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ABSTRACT. A homogeneous linear difference equation with constant coef-
ficients over a locally compact abelian group G is an equation of the form
271 6f(4x) = 0 which holds for all x € G where ¢y, . . ., ¢, are nonzero
complex scalars, ¢y, . . ., t, are distinct elements of G, and f is a complex-
valued function on G. A function f has linearly independent translates
precisely when it does not satisfy any nontrivial linear difference equation.
The locally compact abelian groups without nontrivial compact subgroups
are exactly the locally compact abelian groups such that all nonzero f €
L,(G) with 1 < p < 2 have linearly independent translates. Moreover, if G
is the real line or, more generally, if G is R" and the difference equation has
a characteristic trigonometric polynomial with a locally linear zero set, then
the difference equation has no nonzero solutions in C(G) and no nonzero
solutions in L,(G) for 1 < p < cc. Butif G is some R" for n > 2 and the
difference equation has a characteristic trigonometric polynomial with a
curvilinear portion of its zero set, then there will be nonzero Cy(R")
solutions and even nonzero L,(R") solutions for p > 2n/(n — 1). These
examples are the best possible because if 1 < p < 2n/(n — 1), then any
nonzero function in L,(R”) has linearly independent translates. Also, the
solutions to linear difference equations over the circle group can be simply
described in a fashion which an example shows cannot be extended to all
compact abelian groups.

0. Introduction. A homogeneous linear difference equation with constant
coefficients in the complex numbers C over the group of integers Z is an
equation of the form 7., ¢;f(z; + z) = 0 which holds for all z € Z where
€1 - - -5 €, € C are nonzero, the elements z,, . . ., z, € Z are distinct, and f:
Z — C. 1t is well known (see [1] and [9, p. 163]) that the only solutions of
such difference equations are of the form f(z) = =X_, 0,(2)a? where the Q,
are polynomials over C and the scalars g, € C are nonzero. If one assumes in
addition that |f(z)| < B|z|® for some constants B,E > 0, then each g, has
modulus one; if f is bounded, then also each Q, is a constant polynomial.
Hence, the only functions in /_(Z) which satisfy a nontrivial difference
equation over Z are the trigonometric polynomials on Z, linear combinations
over C of complex characters on Z. As a consequence, the only function in
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co(Z) or [(Z) with 1 < p < oo that has a dependence relation among its
translates is the zero function.

To generalize the concept of a difference equation to a locally compact
abelian group G, choose nonzero elements c¢,,...,c, € C and distinct
elements ¢,, ..., t, € G. For f: G— C, define the difference operator D by
Df =25, 6T, f where the translation operators T, are defined by T,f(x) =
f(x) for any t,x € G. A difference equation is then any equation of the form
Df = 0. One of the major problems in difference equations is to describe all
solutions f: G — C to a given difference equation Df = 0; one would like a
form for the solutions which makes it clear which measurable functions in
some L,(G) with 1 < p < oo can satisfy a difference equation. If there are
any solutions to the difference equation at all, there will be solutions in
L(G); but there may be no solutions in L,(G) with 1 < p < oo or in C(G)
depending on the nature of the group and the difference equation. For
background and notation see [5], [6], [23], [24] and [29].

1. General locally compact abelian groups. Suppose Df = 37_, ¢;T,f is a
difference operator on a locally compact abelian group G and f € L(G).
Then the Fourier transform f is defined on the dual group G by

F)= fG f(5)¥()dAg(s) forally € G,

where A is a fixed Haar measure in G. The Fourier transform of Df € L,(G)
is also well defined and, for all y € G,

@ =13 6r00).
p

Since f € C,(G), the only way that one can have Df = 0 a.e. [A;] is to have
f=0ae [A;] or to have the sum =7_, ¢;y(#) vanishing for y in a2 nonempty
open subset of G. Therefore, to see whether Df = 0 is possible with 0 # f €
L,(G), one must consider the zero set Z,={ve G: p(y) = 0} of the
trigonometric polynomial p: G — C defined by p(y) = 2}., ¢;v(#). This
polynomial is called the characteristic trigonometric polynomial of the
difference equation. Although the following lemma is known (see Ross [27],
[28] and Lopez and Ross [21, p. 123]), the argument given here seems to be
new and somewhat simpler than the ones given previously.

LeMMA 1.1. Suppose G is a locally compact abelian group without nontrivial
compact subgroups. Then a trigonometric polynomial on G which vanishes in a
set of positive measure with respect to A must vanish on all of G.

ProOF. The assumption on G is equivalent to assuming G is connected (see
Hewitt and Ross [11, p. 383]). Therefore, assume X is a connected locally
compact abelian group and p is a trigonometric polynomial on X which
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vanishes on a compact set K C X with A, (K) > 0.

First, consider the function

Fx)=MKNnKx'n---nKx™").

