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ASYMPTOTIC COMPLETENESS FOR CLASSES
OF TWO, THREE, AND FOUR PARTICLE
SCHRODINGER OPERATORS'

BY
GEORGE A. HAGEDORN?

ABSTRACT. Formulas for the resolvent (z — H)~! are derived, where H = H, +
Zi<j \jV; is an N particle Schrodinger operator with the center of mass motion
removed. For a large class of two-body potentials and generic couplings {A;}, these
formulas are used to prove asymptotic completeness in the N < 4 body problem
when the space dimension is m > 3. The allowed potentials belong to a space of
dilation analytic multiplication operators which fall off more rapidly than r~2~¢ at
0. In particular, Yukawa potentials, generalized Yukawa potentials, and potentials
of the form (1 + 7)~2¢ are allowed.

I. Introduction. The scattering theory of two particle nonrelativistic quantum
mechanics is reasonably well understood for short range potentials. The wave
operators are asymptotically complete, and the singular continuous spectrum is
empty (see Agmon [1], Enss [42], and Reed and Simon [24]). Much less is known
about general N particle scattering.

For N = 3 and space dimension m > 3, Faddeev [6] first proved completeness of
the wave operators for a large class of potentials and almost all coupling constants.
These results have been simplified and extended by Ginibre and Moulin [7],
Thomas [36], and Howland [11]. All of these authors require the potentials to fall
off faster than r~2~° at infinity and obtain Kuroda completeness for almost all
couplings. Mourre [19] has extended these results to allow potentials which fall
faster than !¢, as long as the potentials are repulsive for large 7.

For general N, Balslev and Combes [3] have proved the absence of singular
continuous spectrum for dilation analytic potentials. Asymptotic completeness for
potentials falling off faster than » ~2~¢ has been proved for small couplings by Iorio
and O’Carrol [13], and for repulsive potentials falling off faster than r~%/2~¢ by
Lavine [18]. (These are single channel results only.) Hepp [10] and Sigal [26] have
reduced general N-body asymptotic completeness to the verification of properties
of certain operators. They conjecture that these hold for generic potentials in
certain classes.

Simultaneous to our announcement [9] of results, Sigal [28] announced a proof of
asymptotic completeness for generic elements of a space of dilation analytic
potentials and almost all couplings. More recently, van Winter [43] announced a
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2 G. A. HAGEDORN

proof of completeness for some analytic Hilbert-Schmidt potentials. Also, Enss [42]
has obtained some many body results by beautiful, time dependent methods.
Our main results are the following:

THEOREM I.1. Let m > 3 and N < 4. Let
N
H=-3(@m) '+ 3 AV on L*RM)
i=1 i<j

be the Schridinger operator for N particles moving in m dimensions. Let H = H,, +
2.\ V; denote the Schridinger operator on L*(R™~D™) for the same system with
the center of mass motion removed. Assume each V;; may be factored as V; = U; W,
so that

(i) each U; and W is dilation analytic in some strip,

@) (1 + x,.lz.)’U,.j(x,.j) and (1 + x,.jz.)" W, belong to LP(R™) + L®(R™) for some
p>mandy > %,

(iii) bound state energies of three body subsystems are nonpositive when N = 4,

Then for generic couplings {N;}, asymptotic completeness holds.

THEOREM 1.2. The set of generic couplings for Theorem 1.1 is large in the sense that
its complement is a closed set of Lebesgue measure zero.

Remarks. (1) Hypothesis (ii) of Theorem 1.1 implies that Uy(—A; + 1)~'/2 and
W, (—A; + 1)7'/2 are compact on L}(R™). Thus, H = H, + Z\;V, is understood
in the sense of quadratic forms.

(2) Balslev [2] and Simon [32] have given sufficient conditions for Hypothesis (iii)
to hold. See Theorem II.10. Yukawa potentials, generalized Yukawa potentials, and
potentials of the form (1 + r)~27° obey these conditions. Therefore, for these
potentials, Theorems I.1 and 1.2 establish asymptotic completeness for generic
couplings.

(3) For the generic couplings, H has finitely many thresholds. Sigal [27] has also
obtained this result.

(4) The generic couplings are precisely those for which no cluster Hamiltonian
has a threshold resonance or threshold bound state.

(5) Theorem I.1 will be proved under the assumption that all the masses are
finite. If one of the masses is infinite, the result still holds, but several lemmas from
§V must be modified. Various p functions must be changed, and in many instances,
Case 2 of Lemma I1.3 must be used in place of Case 1.

