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ABSTRACT. It is shown that the ideal theories of the fields of all meromor-
phic functions on any two noncompact Riemann surfaces are isomorphic.
Further, various new representation and factorization theorems are proved.

Introduction. Throughout this paper let X and Y denote noncompact
(connected) Riemann surfaces. Let A(X) (or 4 for short), denote the ring of
all analytic functions on X, and let F(X) (or F for short), denote the field of
all meromorphic functions on X. In 1940 Helmer [10] studied divisibility
properties in A(C), laid the foundations for its ideal theory, and proved that
every finitely generated ideal in it is principal. (See [2, pp. 24-28] for a brief
history of the subject from 1940 to 1966.) In 1952-53 Henriksen [11], [12]
investigated the maximal and prime ideals of 4(C), finding-among other
things—that each prime ideal is contained in a unique maximal ideal. An ideal
of a ring will be called local if it is contained in a unique maximal ideal; thus
Henriksen proved that each prime ideal of A(C) is local. In 1948 Florack [7]
proved essentially that X is a Stein manifold. Using her theorem, the investi-
gation of the ideal theory of 4(X), for X C C, was gradually generalized to
arbitrary X. In 1963 the author [1] showed that if M is a maximal ideal of 4
then the ring of quotients, 4,,, is a valuation ring. At that time the value
group of 4,, was also investigated. Using classical methods of commutative
algebra, one can make a very complete analysis of the local ideals of 4.

The initial aim of this research was to learn more about the decomposition
of an ideal I of 4 as an intersection of local ideals. In trying to extend local
knowledge to obtain global results it became evident that some topology on
the set specm A of maximal ideals was needed. The author turned, naturally,
to the Zariski topology on specm A. X is, in a natural way, identifiable with a
subset of specm A. Let X, be the topology induced on X by this identifica-
tion; it will be called the zero set topology on X. It is obvious that X, is a
much coarser topology than X. The author was surprised to learn (1.3) that
X, and Y, are always homeomorphic. One possible inference to be drawn is
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that the zero set topology is not very interesting. One of the main purposes of
this paper is to see how much information about 4 and F is carried by the
zero set topology. One immediately finds (1.8) that specm A(X) and
specm A(Y) are always homeomorphic. In §2 the group Div X of divisors of
F(X) is considered. (1.3) immediately implies that Div X and Div Y are
always isomorphic as lattice-ordered groups (2.3). Let » map f € F(X) to its
divisor in (Div X)) U {o0}. In 1946 Schilling [18] considered fractional ideals
in F(C). Generalizing his work we consider, in §2, the set of all sub 4A-mod-
ules of F, sam(F); the set of all fractional ideals of F, I(F); and the set of all
ideals of A4, I(A4). Given I € sam(F) it turns out (2.6) that »(/) is a dual ideal
in the lattice (Div X') U {00}, i.e., an element in di(Div X). In fact, » is a
bijection of sam(F) onto di(Div X); that maps I(F) onto J(Div X), elements
of di(Div X) that are bounded below; and I(4) to elements J(Div*X) of
di(Div X) that are bounded below by zero. Pursuing further some suggestions
found in Banaschewski’s paper [4] of 1958, it is also shown, in §2, that all the
classical ideal theory of F is bijectively carried over by » to di(Div X). One of
the main conclusions of this analysis is that the ideal theory of A(X) is always
isomorphic to that of A(Y), and the ideal theory of F(X) is always isomor-
phic to the ideal theory of F(Y) (2.13). This seems, at first sight, to be in
sharp contrast with the Chevalley-Kakutani, Bers Theorem [5] (which states
that A(X) and A(Y) are C-isomorphic if and only if X and Y are conformally
equivalent), and Iss’sa’s Theorem [14] (which states that F(X) and F(Y) are
C-isomorphic if and only if X and Y are conformally equivalent). In §3 we
discuss the local ideal theory of A4, obtaining a few new results and setting the
stage for §4. One advantage of dealing with dual ideals in (Div X) U {0}
rather than sub A-modules of F is that the dual ideals are easy to char-
acterize, as we will see in §4. In §4 we first exploit the fact that for each
M € specm A, A, is a valuation ring, to extend each a € Div X to 4 a map
of 8X (a compactification of X, homeomorphic to specm A) into II,c4sxG,,
where G, is the value group of 4,,, M being naturally associated with p. Next
we consider the Dedekind completion H, of G, and let H = ], ¢sxH,; then
H is a complete lattice. » € H will be said to be approximable from above by
divisors if h = /\;,,d, where a € Div X. Let at:a(H) be the set of all such
h € H. Given J € di(Div X), let L(J) = /\;c/ = h; then h € afa(H) and
J = {a € DivX)uU {0}: @ > h}, (4.3). h will be called the virtual generator
of J. Further L ° » is a bijection of sam(F) onto afa(H); then I(F) maps onto
afa*(H) (= {h € afa(H): there exists a € Div X for which A > 4}); and
I(A) maps onto afa(H™*) (= {h € afa(H): h > 0}), (4.4). Finally L o »
preserve the operations of classical ideal theory (4.5). Applications and
further developments occupy §5. The main factorization theorem (5.6) states
that any nonzero fractional ideal in F is the product of a principal ideal in F
and a free ideal in A. Further this representation is unique. Schilling’s
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Theorem [18], that states that every closed ideal of A4 is principal, is gener-
alized from C to X (5.14). The final topic to be discussed in §5 is that of
subrings B of F that contain 4, which Kelleher [15] called A-rings. Using the
virtual-generator 4 of B, we define a convex subgroup I' of Div X, which
turns out to be »(U(B)), U(B) being the group of units of B. With the aid of T’
a complete analysis of the ideal theory of B along the lines presented in
§2-§4 can be made.

1. The zero set topology on X. In her 1948 Miinster Dissertation [7], Herta
Florack proved that a general Mittag-Leffler and a Weierstrass (product)
theorem holds on X. This result gives us almost all we need, as to existence
theorems on X. The imbedding theorem will also be used, thus it is well to
quote the cardinal result: namely that X is a Stein manifold. (See e.g. [9, p.
270] for details.) Then it follows that Cartan’s Theorem B holds for X; from
which Florack’s Theorem follows. A is—of course—an integral domain, every
element of F is a quotient of elements of 4, and A4 is integrally closed in F.

Given an integral domain B, let I(B) denote the set of all ideals of B,
ordered under inclusion. Let prop I(B) = I(B) — { B}. Let spec B denote the
set of all proper prime ideals of B, under the Zariski topology; and let
specm B the subspace of all maximal ideals of B. Each of these spaces is
compact. spec B is T, but is usually not T,. specm B is T, but is usually not
T,. Given I € I(B), let V(I), the variety of I, be {M € specm B: I C M};
then {¥V(I): I € I(B)} is-by definition—the set of closed sets of specm B,
and {V((f)): f € B} is a basis for the closed sets of specm B.

For each x € X, let M, = {f € A: f(x) = 0} = m(x). By Florack’s Theo-
rem, m is an injection of X into specm A(X). Let X, denote the set X with the
topology which makes m a homeomorphism of X onto m(X). For f € A4 let
Z(f) = {x € X: f(x) = 0}, and let this set be called the zero set of f. For any
S C Alet Z(S) = {Z(f): f € S}. Let A(X) (or A for short) be Z(A(X)), and
let prop A(X) = A(X) — {X}. By Florack’s Theorem, A(X) is the set of all
closed discrete subsets of X. Clearly

Z(f) = m='(V((f)) n m(X));
thus A(X) is a basis for the set of closed sets of X,. Since A(X) is closed under
intersection, A(X) is the set of all closed subsets of X,. The topology X, will
be called the zero set topology on X. X, is a noncompact T,-space, which is
not T,. (The following was noted by the author’s colleague, Professor A. H.
Stone, during a very useful conversation about this research in the Fall of
1977)

LeMMA 1.1. Let K be a compact subset of X and let K, denote this set with the
topology induced from X,. The proper closed subsets of K, are just the finite
subsets of K,; thus K, has the cofinite topology on it.
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ProoF. Given D € prop A, D N K is compact and discrete in X, and
hence it is finite.

LEMMA 1.2. There exists a family (U,),en of nonempty, open, relatively
compact subsets of X that cover X such that U, & U, ,, for each n € N.

PRrROOF. Since X is a Stein manifold, we may apply the imbedding theorem
(see e.g. [9, pp. 219-226]), and thus find an analytic homeomorphism f of X
onto a closed submanifold of C*. Translate f(X) in C* so that 0 € f(X). For
eachn € N let

U,=f""({z €C% |z| < n)).
Then (U,),en has the required properties.

THEOREM 1.3. Let X and Y be noncompact (connected) Riemann surfaces;
than X, and Y, are homeomorphic.

