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JACOBIAN VARIETY'!
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ABSTRACT. The generalized Jacobian variety of an algebraic curve with at
most ordinary double points is an extension of an abelian variety by an
algebraic torus. Using the geometric invariant theory, we systematically
compactify it in finitely many different ways and describe their structure in
terms of torus embeddings. Our compactifications include all known good
ones.
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paper we construct good compactifications of its generalized Jacobian variety
Pic%.

For a compactification Jac(X) to be good, it ought to satisfy at least the
following conditions:

(1) Points of Jac(X) stand for geometric objects on X. In our case, they
stand for torsion-free O, -modules of rank one on each component of X.

(2) Pic% acts on Jac(X). In our case, the action corresponds to the tensor
product L ®,_F of an invertible sheaf L and a torsion-free 0-module F.

(3) Jac(X) should be proper over k. Our compactifications Jac,(X) are
reduced projective algebraic schemes over k by its very construction by
means of the geometric invariant theory.

(4) When we have a nice family of curves, the compactifications for each
fiber should fit into a nice family. Especially

(4) Jac(X) should be a compactification of the union of a finite number of
copies of Pic%, not just one copy.

For instance, let Y/S be a proper and flat family of curves over the
spectrum S = {7, s} of a discrete valuation ring with Y, = X and the generic
fiber Y, smooth. The relative Picard functor Picy s need not be separated nor
representable. But Raynaud [29] showed that its greatest separated quotient
Q = Qy/s is represented by a separated and smooth group scheme over S.
Moreover, Q7 is the Néron model of the Jacobian variety Ple of the generic
fiber, for example when Y is regular. In this case (Q7), contains Pic} as a
subgroup of finite index. As a matter of fact, this index turns out to be the
complexity of the graph of X, i.e. the number of spanning trees in the graph,
by Kirchhoff-Trent’s theorem, as we see in §14. In particular, it depends only
on X and not on the family Y /S containing X. Our Jac,(X) for nondegener-
ate ¢ is a compactification of (Q7),. On the other hand, if ¢ is very
degenerate, then Jac,(X) is a stable quasi-abelian variety of Namikawa [27]
and Nakamura [26], corresponding to the Voronoi decomposition.

Anyhow, we see that

(5) there are many different ways of compactifying the generalized
Jacobian variety.

In our case, the difference comes from the distribution of points over the
components of X when we use the geometric invariant theory. (5) is not a
drawback of the theory but is rather a merit (cf. Mumford [22]).

The compactification problem was first studied by Igusa [14] using Chow
varieties in connection with a Lefschetz pencil for a surface. The idea of
taking torsion-free rank one sheaves for points at infinity of the compactifica-
tion first occurs in Mumford and Mayer [18], [19]. D’Souza recently carried
out the idea when the curve X is irreducible. Nakamura [26] and Namikawa
[27] dealt with the problem in the complex analytic context. Here we use the
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same technique as D’Souza’s. Namely, our main tool is the basic existence of
the good quotient by PGL(E) of the set of semistable points of a product of
projective spaces P(E) in Mumford [20]. This technique was already applied
successfully also to the moduli of vector bundles on a smooth curve by
Seshadri [32], and on a surface by Maruyama [16]. See also Gieseker [8].
Although we deal with rank one sheaves only, the situation we encounter
turns out to be quite similar to the case of vector bundles over a smooth
curve, the number of components of X playing somewhat the role of the rank
of vector bundles.

It should be mentioned here that our method does not work for nonreduced
curves, or a family of curves with multiple fibers. To deal with this case, we
need to consider the quotient of the Hilbert scheme of 0-cycles of a projective
space, instead of a product of projective spaces. But our case is enough for
many applications, notably the moduli of stable curves.

We now state our main results.

The combinatorial configuration of the irreducible components of X and
their intersections at double points very much affect our considerations. We
express this configuration, as usual, by the graph I'(X) of X (§§4 and 9). The
genus of the normalization of each component of X does not much affect our
combinatorial considerations. Fixing an orientation for I'(X), we can define
chain groups Cy(I'(X), Z), C,(T'(X), Z), the first homology and cohomology
groups H\(I'(X), Z), H'(T(X), Z), the 0-boundary group aC,(T(X), Z) and
the 1-coboundary group 8Cy(I'(X), Z). For simplicity, let us omit I'(X) from
these notations, and let us denote by Cy(R) etc. the corresponding scalar
extensions to the real number field R. We denote by p: C!' = C, > H! the
canonical projection.

(I) (ProposITION 6.1) To each ¢ € dC,(R), there corresponds a polyhedral
decomposition Del, of H I(R), called the Namikawa decomposition, consisting
of bounded polyhedra such that

(i) Del, is invariant under the translation action of p(H(Z)) with the
quotient cell complex Del, = Del, /p(H,(Z)) finite. This quotient is called the
Namikawa cell complex.

(ii) The set of 0-dimensional polyhedra, the O-skeleton, satisfies

Sk(Del,) c H'(2).

These decompositions come in naturally from the geometric invariant
theory. But it was Namikawa who pointed out that they are obtained as slight
generalizations of the Delony decomposition developed in §1, applied to the
graph I'(X) in §6.

The Namikawa decompositions for a different ¢ can be compared as
follows:

(II) (Proposition 2.3 and Theorem 7.1) There exists a polyhedral decom-
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position Arr of 9C,(R), called an arrangement of hyperplanes, consisting of
bounded polyhedra such that

(i) Arr is invariant under the translation action of 8C,(Z) with the quotient
finite, and

(ii) SK%(Arr) D 9C,(Z).

(iii) (Corollary 7.2) Given a polyhedron 4 € Arr, the Namikawa decom-
position Del, remains constant as long as ¢ — de(J)/2 stays in rel.int(4) +
98Cy(Z) where e(J) € C,(Z) is canonically defined by the graph. Especially,
the number of different Namikawa decompositions is finite, namely the
cardinality of Arr/d8Cy(Z). Even among them, there are the following rela-
tions:

(iv) (Corollary 7.2) Let A4 be a face of 4 € Arr. For ¢ — de(J)/2 €
relint(4) and ¢ — de(J)/2 € rel.int(4), we see that Del, is a subdivision of
Del;.

(\f) (Corollary 7.2) If A’ is the translation of 4 € Arr by an element of
0C,(Z), then Del,, for ¢" — de(J)/2 € relint(4’) is the translation of Del, for
¢ — de(J)/2 € rel.int(4) by an element of H '(Z).

(vi) (Theorem 7.7) Sk%Del,) = H'(Z) holds if ¢ — de(J)/2 lies in the
relative interior of a top-dimensional polyhedron in Arr. We call such ¢
nondegenerate. The corresponding Namikawa decomposition is the finest.

(vii) (Proposition 7.8) If ¢ — de(J)/2 is a 0-dimensional polyhedron be-
longing to 9Cy(Z), then Del, is essentially the Voronoi decomposition of
H,(R) with respect to H,(Z). It is the coarsest Namikawa decomposition. But
in general, there are other Namikawa decompositions which are the coarsest,
since we need not have the equality in (I1ii) (cf. §8, Example (5)).

Let X = U ;< ,X; be the decomposition of X into irreducible components
and {Q;},¢, the set of double points of X. Thus / and J are the vertex set and
the edge set of the graph I'(X), respectively. For subset J' C J, let X(J') be
the partial normalization of X obtained by the blowing up of X along
{Q},es-r- In particular, X = X(@) is the normalization of X, and X(J) =
X.

There exist canonical surjections (cf. §10)
deg: Picy — Co(Z), £: Picy,- — Picy.
For m € Cy(Z), let Picy ;. be the inverse image of m by the composition
deg o £.

(III) (i) (Corollary 12.4) Pic} is a principal T-bundle over Picy, where
T =G, ® H)Z) is the algebraic torus over k whose character group is
H\(Z).

For N € Del,, we can define canonically an element m(N) € Cy(Z) and a
subset Supp N C J. On the other hand, for each £ € Sk%Del,), we can define
a complete torus embedding (cf. §13)
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T C Temb().
Consider the fiber bundle

PicF® X " Temb(Z)
associated with the principal T-bundle PicZ® over PicZ® and the T-action on
Temb(?).

(i) (Theorem 11.4 and Proposition 12.17) Given ¢ € 9C,;(R), there exists a
reduced projective algebraic scheme Jac,(X) with an action of Pic} and a
bijection

O: Del , - { Pick-orbits in Jac,(X)}
which is order reversing, i.e. N’ is a face of N if and only if O(N) is in the
closure of O(N”).

(i) (Theorem 13.2) The normalization of Jacy(X) is the disjoint union of
Picy® x T Temb(@ with £ running over Sk%(Del,). For N € Del, and a
vertex £ of N, let N and £ be their respective image in Del,. Then there exists
an imbedding

g:(N): Pic;((,li)&,pp 7) = Picg® xT Temb(%)

such that its composition with the projection onto Jac,(X) induces an
isomorphism

Pic;'((,{)s,,pp N) S O(N ) C Jac¢(X )

Jac,(X) is obtained from the normalization by means of the identifications
induced by the morphisms g,(N) with N running over Del, and £ over its
vertices.

Jac,(X) is first shown to exist as a good quotient of a Hilbert scheme by
means of the geometric invariant theory (Theorem 11.4). Jac,(X) is the coarse
moduli of ¢-equivalence classes of ¢-semistable line bundles on X, and its
open set Jac, . (X) is the fine moduli of ¢-stable line bundles (Theorem
12.4). Here we mean by a line bundle on X a torsion-free coherent O, -mod-
ule which is of rank one on each component. Unlike the case of vector
bundles, these notions of semistability and stability are not intrinsic properties
of line bundles. In particular, when ¢ is nondegenerate, then ¢-semistability
and ¢-stability coincide, hence Jac,(X) is the fine moduli.

Thus Jac,(X) satisfies our requirements (1), (2), (3) and (5). (4) is shown in
§14. The proof of (4) was carried out by Ishida [36].

We see in the last example of §13 that when X is a stable curve of genus 2,
for instance, then Jac,(X)’s we obtain coincide with those in Mumford [22],
Namikawa [27] and Nakamura [26].

The key to connecting (I) and (III) above is Theorem 10.5, which shows
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that there exists a canonical bijection D from the set of Pic%(X)-orbits in
LB%(X) = {line bundles F on X with x(F) = x(Ox)} to the set K(T'(X)) of
H,(Z)-equivalence classes of Delony polyhedra in C,(R). D has many nice
properties and is a generalization to line bundles of the notion of degree for
invertible sheaves.

An outline of the main argument. We now give a brief outline of that part of
our argument which uses the geometric invariant theory. We actually follow
the argument in reverse here. We will then be able to see the motivation for
various concepts introduced in this paper. Especially the reason (5) why we
have many different compactifications and (4’) why they contain several
copies of the generalized Jacobian variety will become apparent.

For simplicity, we assume here that the curve X = U ,¢,;X; has nonsingu-
lar irreducible components X;. Let {Q;} <, be the set of double points of X.
Thus I and J are the vertex set and the edge set of the graph I'(X),
respectively. An edge j € J joins vertices i and i’ if Q, is an intersection of X;
and X,. The graph I'(X) in this case has no loops. Let us denote x; = x(0 x,)-

Given an invertible sheaf F on X, let F; be the restriction of F to X;. Then
we obviously have an exact sequence

0-F->@F->® k(Qj)—>0,
i€l JEJ
where k(Q)) is the sheaf on X concentrated at Q; with k as the stalk. If #; is
the degree of F; as an invertible sheaf on X;, then we have

x(F) = n(I) + x(I) = |/,
where |J| is the cardinality of J, and for a subset I’ of I, we denote
n(I') = Z;ep nand x(I) = 2ier X

Given big enough integers {#;},c,, consider a k-vector space E with

dim E = a(I) + x(I) — |J]- Let Q(E/P) = Quot(0y ®, E/P) be
Grothendieck’s Hilbert scheme parametrizing coherent quotient O,-modules
G, of Oy ®, E which is of rank one on each component X; and with
x(G,) = A(I) + x(I) — |J|. Consider its open subset R(E/P) consisting of
points g such that

G, is Ox-torsion free,

H'(G) =0,

E — H%G,) an isomorphism.

If F is an invertible sheaf on X whose degrees n; are sufficiently close to 7;
and n(l) = ﬁ(i ), there exists a GL(E)-orbit in R(E/P) such that F = G if
and only if ¢ belongs to the orbit.

Thus the quotient of R(E/P) by GL(E), if it exists, would parametrize
isomorphism classes of certain torsion-free O-modules, and contains the set



COMPACTIFICATIONS OF GENERALIZED JACOBIANS 7

of isomorphism classes of invertible sheaves F whose degrees n; are
sufficiently close to 7; with n(J) = 7i(I). Unfortunately, such a quotient does
not exist as a scheme. We now try to find a suitable open set of R(E/ P) for
which the quotient exists.

Consider nonsingular points x,, . . ., x5 of X. They give rise to a GL(E)-
equivariant morphism

7:R(E/P)->P(E)yXP(E)X --- XP(E)=Z
which sends ¢ to 7(q) = (7,(q); - - -, T4(q)), Where 7,(g): E —-G,(x,) = (the
fiber of G, at x,) is the corresponding 1-dimensional quotient. If N and
{7;};e, are large enough and properly chosen, then 7 is injective.

Let z = (z), ..., zy) be a point of Z. Each z,: £ — E, is thus a 1-dimen-
sional quotient. The point z is called semistable (resp. stable) if for any
nonzero proper subspace E’ of E, we have

> dimz(E’)/N > dim E’/dim E (resp. >).
1<a<N
It is one of the basic results in the geometric invariant theory that the set Z*
(resp. Z*) of semistable (resp. stable) points have a good projective (resp.
quasi-projective geometric) quotient Z* /GL(E) (resp. Z°/GL(E)).

Let us call ¢ € R(E/P) and G, semistable (resp. stable) if 7(g) is semista-
ble (resp. stable). Then the set R(E/P)* of semistable points have a projec-
tive good quotient R(E/PY* /GL(E). For the quotient to be a compactifica-
tion we are looking for, all the points ¢ with G, invertible and with fixed
degrees n; should be semistable.

For g to be semistable (resp. stable), G, should staisfy

> dim7,(q)(E’)/N > dim E’/dim E (resp. >) (%)
1<a<N
for any nonzero proper subspace E’ of E. It turns out that if N and {#;},¢;
are large enough and properly chosen, then these inequalities (+) suffice to
hold only for subspaces E’ = E,. for any nonempty proper subsets I’ of I,
where E,. is the subspace of E consisting of sections which vanish completely
on the subcurve U ;¢ X;.

Let G, be invertible with n, the degree of its restriction to X;. Thus
dim E = x(G,) = n(I) + x(I) — |J| implies that n(I) = 7(J). It is not hard
to see that dim E,. = n(I — I') + x(I — I') — |{j € J; at least one end of j
is in I — I'}]. On the other hand, dim 7,(¢9)(E;) = 0 or 1, according as x, is
on U, X; or not. Let N; be the number of points x, which are on X;. Then
the inequality (*) for E’ = E,_,. becomes

N(I")/N >[n(I') + x(I') — |{Jj € J; at least one end of
jisinI'}|]/ {A(I) + x(I) = [} (++)
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Let A, = N;/N. Then A(J) = 1. Note that the inequality (*+) depends not
on N but only on the distribution ratio {A;},c, of points over the components
of X. To make the inequalities (**) look simpler, we normalize it as follows:
Let d; be the number of edges j € J one of whose end is i. In graph theory, d;
is called the degree of the vertex i. There is a basic equality d(I) = 2|J|. Let
us introduce rational numbers ¢; defined by

A={f+x—d/2+ ¢}/ {(AI) + x(I) — [J]}.
We see that A(7) = 1 is equivalent to ¢(/) = 0. Since n(I) = 7(I), (**) can be
rewritten as
n(I') — A(I') < o(I') + (1/2)|{j € J;jjoins I"and I — I'}|. (xx#)

We thus conclude the following: Let {¢,};<; be fixed with ¢(I) = 0, i.e. we
fix the distribution ratio of points over the components of X. Let g be a point
of R(E/P) such that G, is an invertible sheaf whose restriction to X; has
degree n;,. In particular, we have n(I) = 7(I). Then g is semistable (resp.
stable) if and only if (+*#) is satisfied for any nonempty proper subset I’ of I
(resp. strict inequalities). In general, there are only a finite number of integral
solutions {7;};c;. Thus they are always sufficiently close to {7;};<;-

For simplicity, let us consider the case |I| = 2 and |/| = 3, i.e. X looks like
the “dollar sign” (see Figure 1).

XC: I(X) i i

FIGURE 1

For {¢,, ¢,} with ¢, + ¢, = O fixed, our requirements are n(/) = 7i(I) and
(*##) for any I, i.e.
(ny = 7)) + (n, — 7)) = 0,
(ny—A) < ¢, +(3/2), (n,— A, < ¢+ (3/2),
which reduce to
(n,— ) =—(n,—7,), & —(3/2) <(n,—#) < +(3/2).

(@) If ¢, =0, then the integral solutions are (n,, ny)) = (7, + 1, A, — 1),
(A, B,) and (A, — 1, i, + 1). Moreover, strict inequalities are satisfied for all
these solutions. Thus they correspond to stable invertible sheaves. In this

case, we conclude that three copies of the generalized Jacobian variety Picy
are contained in the compactification R(E/ PY*/GL(E).
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(b) If ¢, = (1/2), then the integral solutions are (n,, n,) = (4, + 1, i, — 1),
(A, iy, (A, + 2, fi, — 2) and (A, — 1, A, + 1). Moreover, the strict inequal-
ities are satisfied for the first two solutions. Thus they correspond to stable
invertible sheaves. As we see in the examples of §13, R(E/P)*/GL(E) in this
case contains only two copies of Pic} corresponding to the first two solutions.

CHAPTER I. GRAPHS AND POLYHEDRAL DECOMPOSITIONS

1. Namikawa’s generalization of Voronoi and Delony decompositions. We
first recall Voronoi and Delony decompositions. See Rogers [30] and Voronoi
[34].

Let E be a finite-dimensional real vector space with a positive definite
symmetric bilinear form (x,y) on E. We denote by |x| = (x, x)'/? the
associated norm on E. Let A be a Z-lattice in E.

It is a well-known fact that for £in A the set

V() ={x€E;|lx—§l <|lx—nlforallyinA}
is a bounded polyhedron, and is a fundamental domain of E with respect to
the translation action of A. Moreover we have V(¢ + ¢) = V(§) + ¢ for all ¢
in A.

The following is an immediate consequence of this observation:

PROPOSITION 1.1. The set Vor(E, A) of Voronoi polyhedra in E consisting of
V(§) for £ in A and their faces constitute a polyhedral decomposition, called the
Voronoi decomposition, of E by bounded polyhedra. Moreover, Vor(E, A) is
invariant under the translation action of A with Vor(E, A)/A finite. A Voronoi
polyhedron V is of the following form: there exist &, . . . , & in A such that the
relative interior of V is of the form

{(xEE|x—&ll="---=|x-&]<|x-nl

ASVn+#&,...,¢)}
and

V={x€E|llx—&ll=---=Ilx—§&ll <lx—nllforalqinA}.

For x in E consider the convex hull

D(x) =&, ..., &)= {2 at;a, >0, > a = l}
where {£), ..., &} is the set of £ in A for which ||x — £|| attains the smallest
value.
DEFINITION. We denote by Del(E, A) the set of polyhedra D in E of the
form D = D(x) for some x in E. We call such D a Delony polyhedron.
We have easily the following:

LEMMA 1.2. Given a Delony polyhedron D, there exists a unique Voronoi
Ppolyhedron V such that D = D(x) if and only if x is in the relative interior of V.
We denote V = D*, D = V* and call V and D dual to each other.
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PrROPOSITION 1.3. Del(E, A) is a polyhedral decomposition, called the Delony
decomposition, of E by bounded polyhedra with the set Sk%Del(E, A)) of
O-dimensional polyhedra coinciding with A. Del(E, A) is invariant under the
translation action of A with Del(E, A)/A finite. Moreover, Vor(E, A) and
Del(E, A) are decompositions of E dual to each other in the sense that

(i) V, is a face of V, if and only if V} is a face of V3 for V, and V, in
Vor(E, A), and

(ii) dim V + dim V* = dim E for V in Vor(E, A).

This proposition is a special case E’ = E of the following generalization,
the relevance of which was pointed out to us by Y. Namikawa. It helped to
clarify considerably our original version of the polyhedral decompositions
associated to our compactification of the generalized Jacobian variety.

Let E and A be as before. Consider a subspace E’ of E such that A N E’ is
a Z-lattice in E’. We denote by E” the orthogonal complement of E’ in E.
Let 7': E— E’ and #n”": E— E” be the orthogonal projections. Suppose
further that #'(A) is a lattice in E’, or equivalently that A N E” is a lattice in
E”. Then obviously #'(A) is a lattice in E’ containing A N E’ and #”(A) is a
lattice in E” containing A N E”.

For ¢ in E” consider the coset E; = E’ + y. Then we obviously have the
following:

PROPOSITION 1.4. The set of polyhedra Vor(E;; E, A) consisting of V' = V
N E, with V running over all the Voronoi polyhedra of E such that rel.int(V)
N E; =3, is a polyhedral decomposition, called the induced Voronoi decom-
position, of Ey. It is invariant under the translation by A N E’ with Vor(E,;
E,A)/A N E’ finite.

DEFINITION. We denote by Del (E": E, A) the set of polyhedra D’ in E” of
the form D’ = #'(D(x)) for x in E,.
Then as before we have the following:

LEMMA 1.5. For D’ in Del (E’; E, A) there exists a unique V' in Vor(E,;
E, A) such that for x in E; we have D’ = 7'(D(x)) if and only if x is in the
relative interior of V'. We denote D' = (V')*, V' = (D’)* and call them dual
to each other.

PROPOSITION 1.6. Del (E’; E, A) is a polyhedral decomposition, called the
Namikawa decomposition, of E’ by bounded polyhedra invariant under the
translation action of the lattice A N E’ with Del (E’; E, A)/A N E’ finite.
Moreover,

() dim D’ + dim(D")* = dim E’ for D’ in Del (E’; E, A),

(ii) the set of 0-dimensional polyhedra Sk°(Del¢(E ’s E, A)) is a subset of the
lattice 7'(A), and
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(iii) Dy is a face of D, if and only if (D;)* is a face of (D;)* for D and D, in
Del (E’; E, A).

PrOOF. We prove this, for completeness, exactly as in Rogers [30]. The
invariance of Del (E’; E, A) under A N E’ and the finiteness of the quotient
follows easily from the corresponding result for Vor(E;; E, A) and the
previous lemma.

(ii) is obvious.

(1) We next show (i). Let D’ = (V')* with

relint(V') = {x € Ej| llx = &l = - - - = llx = &l| < [lx — ]|
forallnin A # ¢, ...,¢}.
These defining relations can be rewritten as

2(n = &, x) < [l = lI&l?
for all n in A with the equality holding if and only if n = &, . . ., §. Since the
relative interior of V"’ is nonempty by assumption, we see that its dimension is
equal to that of the linear space

{(yeEs26 -ty +¥) =P - l&l%i=1...,r}
which is obviously equal to the codimension in E’ of the subspace in E’
generated by #'(§ — &) for i = 1,.. ., r. This is exactly the codimension of
the convex hull D’ = (7'(&), . . . , 7'(§))-
(2) We next show that V] > V; implies (V})* < (¥;)* for V| and V; in
Vor(E;; E, A). Let the relative interior of V7 be of the form
{x€ E/lllx=&ll="---=lx=&ll<lx—nl
forallnin A # &, ..., £}
hence (V))* =<7'(§y), ..., n'(§)). Since V; is a face of V], the relative
interior of V7 is of the form
{(yeE|lIly—&l="---=ly=&I<ly—nl
forallpin A # &, ...,&)}

with s > r. Thus for x and y in the respective relative interior of ¥ and V;
we see that

&y —x)> (Ey—x)
for 0 < i < s with the equality holding if and only if 0 <i < r. Thus the
hyperplane
H ={z€E';(z,y — x)=(¢p,y — x)}
has the property that (V3)* = (7'(&), - . . , 7'(§,)) is contained in its nonnega-
tive side and that

(V)* =<7 &), ..., 7E)) = H n (V)*
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(3) We now show that for ¥; in Vor(E; E, A) and a face D; of (V)*, there
exists V| > V, such that D| = (V))*. Indeed, let y be in the relative interior
of V3, ie. (V3)* =<7'(&y), - . ., 7'(§)), where there exist real numbers R” > R
such that [y — §ll = - - - =|ly —&|l=Rand ||y — 9|| >R’ forallpin A
different from &, ..., §. We may assume the face D to be of the form
{n'(&), - - -, 7'(€)) for r < s. Thus there exist z in E’ and a real number ¢
such that (§, z) > ¢ for 0 <i < s with the equality holding if and only if
0 <i <r. Let € be a small enough positive real number and let x = y — ez.
Then for 0 < i < s we have

lx = &I > R* + 2¢{c — (2,5)} + &2
with the equality holding if and only if 0 <.i < r. Moreover for all # in A
different from &, . . ., £, we have
lx =all=lly —n—ell > ly — all — ellzll > R’ — ¢||z]|.
If & is small enough we obviously have
(R" = ellz])* > R? + 2e{c — (2,7)} + €*lz|]%,

hence D; = #'(D(x)) and x is in

relint(¥V]) = {x € Ej| Ix — &l = - - - =[x — &l <|lx — |

forallpin A # &, ...,£).

