TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 254, October 1979

SIMPLE PERIODIC ORBITS OF MAPPINGS
OF THE INTERVAL
BY
LOUIS BLOCK'

ABSTRACT. Let f be a continuous map of a closed, bounded interval into
itself. A criterion is given to determine whether or not f has a periodic point
whose period is not a power of 2, which just depends on the periodic orbits
of f whose period is a power of 2. Also, a lower bound for the topological
entropy of f is obtained.

1. Introduction. Let I denote a closed and bounded interval on the real line
and let C°(I, I) denote the space of continuous maps from I into itself. This
paper is concerned with periodic orbits of mappings f € C%I, I). Such
mappings (sometimes called first order difference equations) arise as mathe-
matical models for phenomena in the natural sciences (see [4] and [5] for
some discussion and further references).

Let f € C°(I, I). Consider the following ordering of the positive integers:

1,2,48,... ...,7-85-83-8,...,7-45-43-4,...,
7-2,5-2,3-2,...,7,5,3.

A. N. Sarkovskif has proven that if m is to the left of n (in the above ordering)
and f has a periodic point of period n, then f has a periodic point of period m
(see [6] or [7]). This theorem suggests that the following property implies a
rich orbit structure:

(1) f has a periodic point whose period is not a power of 2.

This suggestion is supported by the fact that (1) implies the following:

(2) f has a homoclinic point (see [1]);

(3) f has positive topological entropy (see [1], [2], or [7]).

Also, (2) is equivalent to (1) (see [1]) and it has been conjectured (and
proved for a special case in [3]) that (3) is equivalent to (1).

In this paper we give a criterion for determining whether or not f satisfies
(1) which just depends on the periodic orbits of f whose period is a power of
2. In the process we obtain a lower bound for topological entropy. The
criterion we give is based on the following definition.

DEFINITION. Let P be a periodic orbit of f € C°(1, I) of period m, where m
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is a power of 2 and m > 2. We say P is simple if for any subset {q,, ..., g,}
of P where n divides m and n > 2, and any positive integer » which divides m,
such that {gq,, ..., g,} is periodic orbit of f” with ¢, < ¢, <-- - <g,, we
have

f’({qp cees q,./z}) = {qn/2+l’ e G )

The reader may wish to see §4 where the definition of “simple” is discussed
for a periodic orbit of period 8, and some examples are given.

Our main results are the following: (In this paper we include 1 = 2° as a
power of 2.)

THEOREM A. Let f € C%I, I). f has a periodic point whose period is not a
power of 2 if and only if f has a periodic orbit of period a power of 2 which is not
simple.

THEOREM B. Let f € C(I, I). Suppose f has a periodic orbit P of period m
(where m = 2* for some k > 2) which is not simple. Then f has a periodic point
of period 3 - 2¥72.

The proof of Theorems A and B uses some results of [6] and [7] which will
be stated in §2. Stefan in [7] also obtains the following result which improves
a theorem of Bowen and Franks (see [2]).

THEOREM C. Let f € C°(1, I) and suppose f has a periodic point of period n,
where n = 2?-m and m > 3 is odd. Then the topological entropy of f is greater
than (1/2%logV?2 .

Thus (using Theorem C) the following is an immediate corollary of Theo-
rem B.

COROLLARY D. Let f € C%I, I). Suppose f has a periodic orbit of period m
(where m = 2% for some k > 2) which is not simple. Then the topological
entropy of f is greater than (1/2*%)logV?2 .

2. Preliminary definitions and results. Let f € C%(Z, I) and let N denote the
set of positive integers. For any n € N, we define f” inductively by f' = fand
f" = fo f"~ . Let f° denote the identity map of I.

Let x € I. x is said to be a periodic point of f if f*(x) = x for some n € N.
In this case the smallest element of {n € N: f"(x) = x} is called the period
of x.