ProoF. Let (U,),cy and (V,),cn be open covers of X and Y, respectively,
that possess the properties stated in (1.2). Let Uy = J = V,,. Let X, = (U, —
U,-1)o and let Y, = (V,, — V,_,)p for each n € N. X, and Y, are each of
power the continuum and each has the cofinite topology (1.1); thus there
exists a bijection h, of X, onto Y,, and A, is a homeomorphism. Clearly
(X,).en partitions X and (Y,),cn partitions Y. Let h = U ,cnh,; then h
injects X onto Y. Let D’ € prop A(Y) and let D =h~'(D"). Since each
D’ n Y, is finite, each D N X, is finite, hence D € prop A(X), proving that
h is continuous. Similarly one sees that A~'! is continuous, proving the
theorem.

By analogy with the idea of a filter of sets, a nonempty family & of A is
called a A-filter [1] if the following hold:

(la) D ¢ 4,

(lb)Uand Vin § implies U N V € §,

(1.o) U € § and W € A such that U c W, implies W € 6.

(Cf. the notion of z-filter in Hewitt [13] and in Gillman and Jerison [8).) The
following useful lemma and its application to maximal ideals evolved gradu-
ally in the work of Helmer [10], Hewitt [13], Henriksen [11], [12], Gillman and
Jerison [8], and the author [1].

LeMMA 14. Given I € prop I(A), Z(I) is a A-filter. Given a A-filter & then
Z7'®) (={fE€A: Z(f) € 8)) is in prop I(A). I c Z~'Z(I); thus I is
maximal if and only if Z(I) is a maximal A-filter.

Maximal A-filters are called A-ultrafilters [1]. Let 6X denote the set of all
A-ultrafilters. Given D € A, let clyyD = {n € 8X: D € p}, and let §X have
the topology for which {cl;,D: D € A} is a basis for the closed sets. Given
x € Xletp, = {D € A: x € D} = d(x); then d is an injection of X into §X.
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A Adfilter & is called free or fixed according as M ,csD is empty or
nonempty. I € prop I(A) is called free or fixed according as Z(I) is free or
fixed. It will be convenient to call 4 a free ideal in A. Then, following
Hewitt’s terminology [13], I € I(A) is fixed if and only if there exists x € X
such that 7 ¢ M,; and I is free if and only if it is not fixed. Given D € A,
(clsxD) N d(X) = d(D); thus d is a homeomorphism of X, onto d(X). It is
frequently convenient to regard 4 as an identification and thus regard X as a
subspace of 8X. Clearly Z(M,) = p,. Given p € 6X let M, = Z ~'(p). Let D,
be a nonempty element of prop A and let § be a A-filter such that D, € §. Let
8|D,={D n D;: D € §); then §|D, is a filter on D,. If 6 C §’, 8’ a
A-filter, then clearly &|D, c 8°|D,. Given a filter ¢ on D,, let ext ¢, the
extension of ¢, be {D € A: D N D, € ¢}; then ext ¢ is a A-filter. Clearly
ext(8|D,) = & and (ext ¢)|D, = . Given any filter ¢’ for which ¢ C ¢’, then
ext ¢ C ext ¢’. Let 8D, denote the set of all ultrafilters on D,. Given S C D,
let clgp S = {p € BD,: S € p} and let {clzp S: S C D,} serve as a basis for
the closed sets in 8D,. Then BD, is the Stone-Cech compactification of D,.
(See e.g. [8] for details.) It is frequently convenient to identify x € D, with p_,
p, = {S Cc D;: x € S} € BD,. Note that x € D, p, € BD, is a homeo-
morphism of D, onto a dense subset of 8D,. Finally, note that if D, is finite
D, = BD,, and if D, is infinite—and hence countable-BD, is homeomorphic
to BN.

LemmMa 1.5. ext is @ homeomorphism of BD, onto clgyD,, and p € clg D, —
p|D, € BD, is its inverse.

PROOF. Let p € BD,, let p =extp, and let p C p' € 8X; then p C p' =
@'|D,. Since p is maximal, p = p’, and so p = p’, proving that ext maps 8D,
into clzy D,. A similar argument shows that if p € cly, D, then u|D, € BD,.
As noted above, ext and p > u|D, are inverses to each other. Let S C D,.
Since ext(clgy S) = clgy S, ext is a homeomorphism, proving the lemma.

THEOREM 1.6. Z: M € specm A(X)—> Z(M) € 8X is a homeomorphism of
specm A(X) onto 8X; thus 8X is a compact T-space, which is not T,.

ProoF. Applying (1.4) we see that Z is a bijection. Let f € 4 and let
D =2Z(f). Then f € M if and only if D € Z(M). Clearly Z(V((f))) =
clyyD; thus Z is a homeomorphism.

THEOREM 1.7. Let h be a homeomorphism of X, onto Y,. h extends to a
unique homeomorphism H of X onto §Y.

PrROOF. A(A(X)) = A(Y); thus h induces an injection H of 8X onto Y. Let
D € A(X). Clearly H(clyyD) = clgyh(D), proving that H is a homeomor-
phism. Since X, is dense in 8X and Y, is dense in Y, H is unique.
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THEOREM 1.8. Given any noncompact (connected) Riemann surfaces X and Y,
then specm A(X) and specm A(Y) are homeomorphic.

This follows from (1.3), (1.6), and (1.7).

2. Divisors and ideals. The following can easily be deduced from Florack’s
Theorem.

LEMMA 2.1. For each f € F* (= F — {0}) there exist a and b in A — {0}
such that f = a/b and (a, b) = 1. Further, a and b are unique wp to multiplica-
tion by a unit in A.

Given f € F* and x € X, let ,».(f) (or ».(f) for short) be the order of f at
x in X; then »,(0) = oo, an element defined to be greater than every integer.
Letn + oo, = o0, = o0, + n, for all integers n. », is then a discrete rank one
valuation on F over C. (See e.g. [20] for a general reference on valuation
theory, or better still, see Krull’s classic [17].) (Iss’sa’s Theorem [14] shows
that any such valuation is of this form.) The valuation ring of », is A,
(={a/b:a€ Aand b € 4 — M,}). In passing, note that 4 = N x4, ;
thus A is the ring of “integers” of F. Let Z* denote the set of all maps of X
into Z, the addition group of integers. Under pointwise operations Z* is, of
course, a lattice ordered group. For a € Z* let the support of a, supp(a), be
{x € X: a(x) # 0}. Let Div X, the divisors on X, be {a € ZX: supp(a) is a
proper closed subset of X,}. Clearly Div X is a lattice ordered subgroup of
ZX that is completely determined by the topology on X,. Let f € F* and let
x(f): x € X v (f) € Z; then it is easily seen that ,»(f) € Div X. Let
U(X) (or U for short) denote the group of units of A(X). Clearly U= (f €
A: Z(f) = J)}. From Florack’s Theorem we deduce:

THEOREM 2.2. The following sequence on the category of abelian groups is
exact:

0 U(X) < F*(X)5Div X 0.

When no confusion will arise let » = y». Let A be a homeomorphism of X,
onto Y,. Given b € Div Y, let h*(b) = b ° h; then we have:

THEOREM 2.3. h* is a lattice-preserving group isomorphism ofDiv Y onto
Div X; thus Div Y and Div X are always isomorphic.

Let oo denote an element greater than every element of Div X, and let
»(0) = co. Further, leta + o0 = w0 = o + g, for all a € (Div X)) U {o0}.
THEOREM 2.4. Given f, g € F, v(fg) = v(f) + »(g), and v(f £ g) > v(/) N\
v(g). Let
X, = {x € X:»,(f) #r.(2)};
then v(f £ g)| X, = (W(f) \ »()IX,.
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Let Div*X = {a € Div X: a > 0}. Clearly 4 — {0} = » " !(Div*X). Let
fE€A— {0} and let g € 4. g divides f if and only if »(g) < »(f); thus
divisibility properties in A are faithfully represented in Div*X. Let f,, . . ., f,
€ A, at least one of which is nonzero. Since Div*X is a lattice, »(f))
A Av(f,)=a is in DivtX. By (2.2), there exists g € A such that
v(g) = a; thus g|f,, - . ., g|f,- Let h be a common divisor of f, ..., f, in 4;
then »(h) < »(g), and so h| g, showing that g = gcd(f}, - . . , f,)-

HEeLMER’S LEMMA 2.5 ([10), [1]). There exists a,,...,a, € A such that
g=afi+ - +a,f,; hence (fy,...,[f,)=(g). Thus every finitely gener-
ated ideal in A is principal.

Initially the concern of the researchers in this field was with the ideal
theory of A(C). In 1946 Schilling [18] considered fractional ideals of F(C). We
will generalize this in two directions by considering {sub-4-modules of
F(X)} = sam(F(X)) (or sam(F) for short). Clearly sam(F) is a partially
ordered set under inclusion, that is inductive, closed under intersection, and
has a least element 0 and a greatest element F. I € sam(F) is called a
Jfractional ideal if there exists f € F* so that If C A. Let I(F) = {fractional
ideals of F}. Let I(4) = {ideals of 4}, and prop I(4) = I(4) — {A}. Clearly

prop I(4) G I(4) & I(F) & sam(F).