Thus we have (iii) as well as the fact that Del (E’; E, A) contains the faces of
each of its members.

(4) We show next that if D{ and D, are in Del(E’; E, A), then D{ N D; is
a face of Dy as well as that of D;. Let x and y be in the respective relative
‘interior of (D;)* and (D;)*, hence there exist &, ...,% and g, ..., 7, in A
and positive real numbers R, and R, such that ||x — {|| > R, for all { in A
with the equality holding if and only if { = £, ..., £, and that |y — {|| >
R, for all { in A with the equality holding if and only if { = 7y, ...,7,.
Consider the “radial hyperplane” of the two spheres, one of radius R, with
center at x and the other of radius R, with center at y

H={z€E2y-x2z)=Ri- R +|yI—IxI’}.
For each j we have R} < |lx — m|> = R} +2(y — x,m) + |x|* = |I»I
with the equality holding if and only if #, = § for some i, ie. D; =
{7'(Mg)s - - - » #'(m,)) is on the nonnegative side of H. Similarly for each i we
have

RI<|ly —&I* =R} = 2(y — x, &) + |yII* — lIxII®

with the equality holding if and onmly if & = n; for some j, ie. D|=
(' &), - . ., 7'(§,)) is on the nonpositive side of H.
(5) It remains to show that the union of all D’ in Del,,(E ‘s E, A) coincides
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with E’. Obviously it is enough to show that E’ coincides with the union S of
(v")* with v’ running over Sk%(V or(E; E, A)). But S is a closed subset of E’,
since (v)* is closed and {(v')*; v' € Sk°(Vor(E¢; E, A))} is a locally finite
family in view of the fact that #'(A) is a lattice in E’. Suppose there exists x in
E’ and not in S. There exists then a small ball = with center at x contained in
the open set E’ — S. Let us fix u] in Sko(Vor(EJ,; E, A)) and a point a in the
interior of (u;)*. Then there exists y in the interior of = such that the line
segment {a, y) meets none of D’ in Del (E’; E, A) of codimension 2, since
the dimension of the join {a, =) is equal to that of E’. There exist then a
point b on {a, y> and u} in Sk°(Vor(E,; E, A)) such that b is one of the end
points of the interval (u5)* N <a,y) and that the relative interior of {b,y)
does not meet S. Thus b is in the boundary of S, hence is in the relative
interior of a codimension one face (u5)* N (u3)* of (¥3)* by our choice of y.
But the relative interior of (u3)* N (u3)* is obviously in the interior of the
union (#3)* U (¥3)*, hence is in S, a contradiction.

ReMARK. In the case of the ordinary Delony decomposition E’ = E, we
have

Sk%(Del(E, A)) = A,
since V(§)* = £ In the general case, we need not have
Sk°(De1¢(E’; E, A)) = 7'(A).

Consider, for instance, the case where E = R? with the usual bilinear form
(e, €)= 20; and e, =(1,0), e, = (0, 1). Let E’ be the line generated by
—e, + 2e,, and y = 0. We show below, however, that when E, A and E’
come from a graph, the equality holds if i is chosen to be nondegenerate (cf.
Proposition 7.6).

2. Stable and semistable Delony polyhedra. Let E, E’, E” and A be as in the
previous section.

The following notions of y-semistability and y-stability of Delony poly-
hedra were motivated by algebro-geometric considerations we make in the
next chapter. They correspond to semistability and stability in the geometric
invariant theory introduced by Mumford.

DEeFINITION. For ¢ in E” we call a Delony polyhedron D in Del(E, A)
y-semistable, if D* N E; # O, i.e. 7”(D’) S ¢. We denote by K, = K (E’;
E, A) the set of y-semistable Delony polyhedra in Del(E, A). We denote by
K) = K)(E'; E, A) the subset of K, consisting of those D for which
relint(D*) N E; #* O, i.e. n”(relint(D*)) D y.

By the definition of the Namikawa decomposition Del (E’; E, A), the map
D - 7'(D) is a bijection

7': K)(E'; E, A)>Del (E’; E, A).
Obviously K, consists of polyhedra in K, and their faces.
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We now claim there exists a map

p: K, > K

which is quasi-inverse to the inclusion Kl? C K,. Indeed, if D is in K, we
have D* N E; # . There exists the smallest element u(D) of Kf such that
D < (D), since K, consists of faces of elements of 9 and since for D, and
D, in K) with D, N D, & we have D, N D, € K in view of the corre-
sponding property of the Namikawa decomposition Del (E’; E, A). w(D)* is
the unique face ¥ of D* such that rel.int(¥) N E; # & and that ¥V N E; =
D* n E,.

DEFINITION. D, and D, in K, are said to be y-equivalent if p(D)) = p(D,),
ie. D¥ N E; = D n E,.

Each y-equivalence class has a unique element belonging to K},’, namely
w(D) for D in the class. We have

K,(E'; E, A)/y~equiv. 2> KY(E’; E, A) 5 Del,(E'; E, A).

DEFINITION. A Delony polyhedron D in K (E’; E, A) is called y-stable if D
is the unique element y-equivalent to it. We denote by

K}-stable = Kp—stable(E ’; E’ A)
the set of y-stable Delony polyhedra. Obviously K .. C K}

PROPOSITION 2.1. For a Delony polyhedron D in K/(E’; E, A) the following
are equivalent:

(1) D is y-stable.

(2) D is in K) and 7’ induces a bijection

7' DS a'(D).

(B)Disin Kfanddim D = dim #'(D).

@) Disin IQ’ and dim #"(D*) = dim E”".

PrOOF. (1) = (2). Suppose D is y-stable, hence in particular D is in Kf. If
@’ D — #'(D) is not injective, there certainly exists an element of the
boundary of D whose image by =’ is in the relative interior of #'(D). Let D,
be the proper face of D containing that point in its relative interior. Thus we
have #'(D,) N relint(7'(D)) # <. In particular, D, is in K, but not in K},’.
Moreover since D, < w(D,) < D, we have #'(D,) C #'(u(D,)) < #'(D). Thus
we have u(D,) = D, contradicting (1).

(2) is obviously equivalent to (3).

(3) is equivalent to (4). Indeed, we have dim E — dim D* = dim D and
dim E’ — dim D* N E, = dim #'(D) by Proposition 1.6. Thus (3) is equiv-
alent to dim E” = dim D* — dim D* N E,, which is equivalent to (4), since
dim #”(D*) = dim D* — dim(rel.int(D*) N E;) and D is in Kf.



COMPACTIFICATIONS OF GENERALIZED JACOBIANS 15

Finally (4) implies (1). Indeed, suppose D is in Kf and is not y-stable. Then
there exists a proper face D, of D such that D} N E; = D* N E,. Since
relint(D*) N E; # & by assumption, we have

dim #”(D*) = dim D* — dim D* N E; = dim D* — dim D} N E’
< dim D* — (dim D} + dim E; — dim E)
= dim E” — (dim D} — dim D*) < dim E”,
a contradiction.

COROLLARY 2.2. If D is y-stable and D’ is a face of D, then D' is y-stable.

ProOF. Obvious from (2).

We now compare Namikawa decompositions for different ¢’s. For ¢ in E”,
consider the intersection P(y) = N #”(D*) where D runs over all the Delony
polyhedra in K, = K, (E’; E, A), i.e. 7"(D*) D y. Since K, is invariant under
the translation action of A N E’ and is finite modulo that action, we see that
P(y) is obtained as the intersection of only a finite number of #”(D*). Hence
P(y) is a bounded convex polyhedron of E”. Moreover, it is obvious that

P(y) = () ="(D*)
and
relint(P(y)) = () =”(relint(D*))
where D runs over all the Delony polyhedra in K = KXE'; E, A), ie.
«"(rel.int(D*)) D ¢.
DEFINITION. We denote by Par(E”) the set of polyhedra P in E” of the
form P = P(Y) for y in E”.

PROPOSITION 2.3. Par(E"”) is a polyhedral decomposition of E” by bounded
convex polyhedra invariant under the translation action of w"(A) with
Par(E"”)/w"(A) finite. Moreover, we have the following:

() For P in Par(E"), the sets K,(E'; E, A), K:f(E ‘s E, A) and K, 1 (E’;
E, A) of Delony polyhedra stays the same as long as v is in rel.int(P).

(ii) For P in Par(E"), we get the same Namikawa decomposition Del (E’;
E, A) as long as  is in relint(P) + (A N E”).

(iii) Let P be in Par(E”) and let £ be in A. Then for ¥ in telint(P) and  in
relint(P) + #”(£), the translation by £ induces an isomorphism

KX(E'; E, A) = KXE'; E, A),
hence the translation by.n’(§) induces an isomorphism
Del,(E’; E, A) > Del;(E’; E, A).

(iv) Let P be a face of P in Par(E"). For y in rel.int(P) and y in rel.int(P),
Del (E’; E, A) is a subdivision of Del{E’; E, A).
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PrOOF. The fact that Par(E’) is a polyhedral decomposition is obvious as
well as the invariance under #”(A). (i), (ii) and (iii) are also obvious. (iv)
follows from the following observation: for D in I(,?, we have w"(D_"‘) DPD
P hence there exists a face D* of D* such that #”(rel.int(D*)) D ¢. Then we
have #'(D) C #'(D) with D in KJ.

COROLLARY 2.4. For E, E’, E” and A fixed, there are only a finite number of
different Namikawa decompositions of E’.

3. Arrangement of hyperplanes. In this section, we introduce another kind
of polyhedral decomposition, obtained by the arrangement of hyperplanes.
The main reason for introducing it is that the polyhedral decomposition
Par(E”) introduced at the end of the previous section is obtained by the
arrangement of hyperplanes when E comes from a graph (cf. §7). We can also
show that the Delony decomposition can sometimes be obtained by the
arrangement of hyperplanes.

Let F be a finite-dimensional real vector space and let f,, . . ., f, be linear
forms on F, ie. elements of the dual space F = Homg(F, R). Suppose,
moreover, that they generate F over R. For 1 < a < a and y in F, we denote
by M(f,, y) and m(f,, y), respectively, the smallest integer not less than f,(y)
and the largest integer not more than f,(y). Thus m(f,,y) = M(f,,y) or
m(f,, y) = M(f,, y) — 1 according as f,(y) is an integer or not. For y in F, we
denote by A(y) the polyhedron in F defined by

A(y) = {z € F; m(f,,y) < f(2) < M(f,, ) forall a}.
Note that if the set {f;,..., f,} is invariant under the multiplication by
—1, then we have

A(y) = {z € F; f,(2) < M({,,y) forall a}.

PROPOSITION 3.1. The set Arr(F, {f,, ..., f,}) of polyhedra A in F of the
Jorm A = A(y) for some y in F is a polyhedral decomposition of F by bounded
convex polyhedra, called the arrangement of hyperplanes. Moreover, it is in-
variant under the translation by elements of { g € F; f,(g) integers for all a},
which is contained in the set SK%ArT(F, {f,; - - . , f,})) of O-dimensional polyhe-
dra.

Proor. The map f sending y to f(y) = (fi(»), - - ., £(»)) is an embedding

of F into R® Let {¢,,...,¢,} be the standard basis of R® given by ¢, =
(&5 - - - » &) With g5 = 8,5. Let {£, ..., ¢&,) be the dual basis of the dual
space of R®. Then we see by definition that

Arr(R%, (&, ..., §,))

coincides with the Delony decomposition Del(R*; Z°) of R* with respect to
the lattice Z° and the standard metric
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a
x| = 2. &(x)
a=

on R?. Obviously Arr(F, { fy, . . ., f,}) is the decomposition of F induced by f
from Del(R?; Z°), i.e. it consists of A = f~'(D) for D in Del(R*; Z%) with
S~ !(relint(D)) nonempty. The rest of the proposition is immediate.

COROLLARY 3.2. Let F and G be a real vector space and a lattice in it,
respectively. Let {f,,...,f,} be a subset of G= Homy,(G, Z) C F which
generates G. Then Arx(F, {fi>---,£.}) is a polyhedral decomposition of F
invariant under the translation by elements of G. Moreover, the set
SKYArK(F, { f,, - - -+ £,)) of O-dimensional polyhedra contains G and it coin-
cides with G if and only if { f,, . . ., f,} is totally unimodular in the sense that a
subset of {fy,...,f,} is a Z-basis of G if and only if it is an R-basis of F.
Under the total unimodularity assumption, Att(F, {f,, ..., f,}) coincides with
the Delony decomposition Del(F; G) of F with respect to the metric on F defined

by
Iyl = éfa(y)z.

Proor. Consider, as before, the embedding f: F — R* defined by f(y) =
(fi(»), - . -, £,(»))- The metric on F is obviously the one induced from the
standard metric on R?. Since {f,, . . . , f,} generates G, we have G = f~(Z°).
Let D be in Del(R?; Z°) with f ~!(rel.int(D)) nonempty, and let 4 = f~ (D).
Under the total unimodularity assumption, we see immediately that A4 is
0-dimensional if and only if 4 = {g} for g in G, hence D = {f(g)}. Let D’
be in Del(F; G). Then by definition there exists y in F such that D’ is the
convex hull of those g in G with ||y — g|| minimal. Consider D = D(f(y)) in
Del(R%; Z°). It is the convex hull of those £ in Z* with || f(y) — £|| minimal.
Thus D’ is obviously contained in f~!(D), and the convex polyhedron
f~X(D) is the convex hull of its 0-dimensional faces, which are necessarily in
G, as we saw above. Thus we have D’ = f~!(D).

REMARK. The Delony decompositions in dimensions less than four are
necessarily of this form. See Voronoi [34].

PrOBLEM. What are the normal forms of maximal totally unimodular sets
in higher dimension? See Dickson [6], Hoffman-Kruskal [12] and Heller-
Tompkins [13].

4. Graphs. In this paper we deal with finite graphs in the most general
sense, i.e. we allow loops and multiple edges. For details we refer the reader
to standard textbooks in graph theory, for example Berge [2].

DerNiTION. A (finite) graph T = {1, J } consists of a finite set I of vertices
and a finite set J of edges together with the incidence relation which assigns
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two vertices, called end points, to each edge. When two end points of an edge
coincide, we call the edge a logp. T is called connected if starting from a vertex
we can reach any other vertex by following a path.

Given a graph I, we assign and fix an arbitrary orientation. i.e. we fix maps
J =3 I assigning to each edge j its initial and terminal vertices. Our results are
independent of the particular orientation we choose.

The motivation for our discussion of graphs is the following example,
which we exclusively deal with in subsequent chapters.

ExaMPLE. Let X be a reduced complete algebraic curve with at most
ordinary double points over an algebraically closed field. Then X decomposes
into irreducible components X = U ;¢; X;. Let {Q;};c, be the set of double
points of X. Then @, is either (1) an ordinary double point of an irreducible
component X; or (2) a transversal intersection of irreducible components X
and X,. In this case we associate to X a connected graph I'(X) = {1,J}
where (1) j in J is a loop at i if @, is a double point of X, while (2) j in J is an
edge joining / and ' if Q; is a transversal intersection of X; and X;.. Note that
any graph in our sense appears as the graph of an algebraic curve X as in this
example. I'(X) is connected if and only if X is connected (see Figure 2).

X
FIGURE 2

Once we fix an orientation, we can define a chain complex C (T, Z), where
Col,Z) = @ ;c; 2o, C(T,Z)= @), Zg with {v},e, and {g};c,
canonically defined Z-bases, and the boundary map

0: C(T, Z) - C(T, Z)
defined by

de. = 0 if j is a loop,
7 v, — v, ifjisfromitoi.

Since we have canonical bases, we have canonical pairings [ , ] on C(T’, Z)
and (, ) on C,(T, Z) defined by

[Ui’ o] =&, (¢ &) = 8.
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Thus we can always identify the cochain complex C+(T, Z) with the chain
complex C (T, Z) via these pairings. The coboundary map then becomes
8: C|(T,Z) > C(T, Z)
defined by
8, = 2 [0, 3¢ ]e;
JEJ

Thus 9 and 8 are adjoint to each other, i.e. we have (dx, y) = [x, dy] for x in
Co, Z) and y in C\(T, Z).

DEerINITION. For a subset I’ of I, we denote by v(I’) the element of
CoT, Z) defined by

o(I)= 3 v,
ier
For a subset J’ of J, we denote by e(J’) the element of C,(T’, Z) defined by
e(J)= X e.
JET
Let I, ..., I, be the sets of vertices in the connected components of T

Then
HT,Z)= & Zo(l).
1<a<c
H(T, Z) is the dual free Z-module, hence has rank equal to ¢, the number of
connected components.
By the adjointness of 0 and 8, we get the following decompositions
orthogonal with respect to the pairings:

Co(T,R) = HYT, R) ® aC,(T, R), C,(T, R) = H\(T, R) ® 8C(T, R).
Moreover d and é induce isomorphisms
3: 8Co(T, R) S5 3C,(T, R), 6:3C,(T, R) > 8C(T, R),

where R is the field of real numbers.

For a subset J’ of J, we consider the spanning subgraph {I,J’'} of T =
{1, J}, with I as the set of vertices, J’ as the set of edges and the orientation
induced from I'. We can consider the chain complex C({I,J'},Z) =
C'({1,J'}, Z), the boundary and coboundary maps 9, §,. for this graph.
Obviously we have

0,¢;, = de¢; forjinJ’, and
v = > [v,., aef]ei foriin I
jer
The motivation for the introduction of such subgraphs is the following:

EXAMPLE. Let X be an algebraic curve as in the previous example. For a
subset J’ of J, let 6(J’): X(J") — X be the partial normalization of X obtained



20 TADAO ODA AND C. S. SESHADRI

by the blowing up along {Q,},c,-,- Then obviously the graph for X(J') is
the subgraph {7, J'}.

DEerINITION. The ¢yclomatic number h(T) of a graph T’ is defined as

h(T) = rank H\(T, Z) = rank H'(T, Z).

PROPOSITION 4.1. For a graph T = {1, J} with ¢ connected components, we

have
h(I) = || = | + ¢

where |J | and |I| denote the cardinalities.

This is a standard result in graph theory and is a straightforward con-
sequence of the Euler-Poincaré lemma.

We use the following Lemmas 4.3 and 4.4 and Corollary 4.5 later in
Chapter II, §10 and §11.

DEfFINITION. For a subset J’ of J, we denote by d(J’) the element of
Co(T, Z), the degree of the subgraph {1, J'}, defined by

dr) =3 ")

where d(J'); is the number of edges, regardless of the orientation, in J’ at
least one of whose end points is at i, with loops at i counted twice.

LEMMA 4.2. For a subset J’ of J, we have

[o(1),d(J")] = 2|

This is again standard in graph theory, and can be easily proved, since on
both sides of the equality, each edge is counted twice by definition.

LEMMA 4.3. For a subset I’ of I and a subset J' of J, the cardinality of the set
of edges j', regardless of the orientation, in J' one of whose end points is in I’
and the other is in I — I’ is equal to

(8,0(I"), &;0(1)).
Especially (8v(1"), dv(I’)) is the cardinality of the set of edges in J joining I’
and I — I', regardless of the orientation.

PRroOF. Since §,.0v(I) = 0, we have

(8,0(1), §,.0(1")) = — (§,0(1 — I'), §;0(I"))

- (8,,0(1 —1r), S (800, ¢ ef)
JeJ’

-3 3 [ae]llni)

JEJ i€l iel-T
which is equal to the cardinality of the set of j' in J’ one of whose end points
is in I” and the other end point is in  — I’, since [v;, d¢;][v;, de;] =0 or —1.
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COROLLARY 4.4. For a subset 1’ of I and a subset J’ of J, the cardinality of

the set J'(I") of edges in J' both of whose end points are in I' is equal to
[o(I), d(J")/2] = (8,0(I"), 8,0(I")) /2.

PrOOF. Immediate from the two previous lemmas.

DEFINITION. A tree is a connected graph without any cycle, i.e. the
cyclomatic number zero. A spanning tree of a connected graph I' = {1, J}isa
spanning subgraph {/, J’} which is a tree, i.e. a minimal connected spanning
subgraph. A spanning forest of a not necessarily connected graph is a
spanning subgraph which induces a tree for each connected component.

For details we refer the reader again to standard textbooks in graph theory,
for example Berge [2]. One more fact which is relevant to us is the following
which is again standard.

PROPOSITION 4.5. Let T' = {I,J} be connected. Then for a spanning tree
{1,J’} we have |J’| = \I| — 1, in particular |J — J’| = h(D).

Let p: C,(T, Z) - H'(T, Z) be the canonical surjective map, whose kernel
is §C(T', Z) by definition.

KIRCHHOFF-TRENT’S THEOREM. For a graph T, the number of spanning forests
in T, called the complexity of T, is equal to the index

[8C,(T, Z): 36Cy(T, Z)] = [H'(P, Z): pH (T, Z)],
which is also equal to the absolute value of the discriminant of the pairing
(,)H(@T,Z)x H(T,Z) > Z

induced by (, ) on C\(T, Z), where we define the discriminant to be 1 when
H(T,Z)=0.

For the proof of the fact that the complexity of T is equal to the index
[0C\(T, Z): 36Cy(T, Z)], we refer the reader to Bryant [3, p. 115]. Although T’
is assumed to be connected there, the modification required in the general
case is immediate. The rest of the theorem follows easily from the canonical
isomorphisms

9C,(T, Z)/38C,(T, Z) — C(T, Z)/ {H\(T, Z) + 8Cy(T, Z)}

S H\T, Z)/pH,(T, Z).

DEFINITION. An element y in H (T, Z) is called a (graph-theoretical) cycle if
(v-€)=0 or %1 for any j in J. An element w in §Cy(T, Z) is called a
(graph-theoretical) cocpcle, if there exists a subset I’ of I such that w = v(I"),
hence necessarily (v, ¢) = 0 or =1 for anyj inJ.

Let {I, T} be a spanning forest of a graph I' = {1, J}. Then as is well
known in graph theory (cf. Berge [2, p. 26]), there exist Z-bases {yr;;
JE€J—-T} and {wr,; t € T} of H(T, Z) and 8Cy(T, Z), respectively, de-
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fined as follows: for j in J — T, the spanning subgraph {/, T U {/}} has the
cyclomatic number one. Thus there is a unique cycle yr; inthis subgraph with
(¥r,» ¢) = 1. Similarly for ¢ in T, only one of the connected components of
{1, T} breaks up into two for the spanning subgraph (I, T — {¢}}. Let I, be
the set of vertices in the one of these two components in which 7 has its initial
vertex. Then we let wy, = dv().

The following two lemmas are obvious from what we have seen so far.
They will be useful in determining codimension one faces of Voronoi poly-
hedra in Proposition 5.2.

LEMMA 4.6. Let y be a cycle for a graph T = {I,J} and let J' = {j € J;
(v, ¢) # 0} and T" = {1, J'}. Then the following are equivalent and in this case
v is called an elementary cycle.