Our proof of Theorems I.1 and 1.2 is organized as follows: In §II, we collect
various technical results from the literature. Little is new here, except that weighted
spaces L7 are replaced by more general L{ spaces. In §III, N-body Kuroda
completeness is reduced to the study of the resolvent (z — H)~!. Formulas for the
N-body resolvent are derived in §IV. Equation (IV.4) is a generalization of
Faddeev’s three body formula [6] to the N-body case. It is much simpler than the
Yakubovskii formula [41], but we have not been able to prove that it has all the
desirable properties of the Yakubovskii equation. A second, more complicated
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formula (equation (IV.5)), is derived from equation (IV.4). This formula is equiv-
alent to a formula of Narodetskii and Yakubovskii [20]. Equation (IV.5) is
modified for N < 4, in order to study scattering. In §V, these equations are used to
prove properties of (z — H)™! for N < 4 under certain hypotheses. The validity of
these hypotheses is studied in §VI.

Given the absence of singular continuous spectrum (Theorem II.8) and the
existence of wave operators (Theorem I1.12), Theorems 1.1 and 1.2 follow im-
mediately from Theorem III.1, Propositions V.1, 2, and 3, and Proposition VI.3.

ReMARK. The principal reason we do not have results for N > 5 is that we have
been unable to prove the absence of spurious zeros in equation (IV.10).

ACKNOWLEDGEMENTS. I am very grateful to Professor Barry Simon for introduc-
ing me to many body Schrodinger operators and for his advice throughout this
work. In addition, I would like to thank the ETH and IHES for their hospitality
during the Spring and Summer of 1977, and Dr. I. M. Sigal for pointing out an
error in a rough draft.

Preliminary definitions. The Schrodinger operator for a system of N particles
moving in m dimensions is # = — =Y ,(2m)~'A, + =, _;¥,; on LA(R"™). The mass
of the ith particle is m,, A; is the Laplacian in the ith variable, and the potential
energy between particles i and j is the multiplication operator Vi(r; — ). We
remove the trivial center of mass motion (see [23]) from H, to obtain H = H, +
2, Vyon ¥ = LXRV-Dm),

A cluster decomposition D = {C;}%_, is a partition of the set {1,2,..., N} into
k disjoint clusters C;. The Hamiltonian H),, is defined as H, + V,, where V, is the
sum of all ¥; with i and j in the same cluster. The Hilbert space JC may be

decomposed as I, ® I(, ® - - - ®I(, ® I (D), so that
Hy=h®1® - - Q@1+ 1®@h® - ®l+---

+1®---QhQB1+1Q:--- Q1 K,
The Hamiltonian A; corresponds to the energy of the particles in cluster C; alone.
K, is the kinetic energy of the centers of mass of the clusters in D.

For each cluster Hamiltonian 4, we choose eigenfunctions n” of A, so that {7}
is an orthonormal basis for the subspace of J(; generated by the eigenfunctions of
h,.

A channel a is a cluster decomposition D(a), together with an eigenfunction
7® € {n®} for each h. We define E, = S%_|E,, where hn® = En®, and let P,:
I — I denote the orthogonal projection onto all vectors of the form n® ® n@
® - ®® ® ¢, where ¢ € I((D(a)) is arbitrary. Let T, = 1 ® 1 ® - - - Q1 ®
Kp@y + E,» so that Hy P, = T,P,.

The channel wave operators are defined as

Q7 = strong- ’linliotc eHe~iL.p

if the limits exist. The wave operators are asymptotically complete if
=@ Ran Q) & I poa = O Ran Q; & I 00
a a

where J(,,nq iS the span of the eigenfunctions for H.
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Each Q7 is an isometry, so the projection onto Ran Q7 is Q7 *. Since the
channel wave operators have orthogonal ranges, the projection onto @, Ran @ is
3, QI

The ranges of the wave operators are contained in JC, ., the absolutely continu-
ous subspace for H. Thus, @ Ran @ C I(, .. A weaker form of completeness is
the condition P, = 3, Q> Q> *. This is called Kuroda completeness. Kuroda com-
pleteness implies asymptotic completeness if H has no singular continuous

spectrum.

II. Technical devices. In this section we collect several results which are required
for the other sections.

A. Jacobi coordinates (see Reed and Simon [23]).

We will use two types of coordinate systems for R® ~D™_ Both of these systems
have the property that H, is of the form — =¥ 1(2y)~'A,, where g, > 0 and A, is
the Laplacian in the ith coordinate. The particle positions 7; and their differences
r; — r; are not simple in these coordinates.