Each of these partially ordered set of sets is closed under intersection and,
with the exception of I(F), each is inductive.

(Div X) U {0} is a lattice. A dual ideal [6] J in this lattice is a nonempty
subset of it such that the following hold.

(2a) Givenj € J and a € (Div X) U {oo} such thatj < a; thena € J;

(2b) J is closed under finite A.

Let di(Div X)) = {dual ideals of (Div X) U {0}}.

Let J(Div X) = {J € di(Div X): there exists d € Div X such that d < j,
forallj € J},let J(Div*X) = {J € di(Div X): 0 < jforallj € J}, and let

prop J(Div*X ) =J(Div*X ) — {Div*X) U {0} }.
Clearly
prop J(Div*tX) S J(Div*X) & J(DivX) & di(Div X ),

and clearly each of these sets is partially ordered under inclusion, each is
closed under intersection, and, with the exception of J(Div X), each is
inductive.

THEOREM 2.6. Let I € sam(F), then v(I) is in di(Div X). Given J €
di(Div X), »~'(J) € sam(F), and I = v~ 'v(I). (Of course J = v~ '(J).) Thus
v is an injection of sam(F) onto di(Div X). I is in I(F), I(A), or prop I(A), if
and only if v(I) is in J(Div X), J(Div*X), or prop J(Div*X), respectively.



248 N. L. ALLING

PROOF. Let I € sam(F) and letJ = (). Letj € J and let a € (Div X) U
{00} such thatj < a. Sincej € J there exists i € I such that »(i) = j. By (2.2)
there exists f € F for which »(f) = a. If j = oo then so is @, and hencea € J.
Assume that j < oo; then i # 0. Since »(f/i) =a —j > 0, f/i € A. Since I
is an A-module, f = (f/i)i is in I: thus a € J, proving that J satisfies
condition (2a). Letj* € J. If j orj’ is oo then j A j’ isj’ or j, respectively, and
hence j A j' is in J. Assume that j # oo 7 j’. There exists i’ € I such that
v(i") = j'. Since j A\ j' < oo, there exists f € F* for which »(f) = j A Jj’; thus
i/fand i’/f are in A. Since »(f) = v(i) A\ »(i),

v(i/F) Nv(i/F) = (D) = »(f) N () = »(f))
= (@) Av(@)) = »(f) =0=»(1);

thus (i/f, i’/f) = 1. By Helmer’s Lemma (2.5), there exist 4, kK € A4 such that

= hi/f + ki’/f, i.e., f = hi + ki’. Since I is an A-module, f is in I, and so
J N\ J' = »(f) € J, proving that J satisfies (2b), and so J is in di(Div X). Now
let J’ be in di(Div X) and let I’ = » ~!(J"). Since J’ % & and since » maps F
onto (Div X) U {00}, I' # . Leti, i’ € I’ and let f € A. »(fi) = v(f) + »(i)
> »(i), showing that fi € I'. By (2.4), »(i — i) » »(i) A »(i’), showing that
i — i’ € I, and hence that I’ is in sam(F). Since U, the group of units of A4,
is the kernel of » (2.2), given any I € sam(F), I = v~ 'p(I). The rest is
obvious.

Banaschewski [4] proved that » induces an order preserving bijection
between 1(4(C)) and J(Div*C), in 1958; thus (2.6) is a generalization of his
result in two ways. Following Banaschewski let maximal elements in
prop J(Div*X) be called|maximal dual ideals in Div*X.J € prop J(Div*X)
will be called a prime (resp., primary) dual ideal in Div*X if given any a,
b € Div*X such that a + b € J, then a or b is in J (resp., a + b € J and
a & J implies the existence of n € N such that nb € J).

BANASCHEWSKI’S THEOREM 2.7 [4]. I € I(A) is maximal, prime, or primary
according as J = v(I) is a maximal, prime, or primary dual ideal in Div*X.

On the strength of his extensive analysis, Banaschewski concluded at the
end of [4, p. 160] that, “The multiplicative ideal theory of 4 is hence identical
with the dual ideal theory of Div*X” (author’s translation and notation).
Generalizing his analysis still further let us consider all the classical ideal
theoretic operations on sam(F). Given I and I’ in sam(F), it is easy to see
that I+ I' INI', I-I'yand I:I' (={f € F: fI' C I}) are again in
sam(F). It is easy to see that I(F) is also closed under +, N, -, and :, and
that I(A) is closed under +, N, and - . (See e.g. [19] for a general reference
on classical ideal theory.) We will define analogous operations for di(Div X).

Let J and J' be in di(Div X). Let JAJ' = {j A j:jE€Jand j € J'}.
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LemMma 2.8. J A\ J' is in di(Div X). If J and J’ are both in J(Div X) and
J(Div*X), respectively then so is J N\ J'.

PROOF. Let J”" =J A J', let j € J, and let j’ € J', with j” =j A j’. Let
beDivX)U {0} such that b > j”. Since b\/j »jand b\/j >, b\/j
€J and bV jE€J'. Since b=BVHNDBVJ), bEJ”. Clearly J” is
closed under finite A, proving that J” is in di(Div X). The rest of the lemma
is clear.

LemMa 2.9. Let I and I be in sam(F); then (I + I') = w(I) A\ W(I’).

ProoF. Let i € I, i’ € I, j = »(i), j/ = (i), and j” =»(i — i’). By (2.4),
J"2JiNJ; thus vl + I) C »(I) A\ v(I'). To prove the lemma, it suffices to
prove that j A j’is in »(J + I’). If i or ' is zero, then j A j is equal toj’ or j,
respectively, and hence is in »(I + I’). Assume that i #0#i. Let D =
supp(j), D’ = supp(j’), and D" = supp(j”); then D, D’, and D” are in
prop A. Clearly D” ¢ D U D’ = E, and E is in prop A. (Note: to show that
a subset S of X is in prop A it is necessary and sufficient that S N U, be
finite, for all n € N, (U,), cy being as described in (1.2).) Let

E, = {x € E:j"(x) >j(x) \ j'(x)},

and let E;, = E — E,. Then E, and E, are in prop A, and these sets partition
E. Using a corollary of Florack’s Theorem [1, (1.4)]}, we know that there exists
b € A(X) such that b|E, = 0 and b|E, = 1. Let a = ¢%; then a € U and so
v(a) = 0. Let g’ = ai’ and note that, since I’ is an 4-module, g’ € I’. Clearly
v(g") = v(a) + v(i") = v(i") = j’; thus supp »(g’) = supp(j") = D’ C E and
so supp »(i — g") C E. Let x € X and let ¢, be a local uniformizer at x. The
Laurent expansions of i and i’ at x begin with ¢, #™ and c,t™, respectively,
where ¢, and ¢, are in C, and m, and m, are integers. If m, % m,, then
J'(x) = j(x) N\ j'(x); thus x € E,. If m, = m] and c, # c, then j”(x) = j(x)
N J(x), and hence x € E,. Thus we see that if x € E,, then m, = m, and
¢, = c.. If x is in E,, then the Laurent series for i" and g’ at x each begins
with c,#™; and

v(i — g)|E, = v(i — I)|E,.

If x € E,, then the Laurent series for i and g’ at x begin with ¢ #™ and
ec, =, respectively; thus », (i — g’) = m, and hence »(i — g")|E, = j A J|E,.
Since supp(»(i — g’)) and supp(j A J’) are each subsets of E, we have proved
that »(i — g) = j A j’, proving that j A j’ is in »(I + I’), and proving the
lemma.
Let J and J’ be in di(Div X). Let J + J’ be defined to be the set of all
%=1Uk + Ji), where j, € J and j, € J’, and n € N.
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Lemma 2.10.J + J’ is in di(Div X). If J, J' € J(Div X) (resp., J(Div*X)),
then J + J is in J(Div X) (resp., J(Div*X)). Given I, I’ € sam(F), then
v(I-I') = w(I) + w(I).

ProoF. Clearly J + J’ = J” is closed under finite A. Now let b € (Div X)
U {oo} such that (n): b > AUk +Ji)- If b= o0, then b = 0 + c0.
Without loss of generality we may assume that each j, < o, and each
Jix < 0, in condition (n) above. Assume first that n = I; then b > j, + jj,
and so b — j; > j;; hence b — j; € J, and we conclude that b € J”. For
generaln € N,

b=V (A G+i)
which, since Div X is a distribution lattice, is /\,_,(b \/ (i + Jji))- Since
bV Ui+ i) 2 tir €J"

we may use the result above, in case n = 1, to conclude that b \/ (ji + j;) is
in J” for each k. Since J” is closed under finite A, b € J”, proving that
J” € di(Div X). Assume further that J, J’ € J(Div X). By definition there
exists d, d’ € DivX sothatd < jand d’ < j/, for allj € J and all j' € J".
Clearly d + d’ < j” for all j” € J”, showing that J” € J(Div X). If J and J’
are in J(Div*X) we may take 4 and 4’ above to be zero; thus J + J’ €
J(Div*X). Leti, € I and i € I'. I- I', of course, consists of all elements of
the form x = 3% ., i iz. By (2.4), »(x) > N (»(ix) + »(i); thus »(I- I') C
v(I) + v(I'). Since »(I) + »(1I’) is generated, using /\, by all the elements of
the form »(i,) + »(i;), each of which is in »(Z - I'), and since »(I - I') is closed
under finite A\, we see that »(I) + »(I") C »(I-I"), proving that »(I-I') =
v(I) + v(I"); completing the proof of the lemma.