(i) v 5 0 and is minimal in the sense that it cannot be written nontrivially as
asumy =y, + v, of cycles with {j € J; (v, €¢) # 0} and {j € J; (5, &) #
0} disjoint.

(i) H,(I", R) is one dimensional. In this case vy generates this space.

(iii) H'(T”, R) is one dimensional.

(iv) {p(e); j € J — J'} spans a codimension one subspace of H T, R), where
p: C,(T, R) - H(T, R) is the canonical projection.

(V) There exist a spanning forest {I,T} of T and j € J — T such that
Y= %1,

LeMMA 4.7. Let w be a cocycle for a graph T’ = {I,J} and let J, = {j € J;
(w, &) = 0} and Ty = {1, J,}. Then the following are equivalent and in this case
w is called an elementary cocycle.

(i) @ % 0 and is minimal in the sense that it cannot be written nontrivially as
a sum w = w; + w, of cocycles with {j € J; (w,, ¢) # 0} and {j € J; (w,, €)
# 0} disjoint.

(ii) For the projection Py: C\(T, R) - Cy(Ty, R) defined by Py(e) = ¢; or 0
according as j € J,, or not, the intersection ker(Py) N 8Cy(T, R) is one dimen-
sional. In this case w generates this space.

(iii) All but one of the connected components of I’ remain connected for T'y and
the remaining component of T breaks up into exactly two components of T In
this case w = 8v(I'), where I’ is the set of vertices in one of these two
components of T,

(iv) {de;;j € Jo} spans a codimension one subspace of 3C\(T, R).

(V) There exist a spanning forest {I,T} of T and t € T such that & =
* wr,.

5. Voronoi and Delony decompositions for a graph. Let I' = {/,J} be a
graph which need not be connected. We apply our results in §2 to the
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following:
Jj€J

with the canonical pairing (¢, ¢;) = 0 or 1, according as j #j’ or j =" and
the lattice

A=C(T,Z) = D Ze,
JEJ

We have seen in the previous section that if
E’'= H(I,R) and E” = 8§Cy(T, R)

then we have an orthogonal decomposition E = E' @® E”. Let #’: E— E’
and #”: E — E” be the orthogonal projections as before. Then as we have
seen, we have d o 7" =0 and 9: E — CyT, R) induces an isomorphism
E’5QE. Similarly for the canonical surjection p: E — H(T, R), we have
p o 7 = p and p induces an isomorphism E’ S H\(T, R). Obviously A N E’
= H\(T,Z)and A N E” = 8Cy(T, Z) are lattices in E’ and E”, respectively.
Moreover, 7'(A) and 7”(A) are lattices in E’ and E”, respectively, since #'(A)
can be identified with H'(T, Z) by p, and #”(A) with 9C,(T, Z) by 3. Hence
our requirements in §2 are all satisfied.

DEerINITION. For a graph T, we denote K(I') = Del(E, A) and Vor(T) =
Vor(E, A). We call polyhedra in them Delony and Voronoi polyhedra for T,
respectively.

We have Sk%(K(T)) = A = C\(T, Z) and SK%(Vor(T)) = A + e(J)/2.

DErINITION. For a subset J’ of J, we denote

V,(0) = { gj')gve,; A; real with |A;| < 1 /2}.
J

V,(0) is easily seen to be the top-dimensional Voronoi polyhedron contain-

ing 0, i.e.
V;(0)={x €EE;|x|| < |lx — ¢ forall £in A},

since E = R¥! is the standard Euclidean space and A = ZV. Similarly V,.(0)
is the top-dimensional Voronoi polyhedron containing 0 for the graph {1, J'}.

Thus we easily see the following:

PROPOSITION 5.1. A Delony polyhedron D in K(T') is of the form

D=b+ V,.(0)

where J” is a subset of J and b is an element of E such that b — e(J")/2 is in

A. We call b = b(D) the barycenter of D and J” = Supp(D) the support of D.
The dual Voronoi polyhedron is

D* = b(D) + V,_,(0).
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Thus if 5(D) = £ + e(J”)/2 for £ in A, then

77
j er”

D= {§+ Y t-er; - real with 0 < 4 < 1}.

We now come to the main result of this section comparing the Voronoi
decomposition of E with those of E’ and E” for a graph. This is crucial to
our subsequent analysis of Namikawa decompositions for a graph. See
Proposition 5.5 due to Mumford for a dual result concerning the Delony
decompositions.

PROPOSITION 5.2. For a graph T = {1, J }, we have the following:

(1) #(V;(0)) is the top-dimensional Voronoi polyhedron containing 0 in E’
with respect to the restriction of (, ) and the lattice A N E’ = H\(T, Z), hence

Vor(E’, A n E’) = { H\(T, Z)-translates of faces of n'(V;(0))}.
Moreover, we have
7'(V,(0)) = {x € E’; (x,Y) < (Y, Y)/2 for any elementary cycle v}.

These inequalities are irredundant in the sense that for each elementary cycle v,
the intersection of this with the hyperplane H = {x € E’; (x,v) = (v, v)/2} is
its codimension one face.

(2) #"(V,(0)) is the top-dimensional Voronoi polyhedron containing O in E”
with respect to the restriction of (,) and the lattice A N E"” = 8Cy(T, Z), hence

Vor(E”, A N E") = {8Cy(T, Z)-translates of faces of w"(V;(0))}.
Moreover, we have
7"(V;(0)) = {x € E”; (x, w) < (w, w)/2 for any elementary cocycle w}.
These inequalities are irredundant in the sense that for each elementary cocycle

w, the intersection of this with the hyperplane H = {x € E"; (x,w) =
(w, w)/2} is its codimension one face.

Proor. #'(V,(0)) is contained in the top-dimensional Voronoi polyhedron
of E’ containing 0, which is of the form
{(x € E’;|Ix|| < ||x — §l|forall§in A N E’}.
Indeed for [\| < 1/2forjinJ and £in A N E’, we have

(7(2 Ae) &) = (2 A £) = 2 Me )
< Si(e £ < T (e 872 =6 9/2

since (e;, £) is an integer for all j in J by assumption.

Since #'(V,(0)) is a convex polyhedron in E’, it is enough, for the proof of
(1), to show that the codimension one faces of #'(V,(0)) are determined
exactly by hyperplanes H in E’ of the form
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H={x€E;(x,7)=(v7)/2)
for an elementary cycle y. By definition ¥,(0) is the convex hull of its vertices
which are of the form e(J")/2 — e(J — J")/2 for a subset J' of J. Thus
7'(V;(0)) is the convex hull of elements of the form
a'(e(J") — e(J = J"))/2.
Let a # 0 be an element of E’ such that for a real number ¢ the hyperplane
H={x€E;(ax)=c}
determines a codimension one face of #'(V,(0)), ie. (a, 7'(y)) = (a,y) <c¢
holds for all y in ¥,(0) and H N #'(V,(0)) is of codimension one in E’. Since
this intersection is determined by the vertices lying on it, there exist subsets
Ji, ..., J,, of J such that (a(e(J,) —e(J —J))/2)=cfora=1,...,m
and that this condition determines a in E’ and ¢ uniquely up to constant
multiple. Moreover for any subset J’ of J, we have
(a,(e(J) —e(J —J))/2) <e.

Since (e(J;) — e(J = J)) — (e(J") — e(J — J")) = e(J,) — e(J"), we see that
(a, e(J") < (a, e(J;)) for any subset J’' of J, with the equality holding if
J' = Jg for some 1 < B <m. Let ¢’ =(a, e(J))) = - - - = (a, &(J,)). Thus
we have (q, e(J’)) < ¢’ for any subset J’' of J with the equality holding if
J’ = J, for some a. We may assume without loss of generality.that § =
{J{, ..., J,)} is the set of all subsets J' of J for which the equality holds.

LEMMA 5.3. Let (a, e(J")) < ¢’ for any subset J' of J with the equality holding
if and only if J' belongs to a family § of subsets. Then there exists a
decomposition

J=J 1J,J1J_
such that (a, ) > 0ifjisinJ,,(a, ¢) =0ifjisinJyand (a,e) <O0ifjisin
J _ such that § is exactly the family of subsets J’ of J satisfying J [ J1J, D J' D
J,-

ProOOF oF LEMMA 5.3. First of all, § is closed under union and intersection.

Indeed, for J{ and J; in §, we have
2¢" = (a, e(J))) + (a, e(J3)) = (a, e(J{ U J3) + (a, e(J] N J3))

and each term is not greater than ¢’ by assumption. Thus there exist the
largest member J; and the smallest member J; in §. An element j int J is not
in J3 if and only if (g, ¢) < 0. Indeed, if j is not in J;, then (a, ¢) = (a, ¢) +
(a,e(J3) — ¢’ =(a,e({j} U J3) — ¢’ <O, and if j is in J;, then (a, ¢) =
(a, e(J3)) — (a, e(J5 — {j})) > 0. Similarly j is in J; if and only if (a, ¢) > 0.
Indeed, if j is in J;, then (a, ) = (a, e(J})) — (a, e(J; — {/j})) > 0, and if j is
not in Jg, then (a, ¢) = (a, e(J; U {j})) — (a, e(Jy) < 0. Thus we are done
by puttingJ, = J,J_=J—-JjandJ,=J — J IIJ_.
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PROOF OF PROPOSITION 5.2 CONTINUED. By Lemma 4.3 we see that a # 0 in
E’ should be determined up to constant multiple by the conditions (a, ¢;) > 0
forjin J,, (a,¢) =0 for j in J, and (a, ¢) < 0 for j in J_. Consider the
spanning subgraph I'” = {I,J"} with J” = J IIJ_. By the unicity of a up
to scalar multiplication, we conclude easily that H,(T'”, R) is one dimensional,
hence we may assume that a is an elementary cycle y by Lemma 4.6. Since
for a subset J' of J we have
(v, (e(J) = eV =JIN/D =+ -D/2=-Wen (U =T) = -,
its maximal value (y,y)/2=(J,|+ |[J_])/2 is attained for J, CcJ' C
J . I1J,. Hence ¢ = (¥, v)/2 and the codimension one face is determined by
the hyperplane

H={x€E;(x7y)=(1)/2}

The converse is obvious. To prove (2), we proceed as above and reduce
ourselves to the situation where a # 0 in E” is determined up to scalar
multiplication by the conditions (a, ¢;) > 0 for j in J, (a, ¢) = 0 for j in J,
and (a, ¢) < 0 forj in J_. Consider the spanning subgraph I, = {7, J,} and
the projection Py: C\(T, R) - C,(T', R) defined by Py(e;) = 0 if j is not in J,
while Py(e) = ¢; if j is in J,. By the unicity of a up to scalar multiplication,
we conclude easily that ker(Pg) N 8C«(T’, R) is one dimensional, hence we
may assume that a is an elementary cocycle w by Lemma 4.7. Again for a
subset J' of J we have

(@ (e(J) = el =N/ =(@w)/2=-V,.n(=J)=-_nJ]
hence its maximal value is attained for J, C J' C J, U J,. Thus the codi-
mension one face is determined by the hyperplane

H={x€E"(x,0) = (0 w)/2}.
The converse is again obvious.

COROLLARY 5.4. For an element of E” of the form

y=a"(¢+ e(J)/2)
for & in A, the Namikawa decomposition Del|,,(E 's E, A) coincides with the
translation by w'(§ + e(J)/2) of the Voronoi decomposition Vor(E’, A N E’),
i.e.
Del,-¢+esy/2(E’s E, A) = 7'(§ + e(J)/2) + Vor(E’, A N E’).

PrROOF. By our explicit description of Vor(I') = Vor(E, A), we see that
u = £+ e(J)/2 is a 0-dimensional Voronoi polyhedron. Thus «’ = u + V,(0)
and 7'(u*) = 7'(u) + 7' (V,(0)) is in Del (E’; E, A). Since this latter is
invariant under the translation by elements of A N E’, we are done by
Proposition 5.2 (1).

REMARK. Compare this result with the following “dual” version due to
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Mumford which was used by Namikawa [27, §18] for his compactification of
the generalized Jacobian variety of a stable curve.

PROPOSITION 5.5 (MUMFORD). Let E, A, E’ and E" be as before defined for a
graph T'. Then
(1) the polyhedral decomposition of E’

{D n E’; D € Del(E, A) with rel.int(D) N E’ # &}
induced by the Delony decomposition of E coincides with the Delony decomposi-
tion Del(E’, A N E') and
(2) the polyhedral decomposition of E”
{D N E”; D € Del(E, A) with rel.int(D) N E” # &}
induced by the Delony decomposition of E coincides with the Delony decomposi-
tion Del(E”", AN E”).

ProoF. For j in J consider the linear form f(x) = (e;, x) on E. Then { f;
J € J} is the basis of A” dual to the basis {¢;j € J} of A. The metric on E
can be written as

X7 = = f(x)
JEJ

Consider the restriction of those to subspaces £’ and E”, and their lattices
AN E’and AN E”. Itis a standard fact in graph theory that { f|E";j € J}
and {f|E"; j € J} are totally unimodular subsets of (A N E’)” and (A N
E")", respectively. Indeed, for a subset J’ of J, the set { f|E’; j € J'} is an
R-basis of (E)” if and only if there exists a spanning forest {I, T} of I' such
that J’ = J — T, hence it is a Z-basis of (A N E’)". Similarly, the set { f|E";
J € J’} is an R-basis of (E”)” if and only if there exists a spanning forest
{1, T} such that J' = T, hence it is a Z-basis of (A N E”)". The rest of the
proposition follows immediately from Corollary 3.2 applied to F = E’ and
F=E".

REMARK. Although we do not need it later, we can show that there is a
surjective map from the set of “flags”

LchLc---cl,cl

(i.e. |I| = a and |I| = n + 1) to the set of vertices of #”(¥,(0)). This fits in
nicely with the following known result valid for Voronoi decompositions in
general: The number of vertices of a top-dimensional Voronoi polyhedron in
an n-dimensional space is not greater than (n + 1)! (cf. Voronoi [34]).

6. Namikawa decompositions for a graph. We consider now Namikawa
decompositions for a graph I' = {1, J}. For later purpose, it is more con-
venient to express Namikawa decompositions on H (T, R) which is isomor-
phic via p to E’. It is also more convenient to take the parameters in
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9C,(T, R) which is isomorphic via 9 to E”, i.e. for an element ¢ in C,(T', R)
there exists a unique element ¢ in E” such that ¢ = . Recall that we have
deom” =0.

DEFINITION. Let ¢ be in 9C,(T, R).

(i) A Delony polyhedron D in K(T) is called ¢-semistable if dD* 3 ¢. We
denote by K,(T) the set of ¢-semistable Delony polyhedra.

(ii) We denote by Kg(l") the set of Delony polyhedra D in K(T') such that
d(relint D*) 3 ¢.

(iii) A Delony polyhedron D in K(T') is called ¢-stable if d(rel.int D*) 3 ¢
and dim 9D* = dim dC(T, R). We denote by K ;,,;(T) the set of ¢-stable
Delony polyhedra.

(iv) We denote by Del,(H (T, R)) the set of polyhedra in H'(T, R) of the
form p(D) for D in Kf(l"). '

Note that K, (T') and K, 1, () contain faces of each of their members (cf.
Corollary 2.2), while K:(I") does not. K,(T') consists of faces of members of
K)T). We have K, (T) C KJ)T) C K,(T). As we saw in §2, we have a
surjective map

u: K,(T) > KY(T)

quasi-inverse to the inclusion. D, and D, in K (T)) are said to be ¢-equivalent
if y(D)) = p(D,). D € K,(T) is in K, (D) if and only if D is in KYT) and
is the unique element ¢-equivalent to it (cf. Proposition 2.1). We have

K,(T)/¢-equiv. > KY(T) > Del,(H (T, R)).

We are going to analyze ¢-equivalence further at the end of §12 (Lem-
ma 12.16). ‘
We can interpret Proposition 1.6 as follows:

PROPOSITION 6.1. For ¢ in 3Cy(T, R), the set Del (H (T, R)) of polyhedra
o(D) for D in Kf(I‘ ) is a polyhedral decomposition, called the Namikawa
decomposition, of H'(T, R) by bounded polyhedra invariant under the translation
by elements of p(H (T, Z)) with Del (H T, R))/p(H,T, Z)) finite. Moreover
the set Sk%(Del,(H'(T, R))) of O-dimensional polyhedra is a subset of H'(T, Z).

COROLLARY 6.2. Let u be an element of C\(T,R) with u — e(J)/2 in
C\(T, Z). Then Del, (H\(T, R)) is the translation by p(u) of the image under p
of the Voronoi decomposition Vor(H (T, R), H\(T, Z)), i.e. for { € C,\(T, Z) we
have

Dela(€+¢(1)/2)(Hl(r, R)) = p(§ + e(J)/Z) + p(Vor(Hl(I‘, R), H,(T, Z))).
This is nothing but a re-interpretation of Corollary 5.4.
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COROLLARY 6.3. The translates by elements of 3C\(T, Z) of the faces of
9V,(0) is a polyhedral decomposition of dC,(T, R), the image under 9 of the
Voronoi decomposition Vor(6Cy(T', R), 8C\(T, Z)). Moreover, we have

av,(0) = {x € 3C,(T, R)| [ x, v(I’)] < (8o(I), 8v(1")) /2
for all subsets I' of I}.
It is sufficient to take only those I’ for which dv(l") are elementary.

This is a re-interpretation of Proposition 5.2 (2).

REMARK. We need to know below the relative interior of 3(¥,(0)). Since we
have ker(8) = HUT, Z) = @ .. Zv(I,) by §4, we conclude that
rel.int(d(V,(0))) consists of x in dC,(T, R) which satisfy

[x, o(I)] < (80(1"), 80(1"))/2

for any subset I’ of I which is not the set of vertices in a union of connected
components. It is again sufficient to take only those I’ for which &v(I’) are
elementary.

In the case of a graph we can determine ¢-semistability and ¢-stability of
Delony polyhedra more easily in the following way:

PROPOSITION 6.4. Let D be a Delony polyhedron in K(I'), and let ¢ be in
9C (T, R). Then the following are equivalent:

(1) D is ¢-semistable, i.e. D is in K (T).

(2) 0b(D) — ¢ € 3(V,(0)), where J' = J — Supp(D).

(3) 0D C ¢ + A(V,(0)).

PROOF. Let J” = Supp(D) and J' = J — J”. Then for b = b(D), we have
D = b + V,.(0) and D* = b + V,(0) by Proposition 5.1. By definition, D is
¢-semistable if and only if dD* 3 ¢. Hence (1) is obviously equivalent to (2).
(2) implies (3), since

D = 3(b + V,(0)) C ¢ + A(¥;(0)) + 3(¥;-(0) = ¢ + 3(V,(0)).
Finally (3) implies (2). Indeed, we have 6v(I’) = §,0(I") +
2 »es[o(1"), 9¢;-]e;, hence

(o(1'), 8o(1) = B0, &y0(1) + 3. [o(1'), 3¢, "
jer
Thusfory = b + 2. ;- Ae;» in D with [A;.| < 1/2, we have

[36 = &, 0(1)] = (8,0(I"), &,0(I"))/2
=[3 = ¢, 0(I)] = (Bo(I'), 0(1"))/2
+,~§,~( [o(I), 3¢.1/2 = A.[o(I"), Be;.])-
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The first half of the right-hand side is nonpositive by (3) and Corollary 6.3,
and the second half attains its minimal value 0 for A, = [o(I"), d¢-]/2, since
[v(I), 3¢.] = 0 or x1. Hence [0b — ¢, v(I)] < (8;0(I"), 8;0(1"))/2, and we
get (2) by applying Corollary 6.3 to the graph {1, J'}. Q.E.D.

PROPOSITION 6.5. Let D and ¢ be as above. Then the following are equiv-
alent:

(D) Disin Kg(l’).

(1) 3b(D) — ¢ € relint(dV,.(0)) with J' = J — Supp(D).

(2) For any y in D, we have

[ = ¢, o(I")] < (80(I), 60(1")) /2

for any subset I’ of I, with the equality holding for some y in D only if I is the
set of vertices in a union of connected components in the graph {I,J’} with
J’' = J — Supp(D).

ProoF. (1) and (1') are equivalent by definition. By the remark after
Corollary 6.3 applied to the graph {I, J'}, we see that (1') is equivalent to (1”)
[0B(D) — ¢, v(I")] < (8;0(1"), 8§;0(I"))/2 for any subset I’ of I with the
equality holding (if and) only if I’ is the set of vertices in a union of
connected components of {I,J’}. Fory = b + Z.¢;- Ave. in D with || <
1/2, we have as before 4 = B(y) + C(y), where

4 =[3b — ¢, o(I')] = (8,0(I)8,(1)/2
B(y) =[% — ¢ o(I")] ~ (3o(I'), 80(I"))/2 and

co)= 3 ([o0), 36172 = A-[ ol 2e-]).
Jj
We have C(y) > 0 with the equality attained for y =y, with A. =
[o(I"), 8¢;.1/2
(1”) implies (2), since 0 > 4 > B(y) for all y and since B(y) = O only if
A = 0 and C(y) = 0. On the other hand (2) implies (1”), since 4 = B(y,) <
0, and since 4 = 0 only if B(y,) = 0.

PROPOSITION 6.6. Let D and ¢ be as above. Then the following are equiv-
alent:

(1) D is ¢-stable, i.e. D is in K, (D).

(1) 3b6(D) — ¢ € rel.int(0V,;(0)) with J' = J — Supp(D) containing the set
of edges of a spanning forest of T.

(2) 9D C ¢ A relint(dV,(0)).

(B)Disin Kg(l") and p induces a bijection D = p(D).

(3) D is in K)(T) and dim D = dim p(D).

(4) D is the unique element equivalent to it in the equivalence relation defined
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by
p: K (T) - KJ(T)
as in §2.

ProoF. The equivalence of (1), (3), (3') and (4) follows from Proposition
2.1. (1) and (1") are equivalent, since D* = b(D) + V,(0) and since
dim 9V,.(0) = dim 3C (T, R) if and only if J’ contains the set of edges of a
spanning forest of I'. On the other hand, J' contains the set of edges of a
spanning forest of I if and only if the connected components of I" remain
connected in {I, J'}. Thus in view of the previous proposition (1’) is equiv-
alent to: (2") For any y in D we have

[& — ¢ o(I')] < (0(1'), 80(1"))/2

for any subset I’ of I with the equality holding for some y in D if and only if
I’ is the set of vertices in a union of connected components of I'. By the
remark after Corollary 6.3, (2) is obviously equivalent to (2). Q.E.D.

REMARK. Proposition 6.4 (3) and Proposition 6.6 (2) are very powerful and
convenient criteria for the semistability and stability of a Delony polyhedron.
We cannot expect to have similar criteria in general when E need not come
from a graph. See, for instance, the last example in §1. These criteria were our
original definition of semistability and stability to which we were led by
algebro-geometric considerations we make in the next chapter.

7. Relations among Namikawa decompositions for a graph. In this section,
we study more closely the polyhedral decomposition Par(E”) introduced at
the end of §2, when E comes from a graph. Thus as in §2, we can compare
Namikawa decompositions Del,(H (T, R)) for different values of the param-
eter ¢. We interpret Par(E”) in terms of an arrangement of hyperplanes
which we introduced in §3 and which is much easier to compute.

Let I' = {I,J} be a graph and let E, E’, E” and A be as in §4. Further-
more, we let

F=09C,(T,R) and G =d3C(T, Z).
Note that 9 induces an isomorphism d: E” — F which sends #”(A) isomor-
_phically onto G. We try to express Par(£”) in a more computable form on F,
as an arrangement of hyperplanes.

DEerFINITION. We call a subset I’ of I elementary when 8v(I’) is an elemen-
tary cocycle (cf. Lemma 4.7). For an elementary subset I’ of I, we denote by
f;- the element of G = Homy(G, Z) defined by f;(g) = [v(I), g] for g in G,
where [ , ] is the pairing on Cy(T, Z).

