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ANALOGS OF CLIFFORD’S THEOREM FOR
POLYCYCLIC-BY-FINITE GROUPS
BY
MARTIN LORENZ

ABSTRACT. Let P be a primitive ideal in the group algebra K[G] of the
polycyclic group G and let N be a normal subgroup of G. We show that
among the irreducible right K[G}-modules with annihilator P there exists at
least one, V, such that the restricted K[N]-module ¥V, is completely reduc-
ible, a sum of G-conjugate simple K[N]-submodules. Various stronger
versions of this result are obtained. We also consider the action of G on the
factor K[N]/P N K[N] and show that, in case KX is uncountable, any ideal
I of K[N] satisfying (,cg/® = P N K[N] is contained in a primitive
ideal Q of K[N] with M ,ccQ% = P N K[N].

Introduction. By the classical restriction theorem of Clifford, we know that,
given a finite group G and an irreducible right K[G}-module V, then V
restricted to any normal subgroup N of G is a completely reducible K[N]-
module and its simple components are conjugate under G. In the case of
infinite groups, this result is still true provided the normal subgroup N has
finite index in G (cf. [15, Theorem 7.2.16]), but it fails to hold in general
without this restriction on N. So consider, for instance, the two-generator
nilpotent group of class two, G = {x,y|z = [x, y] is central). If K is a field
containing an element A € K- of infinite multiplicative order, then the Lau-
rent polynomial ring ¥ = K[X *!] becomes an irreducible right K[ G]-module
by the rules X' x = X’*! X'.y = AX’, Xz = AX’. But for the normal
subgroup N = (x, z) of G, the restricted module ¥, has no irreducible
K[N]-submodule, because such a submodule would correspond to a minimal
ideal in K[X *'].

However, there is still something that can be said for an arbitrary normal
subgroup N of the polycyclic-by-finite group G. Namely, let P be a primitive
ideal in K[G], say P is the annihilator of the irreducible right K[G]-module
V. In case V), splits into a sum of G-conjugate simple K[N J-submodules, an
immediate consequence would be that

PN K[N]= () Q¢

gEG
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for some primitive ideal Q of K[N]. Now, it has been shown in [13] that such
a primitive ideal Q always exists, without any assumption on the primitive
ideal P and on the normal subgroup N. The present paper is an attempt to
derive some module theoretic consequences of this fact.

In the first section, we show that, given a primitive ideal P in the group
algebra K[G] of the polycyclic-by-finite group G and given a normal sub-
group N of G, then there is at least one irreducible right K[G]-module V with
annihilator P such that the restricted module ¥V, is completely reducible. In
fact, we prove slightly more (Theorem 1.6): Let P be a primitive ideal of
K[G] and let N be a normal subgroup of G. Then there exists a primitive
ideal Q of K[N] such that

() NgecQ® = P N K[N] and

(ii) for any irreducible K[N}-module W with annihilator Q there exists an
irreducible K[G}-module ¥V with annihilator the given primitive ideal P such
that V), contains a copy of W. In particular, ¥V, is isomorphic to a direct sum
of G-conjugates of W. In the proof, we use the result of [13] mentioned above
and extend it by Ore extension methods, that is by viewing K[G] as essen-
tially built up successively by ring extensions of the type R C S, where
S = R,[t]is an Ore extension.

The second section contains a sharpened version of the above result under
the assumption that P is a certain nicely behaved maximal ideal of K[G].
Without going into the details here, let us just mention that the conditions we
impose on P are satisfied by any primitive ideal in K[G]), if G is finitely
generated nilpotent. Roughly speaking, we prove in Corollary 2.5, that for
such a P one may take any primitive ideal Q of K[N] satisfying the condition
N ze6Q% = P N K[N] and one still has the module theoretic result as
stated in part (ii) of the above Theorem 1.6.

In the remaining two sections, we are concerned with studying the action of
the polycyclic-by-finite group G on R = K[N]/P N K[N], where P is a
primitive ideal in K[G] and N is a normal subgroup of G. In short, the action
is such that there are “few” fixed elements in R and “many” ideals in R with
a large orbit under G. More precisely, if 2(R) is the classical ring of quotients
of R, then the fixed ring 2(R)¢ under the obvious action of G on 2(R) is
finite dimensional over the ground field K. Furthermore, there are countably
many nonzero G-stable ideals I,, I,, ... of R (not necessarily distinct and
possibly equal to R) such that any ideal I of R with a small orbit under G,
that is with r]geclg # (0), must contain one of the ideals I,. Here, the
notions of small and large orbit are motivated by the so-called Jacobson
topology on the set Priv(R) of primitive ideals of R. For the definition of this
topology we refer to §4, and we just note here that the primitive ideal Q of R
has a dense G-orbit in Priv(R) if and only if N,c;Q% = (0).

In terms of the Jacobson topology, the above result yields that, after
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removing at most countably many closed subsets from Priv(R), any primitive
ideal of R has a dense G-orbit. Of course, this does not say anything if the
ground field X itself is at most countable. But if K is uncountable, then the
result can be combined with a recent theorem of Farkas [4] to obtain among
others the following theorem (Theorem 4.3): Let K be an uncountable field,
let P be a primitive ideal of K[G] and let N be a polycyclic normal subgroup
of G. Then any ideal I of R = K[N]/P N K[N]such that N, /% = (0) is
contained in a primitive ideal Q of R such that N Q% = (0). The methods
of this last part of the paper are influenced by a recent article of Dixmier [3].

Our notation will be as in [15]. If not explicitly stated otherwise, G will
always be a polycyclic-by-finite group and K will denote any commutative
field. Rings are associative and have a 1, ideals are two-sided ideals and
modules are understood to be unitary right modules.

1. Ore extension methods. In this section R will always denote a right
Noetherian K-algebra and a will be a K-algebra automorphism of R. The Ore
extension R [t] is obtained from R by adjoining an indeterminate ¢ subject to
the equation

tr =r,
for all r € R. Localizing R,[¢] at the powers of ¢, we obtain the skew Laurent
polynomial ring S = R_[t, t™"]. Thus a typical element of S has the form

f(t) =fmtm +fm+ltm+l +- - +-flltn’

where f, € R and m and n are integers such that m < n. If f,, and f, are
nonzero, then we call n — m the degree of f(f). The automorphism a can be
extended to an automorphism of S via t* = t.

Suppose T is a group acting as K-algebra automorphisms on R. Then R is
said to be I'-prime if and only if the product of any two nonzero I'-stable
ideals of R always is nonzero. A T'-stable ideal I of R is called I'-prime if R/ 1
is a I'-prime ring. In the case I' = {a) we write a-prime instead of {a)-prime.
In the following lemma we gather some information from [7].