Recall that a nonempty subset S of 4 — {0} that is closed under multi-
plication is called a multiplicative system in A. Let I € sam(F) and let
S~ = {(i/s:i €I and s € S}; then S ' is again in sam(F). Note that
S U=1-(S7'4).Ifl€SthenI Cc S™'I.Let P Espec Aandlet S =4
— P; then S is a multiplicative system in 4 which contains 1. In this case
S ~I is usually denoted by I,. A nonempty subset T of Div*X that is closed
under addition will be called an additive system in Div*X. Let T be an
additive system in Div*X, let J € di(Div X), andlet J(—T) ={j —t:j € J
and t€T}. If 0€ T, then J C J(—T). Given a prime dual ideal Q in
(Div*X) U {0}, then Div*X — Q =T is an additive system in Div'X
which contains 0. In this case J(— T') will frequently be denoted by J,.

LeMMA 2.11. Let S be a nonempty subset of A — {0} and let T = v(S). Let
I € sam(F)and let J = v(I). Let P € spec A and let Q = v(P).

(1) S is a multiplicative system of A if and only if T is an additive system of
Div*X;



GLOBAL IDEAL THEORY 251

1€ Sifandonly if 0 € T;

CYW(S™) =J(-T);

(@) Thus, J(— T) is in di(Div X).

5) v(Ip) = Jp.

PRrOOF. (1), (2), (3), and (5) are obvious. (3), the fact that S ~!7 € sam(F),
and (2.6) imply (4).

Let I and I’ be in sam(F). Recall that the quotient module I: I’ is
(feEF: fI'CcI}. LetJ,J' €di(DivX) and let J — J' = {a € DivX) U
{0}:a+J CJ}).

LeMMA 2.12. J — J' is in di(Div X), and w(I : I') = W(I) — W(I’).

ProOF. LetaeJ —J',ie,a+j €Jforallj€J. Let b € (DivX) U
{0}, with b > a: then b + j > a + j' and hence b + ;' € J, for all j* € J';
proving that bisin J — J'. Let ¢ € J — J’. We wish to show thata A c is in
J—=J'.If ¢c = o0, then a A ¢ = a, which is in J — J’. Assume that a, ¢, and
J’ are all in Div X. Since Div X is a lattice ordered group,

(@aNne)+j=(a+jIN(c+Jj)
Sincea + j andc + j arein J, (@ + j) A (c + j)isinJ; and so (@ A ¢) +
Jj € J. Thus J — J' is in di(Div X). Clearly »({ : I') = »(I) — »(I’), proving
the lemma.

By (1.3) there exists a homeomorphism k& of X, onto Y,. By (23), A
engenders a lattice preserving group isomorphism A* of Div Y onto Div X.
Let A* map the infinite divisor over Y to the infinite divisor over X; then A*
induces an order preserving injection of di(Div Y) onto di(Div X'), which
preserves A\, N, +, —. From (2.6), (2.7), (2.9), (2.10) and (2.12) we obtain the
following main theorem.

THEOREM 2.13. y»~'o h* o v =k is an injection of sam(F(Y)) onto
sam(F(X)) that preserves inclusion, +, N, -, and :, maps I(F(Y)) onto
I(F(X)) and I(A(Y)) onto I(A(X)), and takes maximal, prime and primary
ideals in A(Y) to ideals of the same sort in A(X).

As a corollary we have:
THEOREM 2.14. k|spec A(Y) is a homeomorphism onto spec A(X).

3. Local ideal theory. An ideal I in A(X) will be called local if it is
contained in a unique M € specm 4, i.e., if V() consists of a single point.
Clearly each M € specm A is local. Clearly 0 and A4 are not local. Henriksen
[12] proved that each nonzero P in spec A(C) is local; thus by (1.3) or by
using Henriksen’s argument over X, where it also works, we see that every
nonzero proper primary ideal in A(X) is local. The following—assuredly well
known-result was noted in [2, (5.2)].
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THEOREM 3.1. For all 1 € prop I(A4),

Mev() M Especm A

COROLLARY 3.2. Let I € I(F) — {0}. There exists f € F* so that, If & A,
then

I= N yn@/f)= N €0 A/f).

Mevf) M Especm A

LeEMMA 3.3. Let I € prop I(A).

(M) V)= {M}impliesI = I,, N 4;

A cCc I, ifandonly if M & V(I);

(3) assume that 1+ 0 and that M € V(I); then I' = I,, N A is local, and
V() = {M}.

ProOF. (1) (3.1) implies I = I, N A.(2) M & V(I) implies the existence of
i€el—M; thusi€Ad— M, and so 1 =i/i €I, and hence 4 C I,,.
Conversely, assume that A C I,,. There existi € I and b € A — M such that
1=i/b, ie, b =i Hence we see that IN(4 — M)#* <, and so M &
V(I). (3) Let I # 0, and assume that M € V(). Let I' =1,, N A. Given
i’ €I’ thereexisti € Jandb € A — Msothati’ =i/b,ie,bi'=i€ Il C
M. Since b & M, and since M is prime, i’ is in M, ie., I’ C M and so
M € V(I'). Let M’ € (specm A) — {M}. Since I # 0 there exists i € I —
{0}. Since M # M’, Z(M) # Z(M"); hence there exist D € Z(M) and
D’ € Z(M") for which D N D’ = . Since D, D' €propA, D U D’ €
prop A. By Florack’s Theorem, there exists b € A for which »(b)|D = 0,
v(b)|D’ = v(i)|D’, and v(b) = 0on X — (D U D’). Since »(b)|D = 0, Z(b) &
Z(M) and so bE A — M. Let ' =i/b; then i’ € I'. »(i')|D’' =0, thus
Z(i") & Z(M’), and so i’ ¢ M’, proving the lemma.

Combining (3.1) and (3.3) we obtain the following local representation
theorem.

THEOREM 3.4. Let I be a nonzero proper ideal in A; then I = N preyyy(Ipy
N A), each I,, N A being a local ideal of A with V(I,, N A) = {M}.

For M € specm 4, let I(4, M) = {I € I(4): V(I) = {M}}. Combining
3.3(1) with some standard commutative algebra (see e.g. [19, pp. 218-227)),
we obtain

THEOREM 3.5.1 € I(4, M) I° =1,, € I(4,,) — {0, Ay} is an order pre-
serving bijection, whose inverse is I' — (I =1’ N A. These maps preserve +,
N, and - . I— I° takes maximal, prime and primary ideals in I(A, M) to
ideals of the same type in I(A,,).
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To analyse 1(A4,,), we have the following slight generalization of [1, (2.2)].

LEMMA 3.6. Let P be a nonzero (proper) prime ideal in A; then Ap is a
valuation ring.

PRrROOF. Since P % 0, Ap # F. Let f € F — Ap. By (2.1), there exist a and b
in 4, b # 0 and (q, b) = 1, such that f = a/b. Since f & Ap, b is in P. Since
P is proper 1 & P. Since (a, b) = 1, a cannot be in P; thus 1/f = b/a is in
Ap, proving the lemma.

Of particular use is the fact that 4,, is a valuation ring. In Krull’s classic
monograph on valuation theory [17], of 1932, it was shown that the ideal
theory of 4,, and the structure of its value group are in faithful correspon-
dence. (Recently, in [3), this analysis was extended to primary ideals of 4,,.)
Thus to learn about the structure of 7(4, M), let us compute the value group
of A,,. (See e.g. [20, p. 40] for details on Krull’s Theorem.) Z(M) = p € 6X is
a directed subset of X. Let G, be the direct limit of Div X along p; then G, is
a totally ordered group (since p is a maximal A-filter), and the canonical
homomorphism L, is lattice-preserving. Let », = L, < ». It was proved in [1]
that », is a valuation of F whose valuation ring is Ay. If p = x € X, then G,
is, of course, the additive group of integers Z. Further, G, has been exten-
sively studied [1]; thus the local ideal theory of 4 is quite well known.

It will be convenient to let co, = »,(0) and to define 0, > g forallg € G,.
Let oo, + g =00, = o0, + g forall g € G, U {0}. Let spec(Div*X) = {Q
€ JDiv*X): Q is prime}. For J € JDiv*X) let W(J) = {Q €
spec(Div*X): J c Q}, and let {W(J): J € J(Div*X)} serve as the set of
closed sets for the topology on spec(Div*X). Let specm(Div'X) = (J €
J(Div*X): J is maximal}. specm(Div*X) is a subset of spec(Div*X); let it be
given the induced topology. For J € J(Div*X) let V(J) = {(J' €
specm(Div*X): J c J’'}. J will be called local if V(J) consists of a single
point. From Banaschewski’s Theorem (2.7) we have:

LeMMA 3.7. » induces a homeomorphism of spec A(X) onto spec(Div*X).
I € I(A) is local if and only if v(I) € J(Div*X) is local.