DEerFINITION. We denote by Arr(I) the arrangement of hyperplanes in
F = 3C (T, R) defined by

Arr(T) = Arr(F, {f;;; I’ elementary subsets of I}).
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THEOREM 7.1. For a graph T, we have
o(Par(E”)) = de(J)/2 + Arr(T)
which is invariant under the translation action of dC(T, Z) with the quotient
finite. Moreover, SK%Arr(T)) 5 3C,(T, Z).

CoROLLARY 7.2. (i) For A in Arr(T), the sets K, (T), Kg(l") and K, (1)
stay the same as long as ¢ is in de(J)/2 + rel.int(4).

(i) For A in Ar(T), the Namikawa decomposition Del (H '(T, R)) stays the
same as long as ¢ is in de(J)/2 + relint(4) + 36Cy ([T, Z).

(iii) For ¢ in C(T, Z), and ¢ in 3C\(T, R), we have K, . ,.(I) = K, (T) + §
K:-n- () = Kf(I‘) + & Kyiopsane(T) = Kygape(T) + § and
Dely .3¢(H'(T, R)) = Del,(H'(T, R) + p(d). _

(iv) Let A be a face of A in Arr(T’). For ¢ in de(J)/2 + rel.int(A) and ¢ in
de(J)/2 + relint(A), the Namikawa decomposition Del (H'(T, R)) is a subdi-
vision of Dely(H'(T, R)).

COROLLARY 7.3. For a graph T, there are only a finite number of different
Namikawa decompositions of H\(T,R), the number being bounded by the
cardinality of

Arr(T) /36Cy(T, Z).
Among them there are those which differ only by the translation by elements of
H'T, Z).

These are just a re-interpretation of Proposition 2.3 and Corollary 2.4.
PrOOF OF THEOREM 7.1. Since 9 induces an isomorphism d: E” — F, it is
enough to show that

Par(E”) = 7"(e(J)/2) + Arr(E”, {w,, . . ., @,})
where {w;, ..., w,} is the set of all the elementary cocycles for I' and we
identify w, with the linear form £ - (w,, £) belonging to (A N E”)".

Let ¢ be an element of E”. Then by the definition given in §2, we have
P(y) = N «"(V) where V runs over all the Voronoi polyhedra in Vor(I')
with V* in K, (T).

LeEMMA 7.4. Let V be in Vor(T') and let V* = (&, . . ., &.). Then we have

7'(V) = 7" (V&) N - - - na"(V(L)).
In particular for y in E”, we have

P(y) = ) ="(V(&)
with V(£) running over all the top-dimensional Voronoi polyhedra in Vor(T') with
7"(V(€) D ¢, i.e. £in A N Ky (T).
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PrOOF OF LEMMA 7.4. Obviously we have V = V(&) N - - - N V(§,). Thus
#”(V) is contained in the right-hand side. Let ¥ be an element of the
right-hand side. Thus § = V(§)* is contained in K, (I)) for 0 <a <r.
Hence by Corollary 6.4 (3), we see that 9, is contained in &y + 3(V,(0)) for
0 < a <r. But since this set is convex, we conclude that 9V* =
(0, - - ., 0 is contained in this set. Thus again by Corollary 6.4, we see
that V* is in K, (T), i.e. 7"(V) D ¢.

PROOF OF THEOREM 7.1 CONTINUED. From our concrete description of the
Voronoi decomposition Vor(I') and the Delony decomposition K(I') of E =
C,T,R) in Proposition 5.1, we see easily that they differ only by the
translation by e(J)/2, i.e.

Vor(T') = e(J)/2 + K(T).
For simplicity, let us denote ﬁ(d:) = P(Y) — n"(e(J)/2), where v=q -
7" (e(J)/2). Then by the above lemma we see that

P(¥) = () 7"(D) = N ="(Dy),
where D, runs over all polyhedra in K(I') with #”(D,) 3 ¥, and D, runs over
all top-dimensional polyhedra in K(I') with 7"(D,) 3 . Consider the inter-
section N 7”(D) where D runs over all polyhedra in K(T) with #”(D) D ¥
and moreover, with Supp(D) contained in the set of edges in a spanning
forest of T. Then obviously this intersection contains N #”(D,) and is
contained in M #”(D,). Thus we conclude that

B(y) = Q N (D)

where {I, T} runs over all spanning forests of I and with D running over all
polyhedra D in K(T) with #”(D) © ¢ and Supp(D) = T. Hence our theorem
follows from the following whose proof is left to the reader.
LeMMA 7.5. Let {I, T} be a spanning forest of T'. Then
{="(D); D € K(T), Supp(D) C T}
is a polyhedral decomposition of E”, which coincides with the arrangement of
hyperplanes
Ar(E”, {wr; t €T})
where {wr,; t € T} is the Z-basis of A N E” consisting of elementary cocycles
dual to the Z-basis {n"(e,); t € T} of w"(A) with respect to the pairing ( , )
which we introduced before Lemma 4.6.

Recall that for ¢ in 9C,(T’, R) we have
Kq»—stable(r) C Kg(r) c K¢(r)
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and an isomorphism

p: K)T) = Del,(H'(T, R)).
By Corollary 6.3, we see that 3 ~'(¢ + 3¥,(0)) is a fundamental domain of
E = C(T, R) with respect to A N E” = §C(T', Z). By Proposition 6.4, D is
in K () if and only if it is contained in this fundamental domain. By
Proposition 6.6, D is in K, g, (T) if and only if it is in the interior of this
fundamental domain.

In the geometric invariant theory, we are particularly in good shape if
semistable geometric objects are automatically stable. Let us now examine
such cases in our context.

DEFINITION. An element ¢ in dC,(T, R) is called nondegenerate if ¢-semista-
ble Delony polyhedra are automatically ¢-stable, i.e.

K¢(r) = Kmbk(r)a
or equivalently K,(I) = KJ(T).

PROPOSITION 7.6. The following (1), (2), and (3) are equivalent, and imply
).

(1) ¢ is nondegenerate.

(2) SKU(K 4. s1a6e(T)) = SKUK,(T)).

(2) Sk°(Del (H\(T, R))) = H'(T, Z).

(3) ¢ — 9e(J)/2 is in the interior of a top-dimensional polyhedron in Arx(T).

PRrROOF. (1) = (2) = (2’) is immediate.

(2)=(1). Let D be in K (T), hence D is in the fundamental domain
0 ~!(¢ + 9V,(0)). But all the vertices of D are in its interior by (2). Since the
interior is convex, we see that D is contained in the interior. Hence by
Proposition 6.6, D is in K, g,p(D)-

(1)= (3). Let ¢ be the unique element in E” with 8 = ¢. Then as in the
proof of Theorem 7.1, we see that

P(¥) =) ) ="(D*)
T D

with {I, T} running over all the spanning forests of I' and D running over all
polyhedra satisfying Supp(D) =J — T and D € K (I), ie. #"(D*) D ¢.
Such D is uniquely determined by T up to the translation by elements of
AN E” hence n”(D*) is uniquely determined by 7. Moreover, the di-
mension of #”(D*) is equal to that of E”. Since y is necessarily contained in
the interior of #”(D*) for such D by (1), we see that P(y) is a top dimensional
polyhedron in Par(E").
(3) = (2). Let Y be as above. Then by Lemma 7.4, we have

P(Y) = M 7" (V)
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with £ running over Sk°(K¢(I')). Since P(Y) is a top-dimensional polyhedron
and since ¥ is in its interior by (3), we see that ¢ is in the interior of all such
7" (V(§)). Thus £ is in SKAK, (D). QE.D.

DEFINITION. Let ¢ be in dC(T, R). For 0 < 7 < A(I') = dim H'(T, R), we
denote by B, = B(T'; ¢) the number of p(H (T, Z))-equivalence classes of
r-dimensional polyhedra in the Namikawa decomposition Del (H (T, R)), i.e.
the number of r-cells in the h(T')-dimensional quotient cell complex

Del,(H'(T, B))/o(H,(T, Z).

THEOREM 7.7. Let ¢ in 3C,(T, R) be nondegenerate. Then

(1) there is a canonical bijection between the set of p(H (T, Z))-equivalence
classes of h(T')-dimensional polyhedra in Del (H (T, R)) and the set of spanning
Jorests of T. In particular we have B, r(T'; $) = complexity(T), and

(2) for 0 < r < h(T), we have B,(T; $) = (*®) - complexity(T).

PRrOOF. Since ¢ is nondegenerate, p induces an isomorphism
p: Ky garie(T) = Ko (I') — Del«p(H '(T, R)).
Consider the map
K ,(T) — {subsets of J }

sending D to J' = J — Supp(D). Then by Proposition 6.6 (1°), the image
consists exactly of those subsets J’ of J containing the set of edges of a
spanning forest of I'. Given such J’, the set of H,(T', Z)-equivalence classes of
D in K, (T) with J* = J — Supp(D) is in one-to-one correspondence, via the
map D + b(D), with the intersection of de(J — J')/2 + 3C,(T, Z) with ¢ +
rel.int 9V,.(0) by Proposition 5.1 and Proposition 6.6 (1). The latter set is the
interior of a fundamental domain of dC,(T, R) with respect to the lattice
89,.Co(T', Z) by Corollary 6.3 applied to the graph {I, J'}. Thus the number
of H\(T, Z)-equivalence classes of D in K (T) with J’ = J — Supp(D) is
equal to the index [dC,(T, Z): 96, Cy(T, Z)], which, by Kirchhoff-Trent’s
theorem in §4, is equal to the number of spanning forests in {7, J'}. Applying
this result to the case where {1, J'} is a spanning forest of I', we get (1). As
for (2), we have seen so far that

B, =, complexity({I,J'}),
<

where J’ runs over all subsets of J containing the set of edges of a spanning
forest of T. Given a spanning forest {I, T} of T', we know |J — T| = h(T),
hence there are (*@) different subsets J* of J with J' O T. Thus we conclude
that

B = 27' ( h(rI‘)) = (h(rl")) - complexity(T).
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REMARK. Proposition 7.6 (2) is obviously equivalent to
By(T; ¢) = complexity(T)
by Kirchhoff-Trent’s theorem. This is a special case of Theorem 7.7 (2). It
was pointed out by S. Usui that Proposition 7.6 (2') need not imply (1), (2)
and (3).
REMARK. The 1-skeleton of the cell-complex dual to

Del (H (T, R))/p(H,(T, Z)) )
for a nondegenerate ¢, is the “spanning tree graph” of I" (cf. Harary [11]).
We have seen that ¢ is nondegenerate if and only if ¢ — de(J)/2 belongs to
the interior of a top-dimensional polyhedron in Arr(T).
Let us consider the other extreme. We know by Corollary 3.2 that

aC,(T, Z) c SK%Am(T)).

They may not coincide, since { f;.; I’ elementary subsets of /} in the dual of
9C,(T, Z) need not be totally unimodular in general. We show this below in
the case where T is the simple complete graph with four vertices, i.e. the
1-skeleton of a tetrahedron (§8, Example (5)). This is obviously the simplest
example of a graph without total unimodularity. Thus the coarsest decom-
positions among Namikawa decompositions need not be the ones we describe
below in Proposition 7.8. Hence we have a negative answer to a question
raised by Namikawa concerning the characterization of stable quasi-abelian
varieties by minimality.

PROPOSITION 7.8. For ¢ in 8C(T, R), the following are equivalent:

(1) ¢ — de(J)/2 belongs to 9C,(T, Z).

(2) There is a polyhedron D in K (T') with Supp(D) = J.
In this case the following hold.

(3) Dely,(H '(T, R)) is the translation by an element of p(e(J)/2) + H'(T, Z)
of the image under p of the Voronoi decomposition Vor(H,(T, R), H\(T, Z)).

4) Byq(T; ¢) = L.

This is a re-interpretation of Corollary 6.2.

ReMARK. (3) and (4) are properties about the Namikawa decomposition
and are insufficient to characterize (1) and (2). For instance, letI" = {1, J} be
such that |I| = |J| = 2, with one edge joining the two vertices, while the other
edge is a loop at one of the vertices. For any ¢ the Namikawa decomposition
is identical, while K, (I') depends on whether ¢ — de(J)/2 belongs to the
interior of a one-dimensional polyhedron in Arr(I') or in a O-dimensional
polyhedron (cf. §8. Example (2i)).

8. Examples. In this section, we apply our theory in previous sections to
various graphs I' = {/, J} and compute Namikawa decompositions for them.
(1) When |I| = 1, i.e. the graph has only one vertex and all the edges are
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loops we have aC,(T,R) =0 and H,T,R) = H'{, R) = C,(T, R). Thus
automatically ¢ = 0 and K, ;,,,(I) = K,(I) = K(I) = Del (H'(T, R)) (see
Figure 3).

FIGURE 3

(2) When |I| = 2 and |J| = m, the graph looks like Figure 4.

Im

FIGURE 4

Then 9C,(T, R) = R(v, — v,) C CoT, R) = Ry, + Ro,, v, = — dév, =
m(v, — v,) and de(J)/2 = m(v, — v,)/2. Since the elementary subsets of /
are {i;} and {i,}, the polyhedral decomposition Arr(I') of 9C,(T, R) is
defined by {f,, f, = — fi}, where f,(?) =[v,, 7] and f,(?) = [v,, ?] are ele-
ments of dC,(T, Z)". Arr(T) looks like Figure 5.

-2, —v,) '(”1" v,) 0 (v,'— v,) 2(01'— v,)

FIGURE 5

(2i)) When m = 1, the graph is a tree and looks like Figure 6.

Y.

i &

> -2 i,
Iy
FIGURE 6

Hence H,(T, R) = H'(T, R) = 0. In this case the Namikawa decomposition
is obviously the same for any ¢, and consists of 0. Let ¢ — de(J)/2 = x(v; —
v,) with x in R. Then we have
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37+ 3V,(0) = {ye; x <y <x+1}.
By Propositions 6.4, 6.5 and 6.6, we have the following:

(2ia) When x is not an integer, i.e. x is nondegenerate, K, ., (I = K, (I')
consists of the O-dimensional polyhedron D = ([x] + 1)e,, where [x] is the
Gauss symbol.

(2ib) On the other hand, if x is an integer, then K, ., (T") is empty and
KJ(T) consists of the 1-dimensional polyhedron

D={ye;x<y<x+1}.
K ,(T) consists of D and their faces xe, and (x + 1)e,.
(2i1)) When m = 2, the graph looks like Figure 7

7y
i i

Ja
FIGURE 7

and H\(T, Z) = Z(e, — e,). There are two spanning trees, {I, {j;}} and
{1, {/5}}. Let ¢ — de(J)/2 = x(v, — v,) with x in R. Then we have
37N o+ 3V,(0)) = {yie, + yrer; x <y +y, <x+2}.

Thus again by Propositions 6.4, 6.5 and 6.6, we have the following:

(2iia) If x = 2k is an even integer, then K, (I) consists of the translation by
elements of H\(T, Z) = Z(e, — e,) of

D= {ye +yes;k<y, <k+1Lk<y,<k+1}

and their faces. KY(T) consists of H\(T, Z)-translates of D and its vertex
(k + e, + ke,, while K ;,,,(T)) consists of H (I, Z)-translates of (k + 1)e,
+ ke,

(2iib) If 2k < x < 2k + 1 for an integer k, then ¢ is nondegenerate and
K, saneD) = K () consists of H (T, Z)-translates of

Dy ={ye+(k+ ek <y <k+1}
D, = {(k+1)e, + ye; k < y, <k + 1},

and their faces, H,(T', Z)-translates of (k + 1)e, + ke, and (k + 1)e; + (k +
De,.

(2iic) If x =2k + 1 is an odd integer, then K, (T) consists of H\(T, Z)-
translates of ,

D' ={ye +yek+1<y, <k+2,k<y,<k+1}

and their faces. K;’(I‘) consists of H,(T, Z)-translates of D’ and its vertex
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(k + 2)e, + key, while K ,.,,(T) consists of H,(T, Z)-translates of (k + 2)e,
+ ke,.
(2iid) Finally if 2k + 1 < x < 2k + 2 for an integer k, ¢ is nondegenerate
and K ;.,,(T) = K,(T) consists of H\(T, Z)-translates of
Di={ye+(k+Deyk+1<y <k+2}
Dj={(k+ e +ye k+1< y, <k +2}
and their faces, H,(T, Z)-translates of (k + 1)e; + (k + 1)e, and (k + l)e, +
(k + 2)e,.

Thus the Namikawa decompositions corresponding to these four cases look
like Figure 8. For simplicity we denote p(e;) = — p(ey) = &, which is a
Z-base of H'(T,Z), while p(H,(T, Z)) is generated by 2¢,. Note that
Supp(D,) = Supp(D{) = {j,} and Supp(D;) = Supp(D) = {p}-

Qii a) — ! " -
D)
-3g, -2, -8, 0 g, 2, 3¢,
(2ii b) % - % - % - %
AD,) o(D,)
3 0 2,
Q2iic) °- -
o(D)
-3¢, -2, -, 0 e 2%, 3,
(2ii d) 3% * > - —¢ > ¢
o(D) (DY)
FIGURE 8

(2iii) When m = 3, the graph looks like Figure 9 and H,(T, Z) = Z(e, — ¢,)
® Z(e, — e;). There are three spanning trees, {/, {j;}}, {I, {/j,}} and
{1, {js}}- Let ¢ — 9e(J)/2 = x(v, — v,) with x in R. Then

9 Yo+ 3V, (0) = {yie; + yyes + yse3; x < y; + y, + y; <x +3}.

I

FIGURE 9

(2iiia) For instance, let us consider the case ¢ = 0,i.e. x = — 3/2. Thisisa
nondegenerate case. K, () = K,(T) consists of H,(T, Z)-translates of
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Dy, ={ye +,6;0<y, <1, -1<y,<0},
D23 = {yzez +y3e3;0 <y2 < 1, _1 <y3 < 0},
Dy;={ye; +ye550< y; <1, -1< y; <0}
and their faces.
If we denote &, = p(e,) and &, = p(e,), then p(e;) = — &, — &,, and the
corresponding Namikawa decomposition looks like Figure 10 which is exactly
the picture obtained by Deligne and Mumford in Mumford [22, p. 270].

FIGURE 10

(2iiib) If ¢ = (v, — v,)/2 for instance, hence is degenerate, then we have

37 (¢ + 3V;(0) = {ri1e, + yye, + yse3; —1 < y; +y, +y3 <2}
Thus the corresponding Namikawa decomposition Del (H (T, R)) of
H\(T, R) consists of p(H,(T, Z))-translates of

p({rie; + y,e, + y365:0< y, < 1,0< y, <1, -1 < y3 < 0})

and their faces and looks like Figure 11. Obviously the decomposition in
(2iiia) is a subdivision of this.

FIGURE 11
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(3) Consider the graph which looks like Figure 12 where there are a, b and
¢ edges along the upper, middle and lower paths, respectively, with nonnega-
tive integers a, b and c. The cyclomatic number of this graph is 2. Let &, &
and &” be the image under p of one of the edges in the upper, middle and
lower paths, respectively. We have é + & + & =0 and H'(T,Z) =Zé ®
Z¢, and p(H (T, Z)) has a Z-basis consisting of (a + c)é + c& and cé + (b
+ c)é’. The number of spanning trees is

ab+bc+ca=deta+c ¢

c b+ c|
They are obtained by deleting one edge each from two of the three paths.

FIGURE 12
Consider tiles in H (T, R) of the following shapes and colors: ab colors of
the tile of the shape
{re+y&;0<y<1,0<y <1},
ac colors of the tile of the shape
{re+y"e;0<y<1,0<y”" <1}
and bc colors of the tile of the shape
{(ye +y"e;0<y' <1,0<y” <1}
For a nondegenerate ¢, the corresponding Namikawa decomposition
Del, (H'(T, R)) is a colored tiling, with these tiles, of the plane H'(T, R),
invariant under the translation by p(H,(T, Z)). The coloring corresponds to
the labeling of the 2-dimensional polyhedra by spanning trees (cf. Theorem
7.7.
For simplicity, let us ignore the colors of the tiles. Even then, there are, in
general, many different ways of tiling.
(1) When b =c =1, for instance, the tiling is always obtained by
p(H (T, Z))-translating the block of tiles of the shape in Figure 13.

€ +2e'

@+1) +2¢

¢ @+ e +¢

FIGURE 13
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(ii) When a = b = 2 and ¢ = 1, there are exactly two completely different
ways of tiling, the ones obtained by p(H,(T, Z))-translating the block of the
shapes in Figure 14. We in fact get both kinds for suitable choices of

nondegenerate ¢.

€+.3¢ g +3¢

3¢ + 3¢’ 3¢ + 3¢’
z-efl zzl
¢ % +e e % +e
0 3 z 3 2%
FIGURE 14

(iii) When @ = b = ¢ = 2, we can show that there are exactly five different
ways of tiling ignoring the colors.

i

iy I3

FIGURE 15

(4) When |I| = 3, the graph looks like Figure 15 where there are a, b and ¢
edges opposite to the vertices i, i, and i;, respectively. Hence dC,(T, Z) =
Z(v, — vy)) ® Z(v, — v;). The elementary subsets of I are all the subsets of
cardinality one or two. Thus if f,(?) = [v,, 7] and f;(?) = [v5, 7}, then f, and f;
form the base of- 3C,(I, Z)” dual to {v, — v, —v, + v3}, and
{£fi» £fs £(f, + f3)} defines the polyhedral decomposition Arr(I') of the
plane 3C, (T, R), which looks like Figure 16.

(5) Finally let us consider the graph in Figure 17 which is the 1-skeleton of
a tetrahedron. Its cyclomatic number is three, and H,(T, Z) is generated over
Zby —e, +e3+ e, —e,+ €]+ e; and —e; + €; + e,. The number of
spanning trees is

3 -1 -1
-1 3 -1
-1 -1 3

16 = det
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—u, tug

Ui nVe

FIGURE 16

FIGURE 17

AT S

FIGURE 18
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There are 14 elementary subsets I’ of I = {0, 1, 2, 3}, and they are subsets of
I of one, two or three elements. If we denote f,(?) = [v;, 7], /(?) = [v,, 7] and
f:(D = [v3, 7], then {f,, f, f3} is a Z-basis of 3C,(T, Z)" dual to the Z-basis
{v; — vy, 1, — vy, v3 — 1y} of OC(T, Z). The polyhedral decomposition
Arr(T) is defined by

(£ 2h 2h 2 (it 2L+ ) 2(h+ ), 2 (h+ L+ )}
Note that {f, + f,, /, + f5, /s + f;} is an R-basis of dC,(T, R)” but is not a
Z-basis of 9C,(T, Z)". Thus in this case the total unimodularity is not
satisfied. Indeed, Arr(T’) is obtained by 9C,(T', Z)-translating the subdivision
in Figure 18 of the standard cube. Note that {(v, — vg) + (v, — vg) + (v3 —
0o)}/2 is a vertex of Arr(T), but it does not belong to dC,(T, Z) (cf. the
paragraph before Proposition 7.8).

CHAPTER II. CURVES OVER AN ALGEBRAICALLY CLOSED FIELD

9. The graph of a curve. In this chapter, we let X be a reduced, connected
and complete algebraic curve with at most ordinary double points over an
algebraically closed field k.

Let X = U ,¢; X, be the decomposition of X into irreducible components.
We denote by {0}, the set of double points of X. Then @, is either (i) an
ordinary double point of an irreducible component X;, or (i) a transversal
intersection of two irreducible components X; and X.

DEFINITION. We associate to X, as usual, a connected graph I'(X) = {1, J}
with I as the set of vertices and with J as the set of edges. (i) j in J
corresponds to a loop at the vertex i, if Q; is an ordinary double point of an
irreducible component X;. (i) j in J is an edge joining vertices i and i if O, is
a transversal intersection of irreducible components X; and X, (see Figure

19).
9 :

FIGURE 19
Every graph even with loops and multiple edges appears as the graph of a
curve in this way.
As in Chapter I, we assign and fix an arbitrary orientation to I'(x).
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00 === F

FIGURE 20 FIGURE 21 FIGURE 22

Corresponding to the orientation, we name two points on the normalization
x=1x
i€l

of X lying above Q; as Q" and Q;~, where (i) Q" and Q" are on the
llormalization X, of X,, if j is a loop at i, while (ii) Q;* is on X, and Q;” is on
X, if j is an edge from i to i'.