We define the orbit of x to be {f*(x): n =0,1,2, ... }. If x is a periodic
point we say the orbit of x is a periodic orbit, and we define the period of the
orbit to be the period of x. Clearly, if x is a periodic point of period n, then
the orbit of x contains n points and each of these points is a periodic point of

S of period n.
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Note that a periodic point of f is always a periodic point of f* (for any
n € N), but the periods may be different. The following proposition (which
follows immediately from the definitions) gives an example of this.

PROPOSITION 1. Let f € C%, I). Suppose P is a periodic orbit of f of period
n where n is even. Then there are disjoint subsets P, and Pz of P which are
periodic orbits of f* of period n/2.

Now, let P be a periodic orbit of f containing at least two points. Let
P_;.(f) denote the smallest element of P and P_,(f) denote the largest
element of P. Let

Uf)={x€If(x)>x} and D(f)={x€I: f(x)<x}.
Let Py(f) denote the largest element of P N U(f) and Pp(f) denote the
smallest element of P N D().

We will use the following lemma, proved by Stefan in [7] (see (9) in §B of
[7D.

LEMMA 2. Let f € C%(I, I) and let P be a periodic orbit of f. If f has a fixed
point between P_; (f) and Py(f) (or between P,(f) and P_,(f)) then f has
periodic orbits of every period.

The following corollary to Lemma 2 also appears in [7].

LEMMA 3. Let f € C°(1, I) and let P be a periodic orbit of f. If Pp(f) <
P(f) then f has periodic orbits of every period.

Proor. Suppose P,(f) < Py(f). Since f(P,(f)) < Pp(f) and f(P,(f)) >
P,(f), f has a fixed point between P,(f) and P,(f). Thus, the hypothesis of
Lemma 2 is satisfied. Q.E.D.

LeMMA 4. Suppose f € C°(I, I). Let J C I and K C I be closed intervals
with f(J) D K. There is a closed interval H C J with f(H) = K.

PROOF. Let K =[a,b] and let A = f'(a) N J and B = f'(b)N J. Let d
denote the usual metric on the real line. Since A and B are nonempty disjoint
compact sets, there are points a;, € 4 and b, € B such that d(a,, b;) =
d(A, B). Let H be the closed interval with endpoints a, and b,. Then
HNA={a}and HN B = {b,}. Hence f(H) = K. QE.D.

LEMMA 5. Let f € C%I, I). Suppose H and K are closed intervals with
H c K c Iand f(H) = K. Then f has a fixed point in H.

PROOF. Let K = [a, b). For some x € H and y € H, f(x) = a and {y) =
b. Hence f(x) < x and f(y) > y. Thus, f has a fixed point between x and y.
Q.E.D.
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LEMMA 6. Let f € C%(I, I). Let g = f" for some positive integer r which is a
power of 2. Suppose there is a periodic orbit Py = {q,, ..., q,} of g of period n,
where n is a power of 2 and n > 2. Suppose q, < q, < - - - < g, and for some
i<n/2andj < n/2 g(q) = g Then there is a periodic orbit P of f of period a
power of 2 which is not simple.

PROOF. Let P be the orbit of g, with respect to f. Then P is a periodic orbit
and P, C P. Let m be the period of P. We will show that m = n - r.

We claim that, for any positive integer s < r and any g; € Py, f'(q;) & Py
To prove this, suppose that, for some positive integer s < r and some g; € Py,
f*(g)) € Py We may assume (by choosing s smaller if necessary) that, for any
positive integer ¢ <s, f(q)) &€ P, for i=1,...,n. Note that for k =
0,...,n—1,

L7 (9)) = £ (f(q)) € Po
Hence f°(Py) C P, Since f restricted to P is one-to-one, f°(Py) = P,. Since
f(Py) = Pyand s < r, it follows from the choice of s that s divides r.

Now, f°(P,) = P, implies that some subset P, of P, is a periodic orbit of f°.
Hence f*(P,) = P,. Since s divides r, f'(P,) = P,. Hence P, = P, Thus P, is
a periodic orbit of f* and a periodic orbit of f’. Since r is a power of 2, s
divides r, s < r, and P, has at least two elements, we obtain a contradiction
by repeated application of Proposition 1. This contradiction establishes our
claim.

