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ON THE POSITIVE SPECTRUM OF SCHRODINGER
OPERATORS WITH LONG RANGE POTENTIALS
BY
G. B. KHOSROVSHAHI', H. A. LEVINE AND L. E. PAYNE

ABSTRACT. In this paper we are concerned with solutions of the equation
Au + p(x)u = 0 in an unbounded domain € in R”, @ D {x| ||x|| > Ro}.
The main result is a determination of conditions on the asymptotic behavior
of p(x) sufficient to guarantee that no nontrivial L, solution exists. Our
results contain those of previous authors as special cases. The principal
application is to the determination of upper bounds for positive eigenvalues
of Schrodinger operators.

0. Introduction. One of the most important questions in the analytic theory
of quantum mechanics is the question of existence of eigenvalues of Hamil-
tonians (bound states). It is intriguing, in particular, to investigate the
question of existence of positive eigenvalues of Hamiltonians of Schrodinger
type. For such problems physical intuition suggests a negative answer, but
mathematically the question is a very subtle one which requires rigorous
investigation.

In this paper we will denote by H any selfadjoint realization of —A + V'in
which A is the n-dimensional Laplacian (n > 3), and V is a real valued
function defined over the n-dimensional euclidean space R” (where x =
(x4, -+ .5 x,), r = || x|]). The set € is an unbounded open connected domain in
R” such that @ D {x| ||x|| > R,} for some R, € R. In general, it is believed
that the spectrum of H consists of [0, o) U {A;} where [0, o) constitutes the
continuous spectrum of the operator, and A’s are discrete negative
eigenvalues with finite multiplicity. Since the essential spectrum of the opera-
tor H is more stable under certain classes of perturbations than the
continuous spectrum it is desirable to show that the continuous spectrum
coincides with the essential spectrum, and for many operators this is the case.
There is, however, a celebrated example due to von Neumann and Wigner
[11] in which, for a reasonable potential, the operator —A + ¥V possesses a
positive eigenvalue. This example suggests the possibility that for certain
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classes of operators with oscillating long range potentials there may exist
positive eigenvalues immersed in the continuous spectrum.

The plan of the paper is as follows: We first give a reasonably thorough
account of the literature on nonexistence of positive eigenvalues. We then
state our main result, which contains as special cases many of the known
results and in addition applies to a much wider class of potentials. We then
prove our main theorem and give some examples.

(1) Kato [4] has shown that for one body problems with V' (x) = O(r™°),
asr — oo for a > 1, there are no positive eigenvalues.

(2) It follows, in fact, from Kato’s Theorem 1.a [4] that if for some constant
K >0, [rV(x)| < K for r > R,, then there exists no positive eigenvalue A
satisfying A > K2

(3) In [9], Odeh has shown that if V' (x) = O(1) as r — o0, and aV/dr < 0
for large r, then H has no positive eigenvalues.

(4) In [12], Weidmann has proved that if ¥ (x) is a homogeneous function
of degree —a,0 < a < 1, i,

raV(x)/dr + aV(x) <0 forx € M = {x| |V (x)| < 0},

then the spectrum of H is purely continuous.
(5) Finally, Simon has obtained the following theorem [10]:

THEOREM 1. If V is a real valued function in R® with the properties that

@) VeLR®R)+ LR and V="Vy,+ V, where Vyand V, are C® in
{x] llx|l > Ro} for some R,

(ii) V(x) = o(1) as r —» o,

lim sup rd¥Vy(x)/or = Ay < oo,

while V(x) = o(r~ ") as r - o,
(iii) solutions of Hu = Au satisfy the unique continuation property,
then H has no eigenvalues in (Ag, ).

REMARKS. In (3), (4), and (5) the authors have employed a variant of Kato’s
method [4] and have assumed some degree of smoothness for a part of the
potential V. Also, it is worth noting that in (4) and (5) results were established
for the special case £ = R” and R? respectively.