DEFINITION. For a subset J’ of J, let

o(J):X(U)->X

be the partial normalization obtained by the blowing up along {Q;};e;—,-
When J’' = &, X() is the normalization of X, which we also denote by
X = I1X, where X, is the normalization of the irreducible component X;.

Obviously the graph I'(X(J")) is the spanning subgraph {I, J'}. Note that
XWJ)=X.

We can apply the results of Chapter I to the connected graph I'(X).

EXAMPLE. (1) X is an irreducible curve with two nodes. In this case I'(X) is
a special case of §8, (1) (Figure 20).

(2) X has two nonsingular components meeting at two points. In this case
T'(X) is the one we dealt with in §8, (2i1) (Figure 21).

(3) X has two nonsingular components meeting at three points, i.e. X looks
like a “dollar sign”. The graph I'(X) is the one we dealt with in §8, (2iii)
(Figure 22).

10. Line bundles. In this section we study torsion-free, everywhere rank one
Oy-modules on a curve X. We eventually compactify the generalized
Jacobian variety of X by adding points corresponding to those which are not
locally free.
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DEFINITION. By a line bundle F on a curve X, we mean a torsion-free
(= depth one) everywhere rank one O,-module. In particular the length of
the stalk F, over Oy is one for each generic point x; of X. We denote by
LB(X) the set of isomorphism classes of line bundles on X.

Locally free line bundles form the Picard group Pic(X') of X. Obviously we
have Pic(X) C LB(X) and, moreover, Pic(X) acts on LB(X) by Fi> L ®¢ F
for Fin LB(X) and L in Pic(X).

It is well known that for F in LB(X), the Oy ,-module F, is isomorphic to
Oy, at a smooth point x of X, and for j in J, the G)XQl-module FQ is either
isomorphic to Oy g OF to the maximal ideal SRy 5, which in turn is isomor-
phic to the direct image of the normalization Oy, .

DEerNtTION. For F in LB(X), we denote

J(F) = {j € J; Fislocally free at 0, }.
In particular, we have J(F) = J, if Fis in Pic(X).
CoNVENTION. We always identify modules on partial normalizations X(J")
for J' C J with their direct images onto X by o(J'): X(J) — X.
From what we remarked above, we obviously get the following:
ProposITION 10.1. For a subset J' of J, the set {F € LB(X); J(F)=J'}

can be identified with the set Pic(X(J")) of (direct images onto X) of locally free
line bundles on X(J'). In particular we have

LB(X) = JLCIJ Pic(X(J")).

The pull-back
0*F=0;Q F
of Fin LB(X) by o: X — X is a coherent sheaf on X of rank one on each
component, hence ¢*F modulo its O;-torsion is a line bundle on X. If F

belongs to Pic(X(J")) as in.Proposition 10.1, then o*F/0;-torsion coincides
with the pull-back of F by X — X(J’). Since

LB(X) = Pic(X) = I] Pic(X),
ier
a line bundle L on X can be identified with a set (L;),c, of line bundles, one

on each component X, ;- Thus we have the following:
DEFINITION. We denote by

£: LB(X) — Pic(X)
the map defined by
£(F) = (E(F));c; = O ®, F/Oz-torsion
for F in LB(X).
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We are now ready to compute LB(X).

PROPOSITION 10.2. For a subset J' of J, we have an exact sequence of abelian
groups

0— H'({1,J’}, k*) - Pic(X(J")) > Pic(X) — 0.
In particular, we have
0— HI(I(X), k%) - Pic(X) 5 Pic(X) - 0.
COROLLARY 10.3. The arithmetic genus of a connected curve X is given by

2 genus(X,) + A(T(X))

ier
where h(I(X)) = |J| — |I| + 1 is the cyclomatic number of the graph T'(X)
defined before Proposition 4.1.

REMARK. When k& = C is the field of complex numbers, we get similarly an
exact sequence

0> H\I'(X),Z) > H'(X,Z) » H\(X, Z) > 0.
PrOOF OF ProPOSITION 10.2. Replacing J’ by J, we may assume without

loss of generality that J° = J. We have an exact sequence of abelian sheaves
on X

1502 - 025 I k(g)*—1
jeJ

where k(Q))* is the sheaf whose stalk at Q; is the set of nonzero elements-of
the residue field of Q, and 1 at other points. 0 = II,c; OZ and a is the map
defined as follows: (i) At smooth points of X, the homomorphism a sends
every element of the stalk to 1, (ii) at Q; withj € J a loop ati € I, a sends an
element u of the stalk 0F, = (Og, o+ N Og o-)* to u(Q;*)/u(Q;7), and (iii)
at Q; with j € J an edge from i to i’, a sends an element u = (u™*, u~) of the
stalk 0F, = 0,\{@»~>< O}ng- to u*(Q*)/u~(Q"). Here Q;* and Q,” de-
note the points of X lying above Q; as in the beginning of this section, and
u(Q;*), u*(Q™) etc. denote the evaluation of the sections u, u* etc. at those
points, i.e. the image in the residue field. We thus have an exact sequence
15> HYO2) » HOF) - I k* - Pic(X) - Pic(X)—> 1.
JjEJ

It is immediate to see that the map H%O3)>1I;, k* coincides with the
coboundary map 8: Cy(I'(X), k*) - C,(T(X), k*).

REMARK. By the definition of J(F) and £(F) for a line bundle F € LB(X),
we have an exact sequence of O,-modules

0>F->E(F)» & k(Qg)—0
JEXF)
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where k((Q)) is the sheaf on X concentrated at Q; with the residue field as the
stalk there. We analyze how the surjection £(F) — @ ;¢ k(Q)) depends
on a cochain in C\({I, J(F)}, k*) later in §12 where we introduce the notion
of presentation.

DEFINITION. We define a surjective homomorphism

deg: Pic(X) - C(I'(X), Z)

by deg L = =, degz(L)v,, where L = (L),¢, is in Pic(X) = II,, Pic(X)
and degyz(L;) is the degree of the invertible sheaf L; on X,.

PROPOSITION 10.4. For a line bundle F in LB(X), its Euler-Poincaré char-
acteristic is given by
x(F) =[o(I), deg £(F) + d(J — J(F))/2] + x(Cx),
where d(J') is the graph-theoretical degree defined immediately after Proposition
4.1.

Proor. From the exact sequences
0>F->E(F)-> @ k(Q)—0 and
JEJ(F)

0-50,->0;> @ kK(g)—>0
JjE€J

we get x(F) = x(E(F)) — |J(F)| and x(0x) = x(0z) — V| = Z;e; x(O%) -
|/|. But by the Riemann-Roch theorem, we see that

x(E(F)) = E; x(E(F)) = _gl(deg)z(ﬁi(F)) +x(0%))

Hence we conclude x(F) — x(Oy) = [v(1), deg £(F)] + |J — J(F)|, which is
equal to [v(]), deg £(F) + d(J — J(F))/2] by Lemma 4.2.

DEFINITION. We denote by LBY(X) the subset of LB(X) consisting of line
bundles F with x(F) = x(0y), i.e.

[o(I), deg £(F) + d(J — J(F))/2] = O.

Obviously LB%(X) contains the subgroups LB%(X) N Pic(X) D Pic%(X) of
Pic(X) consisting of locally free line bundles F of total degree [v([),
deg £(F)] = 0 and deg £(F) = 0, respectively. Pic%(X) acts on LBY(X) by
tensor product F-> L ® o F for Fin LB%(X) and L in Pic’(X).

We now consider the set K(I'(X)) of Delony polyhedra for the graph I'(X)
we introduced in §5. Its O-skeleton is

SK°(K(T'(X)) = C\(F(X), Z),

which acts on K(I'(X)) by translation. We consider the action of the subgroup
H\(T(X), Z).
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DEFINITION. We denote
K(T(X)) = K(I(X))/H(T(X), Z),
the set of equivalence classes of Delony polyhedra for I'(X) with respect to
the translation action of H,(T'(X), Z).

It is easy to see that the face relation in K(I'(X)) can be induced from that
of K(I'(X)), i.e. for D’ and D in K(T'(X)), D’ is a face of D if there exist D’ in
D’ and D in D such that D’ is a face of D. Thus K(T'(X)) is a complex, whose
0O-skeleton is

SK(K(T(X))) = C(T(X), Z)/ H(T(X), Z)>3C,(T(X), Z).

dim D and Supp D can be well defined as dim D and Supp D, respectively,
for a D in D. Although b(D) depends on a particular choice of D in D, we
see that 9b(D) is uniquely determined, which we denote by ab(D). Note also
that the subset 3D of 3C,(T(X), R) makes sense.

The motivation for the introduction of this quotient complex is the follow-
ing:

THEOREM 10.5. There exists a canonical surjective map

D:LBY(X) - K(T(X))

which
(1) induces a bijection from the set of Pic®(X )-orbits in LBY(X) onto K(T'(X)),
ie.

D: LB°(X)/Pic®(X) S K(T(X)),

() is compatible with the order, i.e. for F and F' in LBYX), F is in the
“closure” of the Pic®(X)-orbit of F’ if and only if D(F’) is a face of D(F),
satisfies

(3) Supp D(F) = J — J(F), _

(4) deg £(F) + d(J — J(F))/2 = 3b(D(F)),
for all Fin LBY(X), and

(5) fits into the following commutative diagram:

LB°(r) —2— K@)
v = U .
LB(N) N Pie() —2 C,(TC0, /H,TCD, Z) —— 3C,TC0), 2)
N N
Pic() —=— Pic(¥) e W, D).
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PRrOOF. If F is in LBY(X), we have
[o(1), deg £(F) + d(J — J(F))/2] =0
by Proposition 10.4. For simplicity let us denote J” = J — J(F). Since I'(X)
is connected, deg £(F) + d(J”)/2 is necessarily contained in 9C,(I'(X), Z)
by what we remarked at the beginning of §4. Consider the expression
d(J")/2 — de(J")/2. By definition, this is equal to X, -, a;v;/2, where
a,=|{j € J”; one end of j is at i with loops at i counted twice}|

= 2 [0 0]

j€7”
=2i{jeJ";j loopati}|+j62ﬂ([v,. ] [v ae])

which is an even integer, since [v;, d¢] =0or *1. Thus d(J")/2 — de(J")/2
is contained in Cy(I'(X), Z). Hence deg £(F) + d(J")/2 — de(J")/2 is in
Co(T'(X), Z) N 3C,(T'(X), R) = 3C(I'(X), Z). We conclude that there exists £
in C(I'(X), Z), unique up to translation by H,(T(X), Z), such that

deg E(F) =3¢+ e(J")/2) — d(J")/2.
Consider the Delony polyhedron D in K(T'(X)) defined by

= {§+ > Le; 0 <t < 1forj EJ"}

jEeJ”
Then D is determined by F uniquely up to the translation by H,(T'(X), Z)
and we have b(D) =¢ + e(J")/2, deg £(F) = 9b(D) — d(J")/2 and
Supp D = J”. Thus we get (3), (4) and (5). Since {F € LB(X); Supp D(F) =
J"} = Pic(X(J — J")) by Proposition 10.1, we get (1) by applying known
results for the Picard group to the curve X(J — J”). We postpone the proof
of (2) until we come to the precise definition of “closure” in terms of a
functor (cf. §12, Proposition 12.10).

11. Stable and semistable line bundles. Let ¢ be an element of dC,(T(X), R).
We defined in §6 the notions of ¢-semistable and ¢-stable Delony polyhedra,
and defined subsets K (T'(X)) D KJT(X)) D K, 01T (X)) which are in-
variant under the translation by H,(T'(X), Z). Except for the middle set, they
are subcomplexes of K(T'(X)).

DeriniTION. For ¢ in 9C,(T(X), R), we denote by K,(T'(X)), KJT'(X)) and

Mmb,,(I‘(X )) the quotient of these subsets with respect to the translation
action of H ,(I‘ X), Z).

ReMARK. K (T(X)), KJT(X)) and K, .1, (T(X)) are finite sets. Indeed first
of all K °(I‘(X )) is in one to one correspondence with the quotient of the
Namikawa decomposition 1 Del (H IT(X), R)) by the translation action of
p(H(I'(X), Z2)), secondly K‘,,_mble (X)) is a subset of this, and finally there is
a finite-to-one map u: K, (T'(X)) - KJT(X)).
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By means of the surjective map D: LB%(X)— K(T'(X)) we defined in
Theorem 10.5, we now introduce the notions of semistability and stability for
line bundles.

DEFINITION. Let ¢ be in dC,(T'(X), R). A line bundle F in LB(X) is called
¢-semistable (resp. ¢-stable) if D(F) is in K (T(X)) (resp. K, e (T(X))). We
denote by LB3(X), LBX(X) and LB} ., (X) the set of isomorphism classes
of ¢-semistable line bundles, those line bundles with D(F) in Kj(I'(X)), and
¢-stable line bundles, respectively.

By Propositions 6.4 and 6.6, we have:

PROPOSITION 11.1. Let ¢ be in dC,(T(X), R). Then a line bundle F in LBY(X)
is_¢-semistable (resp. ¢-stable) if and only if D(F) C ¢ + aV,(0) (resp.
0D(F) C ¢ + rel.int aV,(0)).

By Corollary 7.2, we have:

PROPOSITION 11.2. (i) For A in Arr(T(X)), the sets K, (T(X)), KJT(X)),

¢-:table(T(X )) LBg(X ) LBw(X ) and LBg-:table(X ) stay the same as long as ¢ is
in de(J)/2 + rel.int 4.

(ii) For £ in C\(I'(X), Z) and ¢ in 3C,(T'(X), R), the translation by £ induces
bijections

K,(T(X)) S K,,(T(X)), KYT(X))S Ky, a(T(X)) -
and

¢.,mb[¢(r(X )) SK +3€-Jtable(r(x ))
By Proposition 7.6, we have:

ProposITION 11.3.
LB} (X) = LB ;apee(X )

if and only if ¢ is nondegenerate, i.e. ¢ — de(J)/2 is in the interior of a
top-dimensional polyhedron in Arr(I'(X)).

We now construct algebra.lc schemes Jac, (X)) and Jac,(X), the closed
point sets of which are LB,,mb,e(X ) and a quotient set of LB°(X ), respec-
tively. The technique we employ is the geometric invariant theory of Mum-
ford [20]. The situation we encounter is surprisingly similar to that encoun-
tered by Seshadri [32] in the case of vector bundles on a nonsingular curve.
We postpone until a later section the analysis of the equivalence relation
defined by the quotient map LB)(X) — Jac, (X )(Spec k).

Let us choose locally free line bundles { M;},<, on X such that
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For n = Z,c; nv, in Cy(T'(X), Z), we define a locally free line bundle on X
by
Ox(n) = @ M®,
i€l
In particular, O, (n) is ample if n, > O for all i in 1. For a coherent 0 ,-module
G, we have
x(G(n)) = 21 ranky (G)n; + x(G).
i€

DEerINITION. We call P(n) = x(G(n)) the generalized Hilbert polynomial of
G.

Let ¢ be in 0C,(T'(X), R). We have seen in the remark at the beginning of
this section that the complex K,(T'(X)) is finite. Moreover, F in LB3(X) has
the following properties: D(F) is in I?¢(I‘(X )) and the sequence

0>F->E(F)» & k(g)-0
JEI(F)
is exact, where L(F) = (B,(F))e, is in Pic(X) with deg £(F) = 3b(D(F)) —
d(Supp D(F))/2 and J(F) = J — Supp D(F). We easily see from these facts
that there exists a positive integer 6 such that degz(£;(F)) > — 6 forall Fin
LBJ(X) and all i in I.

Thus LBg(X ) is contained in the family B, consisting of isomorphism

classes of O,-modules F’ which have an exact sequence of the form

0O-F > L-> & k(Qj)—>0
i€l jEJT’

for a subset J' of J and for L, in Pic(X,) with degg(L) > — fforalliin I

Obviously B, is a bounded family, hence for /i = SA,0; in Co(T'(X), Z) with
fi; large enough for all i in I, H%(F’(n)) generates F'(n) and H'(F'(n)) = 0 for
all F’ in B,. For details see Ishida [36].

We fix such 7i. Then for F in LB%(X), the generalized Hilbert polynomial of
F(n) is given by

P(n) = x(F(#)(n)) =[o(I), n + 7i] + x(Ox)-
Take a vector space E over k with
dim E = P(0) =[o(I), i] + x(Ox).
Then F(#) is a quotient O, -module of O, ®, E for all F in LBJ(X).

Consider Q(E/P) = Quot(0, ®, E/P), Grothendieck’s scheme parame-
trizing all quotient O, -modules G of O, ®, E with x(G(n)) = P(n). It is easy
to modify the proof in [FGA, Exposé 221} to show that Q(E/ P) is a projective
algebraic scheme over k. For a closed point ¢ in Q(E/ P), we denote by G,
the corresponding quotient

Ox ®, E— G, —0.



COMPACTIFICATIONS OF GENERALIZED JACOBIANS 53

Let R(E/P) C Q(E/ P) be the subset consisting of g with
G, torsion-free,
E = HY(G,) is an isomorphism,
H'(G))=0.
Then R(E/P) is obviously a GL(E)-invariant open subset (cf. Corollary in
the Appendiix) of Q(E/P) with respect to the canonical action of GL(E).
Moreover, G, is isomorphic to G, if and only if ¢ and ¢’ are in the same
GL(E)-orbit.
For g in R(E/P), there exists a unique F in LB%(X) such that G, =
F(#). Let
R¢(E/P) ) R«p—stable(E/P)
be the open subsets of R(E/P) consisting of ¢ with G, = F(7) for F in
LBg(X ) and LBY .., (X), respectively. We now come to our main existence
theorem.

THEOREM 11.4. (1) A good quotient Jac,(X) = R (E/P)/GL(E) exists.
Two points q and ¢’ in R,(E/ P) go into the same point of Jac,(X) if and only if
the closures of GL(E)-orbits of q and q' intersect.

(2) Jac,(X) is a projective algebraic scheme.

(3) Jac,(X) is reduced.

(4) The restriction of the above quotient induces a geometric quotient

R¢-szable(E /P)— Jacq»-stable(x )
which is a principal PGL(E)-bundle, locally trivial in the Zariski topology .
(5) The universal quotient sheaf G on X X R, ...(E/P) satisfies the

Jfollowing property: there exists an invertible sheaf M’ on Ry ., (E/ P) such
that P M’ ® G descends to X X Jacy (X))

Proor. By Proposition 11.2 (i), we may assume that ¢ has rational
coefficients, i.e. is in dC,(T(X), Q). For 7 in Cy(T(X), Z), we define A =
A7, ¢) = Zieq Av; by

A= {[vni—d(J)/2+ ¢] + x(0%)}/P(0),

where
P(0) =[o(I), 7] + x(O) = % x(0z) +[o(1), A —d(J)/2]

by Lemma 4.2. If # = [v, 7] is large enough, then A; is a positive rational
number for all i in I. Moreover, we see that Z,.; A\, = [o(I), A] = 1, since
[v(Z), 9] = 0.

We now choose a positive integer N such that N, = A, N are integers for all
i. Then let us choose N smooth points X, . . . , x5 of X so that N; of them are
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on the component X; for all i in /. Then we have a GL(E)-morphism
- R(E/P)—>P(E)"

by assigning to ¢ in R(E/ P) the point 7(q) = (7,(9))) ca<n Where 7,(q) is the
point of the projective space P(E) defined by the one-dimensional quotient

1(9): E = G,(x,) = the fiber of G, at x,.

Let Z = P(E)", and we consider the stability and semistability of its points
with respect to the standard action of SL(E) introduced by Mumford [20].
According to his theory, a point z = (z,), ¢,y Of Z with the one-dimen-
sional quotient z,: E — E, is semistable (resp. stable) if and only if for all
nonzero proper subspaces E’ of E, we have

> dimz,(E’)/N > dim E’/dim E (resp. >)
1I<a<N
(see also Seshadri [32]).

We denote by Z* and Z* the open subsets of Z consisting of semistable
and stable points, respectively. Then we have the following basic existence
theorem in the geometric invariant theory (Mumford [20] and Seshadri [32],
[33]):

THEOREM. Regardless of the characteristic of k, a good quotient Z* /GL(E)
and a geometric quotient Z*° /GL(E) exist. Moreover, Z* /GL(E) is projective,
Z°/GL(E) is its open subscheme and Z° — Z°/GL(E) is a principal
PGL(E)-bundle, locally trivial in the Zariski topology.

In general, if there is a proper injective GL(E)-morphism from a scheme Y
to Z* which sends an open subscheme Y’ of Y to Z*, and if a good quotient
Z* /GL(E) and a geometric quotient Z°/GL(E) exist, then a good quotient
Y/GL(E) and a geometric quotient Y’'/GL(E) exist. This is the so-called
method of covariant. See Mumford [20] and Ramanathan [35, Lemma 4.1].

Thus (1), (2) and (4) of Theorem 11.4 are consequences of the following:

PROPOSITION 11.5. Given ¢ in 3C(T(X), Q), we can find ii in C(T(X), Z)
with [v;, A] sufficiently large for all i, a large enough positive integer N so that
A (A, $)N = N, are positive integers for all i, and an ordered set (X,),c.<n of N
smooth points on X with N, of them on the component X; for all i in I such that

(i) the morphism 7: R(E/P) — Z = P(E)" is injective,

(ii) 7(R,(E/ P)) is contained in Z*, and for q in R ,(E/ P), the point 1(q) is
in Z* if and only if q is in Ry, g0, (E/ P), and

(iii) the induced morphism t: R(E/P)— Z* is proper (even a closed
immersion).
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PROOF. (i) can be proved by the “diagonal” argument as in Seshadri [32].
For the proof of (ii), we need the following lemmas, the first of which is
obvious:

LemMA 11.6. For a nonempty proper subset I’ of I and F in LB(X), we denote
by S,(F) the subsheaf of germs of sections of F which vanish completely on the
subcurve U ;e X; of X. Then there exists an exact sequence of O -modules

0> S(F)»F-> @D C(F)» & k(Qj)—>0,
ier JEI(F)I)

where J(F)(I') is the set of edges j in J(F) both of whose end points are in I'. In
particular, we have

x(8;(F)) = x(F) - 'E’X(Bi(F ) +J(F)(ID)|-

LemMMA 11.7. Let F be in LB%(X). Then F is ¢-semistable (resp. ¢-stable) if

and only if for every nonempty proper subset 1’ of I, we have
[o(1 = I'), M, ) ]X(F(R) > x(S,(F(7))) (resp.>).

Proor. We know that x(F(#)) = P(0). Hence by the definition of A(7, ¢),
the left-hand side is equal to [o(] — I'), i — d(J)/2 + ¢] + Z,c,_ 1 x(O%)
Let us now compute the right-hand side using Lemma 11.6. First of all, we
have

[J(F(R)I)]| = |J(F)T)|
= [U(I ), dJ(F))/ 2] = (8yryo(I'), 8y¢ryo(1)) /2

by Corollary 4.4. Secondly by the Riemann-Roch theorem and Theorem 10.5
(4), we have

= 3 x(EF) =[o(I), —6(D(F)) + d(J = J(F))/2 - 7]

- 2 x(0%)-
ier
Since x(F(7)) = P(0) = [o(]), i — d(J)/2] + =,¢; x(O% ), we conclude that
X(S(F(R)) =[o(I = I'), & —d(J)/2] —[o(I"), 8b(D(F))]
+ _EIE I’X(O)?,.) = (Oyryo(I'), 8ymyo(17) /2.
Note that v(I) = o(I) + o(I — I') and &, v(I) = 0. Hence the left-hand
side of the lemma is not less than (resp. greater than) the right-hand side if
and only if
[o( = I'), 3b(D(F)) = $] < (8;my0( = I'), 8yryoI — I)/2

(resp. <). Thus by Corollary 6.3 and the remark after that applied to the
graph {1, J(F)}, we see that the inequalities of the lemma are satisfied for all
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nonempty proper subsets I’ of I if and only if db(D(F)) — ¢ is contained in
9V;(0) (resp. in rel.int 3V, (0)). By Propositions 6.4 and 6.6 we are done.