LemMMA 1.1. () If R is T-prime, then R is semiprime and the finitely many
minimal prime ideals of R from a complete orbit under T'. Furthermore, any
nonzero T-stable ideal of R contains a regular element of R.

(ii) If P is a prime ideal of S = R_[t, t""], then P N R is an a-prime ideal of
R.

(iii) Assume that the prime ideal P of S satisfies P + (P N R)S. If I is an
ideal of S such that 12 P,then I N R 2 P N R.

PrOOF. The assertions are [7, Lemmas 1.5, 1.3, 1.10] or immediate con-
sequences thereof. []
Let P denote a prime ideal of R. Then the heart of P, JC(P), is defined to
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be the center of the simple Artinian classical ring of quotients of R/ P, that is
I(P) = Z(2(R/P)).
Thus the heart of a prime ideal is an extension field of K. If R = K[G] is the
group algebra of the polycyclic-by-finite group G, then the field extension
JC(P)/K is always finitely generated, by [13, Theorem 4.4] or [12, Corollary
9]. Imitating terminology in [1] we make the following definition.
DEeFINITION. The prime ideal P of the right Noetherian K-algebra R is
called almost rational if and only if the field extension JC(P)/ K is algebraic.
In the case R = K[G], any primitive ideal P of R is almost rational. This
follows from the fact that JC(P) is embeddable in End,(¥) for any irreduc-
ible R-module ¥V with annihilator P, by [1, Satz 3.1], and this endomorphism
ring is known to be algebraic over K [9, Theorem 1.2).

LEMMA 1.2. Let P denote an almost rational prime ideal of S = R_[t, t™'].

@) If P =(P N R)S, then o' in its action on 2(R/P N R) is an outer
automorphism for all | + 0.

@ii) If I is an ideal of S such that 1 2 P, thenI N R 2 P NR.

ProOF. (i) Replacing S by S/(P N R)S = (R/P N R)[¢, '] if neces-
sary, we may assume that P = (0). Let 2 = 2(R) and 2 = 2(S) denote the
classical rings of quotients so that 2’ c 2, and suppose some power a’,
! # 0, acts as an inner automorphism on 2’. Then there exists a unit ¢ € 2’
such that g"'rg = r* holds for all r € 2". In particular, all a-conjugates g%,
i € Z, commute with each other and with ¢/ and the elements g%t = (g1')*'
€ 2 centralize 2’. Hence

-1 2
a tl

y=gqtlgt’ ... q*t'=¢qq* ... q
also centralizes 2’. In addition, y commutes with ¢ so y is central in 2. Since
y is clearly transcendental over K, we have a contradiction. Therefore, all
powers a’, I # 0, act as outer automorphisms on 2.

@ii) If P # (P N R)S, then the result follows from Lemma 1.1(iii). Thus we
have to consider the case P = (P N R)S. Again we may assume that P =
(0). In particular R is a-prime and semiprime, by Lemma 1.1(i) and (ii), and
hence the regular elements of R form a right Ore subset C of R and of S (see
[7, Lemma 1.4]). We claim that the localization S, is a simple ring. Since S,
can be identified with the skew Laurent polynomial ring 2/[¢, ¢”'], where
92’ = 2(R), it suffices to check that

(a) all powers a’, I = 0, act as outer automorphisms on 2’ and

(b) 2’ does not contain an a-stable ideal # (0),2’ (see, for instance, [8,
Proposition 3]). But (a) is just assertion (i) and (b) follows from Lemma 1.1(i).

Now assume by way of contradiction that there exists an ideal 7 # (0) of S
such that I N R = (0). Choosing / maximal with respect to these properties
we may assume that / is prime. But then, by [1, Satz 2.10}, IC' = IS, is a
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nonzero prime ideal of S; and so it contains the identity, by the above.
Therefore, I N € # P and I N R # (0). This proves the lemma. []

If X is a right ideal of R, then we let Id(X) denote the greatest ideal of R
contained in X, that is Id(X) = anng(R/X), the annihilator of the right
R-module R/ X.

LemMA 1.3. If X is a right ideal of R, then
1d(XS) = ( M 1d(x )“') . S.

i€z
PRrOOF. The element
J(@) = ft™ + fpt™ - Hft" €S = R,[1,17]
is contained in Id(X'S) if and only if for all » € R and any integer i we have
rt'f(e) = rfet™t + - - - +1f21" € XS,

or equivalently, rj}“'EXforallrER,ieZandI=m,m+l,...,n. of
course, the latter condition just says that f, € N ;czId(X)* for all / = m,
m+ 1, ..., n. The assertion follows. []

The content of the following lemma is essentially a suitable application of
the Euclidean algorithm to the skew Laurent polynomial ring S = R,[¢, ¢™'].
Part (i) will not be needed explicitly in the sequel but may be of some interest
in its own right (see also Lemma 2.4).

LeEMMA 1.4. Let P be a prime ideal of S = R_[t, 1.

() If X is a right ideal of R such that N ;e ld(X ¥ =P N R, then
Id(XS + P)= P.

(ii) There exists an a-stable ideal I = I(P) of R with I" 2 PN Rforalln
and such that any right ideal X of R with X D PN R and XS+ P=S
contains some power I".

ProoF. After factoring out the ideal (P N R)S of S, if necessary, we may
assume that P 0 R = (0) and R is a-prime, the latter by Lemma 1.1(ii). If
P = (0), then

Id(XS + P) = ( N Id(X)"') -8 = (0),
i€z
by Lemma 1.3, and hence (i) holds. For (ii)), we may choose I = R, for
XS = S implies X = R.

In the following we suppose that P # (0). Choose an element

J(O) = fut™ + fpart™ 4 HfI"EP

of minimal degree n — m > 0. We may assume that m = 0. Set V' = S/P,
y=1t+ P € V. Then R is a subring of the prime ring V and is stable under
conjugation with the unity € V. Let
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n—1
A= {rEery"e > Ry']
i=0

and

n
B= {r ER|rl € Y Ry‘].
i=1
Thus A4 is just the set of leading coefficients in R of elements of degree n in P,
together with 0, and B is the set of lowest coefficients of elements of degree n
in P, together with 0. It is easily checked that 4 and B both are nonzero
a-stable ideals of R. Inductively, one obtains that, for any nonnegative
integer /,
AI+5,n+I =yn+IAl+l C nél Ryi
i=0

and
B'*Y" =g+l ¢ 3 Ryl
i=1

Now let 7 = 4 N B. Then I is an a-stable ideal of R and I' # (0) for all
1 > 0, since R is a-prime. Furthermore, it follows from the above that for any
integer p there exists / = I(p) € Z* such that
n—1
yI' c 20 Ry’ foralll’ > 1.