It is also clear that we can immediately obtain versions of (3.1)-(3.4) for
(Div X) U {}. These results will be referred to as (3.1)-(3.4), respectively.

4. Virtual-generators. Let G = II,esx G, and let lattice and group opera-
tions on G be defined pointwise; then G is a lattice-ordered group. For
a € Div X, let d(p) = L,(a) € G, for each p € X; thena EDivXa €
G is a lattice preserving group isomorphism into G. Let Divéx = {a:
a €EDivX}. Let o = (oo“),,e,xbeordgredsothat & >gforallg € G, and
let + g=& =g + &, forallg € G. Since G, U {,} is totally ordered,
a dual ideal in it is just a nonempty subset S for which s € S and g € G,
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with s < g, implies g € S. Let H, = {dual ideals in G, U {0,}}. H, is, of
course, totally ordered by inclusion. It will be convenient to order H, by
anti-inclusion, i.e., for S, S’ € H,, define § < S’ if and only if S’ C S. So
ordered g € G, U {0} [g, o, ] (=E{gE€EG, U {x,} g<g})EH,Is
an order-preserving injection into H,, which will serve as an identification.
Let G, U {0,} € H, be denoted, for convenience, by —oo,. Clearly H, is
closed under arbitrary nonempty unions and intersections; thus it is (Dede-
kind) complete and G, is dense in it. Given S and S’ in H,, let S + S’ = (s
+ s’:5s € Sands’ € §'}; then S + S’ isin H, and, as is easy to see, H, is a
commutative semigroup under + , and that restricting the addition in H, to
G, agrees with the group addition on G,. Clearly oo, + A, = oo, for all
h,€H,, —o,+h, =— o0, for all h, in H, less than oo,. Let H =
Il,esx H, and let order and addition on H be defined pointwise; then H is a
complete lattice and an additive semigroup. Let & = (0,),esx and let
—& = (—,),csx- The inclusion map of G into H preserves the lattice
operations as well as +. For k € H let J(k) = {a € DivX) U {0}: @ >
k}; then J(k) € di(Div X). Given J € di(Div X), let L(J) = /\ ,c,4; then
L(J) € H. k will be said to be approximable from above by divisors if
k = /\;5 4@ where d is understood to be in Div 6X. Let afa(H) = {k € H:
k approximable from above by divisors}. Clearly Div 6X C afa(H).

ExAMPLE 4.1. Let D be infinite and in prop A.

(1) Let k|D =1 (1 denoting the smallest positive element in G, for each
p € 8X), and let k|6X — D = 0. Clearly k is in H. Let h|clyyD =1 and
h|(6X — clyyD) = 0; then h € H and h = L(J(k)), but h # k; thus k is not
in afa(H).

(2) Let p € 6X — X and let k'(p) = — 1, and let X’|(6X — { n}) = 0; then
L(J(K’)) = 0, and so k’ & afa(H).

(3) Let p be in 8X, let k”(p) = 1 and let k”|(8X — {p}) = O; then k" is in
afa(H). In fact k” = Lv(M,).

Let J € di(Div X) and let p € 6X. Let N, =»(M,); then N, €
specm(Div*tX) (2.7). Let Ju EJN’. (See §2 for the definition of JN’.) Let
h = L(J) and let h, = L(J,). Let J, (resp., h,) be called J (resp., k) localized at
I

LEMMA 4.1. Assume that J # {o}; then h,(pn) = h(p), and for all p’ € 86X
= {u} A(p) = — o,

PROOF. Let a € J and let b € Div'X — N,. B(p) = 0, and hence (a —
b)~(u) = a(p), showing that h,(p) = h(p). Since J #* {0} there existsa € J
— {o0}. Let p’ be any point in §X — { p}. Let g, be an element in G,. Let
Yo =d(p’) — g, € G,. By Florack’s Theorem, there exists b € Div*tX) -
N, such that b(p") > v,; thus (a — b)~(p) < g, and hence A (p) = — oo,
proving the lemma.
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LeMMA 42. Let J € J(Div X) and let h = L(J) € H; then J = J(h).

Proor. Since k= /\,.,4, J C J(h). Since by assumption, J is in
J(Div X), there exists d € Div X such that d < a, for all a € J; thus J C
(Div*X) + d. By (3.2),

J= N (J,n ((Div*X) + d)). ()
RESX
Let a € J(h); then, by definition, d(p) > h(p), for all p € 6X. Since J C
(Div*X) + d, h > d, and as a consequence, a € (Div*X) + d. Since d(p) >
h(u), we may invoke (4.1) and know that a € J, for all p € 8X. Using (») we
see that a € J, proving that J(h) C J, and so proving the lemma.
We now come to one of the main theorems of the section.

THEOREM 4.3. Let J € di(Div X), and let h = L(J) € H; then J = J(h),
proving that h is in afa(H). Conversely, given k € afa(H), then L(J(k)) = k.
Hence L is an injection of di(Div X) onto afa(H), whose inverse is k € afa(H)
~ J(k) € di(Div X).

PrOOF. Clearly J C J(h). Note that

J= U Jnu@). (»»)
deDivX
Clearly J(d) is in J(Div X).
LUnJd)= AN b= (&\/J)=(/\&)V¢?=hvi
bEJnJ(J) aeJ aelJ
By (4.2),J n J(d) = J(k \/ d); thus (++) implies
J= U Jhva). (s+%)

d€Div X

Let a € J(h). Clearly a € J(h \/ @). Using (s+#), we see that a € J, proving
that J(h) c J, and hence that J = J(h), and that h € afa(H). Let k €
afa(H); then k is, by definition, /\;,,d. Thus L(J(k)) = k. The rest follows
easily.

For J € di(Div X), L(J) = h will be called the virtual generator of J, since
J=Jh).lfh=a€DivéX then J=a + Div*X,and I =»"'(J) = f- 4,
where »(f) = a. In this case # will be called a generator of J and J will be
called principal. The first part of (4.3) thus states that every J € di(Div X)
has a virtual-generator. We could thus go on to say that every J € di(Div X))
is virtually principal. Let afa*(H) = {h € afa(H): there exists d € DivX
such that d < h}, and let afa(H *) = {h € afa(H): h > 0).

COROLLARY 4.4. L is an order reversing injection of di(Div X) onto afa(H)
which takes J(Div X) onto afa*(H), and J(Div*X) onto afa(H *).
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Finally we have:

THEOREM 4.5. Let I, € sam(F), let J, =w»(l,), and let h, = L(J,), for all
t € T, a set that contains 1 and 2. The following hold:

O I, c I,,J, C J,,and h; > h, are equivalent;

Mr(N,erl) = N ,ep;and L(N ,eJ) = V;erht;

@ v+ I) =Jy  NJyand L(J, N J) = hy \ hy;

Qv - I)=J,+ J,and L(J, + J) = h; + hy;

@Dv(l,:I)=J,— Jyand L(J, — J) = /\6+h,>h.5;

(5) afa(H), afa*(H), and afa(H *) are closed under arbitrary (nonempty) \/,
finite /\, and + ;

(6) »(0) = 0 and L({c0}) = &;

(1) v(4) = Div*X) U {00} and L(Div*X) U {o0}) = 0;

(8) »(F) = (Div X) U {00} and L((Div X) U {0}) = — &.

PRrROOF. (0) was noted above. To check (1)-(4), note that the statements
about » were proved in §2. To check the statements about L it suffices to
check them pointwise, where they are obvious. (1)-(4) imply (5). (6)-(8) are
obvious.

h € afa(H) we will be called principal if it is in (Div 8X) U {0 }. Now let
h € afa(H™*). Let V(h) = {u € 8X: h(p) > 0}. h will be called local if V(h)
consists of a single point. # will be called minimal if h is local, with
V(h) = {n}, and A(p) = 1. h will be called prime if it is local, with V(h) =
{1}, and if {g, € G,: |g,| < h(p)} is a (necessarily convex) subgroup of G,.
(A definition of h being primary can also be made using the criterion
developed in [3].)

THEOREM 4.6. Let I € I(A) and let h = Lv(I) € afa(H). I is local, maxi-
mal, prime (or primary) according as h is local, minimal, prime (or primary).

Proor. The equivalence between 7 local (resp., maximal) and A local (resp.,
minimal) is obvious. The equivalence between I prime and 4 prime follows
from results of Krull [17] and Henriksen [12]. (For a proof of the statements
about primary objects see [3].)