This is a continuous function of x and F(1) = A,(K) > 0. Hence, there exists
an open neighborhood U of 1 such that F(x) > 0 for all u € U. But then for
all u € U, there exists y € K such that yu' € K for/ =1, ..., n. Compare
with Kemperman [16].

Now let y,,..., v, be distinct characters on X and let ¢,,...,c, be
complex numbers with p(x) = 2%, ¢, v, (x). Fork, ,k, = 1,...,n,let

Eyr, = {x EX: 'Yk,(x) = 'Yk,(x)};
the set E, , is a closed subgroup and, if k, # k,, it contains no interior.

Indeed, if E, ,, contains interior, then it is open and closed. Since X is
connected, this implies X = E, , and k, = k,. Hence the set

U\ U {x € X:y,(x) = 1,(x)}
ky#k,
is an open dense subset of U.
Thus, there exists ¥ € U such that {y,(w): k= 1,...,n} are distinct
complex numbers. Choose y € K such that yu' € Kfor/=1,..., n Then

0=p(yu') = él Ve (7)) Ye(w)’

for/=1,...,n. Butsince {y,(4): Kk =1,...,n} are distinct and the Van-
dermonde determinant det(y,(x)') # 0, we must have ¢,y,(y) = 0 for all
k=1...,nS0¢ =0forallk=1,...,nandp=0. J

A nontrivial difference operator D cannot be identically zero on L,(G) and
so its characteristic trigonometric polynomial cannot vanish identically on G.
Hence, Lemma 1.1 proves that in a locally compact abelian group without
nontrivial compact subgroups, no nonzero f € L,(G) can be a solution to a
nontrivial difference equation. Conversely, if K is any compact subgroup of
G, there exists a compact neighborhood K, C G with kK, = K for all
k € K; hence, if G contains a nontrivial compact subgroup, then there exists
a nonzero characteristic function f € L,(G) and some kK # 1 in G with
T.f — f = 0. In addition, because the Fourier transform is also well-defined
and one-to-one from L,(G)— L, ,(p_,)(é) when 1 < p < 2, the following
theorem is a consequence of Lemma 1.1.

THEOREM 1.2. Suppose G is a locally compact abelian group without nontrivial
compact subgroups. Then any nonzero function in L,(G) with 1 < p < 2 has
linearly independent transiates.

The examples in §2 will show why the restriction on p is necessary even in
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Euclidean spaces, but there are other classes of functions on locally compact
abelian groups without nontrivial compact subgroups that will also have
linearly independent translates.

LEMMA 1.3. Suppose G is a locally compact abelian group without nontrivial
compact subgroups and let E be a nonempty subset of a compact subset of G.
Then for distinct elements g,,...,g, € G, there always exists some i =
l,...,nsuch that gE\ U{gE:j+ i} #O.

PROOF. One of the other characterizations of a locally compact abelian
group G with connected dual group is that for g € G, g # 1, there exists a
continuous homomorphism ¢: G — R with ¢(g) # 0 (see Hewitt and Ross
[11, p. 390)). For each i # j, choose a continuous homomorphism ¢;: G — R
with @;(g,) # @;(g)- With d = n(n — 1)/2, define ¢: G — R4 by

?(8) = (ps(8):ij=1...,ni%))

where some fixed order for the indices is chosen independently of g € G.
Then ¢ is a continuous homomorphism of G into R? with ¢(g)), . . ., 9(g,)
distinct and @(E) contained in some compact set. If some ¢(g;)p(E) is not
contained in the union of the other ¢(g;)@(E), then the same is true of g;E.
Hence, without loss of generality, G is R But then it is an obvious
geometrical fact that for distinct vectors g, . . ., g, € R? there is a vector
8 € R such that the scalar products gy- g, i = 1, ..., n, are distinct. That
is, by taking another continuous homomorphism ¥: R4 — R given by ¥(g)
= g, g, the lemma is reduced to the case that G is R itself. But in the real
line, if the elements g,, . . ., g, are distinct, then some one g; must be largest
and for this g;, g, E is not contained in the union of the other g;E. []

REMARK. The proof shows that there are always two elements g; E and g; E
which are not contained in the union of the other g;E.

THEOREM 1.4. Suppose G is a locally compact abelian group without non-
trivial compact subgroups. Let f # O be any of the following:

(1) a function which vanishes outside a compact set,

(2) an element in L (G) which vanishes outside a compact set,

(3) a measure with compact support,

(4) a distribution with compact support.
Then f has linearly independent translates.