We now continue the proof of Proposition 11.5. We have chosen 7 so that
ES H°(Gq) and H'(G,) = 0 for all ¢ in R(E/P). Thus x(G,) = dim E and
X(85;(G,)) = dim E,., where E,. is the subspace of E = H%G,) consisting of
sections which vanish completely on the subcurve U, X;. If 7; is large
enough for all i, we see easily that E,. generates S;.(G)).

For a subspace E’ of E and a smooth point x of X, let us denote by E’(x)
the image of E’ by the quotient linear map E — G,(x) = the fiber of G, at x,
hence its dimension is either 0 or 1.

Then by definition, dim E,(x,) = 0 or 1, according as x, is in U ;¢;- X; or
not. Since N; = AN is the number of points x, on the component X, we get
[o(I = I), M7, ¢)] = Zies-p Ni/ N = Zycagn dim Ej(x,)/N. Thus by
Lemma 11.7, q is contained in R,(E/ P) (resp. R, ,,ie(E/ P)), if and only if

> dim E;(x,)/N > dim E,./dim E (resp. >)
1<a<N
1s satisfied for all nonempty proper subsets I’ of 1.

To prove (ii) of Proposition 11.5, we need to show that for 7i and N large

and properly chosen, the inequality

> dim E’(x,)/N > dim E’/dim E (resp. >)
1<a<N
is satisfied for any nonzero proper subspace E’ of E, if the same inequality is
satisfied for all subspaces of the form E’ = E,. for a nonempty proper subset
I of I.
For F in LB(X) with G, = F(#), we have an exact sequence
0-G,-® L—> & k(Qj)—>0
i€l JEI(F)

where L, = L(F)(#,) € Pic(f,.). Given a nonzero proper subspace E’ of E, let
I’ be the subset of I consisting of i for which the composed map E’ — 0;1
®, E’' — L, is zero. Thus E’ is a subspace of E,.. If E’' = E,, then automati-
cally I’ is a nonempty proper subset, and there is nothing to prove. We now
suppose E’ # E,.. Then for i in I — I’, we have a nonzero map Oz ®, E' —
L. Let T, be the cokernel, which is a torsion ©z-module. Obviously |Supp(7})|
< degz(L). But =,.; degz(L)v, = deg £(F(A)) = 7i + deg £(F) assumes
only a finite number of admissible values for g in R,(E/ P). Hence deg (L))
is bounded above by a constant ¢ depending on 7. Thus for i in I — I’, we get

2 dim E'(x,) > N, —|Supp(T})| > N, — deg;(L;)
x,EX,«

>N, —c
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Hence

> dim E’(x,)/N - dim E’/dim E

1<a<N

> > (N,—c¢)/N-dimE’/dim E
iel-r

= Y dim E;(x,)/N —c|I - I'|/N — dim E’/dim E
1<a<N
> (dim E, — dim E’)/dim E — ¢|I — I'|/ N,

which is positive if N is large enough, since dim E,. > dim E’ by assumption.
For the proof of Proposition 11.5 (iii), we proceed as on p. 363 of Seshadn
[32]. For g in Q(E/P), G, is a quotient of Oy ®, E with the generalized
Hilbert polynomial x(G,(n)) = P(n) = [v(I), n] + P(0). In particular, G, has
rank one on each component of X. Let T, be the torsion part of G,. Let
G,/ T,, which is in LB(X). We extend 7: R(E/P) — Z to a multivalued

map

7: Q(E/P)—> Z = P(E)Y
by setting 7(g) = (7o(9))1cacn With

 (2) E — G,(x,) if x, & Supp(T,),
T =
7 arbitrary one-dimensional quotient of E  if x, € Supp(T,).

We now show that /i and N can be so chosen that they are large enough
and that for ¢ in Q(E/ P) not in R,(E/P), 7(q) is not in Z*. Note first that
dim HY( T,) is absolutely bounded. Indeed, {G,; ¢ € Q(E/P)} is a bounded
famlly Hence n, can be so chosen that H °(G «(no)) generates G (ng) and
H'(G,(ny)) = 0. Then dim H%T,) < dim HY%G 2(no)) = P(ng).

When ¢ is not in R (E/P), we need to show that there exists a nonzero
proper subspace E’ of E such that

>  dim E'(x,)/N < dim E’/dim E
1<a<N
if 7i and N are properly chosen, where E’(x,) is again the image of E’ by the
quotient map ,(g). Consider

K =ker[ E—» H%(G,) » H%(G))].
Case (1). If K # 0, we take E’ = K. Then obviously 3, ¢, <y dim E’(x,) <
[Supp(T,)| < dim H % T,) is absolutely bounded above. Hence

> dim E’(x,)/N < Supp(T,)/N,
1<a<N

which is less than dim E’/dim E if N is large enough.
Case (2). If K = 0, the composed map E — H%(G,) - HG,) is injective.



58 TADAO ODA AND C. S. SESHADRI

In particular, E - H o(Gq) is injective. Since G:, is a line bundle, we have an
exact sequence

0-G(-7) > @ Li> @ k(Q)—0
i€l jEJ

for L/ in Pic(X~ ) and a subset J’ of J.

Case (22).1If degyz(L;) > — 6 for all i, then, by what we said immediately
after Proposition 11.3, G (— 1) is contained in B,. By our choice of 7, we thus
have H'(G,) = H'(G, ) 0. Hence dim H%G,) = x(G,)) = P(0) = dim E
and E:;Ho( G)> H°( »- If HY(T)) # 0, we let E' be the i inverse image of
H°(T) in E. We then proceed as in Case (1). Thus we may assume
H°(T) =0,ie T, —OandG = G,. This means that ¢ is in R(E/ P). Since
gisnotin R (E/ P) by assumptlon, there exists, by what we saw in the proof
of (i), a nonempty proper subset I’ of I such that 3, .,y dim E;(x,)/N <
dim E,./dim E. Hence 7(q) is not semistable in Z.

Case (2b). Let I’ be the subset of I defined by

I'={i € I degx (L)) < —0}.

We may assume I’ to be nonempty. Since E generates G,, hence G~q, E
generates L/(71;) generically for all i. Thus we get

0 < degz(Li(A)) <A — 0
for i in I'. Let E’ be the subspace of E consisting of elements which go, by
the composed map E — H%G,) - H%G,), to the subspace of sections of G
vanishing completely on the subcurve U;er X;- Thus E’ is the kernel of the
composed map E - H °(Gq) — @ ;e; HYL((#)). But the dimension of the
image of this composed map is bounded above by T, dim HOL/(#)),
which is bounded above by
> degg(Li(A)) + ¢ < 2 A-0)+¢

iel’
= [o(I ), A] —=|I'|0 + ¢,
for an absolute constant ¢’. Since dim E = P(0) = [v(]), 7i] + x(O), we get
dim E’ > [o({ — I'), i} + x(Ox) + |I'|@ — ¢’. On the other hand since
E’(x,) = Cunless x, isin U;¢,;_, X; or in Supp(7,), we have

> dlmE(x)< 2 N; +|Supp(T,)|

1<a<N

2 A.(n $)N +|Supp(T,)|

iel—1I

{ [oI - I), i —dJ)/2+ 6] + S x(e,;i)}N/P(O)

iel-r

+ |Supp( )|
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Suppose for a moment that 7(q) is semistable. Then we should have
> dim E’(x,)/N > dim E’/dim E.
1<a<N
Hence from what we saw above, we get

[supp(T,)I/N + {[o1 = 1), 7 ~d(1)/2 + ] + oy x(65)}/P©)
> Y dimE’'(x,)/N > dim E’/dim E
I<a<N

> {[v(I = I'), i] + x(Ox) +|I'|0 — ¢’} / P(0).
Then we have
P(0)|Supp(T,)|/N +[o(I = I'), —d(J)/2 + ¢]
+ 3 x(0z) = x(0x) + ¢ >|I'|6.

iel-r
Since P(0) = [v([]), ii] + x(Ox) and [Supp(T,)| is absolutely bounded above,
we may choose N and 7 so that they are large enough and moreover the
inequality

P(0) - |Supp(T,)|/N < 1

is satisfied. If we choose 0, as we may, to be greater than 1 + [v(] —
I, —d(J)/2 + ¢] + ¢’ + Z,¢,-1 x(Oz) — x(Ox), we have a contradiction,
since |I'| > 1.

See Ishida [36] for the proof of the fact that r can even be made a closed
immersion.

For the proof of Theorem 11.4 (5), we imitate Mumford-Newstead [25].
Since we deal with rank one sheaves, our proof is much simpler than theirs.
For simplicity, we denote R, ,u,(E/P) = R and Jac, i, (X) = J in this
proof, since there is no confusion of them with our previous notations here.
Fix a smooth point x of X. Then the restriction G|x X R of the universal
quotient sheaf G on X X R to x X R can be identified with an invertible
sheaf on R, since G|X X g is locally free at x X g for all g in R. Let M’ be
the invertible sheaf on R dual to G|x X R. GL(E) acts on X X R trivially on
the first factor and in the standard way on the second factor. Then G has a
natural GL(E)-linearization compatible with the GL(E)-action on X X R.
The center G, of GL(E) acts trivially on X X R and by scalar multiplication
on G. On the other hand, M’ has the induced GL(E)-linearization, in which
G,, acts by the scalar multiplication of the inverse. Therefore, G’ = PfM’' ®
G has a GL(E)-linearization in which G, acts trivially. We thus conclude that
G’ has a PGL(E)-linearization. Since we know that R — J is a principal
PGL(E)-bundle by (4), this linearization is equivalent to descent data on G’
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with respect to X X R — X X J. By the fundamental theorem of the descent
theory in [FGA, Exposé 190], G’ descends to a sheaf on X' X J.
It remains to show Theorem 11.4 (3), i.e. Jac,(X) is reduced. Since it is a
good quotient of R,(E/ P), it is enough to show that R ,(E/ P) is reduced.
For simplicity, let us denote R = R,(E/P) in this proof. Consider the
product R X P(E*). Let Y be its subset consisting of points (g, «) with

q: Oy ®, E — G, surjective, u: E* — k surjective,

such that the composite map

r: Oxm;;‘. Ox ®; ES G,
is injective with Coker(r) having support consisting of d = [v(]), 7] distinct
points of X. Consider the projection P;: Y — R. By definition, ¢ induces an
isomorphism E > H%G,), H'(G,) = 0 and G, is in LBY(X)(#). Since 7, was
chosen large enough for all i in /, we see immediately that P,(Y) = R. -
Let Hilby be the Hilbert scheme of X parametrizing 0-dimensional sub-
schemes D of X with x(0,) = d = [v([), 7i]. Consider the map

w: Y > Hilbg
which assigns to (g, ) in Y the dual of r
r* = (1®u) e g*: G} = Xomg (G, Ox) > Ox.

Since Coker(r) has support consisting of 4 distinct points, we see that r* is
injective with Coker(r*) consisting of d distinct points. Obviously, the image
w(Y) = H is the open subset of Hilb% parametrizing reduced 0-cycles D on X
of degree d, whose ideal sheaf I, has the property I} € LBg(X X —n).

LeMMA 11.8. (1) Y is an open subscheme of R X P(E*).
(ii) w: Y — H is a formally smooth morphism.
(iii) H is reduced.

From this lemma, we conclude that R = R, (E/ P) is reduced. Indeed, we
have

R x P(E®)
U open

P
'y —Y s gcHibd

R

with P,|Y and w formally smooth and with H reduced. Hence R is necessarily
reduced.

PrOOF OF LEMMA 11.8. Let S be a noetherian k-scheme and let (g, ¥) be an
S-valued point of R X P(E*), i.e. ¢: Oy s ®, E — G is a surjection with an
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S-flat Oy . s-module G and u: O5 ®, E* — L is a surjection with an invert-
ible sheaf L on S. Consider the composite map

P Oxxs o L7 ®, Oyns ® EG
and its dual

r*: G* = Homg, (G, Oxys)— Oxxs-

we know by the Lemma in the Appendix that the images of closed points of S
by this S-valued point are contained in Y if and only if 7 is injective with
S-flat cokernel whose support has d components each of which projects
isomorphically onto S. Hence Y is obviously open, and we get (i).

We identify Y with the open subscheme of R X P(E*) whose S-valued
points have the property that r is injective with S-flat cokernel whose support
has d components each projecting isomorphically onto S. In this case the
restriction of the dual r* to each fiber is injective. Hence again by the Lemma
in the Appendix we conclude that r* is injective with S-flat cokernel whose
support has d components each projecting isomorphically onto S. Thus r*
defines an S-valued point of the open subscheme H of Hilb%, hence w is a
morphism. We now show (ii). Let S’ be a noetherian k-scheme and let S be a
closed subscheme of S’ defined by a nilpotent ideal sheaf. Let D’ be an
S’-valued point of H, hence a subscheme of X X S’ finite and flat over S’,
each of its d components projecting isomorphically onto S’, and, moreover,
its defining ideal I’ having the property that its restriction to each fiber
X X s belongs to LB)(X )(— 7). On the other hand, let (g, u) be an S-valued
point of Y, i.e. a surjection ¢: Oy, s ®, E — G with S-flat G and a surjection
u: Og ®, E* - L with an invertible sheaf L on S such that r*: G* — Oy,
coincides with the restriction of I’ <> 0, s to X X S. By the Corollary in
the Appendix, we see that G’ = Jomg (I, Oy ) is S'-flat. Moreover, G
is the restriction of G’ to X X S. Consider the projection

P:X XS ->S.
Since H'(G’|X X s) = 0 for all closed points s’ of S’, we see that R'P3 G’ =
0, and P¥G’ commutes with base change (cf. Mumford [21]). Thus the
restriction of PG’ to S coincides with P} G. Since we may assume S’ to be
local, it is easy to see that the isomorphism

0, ®, ES PG
extends to an isomorphism
05 ®, ES P2G'.

Obviously, we have thus a surjective homomorphism ¢q’: Oy ¢ ®, E — G’
which lifts g, and a surjective homomorphism u’: O5. ®, E— L’ with an
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invertible sheaf L’ on S’ which lifts ». Thus we have (ii).

It remains to show (iii), i.e. H is reduced. But by definition, H parametrizes
subschemes D of X consisting of d distinct points of X. Thus there exists a
surjective map o: U— H from the open subset U of the dth Cartesian
product X¢ = X X - - - XX consisting of points x = (x, . . . , xz) With x; 5
x; for i # j. Since o is actually the quotient map with respect to the action of
the symmetric group of degree d, and since U is reduced, we conclude that H
is reduced.

Thus we conclude the proof of Lemma 11.8, hence Theorem 11.4.

REMARK. It is much easier to show that Jac, ,,;(X) is reduced. In fact, the
completion of the local rings at its closed points are of the form

k[[x,, XiseoosXpy Xps Vo v oo ,y,]]/ (x5 - - - 5 X,X).

Indeed, since Jac, ;. (X) represents a functor, as we see below, we can
easily show that there is a formally smooth surjective morphism H'—
Jac, g,pi(X) for an open subscheme H' of H, which is reduced by Lemma
11.8 (iii). This is the method employed by D’Souza [7], when X is irreducible,
or more generally when ¢ is nondegenerate, since Jac,(X) = Jac, jup(X) in
this case by Proposition 11.3.

12. Families of line bundles and presentations. In this section, we consider
flat families of line bundles on X parametrized by a k-scheme S. Then we will
be able to interpret schemes Jac,(X) and Jac, y,p,(X) in the previous section
in terms of the functors they represent.

We note first the following: If S is the spectrum of a field, then we define
line bundles on X X S as torsion-free everywhere rank one O, , g-modules.
Then for a line bundle F on X X S, we can define, as in §10, the subset J(F)
consisting of those ej in J for which F is locally free at Q; X S. The invertible
sheaf £(F) on X x § is defined as Oy ®g¢, F/Oxs-torsion. Then the
definition of D(F), LB(X x S), LBY(X X S), LB°°(X X S) and LBY (X
X §) is an immediate consequence of these observatlons

Let ¢ be an element of dC,(I'(X), R), which will be fixed throughout this
section.

DEerINITION. We denote by W* the contravariant functor from the category
of k-schemes to that of sets defined as follows: for a k-scheme S, W*(S) is
the set of isomorphism classes of coherent O, , c-modules F, which are S-flat
and whose restrictions F, to X X s, for closed points s of S, are line bundles,
i.e. F, € LB(X X s). For a k-morphism S’ — S, the map W*(S) —» W*(S") is
defined by the pull-back O5. ®¢ F. We denote by W3 (resp. Wy .pi) the
subfunctors for which W3(S) (resp W3 sabie(S)) consnsts of F with F, €
LB)(X X s) (resp. LBY ,pe(X X 5)) for all closed points s of S.
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W* > W3 D W .u. are presheaves of sets in the Zariski topology of the
category of k-schemes.

DEerFINITION. We denote by W, W, and W, the sheafification of W*,
W3 and W3 .y, Tespectively, in the Zansk1 topology.

F or a k-scheme S, we can easily see that

W(S) = W*(S)/Pic(S), W,(S) = Wi(S)/Pic(S),

W,. stable(S) = table(S )/ Pic(S),

where Pic(S) acts on W*(S) by tensor product PfM ® F for an invertible
sheaf M on S and F in W*(S). Alternatively, for a fixed smooth point x of X,
we can think of W(S) as the set of elements F in W*(S) endowed with a
rigidification F|x X §5 0.

Note that W(Spec k) = LB(X), W ,(Spec k) = LBg(X) and
W, ctable DY tensor product F—> P3L @ F for L in Pic}(S) and F in W(S).
We see easily that we have bijections

W,/ Picg,; k—¢(r(X ) Wosabie/ Picf",; I_(;-szable(r(x ))-

CONVENTION. As in the beginning of §10, we identify a module on X X S
with its direct image by X X S — X X S. For a closed point Q on X, we
denote by [Q] the divisor on X defined by the point. 0z([Q]) is the invertible
sheaf on X defined by the divisor [Q] For an Ox-module Fandjin J, we
denote by F(Q)) the restriction of F to Q; X S<S. If L is an Oz-module,
then we have a canonical decomposition

L(Q) = L(g™) ® L(Q"),
where L(Q *) and L(Q;”) are the restrictions of L to Q" X § <S and
g~ X S < S, respectively. W'hen S = Spec R is affine, we denote by R(Q))
the structure sheaf on Q; X S <S.

DEFINITION. Let S be a k-scheme. A presentation a: LN = @ ;., N,
over S is a surjective Oy, ¢-homomorphism from an invertible sheaf L on
X X S to a direct sum N = @ ;< N; of invertible sheaves N;on Q; X S for
a subset J' of J. A morphism from a presentation a: L — N to another a’:
L’ — N’ is defined as a pair (b, ) consisting of an O3, -homomorphism b:
L — L’ and an O, , c-homomorphism ¢: N — N’ such thatc ca = a’ o b.

DEFINITION. We denote by Pres*(?) the contravariant functor from the
category of k-schemes to that of sets defined as follows: for a k-scheme S,
Pres*(S) is the set of isomorphism classes of presentations over S. For a
k-morphism S’ — S, the map Pres*(S) — Pres*(S’) is defined by the pull-
back under X X S’ — X X S in an obvious way. For a subset J’ of J and m
in Cy(I'(x), Z), we denote by Pres*(m,J’; ?) the subfunctor of Pres*(?)
defined as follows: for a k-scheme S, Pres*(m,J’; S) is the set of isomor-
phism classes of presentations a: L — N such that deg L. = m for all closed
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points s of S and that N is the direct sum N = @ ;- N, of invertible sheaves
N,onQ X S.

It is immediate to see that F = ker(a) for a presentation a: L — N is a flat
family of line bundles on X parametrized by S, i.e. F € W*(S). Thus we
have a functorial morphism

ker: Pres*(S) » W*(S).

DErFINITION. We denote by Pres(?) and Pres(m, J'; ?) the sheafifications

defined by

Pres(S) = Pres*(S)/Pic(S),
Pres(m, J'; S) = Pres*(m, J'; S)/Pic(S),
where Pic(S) acts on Pres*(S) by the tensor product

1®a: PfM ®y, _L—>P;M ®y__N

for M in Pic(S) and a: L — N in Pres*(S).
Thus there is a canonical morphism of functors
ker: Pres(?) —» W(?).

DEerINtTION. For m in Cy(I'(X), Z), we denote by Pic} the connected
component of the Picard scheme Pic; of X consisting of those invertible
sheaves L on X with deg L = m. We denote by % . the universal Poincaré
invertible sheaf on X X Pic? determined up to the tensor product of an
invertible sheaf on Pic%.

PROPOSITION 12.1. The functor Pres(m, J'; ?) is represented by the Il;¢ ;. P,-
bundle over Pic%h, obtained as the fiber product over Pic} of P,-bundles
P(?,.(0") @ 9,(Q,7)) over Pic} forjinJ'.

Henceforth, we identify Pres(m, J'; ?) with this fiber product.
PROOF. Let a: L—» N = @, N; be a presentation over S. Then by
restriction onto Q; X S« S, we have a surjective Og-homomorphism

a(Q): L(Q) = L(Q*) ®L(Q7) > N,

which gives rise to a section of the P,-bundle P(L(Q,*) & L(Q,™)) over S for
each j in J’. The rest of the proof is an immediate consequence of the
universality of &,,.

DEerFINITION. We denote by StPres(?) and StPres(m, J'; ?) the subfunctors of
Pres(?) and Pres(m,J’; ?), respectively, defined as follows: for a k-scheme S,
StPres(S) conmsists of strict presentations, i.e. presentations a: L » N =
@ e, N; for which the restriction of a(Q)) to L(Q;*) and L(Q;") are both
surjective onto N, for eachj in J'.

DEeFINITION. For a free Z-module 4 of finite rank, we denote by G,, ® 4
the algebraic torus over k defined as the spectrum of the group algebra over &
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of the dual Z-module of 4, i.e. the algebraic torus whose character group is
dual to 4.

COROLLARY 12.2. StPres(m, J'; ?) is represented by the G, ® C,({1,J’},
Z)-bundle over Pic} obtained as the fiber product over Pic} of the G,,-bundles

spec( @ (2.(0") @6, 9.(07) 7)),

which is obtained by deleting the zero and infinite sections from the P,-bundle
P(9,(0") ® 9,,(Q) forjinJ".

The proof of this corollary is immediate from the definition of strictness.
Henceforth, we also identify StPres(m, J’; ?) with this fiber product.
We have an exact sequence of Z-modules

5
Cl{L,J'},Z)->C\({1,J'},Z)> H'{1,J'},Z) >0,
thus we have an exact sequence of algebraic tori

8,

G, ® C({1,J'},Z)>G,, ® C,({1,J'},Z)> G, ® H\({I,J'},Z) > 1.
On the other hand, G,, ® Cy({I,J’}, Z) can be thought of as the automor-
phism scheme Autg (L) of an invertible sheaf L on X, where for i in I, the ith
factor G, acts as the scalar multiplication on the restriction L|X, of L on the

irreducible component X; of X. Then obviously the induced action of G, ®
Co({1,J’}, Z) on StPres(m, J'; ?) is through the coboundary map

8,:G,® Cy(I'(X),Z) =G, ®Cy({1,J'},Z) > G, ®5,Cy{1,J}, Z).

As in Proposition 10.1, we can identify the Picard scheme Picy ;. of the
partial normalization ¢(J’): X(J') — X as the universal scheme parametrizing
flat families of line bundles F whose restriction F, to each closed fiber
satisfies J(F,) = J'. For m in Cy({1,J’}, Z) = C(T'(X), Z) we denote by
Pic¥,- the connected component of Pic,, consisting of invertible sheaves L
on X(J') whose pull-back by X — X (J") have degree m.

PROPOSITION 12.3. The map which assigns ker(a) to a presentation a: L — N
gives rise to a morphism

ker: StPres(m, J'; ?) — Pic¥;,
by which we can identify the right-hand side as the quotient of the left-hand side
by the canonical action of Auty (Oz), or equivalently, as the G, ®
H'({1,J"}, Z)-bundle over Pic} associated to the left-hand side with respect to
the surjective homomorphism G, ® C\({1,J'},Z)— G,,® H'\({1,J'}, Z).