Suppose X is a right ideal of R such that N;c,Id(X)* = (0) and assume
by way of contradiction that Id(XS + P) # P. Considered in V, this means
the existence of a nonzero ideal J of ¥ such that J c XV. By Lemma 1.1(iii),
J N R is a nonzero a-stable ideal of R which is contained in XV = =, , X",
Since J N R is finitely generated as a right ideal of R, we may even choose
integers p and ¢ such that

q
JNRCY Xy
i=p
There exists an integer / with
q . n—1 .
( 2 Xy‘)I' (= Xy'
i=p i=0
(for instance
1= max{I(p), [(p + 1), .., /(q)}

works) and hence

n—1
nNnRI'c I xy'
i=0Q
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By the minimality of n, this implies that (/ N R)I’ C X. Furthermore, the
ideal (/ N R)I' of R is a-stable and the a-primeness of R implies that it is
nonzero. Therefore, we finally obtain the contradiction

(0) % (J n R)' c M 1d(X)™ = (0).
i€z
Thus we must have Id(XS + P) = P, and (i) is proved.

As to (ii), we choose I to be the ideal of R constructed above. If X is a right
ideal of R such that XS + P = S, then XV = V and there exist integers p
and g such that 1 € 29_ Xy i, Again, we use the fact that for a suitable power
I' we have

q9 n—1
(2 Xy‘)l’ c X
i=p i=0
and hence I' ¢ 7Z3Xy’. The minimality of » again implies that I' c X, and
we are done. []

Before we apply this to group algebras, let us quote the following finite
index lemma. Here and in the remainder of this section G will always denote
a polycyclic-by-finite group.

LEMMA 1.5. Let N be a normal subgroup of finite index in G.

(i) If P is a prime ideal in K[G), then P is minimal over (P N K[N])K[G].

(ii) Let P be a primitive ideal of K[G) and let Q be a minimal covering prime
of P N K[N). If V is an irreducible K[G]-module with annihilator P, then the
restricted module V contains an irreducible submodule W with annihilator Q.
In particular, Q is primitive.

(iii) Let Q be a primitive ideal of K[N) and let P be a minimal covering
prime of (N ;e Q*)K([G]. If W is an irreducible K[N}-module with annihilator
Q, then the induced module W° = W @ xviK[G] has a composition factor V
such that anng (V) = Pand Vy DO W. In particular, P is primitive.

PRrOOF. Assertion (i) is [13, Lemma 4.3(i)] and (ii), (iii) are proved in [13,
Lemma 5.1]. O
We now come to the main result of this section.

THEOREM 1.6. Let P be a primitive ideal of K[G) and let N be a normal
subgroup of G. Then there exists a primitive ideal Q of K[N] such that:

@ NyecQ® = P N KIN];

(ii) for each irreducible K[N ]-module W with annihilator Q there exists an
irreducible K[G)-module V with annihilator P such that V, =) W. In particular,
Vy is isomorphic to a direct sum of G-conjugates of W.

PROOF. Suppose U is a normal subgroup of G with N C U and assume the
assertion .of the theorem holds for the pairs (N, U) and (U, G). Then it is
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easily checked that the theorem also holds for (N, G). Since G is
polycyclic-by-finite, this remark reduces the problem to the following two
cases:

G/ N is finite and G/ N is infinite cyclic. The case G/ N finite is contained
in Lemma 1.5, so we have to consider the case G/N = Z here, say G =
{N,t). Then K[G] = K[N1],[¢, t'], and we may apply our results on skew
Laurent polynomial rings. First however, we infer from [13, Corollary 5.3]
that there is a primitive ideal Q of K[N] such that N,;Q% = P N K[N].
Let W be an irreducible K[N]-module with annihilator Q and write W =
K[N]/X for some maximal right ideal X of K[N]. We claim that XK[G] + P
is distinct from K[G). Suppose otherwise and let J = I(P) be the G-stable
ideal of K[N] constructed in Lemma 1.4. Then the assumption XK[G] + P
= K[G]implies that X O I" for some positive integer n.

Since Q = Id(X) is the greatest ideal of K[N] contained in X, it follows
that Q O 7" and hence Q DO I. Therefore, since I is G-stable, we obtain that

Ic () Q*=PnK[N]
gEG

On the other hand, by construction, I strictly contains P N K[N]. This
contradiction shows that we must in fact have XK[G] + P # K[G]. In
particular, we may choose a maximal right ideal Y of K[G] with XK[G] + P
C Y. Let V be the irreducible K[G]-module V = K[G]/Y. Then

VD K[N]/Y N K[N] =K[N]/X =W

and clearly, the annihilator 4 of V contains P. Suppose that A 2 P. Then,
since P is almost rational, we conclude by Lemma 1.2(ii) that A N K[N] 2
P N K[N]. But

AN K[N] =anngy (V) Canngy (W) = Q

and hence
AN K[N]c ) Q*=PnK[N]
g2EG

This contradiction shows that ¥ has annihilator precisely P, and the theorem
is proved. []

REMARKS 1.7. (a) In the proof of Theorem 1.6 we have used [13, Corollary
5.3]. For finitely generated nilpotent-by-finite groups one can avoid this by
using the fact that in this case all primitive ideals of K[G] are maximal (cf.
[13, Corollary 5.6]): Reduce to the case G/ N infinite cyclic as above and then
argue as follows. Choose I = I(P) according to Lemma 1.4(ii). Then [ is a
G-stable ideal of K[N] strictly containing P N K[N]. Since K[N] is a
Jacobson ring (cf. [9, Corollary 1.3]) and since P N K[N] is a semiprime ideal
of K[N], we can find a primitive ideal Q of K[N] such that Q 5 P n K[N]
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but 0 b I. We claim that N, Q% = P N K[N]. Otherwise,
(NgecQ2%)K[G] + P would be a two-sided ideal of K[G] strictly containing
P. Consequently, (N,ccQ%)K[G] + P = K[G], and Lemma 1.4(ii) yields
that N, Q% O I" for some n. But this clearly implies that Q O I, con-
tradicting the choice of Q. Therefore, we must have N,cQ% = P N K[N]
as claimed. The proof can now be completed as above.

(b) The proof of the theorem shows that, at least in the cases G/ N finite or
infinite cyclic, we may take Q to be any primitive ideal of K[N] satisfying
Nzec@® = P N K[N] and still have the fact that to any irreducible K[N]-
module W with annihilator Q there exists an irreducible K[G}-module V" with
annihilator P such that V,, oW

2. Maximal ideals. Throughout this section G will denote a polycyclic-by-
finite group. Let I be an ideal of K[G]. Following [16] we set

I'={geGll-geI).
Thus I is the kernel of the natural homomorphism G — K[G]/I and hence
is a normal subgroup of G. Let A, be the subgroup of G defined by

A/IT = A(G/TY),

the f.c. center of G/I'. Then A, is normal in G and, using the terminology of
[15], we say the ideal I is A,-controlled if
I=(In K[A;])K[G]-

As to the relevance of these ideals we note that Roseblade has shown in [16,
Theorems C.1 and C.2] that G always contains a certain characteristic
subgroup G, = nio(G) of finite index such that every prime ideal P of K[G,)
is Ap-controlled. Furthermore, it is not hard to show, using work in [16], that
in the case of an arbitrary polycyclic-by-finite group G at least every com-
pletely prime ideal P of K[G] is Ap-controlled (i.e., those ideals P of K[G] for
which K[G]/ P has no zero divisors).