To obtain Jacobi coordinates {§;}, we begin by labelling the particles by the
numbers 1, 2,..., N. Then, for 1 <j < N — 1, we let §; denote the vector from
the center of mass particles 1,2, ..., to particle j + 1. Explicitly, §; = r,,, —
(Zic; m)™'Z,; mr,, where r, denotes the position of particle /.

The second type of coordinate system is used to put K, the free Hamiltonian for
the centers of mass of the clusters of D, into the form —3*Z1(2y) 'A%, For each
cluster C,, we choose Jacobi coordinates &}, &5, . . ., &,,_, for the n(i) particles
labelled by the elements of C;. Then we choose Jacobi coordinates {,, {5, . . ., §_;
for the centers of mass of the clusters. The resulting coordinates

1 1 2
gly-"’ n (1)— 1> £|9'°°9 :(k)—]’ {p"’a{k-—[

are called clustered Jacobi coordinates for the cluster decomposition D.

B. Quadratic form technigues.

Quadratic forms are used to define the Hamiltonian H and to make sense out of
various expressions involving resolvents, potentials, and square roots of the poten-
tials.

The free Hamiltonian H, is a positive selfadjoint operator on JC. We let IC,,
denote the operator domain of HJ/? with inner product <@, ¢>,, =
(o, ¥> + (H{?¢, HY/A). Since I,, C I, each ¢ € I defines a bounded
linear functional on JC,, by ¢ — <{¢, ¥). Thus, IC may be viewed as a subspace of
the dual space 3C_, of IC, ,.

For each pair i, j, LAR® ") decomposes into L}(R™) ® LXR™W~™), where
the first factor denotes functions of x;. Under this decomposition, V; = v; ® 1.
We assume v,; = u;w; such that u,(—4, + 1)7'/? and wy(— 4, + 1)7'/? are com-
pact on LR™).

We denote u; ® 1 by U; and w; ® 1 by W;;. The assumptions on u; and w;
imply that U;: 3 - 3_, and W;: 3(,, - I are bounded. Moreover [22], for
each ¢ > 0, there exists a > 0, such that
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<, V| = KU, Wyd| < |51 + allw])?
forally € I(,,.

Given this bound, the KLMN Theorem [22] implies that there is a unique
selfadjoint operator H with D(H) C I, ,, such that

b Y = <¢, (76 + ) V.-,~)¢>

for ¢ € I(, ,. For each cluster decomposition D, the Hamiltonian H), is defined by
the same method.

If z & o(Hp), then (z — Hp)™ ! is bounded from JC_, into I, ,. Hence, prod-
ucts of the form W,(z — H,)™'U,, are bounded on .

C. Estimates related to Kato smoothness.

Although Kato smoothness [15] does not play a central role in our asymptotic
completeness proof, some estimates from the theory of smooth perturbations will
be used.

At least seven equivalent definitions of Kato smoothness are available (see [15],
[24]). For our purposes, the following one is the most convenient.

DEFINITION. A closed operator F is called Kato smooth with respect to a
selfadjoint operator A, if

IFf = 7)™ sup [<F*¢, [(z — A)™' = (2 —A) '] F*¢)| < .
T

LemMA IL1. Let ¢,: R — I and ¢,: R — I belong to L* R, IC), where I is a
Hilbert space; if

&) = 27)""? Lim, f $(1)e"™ dt forj=1,2,
R

then

[ i), 1)) dt = [ (B0, $,0) dA.
R R

PrROOF. The usual Plancherel theorem shows that Fourier transform “: L*[R) —
L*(R) is unitary. Consequently, "®1: L%R) ® 3 — L% (R) ® IC is unitary. The
lemma follows from this by the natural identification of L2(R) ® 3 with
L’R, 30). O

REMARK. In the following lemma we prove an inequality. Equality can be proved
[15], [24], but we will only use the inequality.

LemMma I1.2. Suppose F is Kato smooth with respect to A. Then

- 2
IFe=7"" sup [Imz]|(z — 4)"'Fe
z &R, € D(F*)
lipl =1

and

— o o
1A% > @m)™" sup [ ||Feg| dt.
lipll=1 ~—o0
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PRrROOF.