(6) Weidmann in [13] obtained a virial theorem which asserts that under
appropriate conditions on V it follows that {[rd¥V /dr + 2(V — N)]u, u) = 0,
where A is an eigenvalue and u is the corresponding eigenfunction of H. This,
in part, implies that if

v (x)
or
then H has no eigenvalues in [0, o). In general, virial theorems are state-

r +yV(x) <0 (0<y<2x%#0),
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ments about equipartitioning of the energy of the related systems.
(7) The following result is due to Agmon [1, Theorem 4]:

THEOREM 2. Suppose that V (x) is a real function, V € L\*(Q) and satisfies
the following conditions:

(i) V(x) is locally Hélder continuous in a connected open set Q, C S where
Qo D {x] lIx]l > Ry} and @ — Q, is a set of measure zero.

(ii) For r > R,

V(x) = Vo(x) + Vi(x)

where V,, is a real continuous function possessing a continuous radial derivative
satisfying

. Vo
Vo (x) = o(1), lim sup r —— = A,, (*)
r—o or
while
Vi(x)=0(r"'"%), r— oo for somee > 0. (**)

Under these conditions, H as an operator in L,(Q) has no eigenvalues A > A,/2.

(8) Khosrovshahi, in [6]}, proved a slightly different version of Agmon’s
theorem.

THEOREM 3. In Theorem 2, if we replace (+#*) by

lim sup |er (x)| <K, (##+)
r—-co

then H has no eigenvalues A > (K + \/K 24 A/2)

REMARKS. (1) Agmon has improved Simon’s result by a factor of 1/2. (2)
Theorem 3 can handle a wider range of potentials than those of Agmon. In
fact, by Theorem 3, one obtains Agmon’s result if X is equal to zero. On the
other hand, if Ay = 0, Theorem 3 fails to yield Kato’s result, namely that
there exists no A satisfying A > K2 Thus Theorem 3 is a combination of
Agmon and Kato type results but not quite in the optimal sense. For the von
Neumann potential V(r) = —8sin 2r/r + O(r~%) we are assured, by
Theorem 1, that there is no eigenvalue A > 16, whereas, by Theorems 2 and
3, there can exist no A > 8. (3) Kato, in [4], has introduced a class of von
Neumann type potentials, and the conclusions of Theorems 1, 2, and 3 can be
applied to these potentials as well.

From the above cited results, it is clear that the class of long range
potentials for which one can establish the nonexistence of positive
eigenvalues is rather restrictive. Our work extends the size of this class
considerably.

(9) In this paper we obtain the following theorem:



214 G. B. KHOSROVSHAHI, H. A. LEVINE AND L. E. PAYNE

THEOREM 4. Let V (x) € L*(Q) be a real function satisfying hypothesis (i) of
Theorem 2 and suppose it is possible to choose an R, sufficiently large such that
Jor ||x]| > Ry

i) V(x) = Ve(x) + Vy(x) + V()
where V(x) is real, continuous, possesses a continuous radial derivative and
satisfies (), V, is real and satisfies (x++), and V,(x) is such that (representing
V,(x) is spherical coordinates as V,(r, w))

fp aV,(o, w) do

r

sup <M<% Jorallp,r 2 Ry

If we set

[K +VK? + 2A4(1 - 2M) I 2K + A1 - ab)

a = max 3 s 3
41 - 2M) 2(1 - 4M)

b

then the unique selfadjoint extension operator H possesses no eigenvalues in
(a, 00).