Note that if the ideal I is A;-controlled, then the factor K[G]/I has the
structure of a crossed product

K[G]/1=(K[A]/1 N K[A,])I[G/A,].
We briefly recall that the crossed product RY[H] of the group H over the ring
R contains for each x € H an element X € R)[H] and every element of
R)[H] can be written uniquely as a finite sum X . 7, X with r, € R.
The addition in R)[H] is defined componentwise and the multiplication is
given by the formulas

=y(xy)w,  rx=xr®
for all x,y € H and r € R. Here a: H — Aut(R) and y: H X H — U(R), the
group of units of R, are maps that have to satisfy certain technical conditions
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which make the multiplication in R}[H] associative. For details and elemen-
tary properties of crossed products we refer to [10]. Here we just note that in
order to view K[G]/I as a crossed product of H = G/A, over R =
K[A,)/I N K[A,] one associates to each coset x € H the element X = g_ +
I € K[G]/I, where g, € G is a fixed element of the coset x. The point is that
I = (I n K[A;DK[G] implies that these elements X, where x runs over H,
form a basis of K[G]/I as a free left R-module. The map a arises from the
action of G on R and y(x, y) is the element d + I withd = gxgyg;;.

The next lemma deals with the following situation. Let S C R be rings and
let a: H— Aut(R) and y: H X H — U(R) be as above such that in addition
Imy c U(S) and a(G) transforms S into itself. Then with the obvious
mappings «’ and Y’ we have a crossed product SY[H] which is a subring of
R][H].

LemMa 2.1. Let S = SY[H] c R = R[H] be crossed products as described
above. If S|gR, that is if S is a direct summand of R considered as a left
S-module, then & |sR .

PrOOF. By assumption, there exists a left S-submodule T of R such that
R =S @ T. Writing J for the set of elements 2 %t € R with ¢, € T,
we see that 7 is stable under addition and left multiplication with elements of
S. To see the latter, lets € S, € Tand x,y € H. Then

(xs)(7t) = v(x, )/')E 50 = ; y(x, y)a(xy)sa(y)t,

and since y(x, y)*@s°® € S, we have y(x, y)*@s*®% € T and so (xs)(j)
€ 9. Observe that each element of %R can also be written uniquely as a finite
sum X, c ,Xr,, and the elements of S are just those with r, € S for all x. So
we have a direct sum decomposition of R into left S-modules R =S & .
This establishes our claim. []

The following lemma is essentially well known (see, for instance, the proof
of [13, Lemma 4.5]).

LEMMA 2.2. Let S C R be rings and assume that R is Noetherian as right
S-module. If X # (0) is a right ideal of R containing a regular element of R,
then X N S # (0).

PRrOOF. Let ¢ be the regular element given by hypothesis. Then since R is
Noetherian as a right S-module, there is a positive integer m with

cmES+cS+ - +c™IS
We obtain a monic equation of the form
cm+ s, s tes, +5,=0

with 5; € S. Choose such a monic equation of minimal degree m > 1. Then,
by the regularity of ¢, sy has to be nonzero and certainly s, is contained in X,
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since ¢ is an element of X. Thus 0 #sp €E X N Sand X N S # (0). O
The next lemma is very similar to Lemma 1.3. We therefore leave the easy
proof to the reader.

LemMA 2.3. Let N be a normal subgroup of G and let X be a right ideal of
K[N). Then

14(XK[ G]) = (gQGxx)K[g].

In the proof of the next lemma we need the concept of a G-prime ring
which was defined in the first section. We shall use the following version of
Lemma 1.1(ii) (cf. also Lemma 3.2): If P is a prime ideal of K[G] and N is a
normal subgroup of G, then P N K[N]is a G-prime ideal of K[N].

LEMMA 2.4. Let P be Ap-controlled primitive ideal of K[G) and let N be a
normal subgroup of G. If X is a right ideal of K[N] such that NgecX® =
P N K[N], then

Id(XK[G] +P)=P
PROOF. Set U = NAp and Y = XK[U] + (P N K[U]). Then U is a normal
subgroup of G and by assumption on P we have
P=(PnK[ U))K[G]
and so
YK[G] = XK[G] + P.
Hence
Id(XK[G] + P) = Id(YK[G]) = ( N Y‘)K[G],
8€EG
by Lemma 2.3. The assertion is therefore equivalent to

(N Y2=Pn K[U].
8EG

Set & = K[U]/P N K[U] and § = K[N]/P N K[N]. Then, by the
above remark, § C ® are G-prime rings. From P = (P N K[A,DK[G] it
follows that

P N K[U] = (P n K[A:])K[ U]
and
P 1 K[N] = (P n K[N 0 A,DK[N].
Hence 4 and § can be considered as crossed products
R = (K[Ap]/P N K[Ap])][U/Ap)
§ = (K[N n4,]/P n K[N 0 8:])L[N/N n A,]
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Since U/A, = N/N N A, we can choose the coset representatives for A, in
U to be in N. Hence both & and S are crossed products over the group
H = N/N n A,. Writing

R=K[A)]/P N K[Ap] and S=K[NNA]/P N K[N N4

we have S C R, and the point about P being primitive is that this implies R
to be finite dimensional over K (see [11, Lemma 2.4] or Lemma 3.5). In
particular, S is a semisimple Artinian ring and hence S|gR. Lemma 2.1
allows us to conclude that S |sR.. Let ¥ be the image of ¥ in ® and let X be
the image of X in §. Then ¥ = X% and, since S|s%®, we obtain that
Y N $ = X. Now G certainly acts on ® and S, and our assumption on X
can be expressed as N gEGf # = (0), whereas our assertion, as modified in the
first paragraph of the proof, becomes N,c;Y* = (0). Assume by way of
contradiction that M, Y? is nonzero. Then since R is a G-prime ring and
N e Y¥ is a G-stable two-sided ideal of R, we could use Lemma 1.1(i) to
conclude that there is a regular element in N, ;Y% But as we observed
above, R is finite dimensional over K and so @ is finitely generated as a right
S -module and hence is Noetherian as a right S-module. We can therefore
apply Lemma 2.2 to obtain that

M Y2 n S #(0).

g8E€EG
But since & is G-stable, we have

N7 ns=N(FnsF= N X =(0)