Qm)'KF*¢, [(z — 4)™' = (z —4) ' | F*o)|
= (2m) 7|2 — 2| [KF*¢, (2 —4)"'(z — 4) 7' F*¢)]
=7"'Imz| ||(z - A)_'F"cb"z.

The first statement of the lemma follows by taking the supremum over z & R and
¢ € D(F*) with ||]| = 1.

The operator

Qm)'[E-A)"' = (z-A4) =2 Amz)(z - 4) (7 -4)""

is positive when Imz > 0. Let K(z) be its positive square root. Since F is
A-smooth, ||K(z)F*¢|*> < ||F|%||¢|® for all ¢ € D(F*). Therefore, Ran K(z) C
D(F) and | FK(2)|| < || F|l 4-
I o) = [A + ie — A)~' — (A — ie — A)” ', then explicit computation shows
(1) = ie ®Vle=*4¢,  Thus, by Lemma IL1,

@m)~! f_°:°||pe-f'4¢||’e-2¢l'l dt
= (27)"f_°:||p[(x +ie—A) ' = (A —ie—4)" o  ar
< f_°:°||FK(A + ie)|? [ KO\ + ie)o|> dA
<A f_°:°||x(x + ie)o|> dA
= @) "' F3 f_°:0<¢,[()\ —ie— A) = A+ ie — A)']e) dA
o N FJ)T— d(,E(1)9> dA

= 1A% el

The lemma follows by taking € to zero. [

DEeFINITION. For 1 < p < oo and 8 € R, LY (R™) is the Banach space of func-
tions f: R™ — C, such that (1 + x?*?%{(x) € L*(R™). The Lf-norm of f is the
LP-norm of (1 + x2%%(x).

REMARKS. (1) Lemma I1.3 extends results of Iorio and O’Carrol [13].

(2) If the operators F, and F, are equal in Lemma II.3, then we conclude that
FY = F} is Hy-smooth.

LeMMA I1.3. Let D be a cluster decomposition with at least two clusters. Let § > 1,
m > 3, p, >m, and p, > m. Suppose {§y, ..., 8} and {§,, ..., & _,} are two
(possibly identical) choices for the intercluster clustered Jacobi coordinates corre-
sponding to the cluster decomposition D. Suppose F, € L{'(R™) and F, € LP@R™).
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Let F, and F, denote multiplication by F\(§,) and Fy£,), respectively. Since {§;}
and {£;} are bases for the same space, £, = Sa.S;.

Case 1. If a, # O, then F¥(z — Hp)™'F, is uniformly bounded and analytic for
z € CN\o(Hp), with norm continuous boundary values as z approaches o(Hp) from
above and below.

Case 2. If a; = 0, then the same conclusions hold, except that the boundary values
are only strongly continuous.

ProoOF. ForIm z > 0,
(z-Hp) '= —ifw e ~Hogitz gy,
()
e b = ¢~ Q@ ¢=i8 on L2R™) ® LYRWP™), where the first factor denotes
functions of ;. 4 is a negative multiple of the Laplacian, and e~ has an
explicitly known integral kernel [22]. From the form of the integral kernel, an
interpolation argument shows that e~ is bounded from L’(R™) to L*(R™) when
1<r<2and r~!'+ s~ ! = 1. Moreover, the norm of e " is dominated by
(f_‘t)—m r"—2").

Case 1. Since e~ "B

is unitary and commutes with F},
|Fre="oF| = | Fte~"F|.

To compute || Ffe “F,¢||, fix 5, &3, - - - » & 1> and compute the L?- norm in the
§, variable first.
Holder’s inequality shows that F; and F, belong to LIR™) form — e <q<m

+e With &, ..., Gy fixed, Fy(Sa&)é(y ..., 8 ;) belongs to L'®R™, &),
where r ! = ¢g7! + 1. e~ maps this into L*(R™, df,), where s =1 — ¢~'. Multi-
plication by F,({,) then maps this back to L%[R™, 4¢,). The result is

= _, 2
fl(Fle 'AF2¢)(§1, cees fk—l)' ds,

< () YFPNFN a7 1651 - S
By integrating over {,, . . . , {;_,, we obtain

|Fre = “Fap]| < (cret)™ ™ | Fill | Fall -
Since this is valid for ge(m — e, m + ¢), | Ffe "F,| is an L' function of ¢.
ForImz > 0,
Fi(z - Hp)) 'R = —if * Fte—iHoF git: gy,
()
Thus,