REMARKS. (1) As Lavine [8] has noted, although wave operators do not exist
for the Coulomb potential (¥(x) = — c¢/r), the theory of long range poten-
tials is not yet complete. The problem, from the physicist’s viewpoint, is that
scattering theory without long range potentials cannot be considered satisfac-
tory. The V; of Theorem 4 is such a long range potential. (2) The V, piece of
V makes it possible to include some unbounded potentials which oscillate
through arbitrarily large positive and negative values as r — co but which
according to Kato [5] do not violate the conditions for uniqueness of the
selfadjoint extension of the operator H. (See [5].) (3) We note that if V' =V,
(i.e., K=0, M =0) we retrieve Agmon’s result (Theorem 2), whereas if
V =V, (ie, Ay =0, M = 0) we retrieve Kato’s result that there exist no
eigenvalues A in the interval A > K2,

(10) Finally, we mention a result of Konno [7] derived for a region @ with
noncompact boundary. Specifically, € includes the exterior of a certain
parabaloid of revolution, and V is a real valued function, an element of
C !(Q), which satisfies

[V (x)|=o(l), |grad V(x)|=0(r"?) asr— .
Under these conditions any function # which satisfies
—Au+ V(x)u=2A, u€ LyQ),
must vanish everywhere in Q.
In the remaining part of this article, we furnish the proof of Theorem 4,

and then give some examples. Theorem 4 will be a special case of the more
general Main Theorem treated in the next section.
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I. Main result, nonexistence of L, solutions. Let £ C R” be an unbounded
connected open region such that the exterior B(R,) of a sphere of radius R,
is contained in £, ie., BS(Ry) = {x| ||x|| > Ry} C 2, where |x||=r=
(27 x?)'/? with some suitably chosen origin. We shall determine conditions on
the real potential p(x) such that the equation

Au+ p(x)u=0 (LY
has no nontrivial L, solutions in Q. We shall be concerned throughout with

classical solutions of (1.1), i.e., with solutions which belong to W2**(Q) N
L,(2). We establish the following theorem:

MAIN THEOREM. Let u € W>® be a real valued solution of (1.1) in Q, where

p(x) € LY(Q) is a real valued function representable in B (R*) as
p(x) = po(x) + pi(x) + py(x); (12)

Jor sufficiently large R* > Ry; then if the quantities p,(x) satisfy the properties

() sUp, e pr)lP1(X)| < K, K a positive constant;

(b) supuwuallﬂr’ opy(ow) do| < M < Ili’ Vp,r > R*,

(c) po(x) is a real continuous function with a continuous radial derivative and
Po(x) > K, > 0;

(d) rdpy(x)/3r + 2 — 7 — 4M — &) py(x) — K5~ > &, for some § > 0;

() rdpo(x)/0r + 2(1 — 4M — &)p, — 2K*(1 — 4M — g)7 ! > ¢5;
where the €’s can be made arbitrarily small by choosing R* sufficiently large, it
follows that any solution u € Ly(B¢(R*)) must vanish identically in B°(R*). If
in addition p(x) is Holder continuous in a connected open set Q, C 2 where
meas(Q|Q) = 0 then u = 0in Q.

Before giving a proof of the Main Theorem we indicate how Theorem 4
follows from the Main Theorem.

PRrROOF OF THEOREM 4. Assume H possesses an eigenvalue A € (a, o). Let u
be the corresponding eigenfunction such that

Au + (A — V(x))u = 0 in Q (distributional sense).
It follows from assumption (i) of Theorem 2 that ulg is a C 2 function in Q.

Since meas(2|Q,) = 0, it follows that u = 0 in Q.
We rewrite
p(x) =X = V(x) = po(x) + pi(x) + p(x) in B(R*),

and choose p, = A — Vy(x), p(x) = — V(x), and py(x) = — V,(x). We ob-
serve that all the conditions of the theorem are satisfied. Thus ¥ =0 in
B°(R*), for R* sufficiently large, and by the unique continuation theorem, u
must vanish in £, contrary to our assumption. It might be mentioned here
that (d) and (e) yield the lower bound, a, for the nonexistence interval in
Theorem 4, if one replaces p, by A and rdp,/dr by — Ay in (d) and then
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optimalizes the resulting inequality with respect to ¥.

To establish the Main Theorem we shall assume that ¥ =0 is an L,
solution of (1.1) and use a series of lemmas which are consequences of
conditions (a)—(e) together with a lemma derived in [6] in order to arrive at a
contradiction. For completeness we include this latter lemma.