Next, we will show that the points

ql’ R qn’f(ql)’ R ’f(qn)’ A ’fr_l(ql)’ e ’f’_l(qn)
are all distinct. Suppose f%(g;) = f"(qj) where 0 K a<r—1,0<b<r-—1,
1<i<n and 1 <, < n. We may assume that a < b. By applying f"~° to
the points f°(¢;) and f?(g;), we see that f*~**“(q,) € P,. Sincea < b,r — b +
a < r. By our claim above, r — b + a = r. Hence a = b. Again, applying
7% to the points f%(g;) and f(q}) we see that f’(¢) = f’(q). Since f”
restricted to P, is one-to-one, g; = g;. Hence i = .
Clearly,

P= {ql’ LRI qu(ql), s ’f(qn)’ LR ’fr_l(ql)s s ’fr—](qn)}-

Hence m = n - r. Thus m is a power of 2 and r divides m. It follows from this
and our hypothesis that P is not simple. Q.E.D.

3. Proof of Theorems A and B.

LEMMA 7. Let f € C%(I, I). Let n > 3 be an odd integer and suppose that f"
does not have any periodic orbits of period 3. Let P be a periodic orbit of f of
period k, where k is a power of 2 and k > 2. Then Py(f") = Py(f) and

Pp(f") = Pp(f)-
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Proor. Note that P,(f") and P,(f") are well defined because P is a
periodic orbit of f”. '

Our hypothesis implies that f does not have any periodic orbits of period
3 - n. By Lemma 3, Py(f) < Pp(f). It follows from this (and the definitions
of Py(f) and P,(f)) that there are no elements of P between P,(f) and
Py(f). Also, by Lemma 3, Py(f") < Pp(f") and there are no elements of P
between P, (f") and P,(f").

It suffices to prove that P,(f") = Py(f). Suppose P,(f") # P,(f). We
have two cases.

Case 1. Py(f) < Py(f"). Then Py(f) < Pp(f) < Py(f") < Pp(f"). Since
S(Prin(N) > Poin(H and A(Pp(f)) < Pp(f), f has a fixed point between
P_;..(f) and P,(f). Hence, f" has a fixed point between P, (f*) = P ..(f)
and P,(f"). By Lemma 2, f" has periodic orbits of every period, a contradic-
tion.

Case 2. Py(f") < Py(f). Then Py(f") < Pp(f") < Py(f) < Pp(f). It
follows that f has a fixed point between P (f) and P, (f), so f* has a fixed
point between P,(f") and P, (f"). By Lemma 2, f” has periodic orbits of
every period, a contradiction. Q.E.D.

LEMMA 8. Let f € C%I, I). Let P = {p,, . .., p,} be a periodic orbit of f of
period n, where n is a power of 2and n > 2, and p, <p, < - - - < p,. Suppose
that, for every odd positive integer m < n, f™ does not have any periodic orbits
of period 3. Then

f({Pv S ’Pn/z}) = {Pn/2+l’ s Pn)
and

f({Pn/2+b “e ’Pn}) ={py... ’pn/2}°

Proor. We claim that f(P N U(f)) C P N D(f). Suppose the claim is
false. Then for some p, € P N U(f), f(py) € P N U(f). Let k be the small-
est nonnegative integer with f*(f(p,)) = p,. Note that 1 < k < n.

If k is odd then p, < f(p,) and f* has a fixed point between p, and f(p,).
Now f(p,) < Py(f) and, by Lemma 7, P,(f) = P,(f*). Hence, f* has a fixed
point between P, (f*) and P,(f*). By Lemma 2, f* has periodic orbits of
every period. This contradicts our hypothesis.

If k is even then kK + 1 is odd, kK + 1 <n, and f**!(py) = p,. Hence,
P1 < poand f¥*! has a fixed point between p, and p,. By Lemma 7, f**! has a
fixed point between P, (f**') and P,(f**'). Again, using Lemma 2, we
obtain a contradiction.