PROOF. In case (1), let E = {x € G: f(x) # 0}; then suppose some distinct
elements g,, ..., g8, € G, and scalars ¢y, . . . , ¢, € C satisfy 27, ch,,f= 0.
Using Lemma 1.3 with this £ and g;!,..., g !, we can find some i =
1,..., nand some point x € g 'E with x & g 'E for all j # i. So

0= 2 of (%) = cf(8%)
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while f(gx) # 0. Hence ¢; =0 and X, ; 6T, f=0; by induction, all the
coefficients ¢; = 0. In case (2), the argument is the same except that a lifting
which commutes with the group action must be used because one would only
begin with the assumption that 37_, 6T, f=0 ae. [A;]; see [12] for the
existence and relevant properties of such a lifting. The cases (3) and (4) are
treated similarly. []

We make one further remark about the general locally compact abelian
group. Whenever the zero set of the characteristic polynomial is nonempty,
there will be characters which satisfy the difference equation; other functions
in L_(G) or distributions which satisfy the difference equation can then be
obtained as a distributionally convergent sum of those characters which are
solutions. However, the theorems in Jenkins [13] and in Rosenblatt [26] do
establish the following limitation.

THEOREM 1.5. A nonzero positive bounded function on a locally compact
abelian group can satisfy a difference equation %7, T, f=0only if 2ia16 =
0.

2. The groups R". For some locally compact abelian groups, Theorem 1.2 is
not the best possible one of its kind. If the group G is the integers, then the
classical solution of a homogeneous difference equation with constant coef-
ficients shows that no restriction on the L,-space other than 0 < p <
needs to be made; indeed, any nonzero function in c,(Z) has linearly
independent translates. This fact is really a special case of Theorem 2.9 which
will simultaneously prove that any nonzero function in Cy(R) or in L,(R)
with 1 < p < oo has linearly independent translates. However, one cannot
extend Theorem 1.2 to include Co(G) or all L,(G) with p > 2 in general as
the following example shows. This example is really a special case of much
deeper theorems that are already known and which will be discussed
subsequently; we present it here to stress the truly elementary nature of the
phenomenon.

ExaMpLE 2.1. Consider the difference equation over R2:

2f(x,y)=f(x+Ly)+f(x—Ly)+ f(x,y + 1) + f(x,y — 1).
If one takes the Fourier transform of
Df =2f — Tgof — T-10f — Tonf— Te-nk

then one sees that the characteristic trigonometric polynomial is p(x, y) = 2(1
— cos x — cos y). This difference equation was chosen with the fact in mind
that &, contains curvilinear arcs. With cos™ I: [0, 11> [0, 7 /2] denoting the
inverse cosine function, the curve

c(f) = (cos~'(2), cos~!(1 — 1)) fort €[0, 1]
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has an image contained in &, . This proves that the function
2/3 .
X, p) = exp(i(x, y) - c(t)) dt
Sp) = [ expli(x,3)-e(0)

satisfies the difference equation above, although a direct substitution will do
the same. The function f is continuous and, as the arguments which follow
show, satisfies an estimate |f(x,y)| < 4/(|x| + |y|)'/? for a constant 4
independent of x and y. This function then is in Cy(R?), in all L,(R?) for
» > 4, and also has a dependence relation among its translates.

To prove the estimate on |f(x, y)|, one can use two lemmas of van der
Corput which are standard tools for getting asymptotic estimates (see [17, pp.
15-16)).

LEMMA 2.2. Suppose h is a real-valued function with a monotone derivative h’
on [a, b] with h'(f) > A > 0 or K'(t) < —A <0 for all t € [a, b]. Then the
integral J = [° exp(2mih(t)) dt satisfies |J| < 1/A.

LEMM:A 2.3. Suppose h is a twice differentiable real-valued function on [a, b)]
with h"(t) > p > 0or h"(t) < —p < O for all t € [a, b). Then the integral J of
Lemma 2.2 satisfies |J| < 4/Vp .

These two lemmas apply to estimating |f(x,y)| if we let h(f) =
(1/27)(x, y) - ¢(t). One computes

ST
(=5~ (- )" + (1-(- t)z)l/z

and

won 1 — xt -y -1
h"(1) = 27 (- ;)3/2 +[ (1 “a- t)2)3/2

If both x and y are positive, then h”(f) < — B,(x + y) for some constant
B, > 0 independent of x and y and all ¢+ €3, 3]. If both x and y are
negative, then h”(f) > — By(x + y) for all ¢t €[1, 2]. Hence, Lemma 2.3
proves that in the first and third quadrants of R? |f(x,y)| < 4,/(x| +
|»])!/2 for some constant A, which is independent of x and y.

To get an estimate for | f(x, y)| in the second and fourth quadrants of R?,
one uses Lemma 2.2 because in these quadrants A” may vanish. However, for
any (x,y), the function A”(f) can be zero at most once on [}, 2] as a
straightforward calculation shows, and so () is piecewise monotone in two
pieces on [3, 2]. Also, if (x,y) is in the second quadrant, then there is a
constant B, > 0 independent of x and y such that h'(f) > B,(|x| + | y|) for all
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t €[4, 2).If (x, y) is in the fourth quadrant, then h'(f) < — By(|x| + |y|) for
all + €[4, ). Hence, Lemma 2.2 proves that in the second and fourth
quadrants of R?, |f(x,y)| < 4,/(|x| + |y]) for some constant 4, which is
independent of x and y. This together with the weaker estimate in the first
and third quadrants gives |f(x, y)| < 4/(|x| + |y|)!/? for some constant A
and all (x, y) € R2.