LEMMA 1 (MAIN LEMMA OF [6]). Let F be a nonnegative real valued function
of t, continuous in the half internal (0, t,] and twice continuously differentiable in
(0, ty), where t, is an arbitrary finite number.

Suppose further that for all t € (0, t,] we have

t
]0 n~%F(n) dn< oo,
and that

2
Fd_}f_(dF dF

2 '
“l _ -1p &L —a -a
(4 ) > - FE s umer [ nmF ) dn
where C, and € are strictly positive, ay > 1, and a; + a, > 1 + 2C,. Under

these conditions
F()=0 V:€[0,1].

We first sketch an outline of the proof of the Main Theorem. Since we are
assuming that u € L,(R), it follows that

F(ry= [T p~2n~udsdp  (r > Ry),
r S‘,

is well defined. We shall view F as a function of ¢ = r~*~2 and show that it
satisfies the hypotheses of Lemma 1. From Lemma 1, it will follow that u = 0
in B°(R*). As a consequence of unique continuation theorems for elliptic
equations [3], we can then conclude that ¥ = 0in .

In order to carry out this program, we first calculate FF” — (F')? (' =
d/dt, t = r~=2). To facilitate this calculation, we recall from [6] the
following consequences of the fact that ¥ € L,(?) and satisfies (1.1):

lim o 7P pou ds = 0; ()
P 2
lim inf rp |grad uf’ ds = 0; ()
. du
lim inf rgi’u—a; ds| <o (A;)
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Since r*~'d/dr = — (n — 2)d/dt, we have

—(n-— 2)— =~ r- "Dy gs
S,

-} au
= ~(n-1, 9%
2]; ﬁ’p u % ds dp
where we have taken a sequence R,, — oo in such a way that lim inf can be

replaced by lim in the first of equations (A) and the limit on the right can be
evaluated as zero. Similarly, using the remaining conditions (A) we obtain

(n — 2°F" = 256 X g = 2[96[|gradu| — pu?] ds dp

where we have used (1.1).
We conclude, after a routine calculation employing Schwarz’s inequality,
that

” , F(r) (= a
FF —(F)2>2(n—_—2)—2-j; i’[lgraduf—puz—Zi— ]dsdp (1.4)

We now let

I_f 9S[gradu| - —( )]ds'dp

Our task will be to determine an appropriate lower bound for /; so that when
this bound is inserted into (1.4) the resulting inequality will be of the form
indicated in Lemma 1.

In deriving this bound we make use of a number of integral inequalities
involving p, and p,. We list them here and relegate the derivations to the
appendix. In the following computation we will denote du/dp by u, for
simplicity.

< efkgi «* ds dp, (B1)

KZ
['yuf + —Y—uz] dsdo dp, (B2)
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j:Rﬁp pp uu, ds dp| <

_[R%_/;Rﬁvop,uu, ds do dp

1[G P asdo+ 5 [F u s do, (8

< % f R% f,, Rﬁ.(“v)z ds do dp

+§—:f ;fkﬁuzdsdodp, (B4)

P

R
< %ﬁkuz ds + sj; ﬁp[uz + uz] dsdp, (Cl)

R
¢ pou* ds dp
r vs,

j; R%ppzuz ds dp

<ej;ku ds+C1n( )¢ |ty dis

+£R%LR£(2MP‘, + ¢)u? ds do dp

R1 (R 2
+(2M+e)j; ;j; @gradq dsdodp (C2)

for computable constant C,

<M¢ |sau| ds + 2;56 u? ds

+j; Q(Mpo + e)u* ds dp
+(M+e) f R56S'|grad u[? ds dp, (C3)
< ém(%)ﬁ W ds + Mln( )¢ |u| |ug|ds

+£R%LR£(MPO+ e)u? ds do dp

J R% / “gg’@,uu. ds do dp

+(M+ e)er%fpkgSs|gradu|2dsdodp(c4)

for computable constant C.
We now make use of certain of these inequalities to establish the following
lemma.
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LEMMA 2. Let u be an L, solution of (1.1) and let p satisfy the conditions
(a)~(d) of the Main Theorem. Then

¢ [lerad uf* — pou® — 2u? = 2Cr~'uu, ] ds >0, Vr > R%,  (15)
Sr

where 2C =y + n — 2 + 2M + ¢ for some positive vy, and where ¢ > 0 may
be made arbitrarily small by choosing R* sufficiently large.