8E€EGCG gEG g8EG
This contradiction shows that we have in fact N KEG)_"‘ = (0), as was to be
shown. [

What we have obtained so far is the following: Given a Ap-controlled
primitive ideal P of K[G], a normal subgroup N of G and a primitive ideal Q
of K[N] such that N,c;Q% = P N K[N], then to any irreducible K[N]-
module W with annihilator Q there exists a K[G}-module V' with annihilator
P such that ¥, is isomorphic to a direct sum of G-conjugates of W. Namely,
we just write W in the form W = K[N]/X with some maximal right ideal X
of K[N]. Since Q is the annihilator of W, we have N ,cyX” = Q and hence

M x2= () Q2= P n K[N].

gEG gEG
Therefore, the lemma gives Id(XK[G] + P) = P, that is P is the annihilator
of the K[G]}-module V = K[G]/(XK[G] + P). Clearly, VEK[N]/X =W
and V =3,.:(K[N]/X)g. Hence V, is isomorphic to a direct sum of
G-conjugates of W. Of course, V will not be irreducible in general, and we do
not know whether or not ¥ must necessarily have a composition factor with
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annihilator precisely P. Such a composition factor, considered as a K[N]-
module would also be isomorphic to a sum of conjugates of W. One case at
least is trivial, namely the case where P is Ap-controlled and maximal, for
then any composition factor of ¥ has annihilator precisely P. So we may state
the following

COROLLARY 2.5. Let P be a Ap-controlled maximal ideal of K[G), let N be a
normal subgroup of G and let Q be any primitive ideal of K[N] such that
N4ecQ® = P N KN}

Then to any irreducible KN }-module W with annihilator Q there exists an
irreducible K[G}-module V with annihilator P such that V is isomorphic to a
direct sum of G-conjugates of W.

3. Almost fixed point free group actions. Throughout this section G will
denote a polycyclic-by-finite group. Let T’ be a group acting on K[G]. Recall
from §1 that an ideal P of K[G] is said to be I'-prime if P is I'-stable and if
AB C P for I'-stable ideals 4 and B of K[G] implies that 4 C P or B C P.
By Lemma 1.1(i), any I'-prime ideal P of K[G] is semiprime and in fact can
be uniquely expressed in the form P = P, 0 P, N ... N P,, where the ideals
P, of K[G] are prime and form a complete orbit under the action of T.

In the following, Int(G) denotes the group of inner automorphisms of G,
considered as a group of automorphisms on K[G].

LeMMA 3.1. Let T be a group acting on K[G) and let P be a T-prime ideal of
K[G]. Then T acts on the classical ring or quotients 2 (K[G]/ P) of K[G])/P. If
Int(G) C T, then the fixed ring 2(K[G)/P)' is a finitely generated field
extension of K.

PROOF. Write P = P, N P, N ... N P,, a finite intersection of I'-conjugate
prime ideals P, = P}. By [6, Theorem 2.17], none of the ideals P, contains an
element which is regular modulo P. Hence the right ideals P,2 of 2 =
2(K[G]/ P) are actually two-sided and are precisely the prime ideals of 2
(cf. [1, Satz 2.10]). Here we have written P, = P,/ P. We obtain K-preserving
isomorphisms

9=3 ®2/P2 =(2/F,2)"
i=]1

sending the element ¢ € 2 to the n-tuple (g% + P,2), in (2/ P,2)". Under
this map, the elements of 2" have their images in the diagonal of (2 /P,2)"
and, since Int(G) C T, the components of the image of g € 9 are stable
under the action of G on 2 / EQ. Therefore, we have a K-algebra embedding

9r <> diag(2/P,2)° = 2(2/P,2).
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Now 2 /P2 is canonically isomorphic to the ring of quotients 2(K[G]/ P,)

of K[G]/ P, (see[1, Satz 2.10]) and hence Z(2 / P,2) is the heart of P,,
(P = Z(2K[G]/P)))

But the latter is known to be a finitely generated field extension of K, by [13,

Theorem 4.4). Therefore, the subextension 2' is also finitely generated, and

the lemma is proved. [J

DEerFINITION. Let T be a group acting as K-algebra automorphisms on K[G]
such that Int(G) c I'. Let P be a I'-prime ideal of K[G]. We say that the
action of I' on K[G]/P is almost fixed point free if and only if the field
extension 2(K[G]/P)"/ K is algebraic (and hence is finite dimensional).

To give a first example, let T be an automorphism of the finitely generated
torsion free abelian group 4 such that 1 is the only element of 4 with a finite
orbit under 7. In this case, the action of {(v)> on K[A4] is almost fixed point free
in the sense of the above definition. For, the semidirect product G = A<{7)
has f.c. center A(G)= (1) (see [5, Lemma 4.4]), and this implies
Z(2(K[G]) = K, by [15, Theorem 4.4.5]. But obviously, 2(K[4]) C
Z(2(K[G]) and so 2(K[A])" = K. The converse is also true and is in fact
easier.

Our main interest in almost fixed point free group actions stems from the
fact that, in case P is a primitive ideal of K[G], the action of G on K[G]/P is
almost fixed point free. In fact, this is just an alternative way of expressing
that primitive ideals in K[G] are almost rational (cf. §1). The following
lemma and its corollary extend this observation to subrings K[N]/P N
K[N], where N is normal in G. Here and in the remainder of this section we
are concerned with the following special situation: T is a group containing G
as a normal subgroup and I acts on K[G] and suitable factors of K[G] via its
action on G.

LEMMA 3.2. Let G < T and let P be a T-prime ideal of K[G). If N C G is
normal in T, then P N K[N} is a T-prime of K[N] and we have a K-algebra
embedding of the fixed rings

2K[N]/P n K[N])" = 2(K[G]/P)".
In particular, if the action of T on K[G)/ P is almost fixed point free, then the
same holds for the subring K[N1/P n K[N].

Proor. Clearly, P N K[N] is I'-stable. Let A and B be I'-stable ideals of
K[N] such that AB C P N K[N]. Then 4 and B are in particular G-stable
and so AK[G] = K[G]A and BK[G] = K[G]B are two-sided I'-stable ideals
of K[G]. Since

(AK[G])(BK[G]) = (4B)K[G] C (Pn K[N])K[G] Cc P,
the assumption on P implies that AK[G] C P or BK[G] C P and hence
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A C PN K[N]or BC Pn K[N] This shows that P N K[N] is, in fact,
I'-prime.

Set R = K[G]/P and S = K[N]/P n K[N]. Then S is a I'-prime subring
of R, and we have to show that 2(S)' embeds in 2(R). So let  and s be
elements of S, with s regular in S, such that z = rs™' € 2(S)'. Then in
particular, z is central in 2(S) and for all y € T we have

r's = (zs)'s = 2% = zs"s = sVzs = s"r.