This one example is enough to show that for any n > 2, there are nonzero
functions in Co(R") and in certain L,(R") with 2 < p < co that do have a
dependence relation among their translates. The essential idea is that when
the zero set for a characteristic trigonometric polynomial of a difference
equation over R? contains a nonlinear arc, then there will be C,(R?) solutions
to the difference equation. Indeed, suppose that the zero set contains a
C3-curve c: [0, 1] — R? such that for all nonempty open intervals 7 c [0, 1],
c(I) is not contained in a straight line in R2 Then, by restricting the domain
of ¢ and making a suitable quadratic change of variables, one can replace ¢
by a curve cy: [0, 1] > R? with image also in the zero set such that, with
co(?) = (a(?), B()); one has (1) [«'|, | B'|, |«”|, | B”| are bounded away from
0, (2) either a’B’ > 0 and a”"B” <0 or a’B’ <0 and a«”B” > 0, and (3)
a”/B” assumes any value at most once. One can then prove, using Lemmas
2.2 and 2.3, that the function

S =, exp(i(x, ») - co(1)) dt

satisfies the difference equation in question and is a C,(R?) function with
|f(x,»)| < 4/(x| + |y])"/? for some constant 4. Hence, the explicit example
above is really typical of difference equation over R? with a curvilinear
section in the zero set of its characteristic trigonometric polynomial.

The evaluation of the asymptotic behavior of Fourier integrals of the type
above is a difficult subject with a long history, only a small part of which is
mentioned here. Suppose

sy = Pexp(i(x, y) - c(t)) dt

where ¢(?) is a C2-curve in R?; assume that (x, y) is perpendicular to c¢’(Z) for
some unique point #, € (a, 8), but that (x,y)-c”(¢)# 0. This is the
situation in Example 2.1 for a cone of vectors (x, y) lying in the first and third
quadrants. One of the theorems of asymptotic expansions (see Erdélyi [7, p.
51]) shows that if (x, y) = r(cos 0, sin #), then as r — oo,

f(x,y) ~ Cr=Zexp(i(x, y) - c(to) + in/4)
where the constant C = 27 /(cos 8, sin 8)- ¢"(t,). Hence, the order (|x| +

|¥])~1/2 is the correct order at infinity for | f(x, y)|. Because in Example 2.1
there is a cone of vectors (x, y) in the first quadrant in which (cos 8, sin ) -
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¢”(t) is bounded away from zero, the complex-valued function f(x,y) of
Example 2.1 is only in L,(R 2) for p > 4. Although this resolves the question
of the L,-spaces to which this example belongs, it does not say whether there
can be other solutions in L,-classes for p < 4. In Corollary 2.7, it is shown
that the only solutions to this difference equation are in L,(R ) forp > 4.

However, if one is willing to increase the dimension of the Euclidean space
in which the difference equation is defined, then solutions in L, -spaces with p
closer to 2 do certainly exist. Suppose S is a compact (n — 1)-dimensional
surface in R”, possibly with boundary, and p is a smooth mass density on the
surface, vanishing near the boundary. Let

) = fs exp(iy - x) p(x) dS (x)

where dS is the (n — 1)-dimensional surface volume measure. Littman [20]
proves a theorem which strengthens one due to Hlawka and Herz (see Herz
[10]) that when S is sufficiently smooth and at each point of S some k of the
n — 1 principal curvatures are different from zero, then | f(»)| < 4(||y||~*/?
for some constant 4. This theorem is closely related to the asymptotic
expansions which are studied in Erdélyi [7] and Chako [2], but there is a
uniformity for the direction of y. These estimates may be used to give
interesting examples of solutions to difference equations in R” with n large.
ExAMPLE 2.4. Consider the difference equation in R” given by

2n=Df(xp--x)=f(xi+ Lxg oo x)+ f(x;— 1L, xp ..., X,)
+o (X Xy Xy F D)+ f(xp e X X, — 1)

The characteristic polynomial

n
P(xp.esx)y=n—1-=3 cos(x;)
j=1

has a zero set which is a disjoint union of compact (n — 1)-dimensional
surfaces of positive Gaussian curvature. Let S, be the connected component
of the zero set containing the points with all coordinates zero except for one
which is *+ #/2; let f, be the Fourier transform of the surface volume element
dsS,. Then by the theorem of Herz [10], | £,(»)| < A(||y||~®~"/?) for some
constant A. This function f, satisfies the difference equation and f, € C(R")
N L,(R") for all p with p/2 > n/(n — 1). Hence, for any g > 2, there is a
sufficiently large dimension » for which there is some f, € L,(R") that has a
dependence relation among its translates; this shows that Theorem 1.2 cannot
be improved.