In what follows we shall use ¢ as a generic symbol to indicate a coefficient
that may be made arbitrarily small by choosing R* sufficiently large. We
shall not index the €’s except where it seems necessary for clarity.

PrROOF OF LEMMA 2. The proof of this lemma is based on a Rellich-type
identity derived as follows:

Set

R
f ¢ (pu, + Cu)(Au + pu)ds dp=0, r > R*.
r vs,
An application of divergence theorem gives

2 [Zu — |grad uf® + pou? +Z;€w]dv|f

+£:_2_2“__2£f’”£,gmdu|2dsdp
f ¢ [ 2+ (n—ZC)po]uzdsdp

+.f; éfgp(p, + py)uu, ds dp + Cﬁki (p, + pu*ds dp. (1.6)

We now make use of (B1), (B3), (C1) and (C3). Inserting the expression for
2C into (1.6), choosing y = ¥ (the ¥ of (d)) and rewriting (1.6), we obtain

2C
J(R) E% D [2“12e —|erad u)* + pou® + R R
R

WM ,
+ 2+ My ] ds + M Juue] &
r 2C
5—¢ [Zuf — |grad uf* + pou® + Tuu,] ds
¥ R 2
+ (-2-—- e)J; é;“gradul - uf,]ds'dp

%fs@[ b @-4M— y—e)po—KTz—e}u ds dp. (L7)
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Note that J(R) satisfies

J(R) < g-[%ugrad uf® + pou?] ds}

C
+ C4§g|wk|k+—fL u? ds,
r 'R

(18)
and it is easily seen as indicated in [6], that
lim infJ (R) = 0.
Thus, making use of the expression for C, using the fact that »? < |grad uf%,
inserting condition (d), and letting R — oo, we arrive at (1.5), and Lemma 2 is
established.

We remark that it follows directly from (1.5) after integration and use of
arithmetic-geometric mean inequality on the last term that

j"R%.};wﬁufdsdodp
< I;E[f%fpmgﬂgmd uf = (po— )u?] dsdodp  (19)

where again r has been chosen sufficiently large. We shall make use of (1.9)
later on.
Finally, we note that the integral

jr.w%j;wﬁuzdfdodp

is convergent. This follows from the proof of Lemma 2 and hypothesis (d) of
the Main Theorem. We have, from (1.7) after letting R - + o0 and using

(1.8),

ﬁ{]gx’ad uf’ — 2u? — pou® — 27Cuu,] dr
-1 — ® 2_
>r ( e)f' é;p“grad u| u;‘:] ds dp

”SQ u? ds dp,

(4

<+

~— (SIS

~|m

where ¢, € > 0 and ¢ < ¥/2. Since u, Vu € L? and p, is bounded, it follows
from the above after a quadrature that the integral is convergent.
We shall need one additional lemma in the proof of the theorem, namely:
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LEMMA 3. Let u be an L, solution of (1.1), and let p satisfy conditions (a)~(d)
of the theorem, then

f’ Ri— [ ”gﬁsjgrad uf? ds do dp

p

1+e¢

< ﬁ’-u’—zds+(l+e)fr°°%fp°°¢;°(po+s)uzds'dodp. (1.10)

Proor. The proof of this lemma comes from a straightforward integration
by parts and inequalities (B) and (C). Noting that the boundary integrals at
infinity may be dropped, we write