This establishes our claim that (P N U(f)) ¢ P N D(f). By a similar
proof, it follows that (P N D(f)) c P N U(Y). Since the restriction of f to P
is a bijection it follows that
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PN Uf)=PnD(f) and f(P n D(f)) =P n U(S).

Hence P N U(f) and P N D(f) have an equal number of points. Since
Py(f) < Pp(f) by Lemma 3, this proves Lemma 8. Q.E.D.

PROPOSITION 9. Let f € C%(I, I). Suppose {p,, . . ., p,)} is a periodic orbit of
f of period n, where n is a power of 2 and n > 2. Suppose p, <p, < - - - <p,
and f({pys - - - sPns2}) * {Paj2+1>- - - s Pn}- Then f has a periodic point of
period s, where s is odd and 3 < s < 3(n — 1).

ProoF. By hypothesis and Lemma 8, for some odd integer m < n, f™ has a
periodic point of period 3. The conclusion follows easily from this. Q.E.D.

LemMA 10. Let f € C°(, I). Suppose f has a periodic orbit {p,, ps, P3, P4}
with p, < p, < py < ps and f({ p\, ,}) # { Py pa}. Then f has a periodic point
of period 3.

Proor. Let I, =[p,, p,}, I, = [p, p3], and I, = [p,, p,]. Our hypothesis
implies that either f(p,) = p, or f(p,) = p;.

Case 1. f(p,) = p,. Since f(p,) = p; or f(p,) = p,, we have f(I1,) D I,. Also,
since f(p,) = p, or f(p;) = p,. we have f(I,) D I,. Finally, since f(p,) = p, or
f(py) = p), we have f(I5) D I,.

By Lemma 4, there are closed intervals J, C I, J, C I,, and J; C I such
that f(J;) = I,, f(J,) = J;, and f(J,) = J,. It follows that f3(J,) = I,. By
Lemma 5, f3 has a fixed point x € J,. Since f(x) € I,, x is a periodic point of
f of period 3.

Case 2. f(p,) = p,- Then f(p)) = p; or f(p,) = ps- Thus, f(I}) D I,, and
) D I,. Also, f(p,) = p, implies that f(I,) D I,. By Lemma 4, there are
closed intervals J, C I}, J, C I,, and J; C I, such that f(J;) = I}, f(J)) = J;,
and f(J,) = J,. It follows that f(J,) = I,. By Lemma 5, f* has a fixed point
x € J,. Since f%(x) € I,, x is a periodic point of f of period 3. Q.E.D.

THEOREM B. Let f € C°I, I). Suppose f has a periodic orbit P of period m
(where m = 2* for some k > 2) which is not simple. Then f has a periodic point
of period 3 - 2872,

ProoF. By hypothesis there is a subset {q,,..., q,} of P and a positive
integer r which divides m such that {q,, . . ., g,} is a periodic orbit of f" with
9, <¢,<--- <g,and

f’({‘h, e qn/Z}) * {‘In/2+p <y ‘In}-

This implies n > 2. It follows from the proof of Lemma 6 that m = n-r.
Hence r < 272,

First suppose r = 2¥~2. Then n = 4, 50 {q,, 4,, g3, 4,} is a periodic orbit of
f7 of period 4 with f"({q,, 4,}) # {43, 45} By Lemma 10, f” has a periodic
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point of period 3. By the theorem of Sarkovskii (stated in §1), f has a periodic
point of period 3 - r = 3 - 272,

Now suppose r < 22, Then r < 23, By Proposition 9, f" has a periodic
point of period s, where s is odd and s > 3. By the theorem of Sarkovskii, f
has a periodic point of period 3 - 22, Q.E.D.

THEOREM A. Let f € C°%, I). f has a periodic point whose period is not a
power of 2 if and only if f has periodic orbit of period a power of 2 which is not

simple.

PrROOF. The “if” part of the theorem follows from Theorem B.