ExaMPLE 2.5. Consider any difference equation in R? for which there is a
C*=-curve c: [0, 1] — R? whose image lies in the zero set of the characteristic
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trigonometric polynomial. The curvature of ¢ = (a, B) is *=|B'a” —
a«’B”|/(«')? + (B)%)*? which can only be zero on an open interval I C
[0, 1] if ¢(1) is contained in a straight line. The nonlinearity of ¢ in Example
2.1 which gave the sign conditions on a and B clearly forces the curvature to
be nonvanishing. Hence, the existence of Cy(R?) solutions to difference
equations as in Example 2.1 is really a special case of the theorems mentioned
above. However, in explicit examples similar to the one in Example 2.1, we
can employ Lemmas 2.2 and 2.3 to avoid the use of a smooth mass density
vanishing near the endpoints of integration. Also, the estimate given by
Lemma 2.2 when it applies will be stronger than the general ones.

There are two questions left unresolved by these examples of Co(R") or
L,(R") solutions to difference equations. Suppose we take a particular
difference equation in R” for n > 2 and there is a Cy(R") solution. What is
the infimum of all p > 2 for which there is a nonzero solution to the
difference equation in L,(R")? Also, if we fix a dimension n > 2, what is the
infimum' 8, of all those p > 2 for which there is a nonzero function in L,(R")
with linearly dependent translates? The examples above show 2 < S, <
2n/(n — 1). The next theorem will help to answer these questions. Notice
that if f € L,(R") or f € Cy(R") and for some difference operator D,
Df = 0, then taking the Fourier transform of Df as a tempered distribution
shows that f as a tempered distribution is supported in the zero set Z, of the
characteristic trigonometric polynomial. For the relevant background
material see [4], [15], [18], [22], [25], [30].

THEOREM 2.6. If S C R" is a closed subset of Hausdorff dimension no larger
thann —1,and T# 0 is a tempered distribution with supp(T) C S such that
T € L,(R"), thenp > 2n/(n — 1).

ProoF. By multiplying T with a C *-function of compact support, one may
assume that 7 is bounded and S is compact. Then for 0 < a < n, the integral

- 2 a—n
I= T (x)| |x dx < o
JJFcof
if and only if the integral
J= If'(x)l2 |X|* 7" dx < 0.
Ix|>1

Assume oo >p >2and write p =2r with 1 <r < co; let1/r+1/g=1.
Then by Hoélder’s inequality,

) R 1/r ) , 1/q
J < d. amme .
(o tFer ) ([ e e
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Hence, since T € L,(R™),J < oo if
f |x|(°"")"dx < oo0.
Ix|>1

That is, I < oo if (¢ — n)g + n < 0. By a theorem of Deny [3, p. 142], at
least for n — 1 < a < n, if I < oo, then there exists a probability measure p
with supp(p) C supp(7T) such that

fR" (B |x[*" dx < oo.

But by a theorem of Frostman [8, p. 90], the Hausdorff dimension of S is also
the capacitary dimension of S. Hence, for a > n — 1, there exists no proba-
bility measure p with supp(p) C S and

L” |;2(x)|2 X" dx < oo.
Therefore, for all @« > n — 1, we must have (a — n)qg + n > 0. That is,
(n—a)/n<1/qg=(-1)/r=(p-2)/p
for all @ > (n — 1). Letting al(n — 1) gives 1/n < (p —2)/p and so p >
2n/(n—-1). O
We can see from this theorem that the L, estimates in Examples 2.1 and 2.4

are the best possible because the zero set of a nontrivial trigonometric
polynomial has Hausdorff dimension equal to some integer 1,2,...,n— L.

COROLLARY 2.7. Any nonzero function f € L,(R") with p < 2n /(n — 1) has
linearly independent translates.

ProoF. The zero set of a nonzero trigonometric polynomial p on R” is the
intersection with R” of an analytic variety in C”. By theorems in Whitney [33]
and [35], see also Whitney and Bruhat [34], the zero set of p is a locally finite
union of analytic manifolds. By Lemma 1.1, the Hausdorff dimension of this
manifold is never equal to n. Hence, the Hausdorff dimension of the zero set
of pisno larger thann — 1. []