ﬁ% ds = _2£R¢§F%up ds — (n — 2)[}%9:_; dgdp-{-ﬁk%df

Sy (=2 @ @
2f’ pf do{ﬁo[wﬁ > o]ds]dodp+ b T

P

Z'I’R%Lwﬁv[ |grad u® — pu® + (n — 2)%

(n - 2)* u?
)

>(2—e)f’R%fp°°95s|gradu|2dsdodp

—_[’R%j;wﬁ.@po + €)u? ds do dp +£R-l§d¥-

Solving for the first term on the right, we find, after letting R — + oo,

f’”%fp”@gradufdsdodp

<3 l SQ“TZ ds +f’°°%j;°°¢;.(——2§°_+: )uzds'dodp

which is equivalent to (1.10). Note that both sides of this last inequality are
finite.
Note. Inequalities (1.9) and (1.10) can be combined to give

j;w%j;mﬁufdsdodp

1+e\2c u? ©] fo ,
<( 2 )563’7“”4, ;fp ﬁo(po-*e)u ds do dp. (1.11)

N

}dsdodp-l-ﬁ%ds

R

+

Q
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We are now ready to compute a lower bound for /; in terms of F and F’,
and complete the proof of the Main Theorem.

PrROOF OF THE MAIN THEOREM. In (1.6) take lim inf as R — oo and set
C = 0. (Note that the special choice for C used in proving Lemma 2 has not
been made at this point.) Then dividing by p and integrating, we get

%I, > —"T'zfr”%fp”@gmdufdsdadp

1 pol1 po 3170
5’ ;f ﬂ.[ Be +npo}u ds do dp

)

"‘j;w%fpwﬁ"(l’l"‘h)““od?dodp

1 )
-5/ g@ (p, + py)u? ds dp. (112)
r >

We now apply (B2), (B4), (C2) and (C4), after letting R — oo, we obtain, for
some positive v,

1 1 ® ] roo 2
5h> —5(n 2+4M+e)fr Ff,, gss’|gradu|¢sdodp

o] poo a2
—-'yj; -’-)—f; @au,dsdadp
® ] 3py 2K?
2.[ f¢[ +(n—4M)p0——7——eudvdodp
(1.13)
Using (1.10) and (1.11), we obtain
—;—I,>—1+£(n—2+4M+e+y)¢—ds

+€fw%fw£u2dsdodp
r [ 3

1 aPo 2K? 2
2[ f ¢.[ — +2(1 4M+e)p°--T—eudsdodp

(1.14)
Let us now assume that y is such that at each point of S,

9 2
r%:rz(l-m—e)po—%—no (1.15)
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holds. Then (1.14) may be rewritten as

%1, > - Q‘—)‘f'l:—%)-(n —24+4M + e+ )" F()

€

t
~Gn=4)/(n-2)
+t—— fo n F(n) dn

since clearly

f, =1 i wS‘;j‘z ds do dp > f % 02=3F(p) dp.

P
In order to apply Lemma 1, and conclude that ¥ = 0 in B°(R*), we must
require that y satisfy the inequality
l+e)(n—2+4M + ¢ + -
, 4+ e Y)+1<3n 4
n—2 n—2

i.e., we may choose
Yy=1—4M — ¢,. (1.16)
Thus, if (1.15) is satisfied with y given by (1.16), we conclude from Lemma 1

that ¥ =0 in B(R*). But the insertion of (1.16) into (1.15) yields the
assumed condition (e) and the theorem is proved. Q.E.D.

II. Examples and remarks. (1) A class of unbounded and oscillatory
potentials which have not been considered by previous authors are those of
following type:

V(r) = Ar®sin rf.
If we let V(x) = V(r), then
P 541 : 24 1
Aj;o + SIDOBdO (7 -'?-—2_—8.
If we now choose 8 + 2 < B than the right-hand side, for fixed 4 and S, will
become arbitrarily small for r > R* (sufficiently large). By Theorem 4,

—A + V possesses no eigenvalue A € (0, o0).
(2) Let V(r) = H(r)/r where H is defined for /, h > 0 as

) = B < r<(2+ 1),
—h: @+ DI<r<2+1, j=01,....