Suppose f has a periodic point whose period is not a power of 2. By the
theorem of Sarkovskii, stated in §1, for some positive integer » which is a
power of 2, f* has a periodic orbit P of period 3. Let P = {p,, p,, p3} with
Py <py <ps

Let g = f". Then g(p,) = p, or g(p;) = p,. We may assume without loss of
generality that g(p,) = p,. This implies that g(p,) = p; and g(p;) = p,.

Since g(p,) > p, and g(p;) <p;, g has a fixed point e € (p,, p;). Let
I, = [p1, Pa), I, =[Py €], and I; = [e, p;]. Then g(1,) D I, g(1,)) D 15, g(1)
O I, g(I;) D I,, and g(I;) D I,. By Lemma 4, there are closed intervals
Jg C I; with g(Jg) = I, J, C I, with g(J;) = Jg, J¢ C I; with g(Jo) = J,,
Js C I, with g(Js) = Jg, J, C I, with g(J,) = Js, J; C I; with g(J;) = J,,
J, C I, withg(J,) = J3, and J, C I, with g(J,) = J,.

It follows that g(J,) = I,. By Lemma 5, g® has a fixed point ¢ € J,. Hence
c is a periodic point of g of period 1,2,4, or 8. Since g(c) € I,, g%(c) € I,, and
g*(¢c) € I, c is a periodic point of g of period 8.

Let {q,,...,q3} denote the orbit of ¢ where ¢; <¢, < - -+ <gg We
claim that, for some i < 4 and j < 4, g(¢g;) = ¢;. Note that ¢ € I, g eI,
g)EL, g c)E L, gc)E L, g((c)E L, g(c)E I,, and g'(c) € I,.
Hence, {q,, 4,, 45, 44} contains c, g*(c), and two of the points g(c), g*(c), and
g%(c).

First, suppose that g(c) € {q,, 45, 43, 44}. Then the claim is true with g; = ¢
and ¢; = g(c). Now, suppose that g(c) & {q), 95 93, 94}- Then g e
{41> @2 93 44}- So the claim holds with ¢; = g*(c) and ¢; = g*(¢).

Thus, our claim holds in either case. By Lemma 6, f has a periodic orbit of
period a power of 2 which is not simple. Q.E.D.

4. Some examples. Let f € C°(/, I) and let P = {p,, . . ., pg} be a periodic
orbit of f of period 8 with p; <p, < - - - < p;. Then P is simple if and only
if the following two conditions hold:

(D) A P1s Py P3 Pa}) = {P5 Pe> P1> Ps}>

() f*({(P1s P2)) = {P3 P4} and fX({Ps, P6}) = (P17, Ps)-
Clearly, (1) and (2) and the fact that P is a periodic orbit of period 8 imply
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that
S({ Ps Pe> P1 Ps}) = {P1s P2 P3> Pa)}>

F({p»ps}) = {P1p2)}s  LA{PrPs)) = {Ps Ps)>
f‘(Pl) = P f‘(l’z) =Py f‘(l’s) = Pas f‘(l’at) = P3
f4ps)=ps P =pss  fUP7) =Ps 4Py =P

EXAMPLE 1. f(p)) = ps, (P) = Pe f(P3) = P, P4 = P35 APs) = P3 f(Pe)
= P4 f(P7) = Py, and f(pg) = p,.

In this example P is simple.

EXAMPLE 2. f(p)) = Py, f(Py) = Ps, f(P3) = P7» f(Pa) = Ps; APs) = 3, f(Pe)
= P, f(p7) = Ps and f(pg) = pe.

In this example P is not simple because condition (1) above does not hold.
By Proposition 9, f has a periodic point of period s, where s is odd and
3 < s < 21. By Theorem C of §1, the topological entropy of f is greater than

logV2 .

ExampLE 3. f(p,) = ps, f(p2) = P3 f(P3) = Pe f(Ps) = Pg, AP5) = P2 f(Pe)
= ps f(P7) = p3, and f(pg) = p,.

In this example P is not simple because condition (2) does not hold (since
fA(p,) = p,). By Theorem B, f has a periodic point of period 6, and by
Corollary D, the topological entropy of f is greater than (%)log\/f .
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