REMARK. This is a more precise version of Proposition 10.2.
PROOF. Let F be a flat family of line bundles on X parametrized by a
k-scheme S such that J(F,) = J’ for all closed points s of S, i.e. F is an
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invertible sheaf on X(J’) X S. We denote by F the pull-back of F by
X X §— X(J) X S. Assume further that degf = m for all closed points s
of S. There is a canonical injective O , c-homomorphism F — F. Let 4 be the
projection F— F/F. Then obviously 4 is a strict presentation. It is easy to
see that the map F > a defines a functorial morphism
Pic%;(S) — StPres(m, J'; S)
which is the right inverse of ker. Let a: L — N be a strict presentation over S
such that ker(a) is Oy x g-isomorphic to F. Then the injective Oy « s-homo-
morphism F—ker(a) — L induces an O3, g-isomorphism F— L. Thus we
conclude that the set of isomorphism classes of strict presentations a over S
for which ker(a) = F is in one-to-one correspondence with the orbit of a
under the action of Autg, (F) = (G, ® Cy({I,J 1, Z)XS).
In particular for J' = J, we get

COROLLARY 124. Let m be in CyI(X),Z). Then Picy is the G, ®
HYT(X), Z)-bundle over Pic} associated to the G, ® C,(I(X), Z)-bundie
StPres(m, J; ?) with respect to the surjective homomorphism G,, ® C,(I'(X), Z)
— G, ® H'T'(X), Z). Furthermore, StPres(m, J; ?) is obtained as the fiber
product over Pic} of G,,-bundles

Spec{ @ (9.(0") @6, 9(07)7)")
over Pic% for j in J.
For J’' = J and m = 0, we get:
COROLLARY 12.5. The generalized Jacobian variety Picy is an extension
0- G, ® H'(I'(X), Z) - Pic% - Pic3 -0

and is obtained as the quotient of StPres(0, J; 7) by G,, ® 8C|(I'(X), Z), where
the extension

0 G,, ® C,(T(X), Z) - StPres(0, J; 7) — Pic% —0

is obtained as the fiber product over Pick of the G,-extensions of Pic%k
corresponding to the invertible sheaves

9:(Q") ®e,,., Fo(Q7) "

Proposition 12.3 enables us to describe flat families F of line bundles
parametrized by S for which J(F,) remains constant for closed points s of S.
To study our functor W(S), however, we need to know also flat families F for
which J(F,) varies from point to point. For this purpose, we next study
presentations which need not be strict.
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LEMMA 12.6. Let S be the spectrum of a field. For a presentation a:
L— N= @, N, over S, let F = ker(a). Then we have J(F) C J' and the
canonical injective Oy , g-homomorphism f: F — L induces an injective O3, -
homomorphism g: £(F)— L. There are disjoint subsets J', and J"_ of J' such
that L is Oz s-isomorphic to E(F)Z,;e,, (0% + 2,107

Moreover, a is strict if and only if L = £(F) and J' = J(F).

ProoOF. Without loss of generality, we may assume S = Spec k. Let j be in
J and consider the restriction of f: F — L to the fiber at Q,

f(Q): F(@) - L(Q) = L(g") & L(Q")

whose cokernel N(Q)) is either 0- or 1-dimensional over k. In particular
AQ) #0.1f j is in J(F), i.e. F is locally free at Q,, then F(Q)) is 1-dimen-
sional, hence dim N(Q)) = 1, i.e.j is in J'. Thus we have J(F) C J'. f induces
an Oz-homomorphism Oz ®, F — L, hence an injective Oz-homomorphism
g: £(F),— L by the definition of £(F) as O3 ®y, F/Ox-torsion. Since g is
Ox-linear, we get g(Q)) = g(Q*) ® 8(Q;7) for j in J. The cokernel of g(Q)) is
0- or 1-dimensional. In the former case, g is an isomorphism near 0. In the
latter case, j is in J” and either g(Q;*) is an isomorphism and g(Q,”) = 0 or
vice versa. Since coker(f), hence coker(g), have 1-dimensional stalk at Q; in
this case, we conclude that L is Oj-isomorphic near 0, to E(FY(Q,™] or
E(F)(Q;* D, respectively. Thus we are done.

We next study presentations over the spectrum of a discrete valuation ring.

Let S = Spec R = {7, s}, where R is a discrete valuation ring over k with
quotient field k() and the residue field k(s). Let # be a uniformizing
parameter for R.

DEeFINITION. For a flat family of line bundles F in W(S) parametrized by a
discrete valuation ring, we denote by £(F) the double O3, c-dual of the
pull-back O3 ®, Fof FbyX X S—> X X S.

Since X X Sisa 2-dimnesional regular scheme, it is well known that £(F)
is an invertible sheaf on X X S. There is obviously a canonical injective
Ox x s-homomorphism f: F — £(F).

PROPOSITION 12.7. For a flat family of line bundles F in W(S) parametrized
by a discrete valuation ring, the canonical O, s-homomorphism a: C(F)—
£(F)/F is a presentation with

E(F)/F= @ R(Q).
JEJ( F
B(F ) is uniquely determined, up to isomorphism, as the invertible sheaf on

X X S whose restriction to X X n is £(F,). Moreover, given a presentation a:
L—> N = @ ;c, N, with ker(a) = F, we necessarily have J(F,) C J' and
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r=er) 3 [9]+ 3 [97])
JET, jeJ

Jor disjoint subsets J', and J_ of J'. The restriction a, of a to X X v is strict if

and only if J(F,) = J' and L = £(F).

PRrOOF. Our proof is a modification to our situation of Langton’s proof in
[15] for vector bundles. By the definition of £(F) as the double dual, we see
immediately that £(F), is isomorphic to £(F,), which we defined as the
quotient modulo torsion of the pull-back of F, by X x n — X X 7. Since X
is proper and smooth over k, a connected component of its Picard scheme
Pic; is proper and separated over k. Hence by the valuative criterion, we see
that £(F) is the unique invertible sheaf on X X S whose restriction to X X 7
is isomorphic to £(F,). Let us now consider the restriction 4, of 4 to X X 7.
Then we have an exact sequence

0 F,— B(F,,)fljesl(a )k(n)(Q,-) —0.

n

From what we have seen above, £(F) can be thought of as an R-submodule
of the middle term. The image of £(F) by 4, is obviously isomorphic to

D) esr)R(Q)- Let
a:2(F)-» @ R(Q)
JEJ(F)
be the restriction of @, to £(F). Then a’ is a presentation over S. Let
F’ = ker(a’), which is S-flat and which obviously contains F.

We now claim F = F’. Let C = F’/F. Then the support of C is obviously
contained in {Q; X s};¢;, hence in particular C is R-torsion and Oy, -tor-
sion. By tensoring F’ with the exact sequence

0_)®X><SZ)OX>(S—)®X><.7_)0’ (*)
we have an exact sequence
0 — Tor$x=s(F’, Oy ,.,) — FL3F F 0.
Since F’ is S-flat, the multiplication by = is an injection on F’. Hence
Tordxxs(F’, Oy ) = 0.
Then by tensoring O, ,, with the exact sequence 0 > F—» F'— C -0, we
have an exact sequence
0 — Tor{**s(C, Oy,) = F, » F, - C, - 0.

The first term vanishes, since it is obviously 0, , -torsion and is contained in
F, which is Oy ,,-torsion-free by definition. Thus again by tensoring O,
with (), we have an exact sequence 0 » C 3C— C,—0. On the other
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hand, C is R-torsion. Thus we have C = 0. The rest of the proof is similar to
that of Lemma 12.6 and is immediate.
From the proof of Proposition 12.7, we get:

COROLLARY 12.8. Let S be the spectrum of a discrete valuation ring. Then
there is a surjective map
ker: {isomorphism classes of presentations a over S with a, strict} — W(S)

which identifies W(S) as the quotient of the left-hand side with respect to the
canonical action of 6Cy(T'(X), R*), where R* is the multiplicative group of units
of R.

Again by the proof of Proposition 12.7, the restriction map a > a, from
X X StoX X q gives rise to a bijection
{isomorphism classes of presentation a over S with a, strict} — StPres(7).

W(S) is the quotient of the left-hand side by the canonical action of
8Cy(T'(X), R*), while W(n) is the quotient of the right-hand side by the
canonical action of 8Cy(T'(X), k(n)*) by Proposition 12.3. The discrete valua-
tion of R gives rise to an exact sequence

1> R*> k(n)*?ic)lz-—)o.
Thus we have an isomorphism
ord: 8Cy(T(X), k(1)*)/8Cy(T(X), R*) 5 8Cy(T'(X), Z).
Thus we get:

COROLLARY 12.9. Let S be the spectrum of a discrete valuation ring. Then
there is a canonical action of 8Cy(T'(X), Z) on W(S) such that the canonical
map W(S) — W(n) induced by the inclusion 1 — S gives rise to a bijection

W(S)/8CyT(X ), Z) = W(n).
ReMARK. This corollary shows that the functor W is far from being
separated.

PROPOSITION 12.10. Let S be the spectrum of a discrete valuation ring and let
F’ and F” be in LBY(X X 1) and LBYX X s), respectively. Then there exist
M’ € Pic®X X n), M” € Pic%X X s) and F € W(S), such that F, =M
Rg,,, F and F; = M” Q¢ F" if and only if D(F") < D(F"), i.e. the map

D: LB°(X) - K(T(X))

defined in Theorem 10.5 is order reversing: F” is in the “closure” of the
Pic%(X)-orbit of F’ if and only if D(F’) is a face of D(F").

REeMARK. This is nothing but Theorem 10.5 (2), whose proof we postponed
until now.
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PROOF. Let F be in W(S). Then by Proposition 12.7, a: £(F)— £(F)/F
=60 ,c x5,y R(Q)) is a presentation over S with ker(a) = F. Consider its
restrictionto X X s

a;: £(F);—> ( k(S)(Q,)
with ker(a;) = F,. a, need not be strict over s. Thus by Lemma 12.6, there
exist disjoint subsets J, and J_ of J(F,) such that £(F,) is Oy, ,-isomorphic
to

e 3 1071+ 3 [07])
€T, JjEIL
In particular, we have deg £(F,) = deg £(F), — 2,¢,|{J € J,LIJ_; at least
one end of j is at i}|v,. Moreover, we obviously have J(F,) = J( W — I —
J_, hence by Theorem 10.5 (3), we get Supp D(F,) = Supp D(F )IIJ .
By Theorem 10.5 (4), we have 9b(D(F,)) = deg £(F,) + d(Supp D(F,))/Z
and ab(D(F ) = deg B(F ) + d(Supp D(F ))/2. Since deg £(F),
deg £(F),, we see that db(D(F,)) — ab(D(F ) =d(J, 11J)/2 - Z,E,I{j (S
J,I1J’; at least one end of j is at i}|v, = — (1/2)2,,,|{j € J,IIJ";jnota
loop and at least one end of j is at t}lv,, which is equal to —d(e(J,) —
e(J.))/2, since Q;* is onX and Q;” 1sonX,,1fj is an edge from i to i’.

Let D’ be a Delony polyhedron in the H,(I'(X), Z)-equivalence class
D(F,). Then the polyhedron defined by

D" =D+ {jezu t(—e) +,~e21 Le; 0 < < l}
satisfies D’ < D” and b(D") = b(D') — e(J,)/2 + e(J’)/2. Thus D” is in
D(F,) and D(F ) < D(F,). Moreover, it is not hard to see that by replacing F
by an element of W(S) whose image in W(n) is in the Pic%X X n)-orbit of
F,, we can get arbitrary disjoint subsets J/, and J_ of J(F,) in this way. Thus
by Theorem 10.5 (1), we are done.

DEFINITION. Let F and F” be line bundles in LB(X). F is said to be in the
¢-closure of F if the following conditions are satisfied:

(i) There exist Delony polyhedra D € D(F) and D’ € D(F’) with D < D’
and p(rel.int D) C p(relint D’). Let D’ be of the form

D'=D+{th(—ej)+2tjej,0< 1]
A J€7

for a decomposition Supp D’ = Supp DIIJ, I1J.. Then
(ii) F’ is Oy -isomorphic to the kernel of the composition
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eA)(- 3 (9]~ 3 [Qj‘])QE(F)—»B(F)/F

JEJ, JEJL
k(Q;) ®, L(F)/F
- jej_%ppb (Q) ®,L(F)/
of the canonical inciusion and the canonical projections.

PROPOSITION 12.11. Let g and q' be closed points of R,(E/ P) defined in §11.
Then q' is in the closure of the GL(E)-orbit of q if and only if G, (— i) is in the
¢-closure of G,(— i) as elements of LBY(X).

PRrOOF. By the choice of 7 in the definition of R,(E/ P), a point ¢” is in the
GL(E)-orbit of g if and only if G- = G,. Thus ¢’ is in the closure of the
GL(E)-orbit of g if and only if there exist the spectrum S = {n,s} of a
discrete valuation ring with k(s) = k and a flat family of line bundles
G € W(S) such that G, =k(n) ®, G, and G, =G, and that there is a
surjective homomorphism O, , s ®, E — G. Note that this last condition is
superfluous, since other conditions imply that R lPz.G~ = 0 hence Pz‘é is a
free R-module of rank P(0), which is noncanonically isomorphic to R ®, E.
Let F = G ® P{Oy(—#), F = G(—7) and F' = G,(— /). Then we should
have F, = k(1) ®, Fand F, = F'. Leta: £(F) - £(F)/F = @ ;¢ ;- K(Q)
be the canonical projection. Then a is a presentation over k with ker(a) = F.
Its base extension a* to R

a*:R®, L(F)>R® L(F)/R®, F= @ R(Q)
JEJ(F)

is a presentation over S with ker(a*) = R ®, F. Since both R ®, F and F
have the same image k(n) ®, F in W(y), we see by Proposition 12.7 that Fis
obtained as the kernel of the restriction a’ to R ®, £(F) of (a*), ° b for an
element b in CyT'(X), k(n)*) acting by the multiplication of b, on the
restriction of k(n) ®, £(F) to /\7, Thus we have an exact sequence

0->F>R®, (FS @ R(Q)—0.
JEJ(F)
The restriction a/ of @’ to X X s is a presentation over k with ker(a)) = F. but
need not be strict. Let 8 = ord b € Cy(I'(X), Z) and let
i, = {j € J(F); (36, ¢) > 0},
J_ = {j € J(F); (88, ¢) <0},
Js={Jj € J(F); (88, ¢) = 0}.
Then we see easily that

2(F) = o)~ 3,107~ 3 (o))

and that F, is the kernel of the strict presentation over k obtained by
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composing the canonical injection B(f,) — L(F), the canonical projection a:
E(F) » E(F)/F = @B, k(QJ) and the canonical projection
D, cxm k(QJ)—> @ s, k(Q)- As in the proof of Proposition 12.10, we see
that for D in D(F), the Delony polyhedron defined by
=D+[ D t{—e)+ X 1e;0< < 1]
JET, €I

is in 5(17“:). Thus the rest of the proof is an immediate consequence of the
following:

LemMa 12.12. Let D < D’ be in K(T'). Then
p(relint D) C p(rel.int D’)
if and only if there exists 88 € 8Cy(T, Z) such that
D'=D+{ 2 t(-e)+ X 1e;0<< l}
A J€JL
where
= {/j € J — Supp D; (88, ¢) > 0},
= {j € J — Supp D; (8B, ¢) < 0}.
ProoF. We first prove the “if” part. Suppose there exists 68 as in the
lemma. There exists ¢ in C\(T, Z) such that D = ¢ + (T 5,00 p €5 0 < 4
1}. Thus D’ = ¢ + {Z ¢, tge; 0 < f; < 1},where
1 lfj € Supp DIIJ',
g=1{-1 ifjeJs,
0 otherwise.
Let y be in relint D, i.e. 0 <(y — ¢, ¢) < 1 forj € Supp D and (y — ¢, ¢)
= 0 for j & Supp D. If we choose sufficiently small positive number r, then
y + réf isin relint D’. Indeed, (y + rOB — c, e) =(y — ¢, ¢) + r(8B, ¢) is
strictly between 0 and ¢; for j € Supp DIIJ,IIJ. and equals 0 otherwise.

Thus p(y) = p(y + rSB) € p(relint D’). We next prove the “only if” part. As
before, let

D=c+{ > tjej;0<tj<1},
JjESupp D

-c+{2 ,0<tj<1},
JEJ

where ¢ = 1, —1 or 0, according as j is in Supp DILJ”, in J', or otherwise.
Let y be in relint D. Since p(y) is in p(rel.int D '), by assumption, there exists
08’ in 8CyT, R) such that y + 6B’ Erelint D', ie. (y —c+ 8B, ¢) is
strictly between 0 and ¢; if j € Supp DI1J/, I1J" and equals O otherwise. But
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since (y — ¢, ¢) = 0if j & Supp D, we see that (8, ¢) is strictly between 0
and ¢ if j € JL11J_ and equals 0 if j & Supp DILJ, IIJ”. Consider the set
of coboundaries §8 € §Cy(T', R) with (88, ¢) positive, negative or 0, accord-
ingasj€J,,jE€J_ orj & Supp DIIJ, IIJ’ . This set is not empty, since
8B’ belongs to it. Then there certainly exists a rational element 68 €
8Cy(T, Q) in this set. Multiplying 88 by a suitable positive integer, we
conclude that there exists an integral element §8 € 8Cy(T’, Z) in this set, and
we are done.

DErFINITION. Line bundles F, and F, in LBg(X ) are said to be ¢-equivalent
if there exists F; in LBJ(X) which is in the ¢-closure of both F, and F,.

From this definition, we immediately see the following:

COROLLARY 12.13. Let q and q' be closed points of R,(E/P). Then the
closures of their GL(E)-orbits intersect if and only if G,(— i) and G (— ) are
¢-equivalent as elements of LBg(X ).

We are now ready to state the main theorem of this section.

THEOREM 12.14. Let ¢ be in 3C,(I'(X), R). Then the reduced projective
algebraic scheme Jac,(X) and its open subscheme Jac, .,(X) admit an action
of the generalized Jacobian variety Picy and satisfy the following properties:
there is a Pic-admissible morphism of set functors

w,: W, — Jac,(X)
(i) which induces an isomorphism of functors
We-stapte: W g-stavte —> J a%-szabze(X )

i.e. W _apie is represented by Jac, . (X)-

(ii) The map

w,(Spec k): LBY(X) = W, (Spec k) — Jac,(X )(Spec k)

is surjective and induces a bijection from the set of ¢-equivalence classes in
LB3(X) to Jac, (X )(Spec k).

(iii) w,, is universal among morphisms from W, to representable functors, i.e.
if w: W, — Y is a morphism of set functors with Y representable, then there is
a unique morphism of schemes u: Jac,(X) — Y such that u > w, = w'.

COROLLARY 12.15. Jac,(X) represents the functor W, if and only if ¢ is
nondegenerate, i.e. ¢ —de(J)/2 is in the interior of a top-dimensional

polyhedron in Arr(T'(X)).

PrROOF OF THEOREM 12.14. It is now standard in the geometric invariant
theory to deduce this theorem from Theorem 11.4.

From what we saw in §11, the universal quotient sheaf G on X X
R,(E/ P) satisfies the property that G,(—#) € LB3(X) for all closed points ¢
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of R,(E/P). Thus P,*0 (— 7)) ® G determines an element of W,(R,(E/ P))
by the definition of W, at the beginning of §12. Thus we have a morphism of
functors
u: R,(E/P)— W,

It assigns to a closed point g € R,(E/P) the element G, (—n) €
W,(Spec k). u is obviously invariant under the action of GI(E) on
R,(E/P), since g and ¢’ are in the same GL(E)-orbit if and only if G, = G,
by §11.

Let S be a k-scheme and let F € W3(S) be a flat family of line bundles on
X parametrized by S, which defines an element of W, (S). Then by the choice
of 7, we see that R'Pz‘(F ® POy () = 0, P, (F ® POy (7)) is a locally
free sheaf on S of rank P(0) and the canonical homomorphism

PP, (F ® P10y (#)) > F ® POy (A)

is surjective. There exists an open covering S = U, S, such that the
restriction of P, (F ® PfOy (/) to S, is free. Then there exists a surjective
homomorphism from Oy, s ®, E to the restriction of F ® POy (4) to
X X §,. Thus by the universality of R,(E/ P), there exist morphisms S, —
R,(E/P), determined up to GL(E)-action, which induces the restriction of
F ® PyOx () on X X S, by pull-back. Composing these morphisms with the
projection R,(E/P)— Jac,(X), we have morphisms S, — Jac,(X). By the
GL(E)-invariance of the quotient, they patch up to be a morphism S —
Jac,(X), which is uniquely determined by the image of F € W(S) in
W,(S) = W}(S)/Pic(S). We thus get a map

W, (S) - Jacy(X )(S),
which is obviously functorial in S. Thus we obtain a morphism of functors

wy: W, — Jacy(X)

which obviously induces

w¢-stable: W¢-stable - Jacnp-stable(x )

W, is universal among morphisms from W, to representable functors. Indeed,
if w': W, — Y is a morphism to a representable functor, we have a morphism
w' e u: R,(E/P)— Y, which is obviously GL(E)-invariant. Since Jac,(X) is
a good quotient, hence a categorical quotient, by Theorem 114, w’ o u factors
through a morphism Jac,(X) — Y. Since closed points ¢ and ¢’ of R,(E/P)
go into the same point of Jac,(X) if and only if the closures of their
GL(E)-orbits intersect by Theorem 11.4 (1), we see that
w,(Spec k): W, (Spec k) = LBY(X) — Jac (X )(Spec k)

induces a bijection from the set of ¢-equivalence classes in LBg(X ) to
Jac,(X)(Spec k) by Corollary 12.13. Since a modification G’ by an invertible
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sheaf on R, ., .(E/ P) of the restriction of the universal quotient sheaf G to
X X Ry ume(E/ P) descends to X X Jac, g,1(X) by Theorem 11.4 (5), we
see that G’ ® PfOy(—r) also descends to X X Jac,,p(X). Since
R, aie(E/P)— Jac, ., (X) is a geometric quotient, we conclude that
W, suable 1S an isomorphism. The statement about the Pick-action is straight-
forward. Corollary 12.15 is an immediate consequence of this theorem and
Proposition 11.3.

Recall that at the beginning of §6 we introduced, for a graph T’, a surjective
map

b2 K, (T) - K3 (T),

which defines an equivalence relation in K, (I'): D, and D, are ¢-equivalent
when p(D;) = p(D,). Given D in K, (T), p(D) is the largest element ¢-
equivalent to D. u(D) is also characterized as the unique element in Kg(I')
which is ¢-eqivalent to D. Moreover, D is ¢-stable if and only if D is the only
element in the ¢-equivalence class of D.

Since the projection p: Cy(T, R) —» H (T, R) induces a bijection

p: KJ(T) >Del,(H' (T, R))

and since the right-hand side is a polyhedral decomposition of H'(T, R), we
have the following, whose proof is left to the reader:

LEMMA 12.16. Let D < D’ be ¢-semistable Delony polyhedra in K, (I). Then
D and D’ are ¢-equivalent if and only if
p(relint D) C p(relint D").

Taking the quotient of
K,(T) 5K(T) 5Del(H' (T, R))

u
K3 (T)

with respect to the translation action of H,(T', Z), we obtain

K, 5K 5 Del (H' (T, B))
V)
k3 (D)
where the last term is defined as follows:
DEFINITION. The Namikawa cell complex
Del ,(H' (T, R)) = Del (H' (T, R))/p(H, (T, Z))
is the finite cell complex obtained as the quotient of the Namikawa
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decomposition Del, (H T, R)) with respect to the translation action of
p(H (T, Z)). We call a cell in this complex a Namikawa cell. For a Namikawa
cell N in Del,(H (T, R)), we define dim N, Supp N and 9b(N) to be dim D,
Supp D and 9b(D), respectively, for D in KJT) with p(D) € N, determined
up to the translation by elements of H,(T, Z).

DEFINITION. D, and D, in I_§(1‘) are said to be ¢-equivalent if g(D,) =
®(D,), i.e. there exist D, € D, and D, € D, such that D, and D, are
¢-equivalent.