If hl <}, and if we set p = p, = A — V, it follows as a consequence of the
Main Theorem that there exists in & no nontrivial L, solution of (1.1). If
hl > 1, and if we setp = p, = A — V/, it follows from the Main Theorem that
no nontrivial L, solution for equation (1.1) will exist for A > A2.

(3) For a class of potentials which contains that of von Neumann and
Wigner, namely those potentials of the form
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A sin Br
r
(oscillatory and of order 1/r at infinity), Theorem 4 provides in many cases
an improved bound for the largest eigenvalue, the improvement depending
upon the relative sizes of 4 and B. For example, if we assume V' (x) = V,(x)
= *(A sin Br)/r, then
2A

P _sin Bo
A j: LA 3 -
Hence, for 24 /B < 3 no eigenvalue exists in (0, o). On the other hand, if we
let V(r) = Vy(r) = =(4 sin Br)/r, then from Theorem 4 we conclude that
a = A% and hence there exists no eigenvalue A € (42 o). If we define
V(r) = Vi(r) = *(A sin Br)/r, then
A, = lim sup(ir ABrcosBrrz— A sin Br ) — 4B.

r—oo
By Theorem 4, again we conclude that no eigenvalues for the operator
—A * (A sin Br)/r exists in the interval (4B/2, + o). Therefore, if
24/B < ; we take ¥V = V,; otherwise we choose V' = Vyor ¥ =V, (V, in
case ; < 24/B < 1,and ¥,,if 24/B > 1)

We remark that the nature of the spectrum in the interval (0, ) for the
class of long range potentials considered in this paper remains unknown. The
above examples illustrate that the value of a frequently depends on the way
in which p(x) is decomposed. In a specific example one will choose the
optimal decomposition if it can be determined.

Appendix. We present here the proofs of the inequalities (B) and (C).

rkgp,uzdgdp <X i Rgﬁépuzdsdp =ef Rgﬁsp Wdsdp; (Bl
| [ pui il <k ["16 w2 as o
= K’/;R%{ﬁkuzds—fpkﬂc[Zuu,-l- ! uz]dsdo} dp
<ki(B)f 2o L[ [ e+ B | v v @

3The authors are indebted to B. Simon for drawing their attention to several papers dealing
with oscillatory potentials. (See e.g. F. V. Atkinson, Ann. Math. Pura Appl. 37 (1954), 347-378;
S. Albeverio, Ann. Phys. 71 (1972), 167-276, and papers cited in Reed and Simon, Modern
methods of mathematical physics, Vol. 111, IV.) They also wish to thank the referee for a number
of helpful suggestions.
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lfrkgti’pp,uup ds dp| < Kfrkﬁ |uaw,| ds dp

2]'¢[ 2+—-u]wdx (B3)
f ¢ 8g(p, r ¥ ds dp

56g(R’)u¢s fgS [2uu +(n—2)—]dsdp

M R
< Tﬂkuz ds + ej; ﬁ’[u‘f + u2] ds dp. (C1)

We have introduced the notation g(p, r) = [* op,(6w) do, dropping the indi-
cation of dependence on w.

R R 9 u?
2 = ¢ 9 x
, % ,u’ ds dp 2, aPg(s,r) 5 ds dp

r

(u(R))* (n-2)
= %g(R’ r)T ds — f g(s,r)[ P 2]d9dp

<%¢éu ds+lf ¢’-§;h(p, r)[2uu +

]dsdp )

We let

Mg = (*&(e.r)
Ji=% ) u ds, h(p,r)—j; == do,
and note that || < M In(R/r). Then

n-—2
R

Jo <J, +

s,h(R’ r){2uuR + uz] ds'

R 2 _ 2 n— 2 (n - 2)2 2
2 fr ﬂph(P, r)[|grad ul” — pu* + ", + _sz u?| ds dp|.