It is not clear whether functions in L,(R") withp = 2n/(n — 1) and n > 2
also have independent translates and it would be interesting to be able to
resolve this case for the critical value of p. Also, Professor J.-P. Kahane has
shown in a letter by a different argument that if S C R” is a closed set with
Hausdorff dimension k¥ < n, and T # 0 is a tempered distribution with
supp(T) c Sand T € L,(R"), then p > 2n/k. This allows one to get better
lower bounds for the L,-class of a solution to a particular difference equation.
It would be useful to know some trigonometric polynomials on R”" with
k-dimensional zero sets that are not locally finite unions of subsets of
hyperplanes.
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In contrast with the examples so far presented in this section, some
difference equations, although admitting nonzero solutions, do not have any
solutions which vanish at infinity. In order to give examples of this type in
R", some of the theory of distributions supported in a vector subspace
R"* c R™ will be needed. As in Schwartz [31, Tome I, pp. 100-102], represent
the points z € R" as z = (x, y) with x € R*, y € R* and h + k = n. The
restriction ¢ on R” of a C*-function @(x, y) defined on R” with compact
support is defined by @(x) = @(x, 0) for all x € R*; the extension T to R" of
a distribution T on R" is defined, for C*-functions ¢ on R" with compact
support, by T(¢) = T(¢). A derivative transverse to the subspace R" is any
multi-indexed partial derivative with respect to the component variables of y.

THEOREM 2.8. A/l distributions T, ,, with support contained in a subspace R"
of R™ admit a unique decomposition as a locally finite linear combination of
derivatives transverse to R" of extensions to R" of distributions defined on R*:

Txpy = ; Dy (Tq )(xy)’

Each of the distributions T, has support contained in the support of T and the
distributions T, depend continuously on T.

If the support of the distribution T is compact, then this sum reduces to a
finite sum; a particular case of this theorem is that a distribution which is
supported at a point is a finite sum of derivatives of the Dirac mass at the
point.

THEOREM 2.9. Suppose D is a difference operator on R" for which the
characteristic zero set Z, is a locally finite union of subsets of hyperplanes in
R". Then Df =0 has no nonzero solutions f € C(R") or in L,(R") for
1< p<oo.

PROOF. Suppose Df =0 with 0+ f € L,(R")and 1 < p< oo.Letpbea
continuous function with compact support in R" such that the convolution
f*@+# 0. Then Df » ¢ = D(f * ¢) and, hence, 0 = D(f * ¢) also. But f*+ ¢
is in Cy(R™), and so without loss of generality only the case 0 % f € C,(R")
is considered. In addition, by convolving again with a C*-function having
compact support, we may assume 0 # f € Cy(R") and f is also a C*®-
function.

If Df =0, then as indicated above, f has a support in Z,. By the
assumption on the structure of Z,, there ewfist a point x € supp f and an
open set U about x such that U N supp f is contained in a hyperplane
H C R". Let ¢ be a C*-function with compact support in U which is
identically one in a neighborhood of x; then, because ¢ is the Fourier
transform of an integrable function, ﬁp is also the Fourier transform of a
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C>®-function F in Cy(R"). By applying a rotation to F and then multiplying
the resulting function by a character y(x) = exp(it- x) for t € R", we may
assume F is supported in the subspace R"~! = {(x,, ..., x,_;, 0): x; € R}
of R” without altering the fact that 0 # F € C°°(R")

But now Theorem 2.8 says that F = £, D(T,),, Where x € R""}, y €
R, and the sum is a finite sum of denvatlves with respect to y. Let N be fixed
with N — 1 the largest value of ¢ in the sum and let ¢ be an arbitrary
C=-function on R" with compact support. Then the partial derivative
(3" /3y ™)F is a distribution with

( oy ) (e) = (—F)(q‘>) = (—I)NF(-:_;;@)
= (=)"F((»")) = (=)"F (»").

But for any g,

D¢ (T,),,,»"®) = (=D(T,),. (D7 (") = (-D'(T,),(¥)

where ¥(x) = D7 (y Np)(x, 0). Since N > q for any q in the sum representing
F,¥is 1dent1ca11y zero and, therefore, the term DJ(T),,,,(¥ Np) = 0. Hence,
(@~ /3y ™)F is zero because its Fourier transform is zero when evaluated on
an arbitrary test function. This means that as a function of the variable y, F is
a polynomial of degree at most N — 1 for each fixed value for the variables
Xy, - - - » X,_;- This is impossible because 0 # F € Co(R™). O

ExaMpLE 2.10. If instead of the difference equation in Example 2.1, one
considers the difference equation

4f(x,y) =f(x+ Ly)+f(x - Ly)+f(x,y + )+ f(x,y = 1),
then the corresponding polynomial p(x, ) = 42 — cos x — cos y) and %, is
a discrete set. Theorem 2.9 shows that this difference equation has no
solutions in L,(R") for 1 < p < oo or in Co(R") other than zero.

The next corollary was communicated in a letter by Professor R. E.
Edwards; he used an argument which suggested the proof of Theorem 2.9.

(xy)

COROLLARY 2.11. Any nonzero function in C((R) or L,(R) for 1 < p < o
has linearly independent translates.