Interpreting the equation r”s = s in R we obtain that rxs = sxr, for all
x € R. Now let P, P,,..., P, denote the minimal primes of R and set
r,=r+ P,s;=s5+ P, € R/P, Then for all i and for all x € R/ P, r;xs; =
s;xr;. It follows from a result of Martindale [14, Theorem 4], that for each i
there exists ¢; € Z(2(R/ P;)) with r; = ¢;s;. As in the proof of Lemma 3.1, we
identify 2 = 2(R) with 27_, @ 2, where 2, = 2/P,2 = 2(R/P,). We
bhaver=r +r,+--- +r,s=s5,+s5,+ -+ +s,and r = cs, where ¢ =
¢+ c;+ - -+ +¢, is central in 2. Therefore, in 2 the equation r's = s
reads as ¢"s%s = s%s = cs's. Thus we have

(c"—¢c)s’s =0
for all y € T. Now let «; denote the projection of 2 = Z7_, @ 2, onto the

ith component. Observe that no #; annihilates a regular element of S. For this
would imply that P, contains a regular element of S and hence each of the

ideals P,, P,, ..., P, contains a regular element of S, since the I'-primeness
of R implies that these ideals are conjugate under I. However, the product
P -P,- --- -P iszero, a contradiction. In particular, m,(s"s) is nonzero for

all y and since m(c” — ) is central in the prime ring 2, for all y, we deduce
from m(c¥ — ¢)m(s’s) = 0 that m(c* — ¢)=0fori=1,2,...,n and for all
y € T. This shows that c¢ is I-invariant and so we have obtained that r = cs,
for some ¢ € 2F. We show that ¢ only depends on z, not on the choices of r
and s. For, if z is written in the form z = (ru)(su)~' with u regular in S, then
as above we obtain ¢’ € 2' such that ru = ¢’su. On the other hand, ru = csu
and hence (¢ — ¢’)su = 0. Note since R is I'-prime so is 2. Thus if ¢ 7 ¢/,
then ¢ — ¢’ is a regular element of 2 and (¢ — ¢’)su = 0 implies that su = 0,
a contradiction. Hence we see that ¢ = ¢’. Routine verification shows that the
map z > ¢ from 2(S)' to 2F = 2(R)' is a K-algebra homomorphism which
has to be an embedding, since 2(S)F is a field (Lemma 3.1). The last
assertion of the lemma is an immediate consequence of this embedding. [

In view of the remarks made before the statement of the lemma we have
the following;:

COROLLARY 3.3. Let P be a primitive ideal of K[G). Then for any normal
subgroup N of G, the action of G on K[N1/P N K[N] is almost fixed point
Jree.
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LeMMA 3.4. Let G < T and let P be a T-prime ideal of K[G].

(1) If Ty < T, then P can be uniquely expressed as a finite irredundant
intersection P = P, N P, N ... NP, of Ty-prime ideals P; which form an orbit
under the action of T'.

(ii) Suppose the normal subgroup Ty of T has finite index and set Gy = G N
Ty Then

PN K[Gy) = Pg,
y€T
where P is a Ty-prime of K|[G,] which is uniquely determined up to T-conjuga-
tion. Furthermore, if the action of T on K[G)/ P is almost fixed point free, then
the same holds for the action of Ty on K[Gl/ P,.

PrROOF. Observe that I' permutes the minimal covering primes
01,05 ..., 0, of P transitively and P equals their intersection. The action of
Iy on {Q), 05, ..., 0,} produces orbits 0,,0,,...,0, which again are
permuted transitively by T, since I'y is normal in I'. Therefore, the ideals
P; = N gcp,Q form an orbit under T, they are I'y-prime and P = N P,. The
proof of the uniqueness is easy and is omitted.

It remains to prove (ii). First, by Lemma 3.2, P N K[G] is I'-prime and
hence the existence and uniqueness (up to I'-conjugacy) of an expression of
the form

PN K[G]= P
vyer
with P, a I'y;-prime follows from part (i). Suppose now that the action on
K[G]/P is almost fixed point free. We want to show that 2(K[G,]/ Py is
finite dimensional over K.

From Lemma 3.2 we know that 2 is finite dimensional, where we have
written 2 = 2(K[G,]/P N K[Gy]). Write P N K[Gy) = P, N P,
N ... NP, an irredundant intersection of I'y-prime ideals P; which are
permuted transitively by I'. In analogy with the proof of Lemma 3.1, we write
9 as the sum

2 = 3 ®AK[Go)/P).

The group T, in its action on £, permutes these summands transitively and T,
stabilizes them. Therefore,
/T,

o = (90T = (gl DK Go]/P,-)“’)

Set T =T /T, and F, = 2(K[G,]/P,)". Then T is a finite group and each F,
is a finitely generated field extension of K, by Lemma 3.1, F, = F,. Our claim
can be expressed as (F, : K) < oo. Set
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T, = {xeT|Ff =F,).
Then the finite group T, acts as field automorphisms on F, and fixes the
elements of K. Hence, if K, denotes the fixed field of T';, then K C K, and
(F): K)) < 0. So it suffices to show that (K, : K) < . Choose a right
transversal {x,, x,, . .., x,} for T, in T. If A\ € K, then the element

AYT4 AR 4 .- FAF EQ

is clearly independent of the choice of the transversal and is contained in 2F.
Finally, the map

AP AT 4 A% 4 - o A

is easily seen to be a one-to-one ring homomorphism. Thus, as a K-algebra K,
is embedded isomorphically in 2F and so (K;: K) < (2F: K) < 0. This
proves the lemma. []

LEMMA 3.5. Let G QT and let P be a T-prime ideal of K[G). Suppose that
the action of T on K[G]/ P is almost fixed point free and assume G = D4(T') =
{x € G|x has only finitely many T-conjugates}. Then K[G]/ P is finite dimen-
sional over K. In particular, P is maximal among the T-stable ideals of K[G).

PROOF. Set Z = Z(G) and R = K[Z]/P N K[Z]. Then Z has finite index
in G and is normal in I'. Hence T" acts on R and in fact some finite image of T’
is acting, since G = D4(I'). We conclude that R is integral over the fixed ring
RT and R is a finitely generated RT-module (cf. [2, p. 33]). Since RT C
2(K[G]/ P), the assumption on T implies that RT is finite dimensional over
K. Hence R is also finite dimensional, and

dimy K[G]/P < dimg R-[G: Z] < co.

As to the final assertion, observe that by Lemma 1.1(i), P can be written in
the form P = N Q" where Q is a prime ideal of K[G] and the intersec-
tion is finite. Since P has finite codimension in K[G], the ideal Q is even
maximal. Therefore, any ideal of K[G] containing P is contained in some Q7
and any I'-stable ideal over P is contained in N, QY = P. O

Recall from [16] that a group T is said to be orbitally sound if and only if
any subgroup U of I' having only finitely many I-conjugates satisfies
[U: N,erU'] < 0.

