k) + ckJ)(a2 + a,)

= s2j.

Since «2 is the identity, h(s2J) = sXJ.

Now suppose ü, = 1, v2 = — s and vk = 0 for k > 2. Then, fory > 2,

A(c(t>)) = h(sX2) = Ä((iv + c,7)(a, + a2))

= (*w + Cj\)« + a2) = j21 = c(Cv).

Note that (Cü)(,) = C(t>(/)) if 1 > 2 and (Cu)(1) = C(u(2)). With the aid of this

it is easy to complete the proof.   □

Lemma 3.9. The endomorphisms f, g, « given above are in fact automorphisms

ofFM(P(n,p)).
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Proof. Recall A = E(3)_H4). A ~x = 7f(3)+r(4) has the same form. Thus there

is an endomorphism /' such that f'(c(v)) = c(A ~ xv). It follows that ff'(a¡) =

ff«) = a, andjíif'(cu) = f'f(cXj) = cXj. Thus/' is the inverse off. Similarly g

and « are automorphisms.   □

Theorem 3.10. Let A E GL(«,p). 77ie« there is an automorphism f of

FM(P(n,p)) such that f(c(v)) = c(Av)for all v E V.

Proof. Let A — A, • ■ • Ak where each A¡ is an elementary matrix of the

form described in Lemma 3.4. For each i there is an automorphism f¡ of

FM(P(«,p)) such that f¡(c(v)) = c(A¡v). Let / = /,-•• fk. It is easy to see

that f(c(v)) = c(Av).   □

Lemma 3.11. Let U be a subspace of V and let «,, . .. , uk be a basis of U. If

u E U, then c(u) < c(ux) + • • • + c(uk).

Proof.   Choose   A E GL(«, p)   such   that   Ae¡ = u¡   where   e¡ =

(0, . . . , 0, 1, 0, . . . , 0). Let w = A ~ xu;  then w E <e„ . . ., e*>. It follows

easily from the definition of c(w) that

c(w) < ax + • • ■ +ak = c(ex) + ■ ■ • +c(ek).

Let/be the automorphism of FM(P(n,p)) associated with A. Then

c(u) = c(Aw) =f(c(w)) < f(c(ex)) +■ ■■ +f(c(ek))

= c(Aex) + ■ ■ ■ +c(Aek) = c(ux) + ■ ■ ■ +c(uk).   □

If U is a subspace of V with basis «,,..., uk, we now define c(U) = c(ux)

+ ■ ■ ■ +c(uk). Thus c maps L(V) into FM(P(«,p)) and by Lemma 3.11 the

definition of c( U) is independent of the choice of basis of U.

Lemma 3.12. c is a lattice homomorphism.

Proof. Let U, W be subspaces of V and choose vx, . . . ,vk a basis of

U n W, vx, . . . , vk,ux, . . . ,ur a basis of U, and t>„ . . . , vk,wx, . . . , ws a

basis of W. Then c(U) + c(W) = c(U + W) follows immediately from the

definition.

Suppose x„ . . ., x, are independent vectors in V. Then there is an A E

GL(«, p) such that Ae¡ = x„ i = 1, . . . , t. Since [c(ex), . . . , c(e,)} =

{a,, . . ., a,} is an independent set in FM(P(«,p)) and since there is an

automorphism of FM(P(«,p)) corresponding to A, c(xx), . . . , c(xk) are inde-

pendent in FM(P(«, p)). Thus (c(ü,), . . . , c(vk), c(ux), . . . ,

c(ur), c(wx),. . ., c(ws)} is independent. Hence

c(U)c(W) =[c(vx) + ■ ■ ■ +c(vk) + c(ux) + ■ ■ ■ +c(ur)]

X [c(vx) + ■ ■ ■ +c(vk) + c(wx) + • • • +c(ws)]

= c(vx) + ■ ■ ■ +c(vk) = c(U n W).   u
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It is now easy to complete the proof of Theorem 3.2. The homomorphism

c: L(V) —» FM(P(«,p)) is onto since the generators of FM(P(n,p)) are in its

image. It is one-to-one since L( V) is a simple lattice. Alternately c splits the

natural map from FM(P(«, p)) onto L( V).   □

We close with two corollaries. First it is shown in [8] that each of the

lattices L(Zp) is 4-generated. Thus L(Zp) is a sublattice of FM(4). Since every

finite planar modular lattice can be embedded into L(Zp) for large enough «

and p, we have the following corollary which improves the results of [3].

Corollary 3.13. Every finite planar modular lattice can be embedded into

FM(4).    □

Splitting modular lattices are defined in the introduction. We leave the

proof of the next corollary to the reader.

Corollary 3.14. For 4 < « < w andp a prime, L(Zp) is a splitting modular

lattice.   □
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