PROOF. A trigonometric polynomial on the real line can be extended to an
analytic function of the complex plane; so it must have a discrete set of zeros
unless it is identically zero. Hence, any difference equation Df = 0 with D not
identically zero must have the characteristic zero set %,, discrete; this means
that Theorem 2.9 applies to any nontrivial difference equation on the real
line. O
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The examples given in the beginning of this section and Theorem 2.9
suggest a characterization of those difference equations over R" for n > 2
which have a nonzero solution in Cy(R"). To do this, we need to use Theorem
1 in Baggett and Taylor [36] which implies that an analytic submanifold of R"
which does not lie in any hyperplane must support many functions with
Fourier transform in Co(R"). Using this, the same decomposition theorem of
Whitney used in Corollary 2.7 gives the following theorem.

THEOREM 2.12. A difference equation over R" for n > 2 has no nonzero
solutions in Co(R"™) if and only if the zero set of the characteristic trigonometric
polynomial is a locally finite union of subsets of hyperplanes in R".

It is perhaps worth pointing out that many of the facts about the L,-class of
solutions to linear difference equations which are mentioned in this section
also apply to solutions to partial differential equations on R”. For example,
any nonzero function f € L,(R") with p < 2n/(n — 1) cannot be a solution
to a nontrivial partial differential equation on R". Also, parallel to Examples
2.1 and 2.4, there are nontrivial partial differential equations on R” for n > 2
which admit C-solutions that are in Co(R”) and in all L,(R") forp > 2n/(n
— 1). In proving these facts, the trigonometric polynomials are replaced by
real polynomials of several variables and the theory of tempered distributions
is used analogously.

3. Compact abelian groups. In compact abelian groups, there are always
nonzero functions in L,(G) which have linearly dependent translates; how-
ever, if f € L,(G) and the Fourier transform f is never zero, then f has
linearly independent translates. It is natural to try to characterize those
functions which do have a dependence relation among the translates. It seems
difficult to get a simple characterization of this phenomenon in general as a
subsequent example will show, but in some special cases this can be done.
For example, here is an instance of a theorem of Lech [19] which can be used
to solve this problem for the circle group 7. We thank Professor B. Baishan-
ski for pointing out this theorem; it would be enlightening to know a simple
proof.

THEOREM 3.1. Suppose that ¢y, ...,c, € C and nonzero t,,...,t, € C.
Consider the integers k such that 27 _ | cjtj" = 0. If this set of integers is infinite,
then it consists of a finite number of the residue classes in Z modulo some whole
number r and, in addition, at most a finite number of other integers.

REMARKS. This theorem is proved by Lech in greater generality than is
stated here; the theorem will be used in the case that the scalars ¢ have
|| = 1. It is not hard to see that when the (7, are free abelian generators in
the circle group, Kronecker’s lemma and Lech’s theorem show that there is at
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most a finite number of solutions k € Z to an equation of the form >7_, cjtj"
= 0, unless all the coefficients ¢; = 0. What is the number of such solutions?
Is it less than n? This is tantamount to asking whether when (z;) are free
abelian generators in the circle group and sy, . . ., s, are distinct integers, is it
the case that det(£%) 7 0? This problem has been solved in a few special cases
(see [32]).

THEOREM 3.2. A function f € L,(T) or f € C(T) has a nontrivial depen-
dence relation among its translates if and only if f(z) has the form

k
1) =P D) + 2 2()

where p(z, z) is a polynomial with complex coefficients, r > 2 is an integer, each
r; is an integer and k < r — 1, and each function f; € L,(T) or f; € C(T) as
f € L,(T) or f € C(T). That is, f has Imeaer mdependent translates if and
only if the support of its Fourier transform f on Z contains a complete set of
residues modulo every nonzero integer.

PROOF. Assume that for distinct ¢,, .. ., z, € T and some scalarscy, ..., c,
€ C, one has 3}_, T, f = 0. Taking the Fourier transform shows that the
support of f is contained in {k € Z: 37_, ¢t = 0}. If one assumes that not
all of the scalars ¢; are zero, then this sct cannot be all of Z. Using Theorem
3.1, the support of f is contained in a proper number of the residue classes
modulo r for some r > 2 excepting a finite number of terms; so there exists a
polynomial p(z, z) such that f — p has spectrum in a union of residue classes
r; mod r. But then in any of the Banach spaces L,(T) or C(T), there exists a
projection Q; with range the functions having spectrum {k € Z: k =
mod r}; Q; is given by

1 Ir ly
Q(f)()‘Eosf(s )

where s is any fixed primitive rth-root of unity. Hence, as f € L,(T) or
f € C(T), the function

k
f@) - p(z,2) = X 2%(2")
j=1
for some functions f; € L,(T) or f, € C(T)..
Conversely, suppose f has the form above and let s be a primitive rth-root
of unity. Define P, to be the difference operator Hf_ (T — s5I). Then since