An ideal I of K[I] is said to be faithful, if I' = (1), and almost faithful, if
I' is finite. The key results of [16] we need are as follows.

THEOREM 3.6 (ROSEBLADE). Let T be polycyclic-by-finite.

() T has a normal subgroup T, of finite index which is orbitally sound.

(ii) Let T be orbitally sound and let G Q T. Set F = Dy(T). If P is an almost
faithful T-prime ideal of K[G]), then P = (P N K[F)K[G].
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PRrOOF. Part (i) follows from [16, Theorem C.2]. For part (ii), let 4 denote
the Zalesskii subgroup of G (see [15, p. 364] or [16, §1.5]). Then 4 is a
characteristic f.c. subgroup of G of the form 4 = D;(H) for some finite-by-
nilpotent normal subgroup H of G and hence in particular, 4 contains F. We
consider the ideal P N K[A] of K[A]. By Lemma 3.2, P N K[A] can be
expressed as P N K[A] = P, n P,N ... NP, with prime ideals P, of K[A]
which form an orbit under T. Therefore, the subgroups P;' of I' have only”
finitely many conjugates under I' and

+
N @Y =(Nr) =@k =rn4
yeT yET

is a finite group. Since I" was assumed to be orbitally sound, we conclude that
P,." is finite for all i/, and hence P, is almost faithful. By [16, Theorem D], we
obtain that

P,= (P, N K[D,(D)])K[4] = (P, n K[ F])K[ 4],
and hence
PN K[A]= (Pn K[F])K[A].
Therefore, we have to show that P = (P n K[A])K[G]. By [15, Theorem
11.4.2], it suffices to check that P N K[A] is annihilator free in K[A], that is
for any a € K[A] and any infinite subgroup B of 4, a- AK[B]) C P N
K[A] implies that « € P N K[A]. But if B is infinite, then B N Z(A4) also is
infinite and since P, is finite, we may choose x; € B N Z(A4), x; &€ P!. Then
x; — 1 is nonzero and central modulo P; and hence is regular modulo P,. Now
if a- o(K[B]) C P N K[A4], then a(x; — 1) € P, and so a € P;. Since this
holds for all i, we have « € N P, = P N K[A] and we obtain that P N K[A]
is in fact annihilator free. The result follows. [J
We are now ready to prove the main result of this section.

THEOREM 3.7. Let T be polycyclic-by-finite, let G < T and let P be a T-prime
ideal of K[G). Suppose the action of T on K[G]/P is almost fixed point free.
Then there are countably many T-stable ideals I,,I,, . .. of K[G] (not neces-
sarily distinct from each other and from K[G)) with I, 2 P and such that for
any ideal I of K[G], N ,er!” _;» P implies that I D I, for some I.

PRroOOF. First observe that we may restrict ourselves to the case of prime
ideals /. For, suppose we already have constructed a sequence J,,J,, . .. of
I'-stable ideals satisfying the requirements of the theorem for prime ideals 7
containing P. If I is any ideal of K[G] containing P, then I contains a finite
product P, - P,- ... -P, of primes with P, D I. Clearly, if N /" # P, then
N ,erP! # P for all i, and hence P, contains some of the ideals J}, J,, . . .,
say P, D Jy;. But then I D Jyyy-Jyp) - - - - Jymy + P, and the latter ideal is
I'-stable and strictly contains P, since P is I'-prime. Furthermore, the set of
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ideals of the form Jy) - Jys) - . . . *Jy, + P clearly is a countable set and so
the result follows in general.

Choose Iy as in Theorem 3.6(i) and set G, = G N I'y. Then, by Lemma 3.4,
P N K[G,] can be written as a finite intersection P N K[Go]l = N ,erPy,
where P, is a I'y-prime of K[G,] such that the action of I'y on K[G]/ P, is
almost fixed point free. We first establish the theorem for I, and K[G,]/ P,
Since the orbitally sound property is inherited by homomorphic images, we
may assume that P, is faithful, that is PJ = {(1). Let I, be a prime ideal of
K[G,)] such that Iy= N ,crJd D Py Then I§ is infinite, for otherwise
application of Theorem 3.6(ii) wouﬂl give that

I = (I, n K[ F])K[ G,

where we have set F = D (o). But [, N K[F] D Py N K[F] and, by Lemma
3.5 applied to the I'y-prime ideal P, N K[F] of K[F], we must in fact have
equality. Thus we obtain that I, = P, a contradiction. Therefore, I§ is
infinite and the ideal (WI{)K[G,] + P, is strictly larger than P, since PJ =
{1)>. Furthermore, the ideal (wI)K[G,] + P, is obviously T;-stable and is a
member of the countable set of ideals of the form (wH)K[G,] + Py, H a
normal subgroup of G,. This yields the desired sequence J,, J,, . . . of ideals
for 'y and K[G,]/ P,,.

It remains to lift the result to T’ and K[G]/P. So let I be a prime ideal of
K[G] such that I = N yerl” D P. Then, since P is I'-prime, I contains an
element that is regular modulo P, by Lemma 1.1(i), and since [G : G,] < oo,
we conclude from Lemma 2.2 that

I'nK[G,] 2 P N K[Go] = Qrpg.
Now I is a T'-prime ideal of K[G] and hence I N K[G,] is a T-prime in
K[G,), by Lemma 3.2. Therefore, Lemma 3.4 yields that

INK[G,) =1,
yeT
a finite intersection with I, a T'y-prime. After replacing I, by a I'-conjugate if
necessary, we have I 2 P,. Therefore, by the result for I'y and K[G,]/ Py, the
ideal I, contains some J; and hence

INK[G]>MNI>MNJ D) P=Pn K[G]
yeT yeTl yer
Here, the last inclusion is even strict. For otherwise, J C P, forsomey €T,
since N, /) is a finite intersection of T'y-stable ideals and P, is I'y-prime.
But then J, O J;', which is impossible since I' acts as a finite permutation
group. ThereTore, N,er/) and P N K[G) are distinct and
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I = ( N J,’)K[G] +P
yer

is a two-sided I'-stable ideal of K[G] strictly containing P and contained in I.

Since the ideals I, clearly form a countable set, the theorem is proved. []

4. Topological methods. If not explicitly stated otherwise, the group G is
understood to be polycylic-by-finite throughout this section.