For simplicity, we denote by J, the second integral on the right-hand side.
Thus, we obtain
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2) 2
+
Jo < J, 2Mln( )9S| o ds + 22 =2 (r)fﬁs,“ ds + 2J,
R 2 _ 2 R 2
J, < j; ﬁph(P, r)[Igrad u|” — pou ]ds'dp +j; ﬂph(p, r)p,u* ds dp
(n-27 ,
h(p,r) uu - pu? +_"T_“ ds dp
2

=Jy + Ty + Jo.

Ty < M[Rfr”%ﬁ [|grad u® + pou?] ds dp
<Mf f¢ |grad ul* + pou?] ds do dp,

e s

frkfrpf’?wl .M a%g(p, o)u’p""2 dw do dp|.

[

Jp=

After interchanging the order of o, p integration and performing an integra-
tion by parts, we find that

- f“¢ g(0.r) g(R,0) 2 4 o
r SR 4

Jas R

_f f 95 g(o,r)g(p,r)[ ,+"—;—2uz]dy4pdo

Using the assumed bound | g(o, )| < M, we obtain
M? 2 R1 (R 2 .2
In <% ln(R/r)ﬁRu dv+ej; of, 965,[“ + u2] ds dp do.

_ (R n—2 [ 4 ("-2)2 2
st—j: é}h(ﬂ,r)[ 5 u,u + i +———-—p2 u?| ds dp

<M£R¢£p%[@|upu|+§uz+(np ) 2]dsdp

M (R]1 R -2 2
<-7-j; ;f ﬂ.[n (u +u2)+Ku +(np) 2]ds'dp

[

<MefR—l-fR£(u2+u3)dsdodp.

r PJp
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Combining all the above inequalities we arrive at (C2), i.e.,
< wds + CIn(R/r)D |uuy| ds
$ R/, ot

R 2
u” ds dp
r 7S,

+fR%fR¢é (2Mp,, + €)u? ds do dp
r Pl s,

+ (M + ¢) f R% f,, RE@ |grad u[? ds do dp;
];ngppzuupdsdp = ‘[Rﬁ ag—(a‘:;r—)uupdsdp

=|5§,.g(R’ s ds = [ ) grad  ~ po] s o

R
+ f, ﬁ ’(pl + p)g(p, r)u? ds dp

< Mﬁkm el s + M | Rﬂ'“grad uf? + po?] ds dp

(©3)

R
S 8(P, ")(Pl +p2)u2 ds dp .

The last integral is then split into the sum of two integrals, the first of which is
treated using (B1) and the second of which can be written as

Vrkﬂ’g(p, r)pyu’ ds dp| = %lf"‘gﬁs’a%g’(p, r)- %2 ds dp|;

An integration by parts then leads to (C3).
lef¢°quu ds do dp|= fR1f¢ag(o’p)W ds do dp

<lj; ;ﬁ 8(R, p)uug ds dp

+ LR%LR¢ g(o, p)[ |grad uf - pu?] ds do dp

< Mln( )¢ || ds

+M1;R%]; ﬁ; |gradu|2+pou2]dsdodp

+|[ R% f Rﬂ g(o, p)(p, + p,)u* ds do dp ()

r 14
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and the proof is again completed by use of (B1) and the argument for (C3).
Q.E.D.

NOTE ADDED IN PROOF. A special case of Theorem 4 has its analog in the
case of one space dimension. If M = 0, then the content of Theorem 4 is
exactly the same as a result of Eastham (Lecture Notes in Math. 564 (1976),
pp. 72-77, Springer-Verlag, Berlin and New York). On the other hand, it is
not known that if () is replaced by

lim sup 7|9V, /0r| = A,
r—+ o0
and M = 0, then the improved result of Knowles holds (Proc. Roy. Soc.

Edinburgh 80A (1978), 15-22) namely H has no eigenvalues in (a, + o)
where a = 1(K? + (K* + A)'?).
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