(T, = s"IXz%(2") = 0,

P.( s Z"JG(Z’)) -0

Jj=1



DIFFERENCE EQUATIONS OVER LOCALLY COMPACT ABELIAN GROUPS 287

Also, if P, is the difference operator II%L _,,(T, — t'I) where M > deg(p),
then P,(p) = 0. Hence, for any such P, and P,, we have (P,P,) f = 0. By
taking ¢ with an irrational argument, one is guaranteed that P, P, is not an
identically zero operator and so (P, P,) f = O represents a nontrivial difference
equation that f satisfies. []

COROLLARY 3.3. The only functions in L,(T) which have a linear dependence
relation among the translates by free abelian generators in T are the
trigonometric polynomials.

PRrOOF. See the Remarks after Theorem 3.1 and the proof of Theorem 3.2.
D.

The form of a function f € L_(7T) which satisfies a nontrivial difference
equation is that of a proper sum of characters multiplied by periodic
functions. It seems unlikely that this will remain true for the higher dimen-
sional tori too, but it certainly cannot be generalized to all connected
compact' metric abelian groups as the following example shows. This theorem
also shows how badly the same structure theorem may fail if T is replaced by
R.

ExampLE 3.4. Consider the function p(x) = sin x — V2 sin 2#x. This
function has an infinite number of zeros in R but its zero set does not contain
an infinite arithmetic sequence. First, notice that when the fractional part
{x} € (3, 2), then p(x) < 0; and when {x} € (3, 2), then p(x) > 0. So p
has infinitely many zeros and also no infinite arithmetic sequence (x, + 7j:
J > 0) can all be zeros of p(x) unless r is rational. Suppose that (x, + 7/:
J > 0) are zeros of p and r = a/b with a and b relatively prime integers,
a# 0and b > 0.Letj = 0, 2b, b to get

sin x, =V2 sin 2mx,,  sin(x, + 2a) = V2 sin 27(x, + 2a),
and
sin(xo + @) =V2 sin 27(x, + a).
Then
sin(xo + 2a) = V2 sin(27x, + 4ma) = V2 sin 27x, = sin x,.
Hence, there exists k, € Z with
xo +2a=xy+2mky or x,+ 2a=m— xy+ 2nk,

The first case says that = is rational and so we must have x, + a = w(k,
+ 1). Hence,

* 1 =sin (ko + ) = sin(x, + a)

=V2 sin2m(x, + a) =V2 sin 27%(ko + 3)-
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This means sin 27%(k, + 1) = =1/V2 and so there exists k, € Z such that
27%(ky + (3)) = w/4 + k;m/2. This again forces 7 to be rational. Hence, p
cannot have an infinite arithmetic progression in its set of zeros.

Now enumerate the zeros of p as (x,) and let (a,) be nonzero scalars with
2% ,la,] < oo. Consider the function F: R — C given by F(x) =
=¥, a, exp(ix,x). Then F is an almost periodic function with Fourier
transform having support equal to the zeros of p. Because

2ip(x) = exp(ix) — exp(—ix) — V2 exp(2mix) + V2 exp(—2mix),
the function F satisfies the difference equation
O0=T,F—T_,F-V2 T, ,F+V2 T_, F.

Because the spectrum of F is infinite but contains no infinite arithmetic
sequence, F cannot be written as a sum of periodic functions on R multiplied
by characters of R. This makes it clear that there cannot be a theorem exactly
like Theorem 3.2 which characterizes the functions in L_(R) that satisfy a
difference equation. However, it is the case that any uniformly continuous
bounded function which satisfies a nontrivial difference equation is almost
periodic (see Kahane [14, p. 43]); this fact also gives an alternate method of
proving Corollary 2.9 because nonzero functions in Cy(R) are not almost
periodic.

Example 3.4 can also be induced onto a connected compact abelian group
in this manner. Let X be the subgroup of R generated by the sequence (x,) of
zeros of the trigonometric polynomial p. In the discrete topology, X is the
dual group of a connected compact metric abelian group G and the point
evaluations y,: G — T given by y,(g) = x,(g) are continuous characters on
G. Let F(g) = 2., a,7,(g); this defines a continuous function F: G —» C
which is not a finite sum of characters on G multiplied by periodic functions.
Also, the character on X given by restricting x — exp(iKx) to X defines an
element R, of G. By taking Fourier transforms, one can see that F satisfies
the difference equation

0= TpF— Tz F-V2 Tp F+V2 Ty  F.

This example shows that there will not be a simple theorem like Theorem 3.2
which characterizes the continuous functions on connected compact metric
abelian groups that have a dependence relation among their translates. It
would be worthwhile to know if there is a similar example on the torus 7.
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