5. Applications and further development. / € sam(F) is called principal if
there exists f € F such that I = Af.

THEOREM 5.1. Every finitely generated I € sam(F) is principal, and thus of
the form Af € I(F), for some f € F. I+ 0 if and only if f # 0. Assume that
1+#0. Lv(I) = v(f); thus Lv(I) € Div 8X. f is uniquely determined up to
multiplication by a unit in A.
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ProoF. Clearly {0} = 4 - 0. Assume I # 0, and let i}, .. ., i, be nonzero
generators of I; then I = Ai; + ... +Ai,. Let g, = (i), for 1 < j < n, and
leta=a; N\... \a, EDivX.By45Q2),h=Lv(I)=a,/\ ... \G,=a €
Div 6X. By Florack’s Theorem, there exists f € F* such that »(f) = a. The
rest is obvious.

I € I(F) is called invertible if there exists I’ € I(F) such that I-I’' = A.
The following are well known: if 7 is invertible then I’ = A: I; the set of
invertible ideals, inv I(F), form a multiplication group; {Af: f € F*} is a
subgroup of inv I(F); and invertible fractional ideals are finitely generated
(see e.g. [19, p. 272]). Hence, using (5.1), we have:

THEOREM 5.2. inv I(F) = {Af: f € F*}; thus Lv is an isomorphism of
inv I(F) onto Div §X.

THEOREM 5.3. Let I € sam(F) be countably generated. There exists a set
(8)nen Of generators of I such that v(g,,,) < v(g,), for all n € N. Hence
h=Lv(I)is N\,cp¥(8)~- If I € I(A), then g, ,,|g, is in A, for all n € N.

PRrOOF. Let (f,),cn be a set of generators of I and let b, =a;, A ... Aa,.
By (2.2), there exists g, € I such that »(g,) = b,. Further, by (2.6), (g,),en
generates I. Clearly »(g,,,) < »(g,), for each n € N. The rest is clear.

THEOREM 5.4. Let I be a local ideal in A, with V(I) = {M }. Let p = Z(M).
If p € X then 1 is principal. If p € 8X — X, then I does not possess a countable
set of generators. Finally, Z(I) = p, for all p € 8X.

PROOF. By (4.6), h is local. If u € X then h(pn) € N, and so I is principal.
Note that Z(I) = p in this case. Now assume that p € X — X, and let
7 = Z(I). Since h is local 7 is contained in a unique element of §X; namely p.
Let D € 7 N prop A. 7| D is necessarily contained in a unique p € 8D; thus
p = 7|D (I8, 10H1]). Hence 7 = p. Let (f,),c be a set of generators of I; then
(Z(f)| D), is a filter basis of p € BD — D. By [8, 4G], T is uncountable.

The following theorem has somewhat the same flavor. For I € I(4), let
Vo) =V(I)n X.

THEOREM 5.5. Let I be a nonzero ideal in A.

(1) V(1) is either finite or countably infinite.

(2) If V(1) is infinite then V(I) contains a subspace that is homeomorphic to
BN.

) If V(f) is finite and V(I) is infinite, then V(I) — V(I) contains a
subspace that is homeomorphic to SN.

(4) V(1) is either finite or of power 2°, ¢ being the power of the continuum.

(5) The power of A is ¢, and the power of 6X is 2°.
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PrOOF. Since I is nonzero there exists f € I — {0}. Let D = Z(f); then
D € prop A. Using (1.2) it is clear that D is either finite or countably infinite.
Since V(1) C D, (1) is proved. Since V() is closed in 8X, clgy V(1) C V(I).
If Vy(I) is infinite it is easy to see that cls, V(I) is homeomorphic to 8N,
proving (2). If V(I) is finite and V(J) is infinite, then V(I) — V() is an
infinite closed subset of clsy D, a space homeomorphic to SD. By [8, 9.12],
V(I) — V() contains a copy of BN, proving (3). The power of BN is 2° [8,
9.3]. To see that the power of A is ¢, let (U,),ey be as in (1.2). Given
D € prop A, D N U, is finite; thus the power of prop A is bounded above by
o¥,> = c. Clearly it is bounded below by ¢; thus |A| = c. 8X =
U p eprop alsxD- For each D € prop A, cl 4D is either finite or by (1.5) and
the above is of power 2°, according as D is finite or infinite; thus |6X| < 2°.
Since there exist infinite D € prop A, 2° = |cl;xD| < |8X|, proving (5).

I € I(A) is fixed if and only if V(I) + <. Given a nonunit f in 4, then Af
is fixed. There follows an example of a nonprincipal fixed ideal in 4(C).

ExaMPLE 5.1. For allw € C, '

sinw=w ﬁ (1 — w?/m%r?) = f(w).

m=]

Foreachn € N let
fwy=w II (1 — w?/m?r?),
m=1

and let I be generated by (f2/f),en- Vo(I) = {nm: n € Z} ==Z; thus I is
fixed. (supp h) N C is, of course, #Z and for each n € Z, h(wn) = 1. How-
ever, for each p € (clyc7Z) — #wZ, h(p) = 2; thus f is not in I. Note further
that #|6C — clycnZ = 0.

Let S be any nonempty subset of 8X. Given h, &’ € afa(H), we will write
h ~g k' if h|S = K’|S. Clearly this is an equivalence relation on afa(H). For I
and [’ in sam(F) we will write ] ~g I' if Ly(I) ~g Lv(I’). Thus ~ is an
equivalence relation on sam(F). Let 4, and A] be in afa(H), for all ¢ in some
set T containing 1 and 2, such that 4, ~ A for all # € T. Then we have:

0y VtEThl ~s \/:erh:"

@ Ay N\ hy ~5 B N\ b3, and

BYh, + hy~5 by + h;.

Using (4.5), this translates into statements about ~ on sam(F). One of the
most interesting choices for S is X itself. This case was considered by
Schilling [18] in 1946 in case X =C. If S = X, let the subscript S be
suppressed. Following Schilling, 7 and I’ in sam(F) will be called quasi-equal
if I ~1I' Letl~ I Clearly if I is in I(F) (or I(A4)) then so also is I’. Clearly
I € I(A) is a free ideal in A4 if and only if 7 ~ A4. This sets the stage for the
main decomposition theorem.
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THEOREM 5.6. Let I € I(F) — {0} and let h = Lv(I).

(1) There exists a unique b € Div X such that h|X = b.

@h > 6.

B)J(=v(I)) C J(B). Let f € F*, such that v(f) = b; then Af = R 0(())

@I c Afand I ~ Af.

(5)I: Af =1’ is a free ideal in A.

©Af-1'= 1.

(7) Given any free ideal I"” in I(A) and any g € F*, then Ag-1" C Ag, and
Ag-1" ~ Ag.

(8) Af is the largest element in I(F) that is quasi-equal to I.

PROOF. Since I is in I(F) — {0} there exists d € Div X such that b + d >
0 (by the definition of a fractional ideal). Let ¢ € F* such that »(¢) = d, and
let I, = I- (At) € I(F). Since h + d > 0, I, is in I(4). Let h, = Li(I,); then,
by 4.53), h, = h + d. supp(h)) = V(I)); thus (supp(h)) N X =D € A.
Since ¢ # 0, and since I # {0}, I, 7 {0}, and so D € prop A. As a result,
h|X =d, is in Div*X. Let J, = »(1)). Clearly a € J, implies a > d,; thus h,,
which equals /\,c,d, is greater than or equal to d,. Since d € Div X,
h=h, + (—d)~. Let b =d, — d, and note that b is in Div X, that A|X = b
and, since h, > d~,, that h > b, proving (1) and (2). Clearly (1) and (2) imply
(3) and (4). As to (5), let i’ = Lv(I'). By 4.5(4), b’ = /\ ;,;5,4, which equals
Nisis(-p~d- Since (b + (= b)7)|X =0, k'|X = 0, and so I’ is a free ideal
in 4. To prove (6), using 4.5(3) and 4.5(4), we see that

Lv(Af-I)=b+ N\ da= N a+b=nh
a+b>h a+b>h
By (4.3), Af- 1’ = I, proving (6). To prove (7), let h” = Ly(I"). Since I” is
free, h”|X = 0. By 4.5(3),
Lv(Ag-1") = Lv(g) + h” > Lv(g);

thus Ag - I” C Ag. Since

Lv(Ag-I1")|X = Lv(g)|X,
Ag- 1" ~ Ag, proving (7). To prove (8) note that I’ C A4 and that A4 is free.

Let I € I(F) — {0}. By (5.6), () = Lv(I)|X is in Div X.

COROLLARY 5.7. Let I, and I, be in I(F) — {0}.

(1) 8 maps I(F) — {0} onto Div X and I(4) — {0} onto Div*X;
@0 = 01y if and only if I, ~ I;

() I, C I, implies 0(1,) > 6(1);

@6, N L) = 61y V 81y;

(5) 01, + L) = 6(I)) A 6(1);

©) (1, - I) = 6(I,) + 6(L);

(Mo, : 1) = 6(1,) — 0(1;

(8) 07Y(0) = (I € I(A): I is free).
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This follows easily from (4.5) and (5.6).