Applying Lemma 12.16 to T = I'(X), we see by Corollary 12.13 that the
¢-equivalence of F, and F, in LB? +(X) implies the ¢-equivalence of D (F,) and
D (F,). By Proposition 12.11, we conclude that in a ¢-equivalence class of line
bundles in LBJ(X) there is a unique F with D(F) € KJ[T(X)), correspond-
ing to the unique closed GL(E)-orbit in the equivalence class of points
defined by the good quotient R (E/ P) — Jac(X).

By Theorems 10.5 and 12.4 and Proposition 12.3, we can relate the notions
of ¢-equivalence in LBg(X ) and E.,,(F(X )) more precisely as follows:

PROPOSITION 12.17. The map D of Theorem 10.5 induces bijections
W, /Pick 5 K (T(X)),
Jac,(X)/Picy > Del (H'(T(X),R))

compatible with the map induced by w, for the first column and p° ;I for the
second column. For a Namikawa cell N in De1¢(H YT(X), R)),let O(N) be the
corresponding Pic%-orbit in Jac(X). Then we have:

(i) The map O is order reversing, i.e. N is a face of N', if and only if O(N") is
in the closure of O(N).

(iiy O(N) is canonically isomorphic to Pic%; _supp vy Where m = Ab(N) —
d(Supp N) /2. Especially

(iii) dim N is equal to the codimension of O(N ) in Jac,(X).

In the definition immediately after Proposition 7.6, we denoted by
B, (I'(X); ¢) the number of r-dimensional Namikawa cells in
Del¢(H T(X), R)) for 0 < r < h(T(X)) = h. For each O-dimensional
Namikawa cell £, O%) = Plcx is noncanonically isomorphic to the general-
ized Jacobian variety Pic%. Thus we conclude that Jac,(X) is a compacti-
fication of the union of By(T(X); ¢) copies of Picy. This compactification
Jac,(X) depends only on the polyhedron in Arr(T'(X)) whose relative interior
contains ¢ — de(J)/2 by Proposition 11.2 (i). In particular, when ¢ is nonde-
generate,

B,(T(X); ¢) = () complexity(T(X))
is independent of ¢, by Theorem 7.7. Thus by Proposition 12.17, the number
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of Pic}-orbits of each codimension is independent of ¢. However, the actual
incidence relation among these orbits might depend on ¢ (cf. §8, Example (3)
(i1)).

13. The structure of the compactifications Jac,(X). Let H O H’ be a free
Z-module of rank 4 and a submodule of finite index. Consider a polyhedral
decomposition Dec of H ®, R by bounded convex polyhedra such that

(i) the set of vertices Sk%(Dec) is contained in H, and

(ii) Dec is invariant under the translation action of H'.

We denote by Dec= Dec/H’ the quotient cell complex, which is a cell
decomposition of the real torus H ® ,R/H’ = R"/Z".

For polyhedral cones and torus embeddings, we refer the reader to Mum-
ford et al. [24] or Miyake-Oda [17].

For ¢ € Sk%Dec), consider the finite rational polyhedral decomposition
(f.r.p. decomposition for short) of H ®, R

A@g) ={o(§, N); £ € N € Dec}
consisting of polyhedral cones o(¢, N) in H ®, R with the vertex at the

origin generated by the set {x — ¢ x € N}, ie. if §§,...,§ are the
vertices of the polyhedron N, then

0(& N) =Ry, —§ + Ry — 8 + - - - + Ryo(§ — §).
Let us denote T = G,, ® H. Then by the general theory, we obtain a torus

embedding T ¢ Temb(£) corresponding to the f.r.p. decomposition A(§). It is
clear that Temb(§) is a complete variety. There exists a bijection

orb,: {N € Dec; N 3 §} — { T-orbits in Temb(£)}

such that (1) dim N is the codimension of orb,(N) in Temb(f) and (2)
orbg(N) is in the closure of orb;(N’) if and only if N” is a face of N.
From now on, we let

H=H'(T(X),Z), H =p(H, (T(X),Z)),
Dec = Del,(H' ([(X), R))

for a curve X and ¢ €9C,(IT'(X), R). They satisfy the requirements at the
beginning of this section by Proposition 6.1.

5 <

FIGURE 23
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ExampLEs 13.1. (1) X is irreducible with one double point, whose graph
looks like Figure 23 (cf. §8, (1)). In this case, necessarily ¢ = 0, H = H’ and
Dec looks like Figure 24. Thus for any ¢ € H, A(§) looks like Figure 25,
hence Temb($) = P,.

-2 -e 0 e 2e 2
< o . - - -

FIGURE 24 FIGURE 25

(2) X is irreducible with two double points, whose graph looks like Figure
26 (cf. §8, (1)). Again we have ¢ = 0 and H = H’. Thus Dec and A({) for any
¢ € H look like Figure 27. We have Temb(§) = P, X P,.

€2

0 €,
X
FIGURE 26 FIGURE 27

(3) X has two components meeting at three points, whose graph looks like
Figure 28 (§8, (2iii)).

)
FIGURE 28 FIGURE 29
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(a) Let ¢ = 0 (cf. §8, (2iiia)). Then Dec looks like Figure 29. At the thick
lattice points (e.g. £ = 0), the white lattice points (e.g. £ = — ¢;) and the
crossed lattice points (e.g. £ = ¢;), A(§) look respectively like Figure 30. Since
e, + e, + e; = 0, we see that Temb({) in the first case is obtained as the
blowing up of P, along the three coordinate vertices. In the other two cases,
Temb($) = P,.

FIGURE 30

(b) If ¢ = (v, — v,)/2 (cf. §8, (2iiib)), then Dec looks like Figure 31. At the
thick lattice points (e.g. £ = 0) and the crossed lattice points (e.g. £ = ¢,), A(§)
look respectively like Figure 32. In both cases, we have Temb({) = P,. For
¢ € Sk%Dec) consider the fiber bundle

Picy¥ X7 Temb(£)
associated with the principal 7-bundle Pic over Pic¥ and the T-action on

Temb(¢). Note that it depends only on the image ¢ of ¢ in Dec. We thus
denote it also by

Pic) xT Temb(é).

FI1GURE 31 FIGURE 32
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THEOREM 13.2. Let ¢ be in 3C,(T'(X), R). Then for £ in
Sk%(Del,(H '(T'(X), R))) there exists a morphism

uz: Pic¥ X7 Temb(E) — Jac, (X ).

The _normalization of Jac,(X) can be identified with the disjoint union of
Pic¥ x7 Temb(#) with & running over SkDel,(H'(T(X), R))). For a pair
¢ € N € Del,(H'(T'(x), R)), there exists an isomorphism

g(N): Pic',{r'f,’,v)smﬁ);Picag xT orbz(N)
with m(N) = 3b(N l d(Supp N )/2 such that ug ° g.(N) coincides with the
isomorphism Plc’x"( 72 Suppi¥) SO(N) of Proposition 12.17(i). Jac,(X) is

obtained from the above disjoint union by the identification maps g.(N) with N
and § running over all Namikawa polyhedra and their vertices.

CoroLLARY 13.3. If ¢ €3C,(T'(X), R) is nondegenerate, then the normali-
zation of Jac,(X) is nonsingular.

ProoF oF 13.3. It is enough to show that Temb(£) is nonsingular for any £.
Let € N be a top-dimensional Namikawa polyhedron, and let N be the
unique element in K with p(N) = N. Then by Theorem 7.7(i), J — Supp N is
the set of edges in a spanning tree of I'(X). Since N is of the form

N=§+{ > tjeje};0<tj<l}

J ESuppﬁ

with g = 1 or — 1, we see that the cone o(£, N) is of the form
sEN) = T Ryusele).
J ESuppN

As we saw immediately before Lemma 4.6, {o(e;); j € Supp N} is a Z-basis
of H'(T'(X), Z). Thus we are done by the general theory of torus embeddings.
PRrOOF OF 13.2. In this proof, we let

C=((IX)2), T=6,®C K=K((X)),
K = K (P(X )) K .= K , (P(X )) K¢-suble = ¢-stable (r(X ))
We saw in §6 that K, consists of faces of K;’, SKU(K, qaie) = SK(KJ) and
that p induces a buecuon K2 > Dec. For N in Dec, we denote by N the
unique Delony polyhedron in K 9 such that p(N ) = N. Thus by definition, we
have Supp N = Supp N and ab(N ) =3b(N). For £ in SKAKD), we define a

finite rational partial polyedral decomposition (f.r.p.p. decomposition for
short) of C ®, R by

AE)={é¢ p)teDeK,)
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where 6(%, D) is the cone in C ®, R with the vertex at the origin generated
by {x — & X € D}. As before, there exists a bijection

ofbg: {D € K,; D £} S { T-orbits in Temb(f)},

where T C Temb(£) is the torus embedding corresponding to A@). In this
case, Temb(Z) need not be complete, but it is clear that Temb(Z) is a T-stable
open subset of the 7-embedding Il;e; P, corresponding to the f.r.p.
decomposition {o(§ D), D €K }

(i) By Corollary 12.4, StPres(3£, J;?) is a principal T-bundle over Plca-‘ and
Plcﬁf is its quotient by the kernel G,, ® 8Cy(T'(X), Z) of the canonical
surjective homomorphism T — 7.

(ii) By Proposition 12.1, it is clear that

Pres(3, J; 7) = StPres(3£, J; ?) xT II p,
Jj€J
the fiber bundle over Pic¥ associated with StPres(3Z, J; ?) and the T-action
onll, P,
(iii) Let us consider its open subset
StPres(3Z, J; 7) X7 Temb(Z).

The kernel of the restriction to this open set of the universal presentation over
Pres(d¢, J; ?7) defines a morphism

o;: StPres(d, J; 7) xT Temb(%) - w,.
Indeed, let £ € D € K, with
D=£+{ 2 4(-9)+ X :,.e,;o<z,.<1}
JjE€J, JEJ

and Supp D =J IIJ.. Let a: L B ¢, k(Q) be a presentation over k
corresponding to a closed point of StPres(9£,J; ?) X7 oibz(D). Then it is
easy to see that its restriction gives rise to a strict presentation

T

—SuppD
with ker(a’) = ker(a).
_As we saw in the proof of Proposition 12.10, we see that D belongs to
D (ker a). In particular, ker(a) is ¢-semistable.
(iv) By composing the morphism &; with w,: W, — Jac,(X) of Theorem
12.14, we get a morphism

JEJL

i = wy, ° O Stpm(az, J;7) X T Temb(g) —Jac(X).



82 TADAO ODA AND C. S. SESHADRI

(v) The argument in (iii) actually shows that there exists an isomorphism

£:(D): StPres(m(D ), J — Supp D; ) 5 StPres(dE, J; 7) xT ofby(D)

with m(D) =9b(D) — d(Supp D)/2, which sends a strict presentation a’:
L’ > @<, —sup p kK(Q)) to the presentation

«r( 3 [97]+ 3 (97])- @ k@)
JEJT, JEJ. JE&J
(vi) Taking the quotient of these by ker{ T — T, we obtain the following:
for ¢ = p(§) € Sk°(Dec), a morphism

u: Pich x T Temb(£) — Jac,(X)

which depends only on the image £ of ¢ in Dec, and for N = p(D) in Dec
with £ € D € K, an isomorphism
g:(N): Pic;(”(f,'i)s‘lpp " SPicY¥ X7 orby(N ).
The composition of g;(N) with the morphism u; obviously coincides with the
isomorphism
PicR( suppiy > O ) C Jacy(X )
of Proposition 12.17(ii). Here N is the image of N in Dec.

(vii) Let U be the scheme obtained from Il gops, Pic¥ X7 Temb() by
the identification maps g;(N) with N 3 £ running over all N € Dec and
their vertices. Then we have a morphism

u: U—Jacy(X)
which is bijective by (vi), since Jac,(X) is the disjoint union of O(N) with N
running over Dec by Proposition 12.17.

(viii) We now claim that u is an isomorphism. Certainly it is enough, by
Theorem 11.4, to show that there is a GL(E)-invariant morphism R =
R,(E/P)— U whose composition with u coincides with the quotient
morphism R — Jac,(X). By Lemma 11.8, we see that the completion of local
rings of R are of the form

k[[x,, Xy e ey Xy Xy Yo e e - ,y,]]/ (x3-X35 - <+ 5 X,.X0).

In particular, the normalization of R is smooth. Let S be a component of the
normalization of R and let F be the restriction to X X S of G ® PO, (—#).
Since S is irreducible and smooth, it is not hard to see that there exists a
presentation a: L — N over S such that ker(a) = F and that deg L = of for a
£ in SK%K?). Thus we have a morphism S — StPres(3£, J; ) X7 Temb(®).
Composing this with u,, we get a morphism S — U. It is obviously indepen-
dent of the choice of the presentation a. Hence we have a morphism from the
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normalization of R to U, which induces a GL(E)-invariant morphism from R
to U.

ExAMPLEs. Let us consider the cases where X is a stable curve of genus 2 in
the sense of Deligne-Mumford [4].

(0) X is a nonsingular irreducible. In this case, Jac,(X) = Pic}.

(1) X is irreducible with one double point Q and with X an elliptic curve.
As we saw in Example 13.1(1), we see that ¢ =0, H’ = H and Pic} x7
Temb(0) is a P,-bundle over Pic%, which can be identified, noncanonically,
with

POz([2" ] ®0x([27])
Let N = {te;; 0.< ¢t < 1}. Then N is a 1-dimensional Namikawa polyhedron,
umquely determined up to H -translation. O(N) is canonically isomorphic to
Pic' = X. Two points in StPres(0,J; ?) X7 Temb(0) corresponding to
presentations
a: L L(Q*) = k(Q), a:L —>L(Q")=k(Q)

go into the same point of O(N) if and only if L(— [@*D and L'(—[Q ~]) are
Ox-isomorphic. We conclude that Jac,(X) is obtained by identifying the

O-section and the oco-section of the P,-bundle P(0;z[Q *]) ® 0;(Q ~]) over X
via the translation in X by its point 0 * — Q ~ (see Figure 33).

P, -bundle Translation by
|er-e

FIGURE 33

>

(2) X is irreducible with two double points {Q,, Q,} and with X =P, As
we saw in Example 13.1(2), we see that ¢ =0, H' = H and StPres(0, J;
?) X7 Temb(0) = P, X P,. Let N = {tje, + ,e;; 0< < 1}, N, = {t,e;;
0< ¢t <1} and N, = {t,e,; 0 < 1, < 1}. Then Dec consmts of N, N, N,
and 0. The point O(N) in Jac,(X) corresponds to the Ox-module Op (—2) =

0;(—[Q¢] — [@£)) with &, B = +. Consider presentations a, 4: O3 — k(Q))
@ k(Q,) where a belongs to orby(N,) = P, X 0 and 4 belongs to orby(— N,)
= P, X 0. Thus there exist elements a*,a~, 4" and A~ in k* such that
a(f) = a*f(Q;") + a™f(Q7") and A(f) = A*f(Q") + A~f(Q)) for f in
0%, and a(f) = f(Q,) and A(f) = f(Q,") for fin GxQ Herea* /a™ and

A* /A~ are the coordinates of a and A, respectively, in the first factor P,.
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Thus the corresponding strict presentations are
a: 0x(—[0; ]) > k(Q,), A 0x(— [0 ]) - k(Qy)

with a'(f) = a(f) and 4'(f) = A(f) for f in Oy, . Obviously, ker(a’) and
ker(A’) are O, -isomorphic if and only if there exists an O;-isomorphism b:
07(—[0;'D > 0;7(—[Q57]) and c in k* such thata’ © b = cA’. Since X = P,,
there exists a function z on X with (z) = [@;"] — [@; ). The 0;-isomorphism
b differs from the multiplication by z only by a scalar multiplication. Thus
ker(a’) and ker(4’) are O, -isomorphic if and only if (a* /a~W2(Q,")/z(Q;))
= A*/A~. Note that r = z(Q,")/z(Q,”) is the cross ratio of
{0, @', @1, 0" ). We conclude that Jac,(X) is obtained from P, X P,
by identifying (x, 0) with (rx, o0) and (0, y) with (o0, ry) (see Figure 34).

FIGURE 34

(3) Finally X has two nonsingular rational components meeting at three
points. As in Example 13.1(3), let us consider the following two cases:

(@ ¢=0. In this case Jacy(X) is obtained from Temb(—¢&)) =P,
Temb(¢;) = P, and Temb(0) which is the blowing up of P, along the three
coordinate vertices, by the identifications, as in Figure 35, where a, B8, v, 8, ¢
and { are all P,.

FIGURE 35

(b) ¢ = (v, — v,)/2. In this case, Jac,(X) is obtained from Temb(0) = P,
and Temb(e,) = P, by the identifications as in Figure 36, where a, 8 and y
are P,.



COMPACTIFICATIONS OF GENERALIZED JACOBIANS 85

<>

Temb(0) Temb(e,)
FIGURE 36

REMARK. The compactifications Jac,(X) we obtained in (0). (1), (2) and
(3a) appear in Mumford [22]. On the other hand, (0), (1), (2) and (3b) appear
as stable quasi-abelian varieties in Nakamura [26] and Namikawa [27].

REMARK. Let us consider the following identifications in P, X P,:

(x’ 0) -~ (rx’ °°)9 (O’y) -~ (°°’ r’y)
for fixed elements r and ' in k* and x, y running over points of P,. It was
pointed out by Deligne to Namikawa that the variety obtained by these
identifications is not projective if r” #r"™ for any pair n, n’ of positive
integers.

14. Relations with Raynaud’s results. Let S = {7, s} be the spectrum of a
discrete valuation ring with the residue field k(s) = k. Consider a proper and
flat family Y of curves over S such that Y, is a smooth connected complete
curve over k(n), ¥, = X = U, X; is a reduced connected complete curve
over k with at most ordinary double points {Q;} ;-

In this case, the relative Picard functor Pic, /s need not be separated nor
representable. Raynaud [29] takes its greatest separated quotient Q = Qy /5.
Q is then represented by a separated and smooth group scheme over S
(Proposition 8.0.1). Moreover, Q7 is the Néron model of the Jacobian variety
Plc,, of the generic fiber Y, if Y is factorial (Theorem 8.1.4).

For simplicity, let us assume that S is Henselian and that Y is a regular
scheme.

Let E be the subgroup of Pic(X') generated by

{@x ®ey ®y(X,); i€ I}.

Let Pic*t98 9(X') be the subgroup of Pic(X) consisting of L € Pic(X) with
total degree [v(]), deg O3 ®¢ L] = 0. Then we get

O, (Spec k) = Pic(X)/E,
(Q7),(Spec k) = Pic***£°(X)/E.

LEMMA 14.1. Let i and i’ be in 1. Then the intersection number of X; and X,
as divisors on Y, is given by

(’\’i’ Xi’ )y= _(801" 80:")'
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Proor. If i # i, then obviously (X;, X;), equals the number of edgesj € J
joining i and #/, regardless of the orientation, which is easily seen to coincide
with —3,c,[v, de]lv,, d¢] = —(8v;, bv,). Note that (X, Z,¢; X;)y =0
since the second member is the fiber of Y over s. Thus

(X5 Xi)y= — 2 (X Xi)y= (8":" 8”(1 - {’})) = —(8v;, dv,),
P
since dv([) = 0.

COROLLARY 14.2. For i in I, the degree of the pull-back of Oy ®¢ 0Oy (X))

to X is given by

deg(93 ®s, Oy(X,)) = — b

Proor. By the definition in §10, the degree is equal to 2, ¢, (X;, X;)y0;
which is equal, by Lemma 14.1, to

- 3 (80, 80)v, = — 3 [0, v, ]v, = 360,
el el

REMARK. We see that —38: Cy(I'(X), Z) - Cy(T'(X), Z) is represented by
the intersection matrix of X;’s on Y.

Obviously, E N Pic%X) = {0}. On the other hand, deg induces an
isomorphism from Pic'°*98 %(X)/Pic%(X) to 9C,(T(X), Z). Thus in view of
Kirchhoff-Trent’s theorem in §4, we conclude:

PROPOSITION 14.3. There is a canonical isomorphism
(Q7/s ),(Spec k) /Pic°(X ) =dC, (T(X), Z)/38Co (T(X ), Z).

The order of these groups are equal to complexity(T'(X)) which is the number of
spanning trees in I(X). In particular, the group scheme (Qys); over k is
independent of the particular family Y /S containing X as the special fiber.

COROLLARY 14.4. For a nondegenerate ¢, Jac,(X) is a compactification of the
special fiber (Qy/s), of the Néron model Q3,5 of PicY.

REMARK. As was shown by Ishida [36], the geometric invariant theory
enables us to construct projective schemes Jac,(Y/S) over S, which contain
the Néron model Q5 itself and whose special fiber is the compactification
given in Corollary 14.4.

Appendix. A lemma in M. Artin [1]. We state and prove in this Appendix a
modification of a lemma in Artin [1, Proposition 31] used in connection with
the deformation of singularities. This version can be found also in D’Souza
[7]). See also [EGA, Chapitre Oy, Proposition 19.1.10].
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LEMMA. Let A — B be a local homomorphism of noetherian local rings. Let N
and L be B-modules of finite type with L A-flat. Then a B-homomorphism f:
N — L is injective with A-flat cokernel if and only if

SO kN k>L®, k
is injective, where k is the residue field of A.

ProoOF. The “only if” part is obvious. We now prove the “if” part. Let
K = Image(f) and C = Coker(f). We thus have exact sequences 0 > K — L
— C—0and N - K — 0. By tensoring k, we get

0— Tor/(C k) —>K® k—L®, k—C®, k—0

ALY
N®,k=N®, k

Obviously, we conclude that N ® , k> K ®, k is an isomorphism and
K ®, k- L ®, k is injective. Hence first of all we see that Tor{ (C, k) = 0,
i.e. C is A-flat by [SGA, 60/61, Exposé IV, Theorem 5.6]. Since L and C are
A-flat, we conclude that X is A-flat. Let N’ be the kernel of the sugjective
map N - K. Since N ® , k> K ®, k is an isomorphism, and since K is
A-flat, we see that N’ ® .k = 0. Hence by Krull-Azumaya’s (i.e. the so-called
Nakayama) lemma, we get N = Q.

REMARK 1. We use B in the above lemma only for the finiteness
assumption on L and N, as usual, so that we can use Krull-Azumaya’s
lemma.

REMARK 2. The original form of this lemma is the following: Let

(L):Ly»L,—-»L,—»F—-0

be a complex of B-modules of finite type, which is exact at L, and F with
Ly, L, and L, B-free. If (L) ® , k is exact, then (L) is exact and F is 4-flat.
This version follows from ours by taking N = Coker{L, — L,] and L = L,

COROLLARY. Let A — B be a flat local homomorphism of noetherian local
rings. Let N be a B-module of finite type which is A-flat and satisfies
Exty(N, B) =0, where B=B® , k and N=N ® 4 k for the residue field k
of A. Then Homg(N, B) is A-flat and Homgz(N, B) ® , k = HomB(N B).

PROOF. Let
(L):L,»L,-Ly—->N-0

be a resolution of N by free B-modules of finite type. Since N is A-flat, we see
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that
(L)®,  k: Ly>L,— Ly—>N—0

is exact. Thus it is a resolution of N by free B-modules of finite type. Let
L* = Homy(L, B). Then L* = L* ® , k = Homy(L,, B). Since Exty(N, B)
= 0 by assumption, we see that

(L) ®, k)*: 0> Homy (N, B) » L3 > Lt > I3
is exact. Consider now the complex
(L*): 0> Homgk(N, B) —» Ly - L} — L}.
Obviously (L*) is exact at Homg(N, B) and L¢. Consider
f: Coker[ L§ — Lt] — L.

Then f ®, k is injective, since {(L) ® , k}* is exact. Hence by the Lemma
we conclude that f is injective with A-flat cokernel. Since L} is A-flat, we see
that Coker{L§ — L}] is also A-flat. Since L} and L? are A-flat, we conclude
that Homg(N, B) is A-flat. _

REMARK 3. We apply this corollary when B is A-flatand B= B® , k is a
local ring of a reduced curve with at most ordinary double points. Moreover,
N=N R, kis B-torsion-free and of rank one on each component, i.e. N is
either B or the maximal ideal of B. In this case, we see immediately that
Exty(N, B) =
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