Given a ring R, the set Spec(R) of prime ideals of R can be endowed with
a topology, usually called the Jacobson topology, by declaring the subsets of
the form

V() = {P €Spec(R)|P D 1}, IanidealofR,

to be closed. If R = K[G] is the group algebra of a finitely generated
nilpotent-by-finite group G, then the primitive ideals of R turn out to be just
those prime ideals P of R such that {P} is a locally closed subset of the
topological space Spec(R). Algebraically, the condition means that the inter-
section of all primes strictly containing P is distinct from P (cf. [13, Corollary
5.6]). Although this characterization of primitive ideals does not hold for
general polycyclic groups, there is still some characterization of primitive
ideals for these groups with a topological background. Unfortunately, this
characterization only works for uncountable fields.

The crucial result we need is the following recent theorem of Farkas [4,
Corollary 8].

THEOREM 4.1 (FARKAS). Let K be an uncountable field and let G be a
polycyclic group. Then for any homomorphic image R of K[G] the set Priv(R) of
primitive ideals of R is a Baire space (when considered as a subspace of
Spec(R)).

Recall that a Baire space is a topological space with the property that
countable intersections of dense open subsets always are dense. We shall use
Farkas’ theorem in the following way.

Let P be a prime ideal of K[G] and let R = K[G]/P, which is a prime
semiprimitive ring (cf. [9, Corollary 1.3]). Suppose Priv(R) can be written as a
union of countably many subsets %X, X,,.... Then the conclusion of
Farkas’ theorem is that at least one of these has to be dense. For, if none of
the %, is dense, then for each i the complement V; of the closure %, is a
nonempty open subset of Priv(R). But as a consequence of the fact that R is
prime and semiprimitive, any nonempty open subset of Priv(R) is dense and
hence each V; is dense. On the other hand, the intersection of the V; is
empty, which contradicts the Baire space property. Therefore, some %, has to
be dense which, in algebraic terms, just means that N 5o, @ = (0).

In order to state the result we need some terminology. The ideal P of K[G]
is said to have a separating set of ideals, if there exist countably many ideals
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I, 1, ... (not necessarily distinct from each other and from K[G]), all
strictly containing P, with the property that any ideal strictly containing P
contains one of the ideals I,. Observe that the existence of a separating set of
ideals is trivial if K is countable since a countable Noetherian ring has only
countably many ideals. Hence for the following theorem we must have K
uncountable.

THEOREM 4.2. Let K be an uncountable field and let G be a polycyclic group.
If P is a prime ideal of K[G), then the following are equivalent:

(i) P is primitive;

(ii) the heart IC(P) of P is a finite algebraic extension of K;

(iii) P has a separating set of ideals.

Proor. The equivalence of (i) and (ii) has been established in [13, Theorem
5.2], even under a less restrictive hypothesis on the field K. The implication
(iii) = (i) follows from Farkas’ theorem (and is also in Farkas’ paper [4,
Theorem 1]). Namely, if P is not primitive, then X = Priv(K[G]/P) can be
written as the union of the countably many subsets X, = {Q € ¥X|Q D
I,/P}, where I, I,, . .. is the separating ideal sequence for P. Consequently,
some X; has to be dense and so Ny, @ = (0). But N oex, @ contains the
nonzero ideal I,/ P of K[G]/ P, a contradiction. Thus P is in fact primitive.

Finally, (ii) = (iii) follows from the results of §3. For, in the language of §3,
(ii) just says that the action of G on K[G]/ P is almost fixed point free. So the
existence of a separating set of ideals for P follows from Theorem 3.7. []

As a second application of the Baire space method we obtain the following
result on the existence of “large” orbits of primitive ideals.

THEOREM 4.3. Let K be an uncountable field, let P be a primitive ideal of
K[G] and let N be a polycyclic normal subgroup of G. Then to any ideal I of
K[N] such that N, cgl® = P N K[N] there exists a primitive ideal Q of
K[N]with @ D Iand N Q% = P N K[N]

Proor. First we reduce to the case I prime. We have I O P,-P,- ... -P,

for suitable prime ideals P; of K[N] with P, O I. Therefore,

PN K[N]= I"D(ﬂ Pf)-(ﬂ Pg)- -(ﬂ P,f),

g8EG g8E€EG g8EG g€EG

since the latter ideal is obviously G-stable and is contained in P,- P,

. -P,.Since P N K[N]is G-prime, it follows that

PNK[N]> ) P
gEG

for some i. The other inclusion is clear, for P N K[N] c I c P,. Hence we

may assume that / is prime.
By Corollary 3.3, the action of G on K[N]/P n K[N]is almost fixed point
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free, and Theorem 3.7 provides us with countably many G-stable ideals
I, 1, ... of K[N]with I, > P n K[N]for all / and such that for any ideal T
of K[N]with T D P n KﬁV] and T DI, for all /, we have N7 =P N
K[N].

Since N,cql® = P N K[N], we clearly have I D7, for all /. Set R =
K[G)/IandJ, = ([, + I)/Iforl=1,2,....Then each J,is a nonzero ideal
of the prime ring R. Set X = Priv(R) and X, = {T € ¥|T > J,}. Since X
is a Baire space, by Farkas’ theorem, and since the %, are countably many
proper closed subsets of %X, it follows that % #* U,%,. Choose T €
X\ U,%, and let Q be the inverse image of T in K[N]. Then Q is a
primitive ideal of K[N] containing /, but not containing any of the ideals I,.
Therefore, by the fundamental property of these ideals, we must have
N,ec@® =P N KIN). O

We close with a remark on the Jacobson property of K[G] which answers
in the positive a question by P. F. Smith in the special case of K being
uncountable. Recall that a ring R is a Jacobson ring if and only if every prime
ideal of R is an intersection of primitive ideals.

PROPOSITION 4.4. Let K be an uncountable field and let G be a polycyclic
group. Then any faithful prime ideal of K[G] can be written as an intersection of
faithful primitive ideals.

PRrOOF. Let P be a faithful prime ideal of K[G], that is

Pt={geGll-geP}=1.
To each element g € G, g # 1, we associate an open subset 968 of X =
Priv(K[G]/ P) by

X ={TeX|(1-g+P&T}
Since P is faithful, the elements (1 — g) + P (g # 1) are all nonzero in
K[G]/P and hence the Jacobson property of K[G] implies that the open
subsets X, of X are nonempty and hence dense. Since they form a countable
family of subsets of %X, the conclusion of Farkas’ theorem is that the
intersection

D= N %X,
gEG~{1)

is also dense, that is N ;<97 = (0). But clearly, the inverse images in K[G]
of the ideals in D are faithful primitive ideals of K[G], and their intersection
equals P. [

ADDED IN ProOF. Farkas’ theorem (Theorem 4.1) has meanwhile been
extended to polycyclic-by-finite groups (M. Lorenz and D. S. Passman,
Integrality and normalizing extensions of rings, J. Algebra, (to appear)). Thus
the results in §4 do in fact hold for polycyclic-by-finite groups.
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