ExaMpLE 5.2. (1) Helmer considered the following example in 1940 [10] for
X = C. For each n € N, let g,(w) = sin(w/2"" "), for all w € C. Let I be
generated by (g,),cn- I is a proper ideal in 4. The zero set of g, is 2" '7Z.
Let b, = »(g,), for each n € N and note that /\ ,_yb, = b is in Div*C, that
it is nonzero only at 0 € C, and that b(0) = 1. Let g(w) =w, for all w € C;
then b = »(g). Clearly I C (g) and I ~ (g). Helmer noted that I # (g). By
(5.6), I = Ag- I', where I' is a free ideal in A(C). Let #’ = Lv(I’). To describe
k' completely let 8 = {D € A: there exists n € N such that 2*"'#Z c D};
then §is a A-filter. Let T = {p € §C: § C p}. Then #'|T = 1and #|6C - T
= 0.

(2) Returning to Example 5.1, by (5.6) I = Af-I”, where f(w) = sin w for
allw € C, and I” is a free ideal in A(C). Let »” = Lv(I"). h” is supported on
(clyc7Z) — wZ, a space homeomorphic to BN — N, where its value is 1. Thus
I~Afand1 G (f).

(5.6) and (5.7) focus our attention on fr I(4), the set of free ideals of A.
Using (4.5), we can easily see that fr J(4) is closed under nonempty intersec-
tion, +, and -. Let I, € fr I(4), let h; =Lw(l)), let I =1, :I,, and let
h = Lv(1).

THEOREM 5.8. I is a free ideal in A.

PROOF. By 4.5(4), h = /\;, 54 Leta € Div X such that
a+h,>h, (»)

Restricting (») to X givesusa + 0 > 0:ie.,a > O; thusJ € I(4). Letx € X
and let b be the divisor such that b(x) = a(x) and b|X — {x} =0.c =a— b
€ Div*X, then ¢ + h, > h, and c¢(x) = 0; thus A(x) = 0, proving that 7 is
free.

The following lemma must surely be well known. (Cf., e.g., [19, p. 147].)

LeMMA 5.9. Let (I),c7 be a nonempty family in sam(F) and let I, €
sam(F); then (N,erd) : I, = N eI, : D).

PrOOF. f € (N,e71,) : I, if and only if fI, C I, for all ¢t € T, proving the
lemma.

Lemma 5.10. If 1, is local with h,(p) > O; then h(p’) = O for all p’ € 86X —
{ u} (where I,, h,, and h are defined above (5.8)). Hence I is either local or is A.

PrOOF. Let p’ € 8X — { p}. There exist D € p and D’ € p’ such that
D N D’ = J. There exists a € Div*X such that a|D’ = 0 and a(p) + hy(r)
> hy(p); thus @ + hy, > hy. 0 = a(p’) > h(p"). Sine I C A (by (5.8)), h(p’) >
0, proving that A(p") = 0.
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THEOREM 5.11. I, : I, = N Me,,(,l)(((l,)u N A) : L), where (I)),, N A is
either local and free, or is A.

PrOOF. By (3.4), I} = N pyevuy((I)y N 4), each (1)), N A being local
and necessarily free. By (5.9), I,: L= N yevy (I N 4): I). By
(5.10), (I Dp N A) : I is local and free or is 4.

Let W =68X — X. Let us now consider the equivalence relation ~,, on
afa(H), on sam(F), on I(F), and on I(A).

THEOREM 5.12. (1) Given f € F*, with b = v(f) having finite support, then
Af ~w A. Let I € I(4) — {0).

() If I ~y A, then there exists f € A*, whose support is finite, such that
I = Af.

(3) For any I € I(A) — {0}, there exists a unique free ideal I" in A such
that I ~, I".

PRrOOF. (1) Let D, = supp(b). By hypothesis, D, is a finite subset of X; thus
clyy Dy = Dy, and so b|W = 0. Hence Af ~, A, proving (1). Given I € I(A)
— {0}, we may apply (5.6) and know that there exists f € 4* and I’ €
fr I(4) such that I = Af-I’, with b = X|h € Div X, where b =»(f), h =
Lv(I), W = Lv(I'),h = b + k', and k| X = 0.

(2) Since, by hypothesis, I ~y A, h|W = 0; thus h'|W = (—b)~|W < 0.
Hence #'|W = 0. Since h'|X =0, ' =0, and as a result I = Af. Were
supp(b) infinite there would exist u € W such that B( ) > 0, and hence h( )
(= b(p)) >0, which is absurd. Thus supp(b) is finite.

(3) Let (U,),en be as described in (1.2). For a € Div*tX and n € N, let g,
equal ¢ on X — U, and let q,|U, = 0.4, € Div*X,and 0 < a,,, <q, < a,
for all n € N. Let k= /\,cnzesmbs then, by definition, k € afa(H).
Clearly k|W = h|W and k|X = 0. Let I"” = »~!(J(k)); then I"” € fr I(4) and
I~ I". Clearly I” is uniquely determined by I.

A(X) has, of course, a natural topology on it, namely the topology of
uniform convergence of compacta, under which it is complete. Schilling [18]
showed that every closed ideal in A(C) is principal. Adapting his argument to
X and, as always, using Florack’s Theorem we obtain:

SCHILLING’s LEMMA 5.13. Let I be a free ideal in A, then its closure I in A is
A itself.

ProoF. Since I is free, I # {0}. Let g € I — {0}, and let D = Z(g). If
D =, then g is a unit in 4 and so I = A4, and hence / = I = 4. Assume
that D # < and, at first, that D is finite. Since 7 is free, there exists f € 1
such that D N Z(f) = &. By Helmer's Lemma (2.5), (f,g) =1, and so
I = A = I. Assume now that D is infinite. Since g # 0, D € prop A; thus D
is countable. Let n € N+ x, € D be a bijection. Since / is free there exists
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f, € I for which f,(x,) # 0, for each n € N. By Florack’s Theorem, there
exists f € A for which Z(f) = D and »(f)|D = 1. Let (U,),en be as de-
scribed in (1.2). By Florack’s Theorem there exists k, € 4 for which Z(k,) =
{x,} and »(k,)(x,) = 1, for each n € N. Since f, € I and f/k, € A; thus
h, =f.f/k, is in I. Since U, is compact, h, is bounded on this set; thus there
exists ¢, € C — {0} such that sup{|c,h,(x)|: x € U,} < 27", for each n € N.
Now let x € U,,. For n > m, x € U,; thus |c,h,(x)| < 27". Hence . ,c,h,
converges on X to some & € A. By construction, & € I. It is easily seen that J
is an ideal in 4. ¢,h,(x;) = 0 if and only if n #; thus h(x,) # O, foz each
n € N, and so Z(h) N D = &. By Helmer’s Lemma, (g, h) = 1; thus I = A4,
proving the lemma.

SCHILLING’S THEOREM 5.14. Let I be a closed ideal in A; then I is principal.

PROOF. If I = A or 0, then it is principal. Assume that I is proper and
nonzero. By (5.6), I = Af-I’, where f € A — {0}, and I' is a free ideal in 4.
By (5.6(5)), I’ = I: Af (= I-f~"). To show that I’ is closed in 4, let g, € I,
for all n € N, and let (g,),cy converge to some g € 4. Let h, = fg,, for all
n€ N, and let h = fg; then h, € I, for alln € N; and h € 4. Let K be a
compact subset of X. Let B = sup, c | f(x)|. For all x € K,

|, (x) — h(x)| < B|g,(x) — g(x)|.
Since (g,),cy converges to g on X, (h,),ey converges to h on X. Since [/ is
closed, h € I, and so g = h/f € I’, proving that I’ is closed. By Schilling’s
Lemma (5.13), we know that I’ = 4 and hence I = Af- A = Af, proving the
theorem.

COROLLARY 5.15. Let I € I(A) — {0}. The following are equivalent: I is
principal, 1 is invertible in I(F), I is closed in A.

In his dissertation, Kelleher [15] considered subrings B of F that contain A4,
calling such rings A-rings. Clearly the set of 4-rings, aring(F), when partially
ordered under inclusion, is inductive, closed under intersection, and has A4 as
its least element and F as its greatest. Given a multiplication system S of
A — {0}, that contains 1, then S ~'4 is an A-ring. Thus, given P € spec 4,
Ap is an A-ring. Let B € sam(F). Clearly B is an A-ring if and only if (i)
1 € B, and (ii) B is closed under multiplication. Let J = »(B); then B is an
A-ring if and only if (i) 0 € J, and (ii") @, b € J and a, b < 0 implies
a+ beJ. Let h=L({J). B is an A-ring if and only if (i”) A < 0, and (ii")
h < & b <0 implies h < @ + b. Assume now that B is an A-ring. Let T'(B)
(or T for short) be defined to be {a € DivX: h <d A(—a)~}. Fora €
Div X let |a| = a \/ (—a). Clearly |a| > 0, |a| = 0 implies @ = 0, |a + b| <
la] + |b], and a A (—a) = — |a|; for all a, b € DivX. A subgroup G of
Div X is called absolutely convex if g € G and d € Div X such that |d| < | g|



GLOBAL IDEAL THEORY 263

implies d € G. Let U(B) denote the group of units of B. The following is
easily seen.

LemMMA 5.16. T is an absolutely convex subgroup of Div X, and v(U(B)) = T.

The following was proved by Kelleher [15, (3.2.6)] by a different argument.
Let S = U(B) N A.

THEOREM 5.17. B = S " 4.

PRrOOF. Clearly S ~'4 C B. Let f € B — {0}, and let »(f) = a. As usual let
at*=a\/0anda” =a NO; thena =a* + a~. Since a* > O there exists
r € A for which »(r) = a*. Since f € B, h < (a~)~ < 0; thus there exists
s € S for which »(s) = — a~. Hence »(r/s) = a* + a~ = a = v(f). There
must then exist a unit « in A such that f = ur/s. Since A C B, ur € B, and
we conclude that B C S ~'4, proving the theorem.

Forp € 6X let T, = L (). By (5.16), T, is a convex (= isolated) subgroup
of G,. Clearly h(p) = 0 if and only if I', = 0, A(p) = — oo, if and only if
T, = G,;and hence —o0, <h(p) <Oifandonlyif0G I', & G, . IfpE X
then G, is isomorphic to Z and hence either h(p) = 0 or h(p) = — oo,,. Let
0, ={f € F:v,(f) >y, for all y, €T,}. Krull showed, in his classic paper
on valuation theory [17], that Q, is a prime ideal in the valuation ring 4,,,
where M = Z~'(p). Let P, =Q, N 4; then of course P, is in spec 4.
Clearly the following holds. #(p) = 0 if and only if P, = M,. h(p) = — o, if
and only if P, = {0}. Thus0 & P, G M, if and only if —oco0, < h(p) < O.
Clearly if u € X, P, is either 0 or M,. An S-ideal in A is an ideal of 4 that
does not meet S. Let X = {p € X: h(p) > — o0, }. f B=F, §X = Q2.
Assume henceforth that B % F; then §,X # J.

LemMA 5.18. {P,: p € 83X} is the set of all maximal S-ideals of A.

PROOF. Let . € §3A4. One sees from the definition of P, that it is the largest
local ideal of 4 that does not meet S, and that is contained in M, . Since every
ideal of 4 is the intersection of local ideals (3.4), P, is indeed a maximal
S-ideal. Conversely, let 7 be a maximal S-ideal in 4. By (3.1), I =
N vevinyUpe N A). Let M, € V(I).Since I N S =@, 1 C P,; thus P, # 0,
and so A(p) > — oo, and hence p € §pX. Since P, is an S-ideal and [ is a
maximal S-ideal, I = P,, proving the lemma.

The following was also proved by Kelleher; again our proofs differ.

THEOREM 5.19. B = N ,c4,x4p,-

PROOF. Let f € B. By (5.17), B= S ~'4; thus there exist r E4 and s € S
such that f=r/s. Since s € S we see, using (5.18), that f € 4,, for all
u € 8z X. Conversely let f € Ap, for all p € §5X. By (2.1), there exists a,
be A, with b 0 and (a, b) = 1, such that f= a/b. For all u € §X,
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be P, so w(b~")~ >h, and so b € S, proving that f € S ~'4, which by
(5.17), is B, proving the theorem.

Let T={a:a€l).Tisa subgroup of Div 8X. For 4 € Div éX let
|a| = |a|~; then given @ € T, and b € Div 8X such that |b| < |3/ then b €T}
i.e.,, I is an absolutely convex subgroup of Div 8X. Clearly I= {@ € Div éX:
h < —d|}. Let ¢ be the canonical homomorphism of Div§X onto
(Div 6X)/T = Q. The order on Div 8X induces an order on £, under which it
is a lattice-ordered group. Let 7 = ¢ o »; then 7 is a homomorphism of F*
onto , having U(B) as kernel and such that +~'(Q*) = B — {0}, where
Q= {weﬂ w > 0}. Let & be an element greater than all w € 2, and let
d+w=0=w+ &, for all w € QU {®}. Let 7(0) = &; then 7(fg) =
1-(f) + 7(g) and -r(f+ g >1(HNT(g) (by (2.4)). Div 6X is a subgroup of
G= I, esx G, T is also a subgroup of G. € may be considered to be a
subgroup of I, csxG,/T,. Since p € 8X — 85X implies G,/T', = 0 it is more
convenient to think of £ as a subgroup of Il ¢4,xG, /I‘“. For each p € §,X
let p, be the projection of & onto G,/T,; then p, is an order-preserving
homomorphism. Let 7, = p, e 7(=p,cpov).Let R, =B N Q,; then R, €
spec B, and R, N A = P,. Let &, be an element greater than all r € G, /T,
E.Q"; and let &, + =&, =t + &, forall 1 €Q, U {®,}. Let 7,(0) =
R,
THEOREM 5.20. For each p € 83X, 7, is a valuation of F whose valuation ring
is By and whose value group is Q. R, is thus a maximal ideal of B.

PrOOF. By definition, 7, is a homomorphism of F* onto &,. Using (2.4) and
the fact that ¢ and p, are order preserving, one easily sees that 7, is a
valuation. (See e.g. [20, p. 43] for details.) Let C, = {f € F: 1,(f) > 0}; then,
of course, C, is the valuation ring of 7,. Let fe BR_. By definition, there exist
a € B and b € B — R, such that f= a/b. Since a € B, Lv(a) > h and so
L,(»(a)) > h(p); thus 7,(a) > 0 and so we see that B C C,. Since b € B —
R,, 7,(b) = 0. Hence 7,(f) > 0, and so B C C,. Conversely let f € C,. By
definition 7,(f) > 0. By the definition of order on &, (= G, /T,) there exists
Y, € T, such that ,(f) + v, > 0. By definition of T, there exists y €T so
that L,(y) = v,- By (5.16), there exists u € U(B) so that »(u) = y. As a
consequence, »,(uf) > 0. By (2.1) there exist a,b € A such that uf = a /b and
(@, b) = 1. Since »,(uf) > 0, y,(a) > v,(b). Were #,(b) > 0, then »,(a) would
be positive and so both g and b would be in M,, implying that 1 € M,,, which
is absurd. Hence »,(b) = 0, proving that b € 4 — P, C B — R,. As a con-
sequence f € By, and so we see that C, = By . To see that R, is a maximal
ideal of B note that Q, is the maximal ideal of C,. Let ¢ be the canonical
homomorphism of C, onto its residue class field, C,/Q,. {| B is a homomor-
phism of B into C,/Q, having as kernel R,. Since C, = B, it is easy to see
that ¢| B maps B onto C,/Q,; thus R, is maximal, proving the theorem.
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THEOREM 5.21. Specm B = {R,: p € §pX }.

PrROOF. Let M’ € specm B and let P = M’ N A; then P € spec A. Since
B # F there exists f € M’ — 0. Let f = a/b, where a,b € A and b # 0; then
bf =a€ M’ Since f# 0,a # 0, thus a € P — 0, and so P # 0. Henriksen
has shown [12] that P is local; thus there exists a unique p € 8X so that
P C M,. Since M’ is proper, M' N U(B)=9, PN UB)=4, and so
v (a) > v, for all y, €T,. Hence —,(a) < h(p) and so we see that h(p) >
— oo, and thus p € §5X. As a consequence, M’ C R,. Since M’ is maximal,
M’ = R,. Using (5.20) the rest of the theorem is proved.

The inclusion map 1 of 4 into B induces continuous map 1* of spec B into
spec A. Although spec B is compact we cannot conclude that 1*(spec B) is
closed in spec A4, since spec A is not a Hausdorff space. Given M’ € specm B
we have constructed a map, in the proof of (5.21), of M’ to p € §zX such
that M’ = R,, and shown that the map R: p € §3X > R, € specm B is
bijective. Examples abound to show that §;X need not be a closed set of §X.
We will give a fairly general construction from which many such examples
can be constructed. Let ¥ be any nonempty subset of 6X. For each u € V let
P, be a nonzero prime ideal of A4 that is contained in M,. Let B =
N ,ervd Iy Clearly B is an A-ring. Let G, be the proper convex subgroup of
G, that corresponds to P, (using Krull’s theorem [17]), for p € V. Let
k(p) = inf G|, for each p € ¥, and let k(p) = — oo, for all p € 6X — V,
k€ H, and V = {p € 8X: k(p) > —o,}. Let h =
/\ acsx) @ then h € afa(H), and h > k. Clearly »(B) = J(k) and J(k) =
J(h); thus A = Lyv(B). 83X = {pn € 8X: h(p) > — o0,), and hence ¥ C §,X.

ExamPLE 5.3. Let T be any subset of X that is contained in a compact set K
of X, and let V=X —T; then B=(f € F: f is regular on ¥V} and
83X =(8X) — T.V c 83X. 85X is not closed in 8X.

An analysis of the ideal theory of B, the theory of the sub B-modules of F,
and the fractional ideals of F with respect to B can be made very much along
the lines of that presented in §§2—4, using 7 in place of », as the reader can
easily verify.
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