7l

|F3(z — Hp) 'Ry <f0 |Fte=F,|| dr < C.
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Also,
"F,[(z - HD)_l - (w-— HD)—I]FZH
-] . .
<j(; "Flae—nAquleitz - ettwl dt
when Im z > 0 and Im w > 0. The norm Hélder continuity now follows by the
bound: |e” — ™| < Min (2, #|z — w)).
Case 2. It follows from Case 1 that F}(z — Hp)~'F, and F}(z — Hp)"'F, are

uniformly bounded. Thus, F{ and F¥ are H,,-smooth.
Since a; = 0,

e-itHD = e—itA ® e—ilB R e—itC
on L% (R™, dt;) ® LX(R™, d¢,) ® LXRWY~I™), 4 and B are negative multiples of
the Laplacian; C is selfadjoint.
For¢,y € I andIm z > 0,

- . ®© — z
(¢, F}(z — Hp) 'Fpp = —i fo (¢, Fte™"oFyyye™ dt
- ij:o<e'w¢, Fte~ite—iCE y\eitr gy

= —i./(;w<F;e“B¢, Fe—ithe=iCy>eitt gy,

Hence,

Ké» Fi(z — Hp)~'Fyb)| <»( i

o0 i 2 1/2 o0 —i 2
= ([ yEmermal ar) " ( [T Fre i 1)

N LR EA TS EA L R

Here we have used the Schwarz and Hoélder inequalities and Lemma II.1.
To prove the strong continuity, the same type of computation shows:

I<¢’ F?[(z - HD)—I —(w- HD)-I]F2¢>|

) 1/2 ) .
< (j(;w"F;e”HD¢"2 dt) (j(‘)w"ne_aﬂp\p"zlem _ emvlz dt)

© i 1/2 ) 1/2
IFzetel ar) (e o’ o)

1/2

1/2

had - 2 itz i 2 12
<UE ol " IFre opifet — e ar) .

Hence,
"Fi'[(z - HD)-I U HD)—I]FN"
) 1/2
<UF b (1t Pl - e a) .

By the dominated convergence theorem, the integral tends to zero as z approaches
w.
The proof for Im z < 0 is similar. [J



ASYMPTOTIC COMPLETENESS 9

LeMMA I1.4. Suppose F, and F, satisfy the hypotheses of Lemma 11.3. Then
Ft[A+i0- Hp)™' = (A - i0 — Hp)"'|F,
= F[(A +i0 — Hp) ™' — (\ = i0 — Hp) '|EP(a, b)F,

for any \ € (a, b). E®(a, b) denotes the spectral projection for H,, corresponding to
the interval (a, b).

Proor. If F, and F, are bounded, the result is trivial because
[A+i0— Hp)™'— (A —i0— Hy)'](1 — EP(a, b)) = 0.

More general functions F, and F, are limits of bounded functions. By taking such
limits, the lemma follows from the bounds of Lemma I1.3. [J

D. Fourier restriction theorems (Agmon (1], Kuroda [17)).

DerINITION. For k > 0, define #(k): S(R™) — L¥(S™"!, dw) by (m(k)f{w) =
k'/2m=Df(k(), where w belongs to the unit sphere $™~), f is the Fourier transform
of f, and dw is the invariant surface measure on S™~! C R™.

LemMa ILS. Suppose 1 < p <2, m > 3,and 1/2 <8 <m/2. If §(p) = 286(1 —
P "), then n(k) extends to a bounded mapping of Ly, (R™) into L*(S™~", dw). The
norm of this mapping is bounded by

Min{ e k™m=Ve™' =172 o plm=1(r~"'-1/2) + <s—1/2)(2—2p")]},

where ¢, and c, depend only on p. Moreover, if p > 1, then k > w(k) is norm Holder
continuous.

PrOOF. When p = 2, these results may be found in [7] or [8].

When p = 1, norm continuity in k does not hold, but the other results are trivial
because f is continuous and ||f||°° < |l flh-

The results now follow by interpolation (see Stein [35]) between L' and L2. Note
that Holder continuity of order # on L} and boundedness on L' imply Holder
continuity of order 20(1 — p~") on Lg, for 1 <p < 2. [J

PROPOSITION 11.6. Suppose m; > 3,8 > 1,1 <p < 2, and 8(p) = 26(1 —p~).
n(k) extends to a bounded mapping of Ly, (R™) ® LXR™) into L}(S™*™ ™!, dw).
The mapping k > w(k) is strongly continuous and uniformly bounded in norm when k
is restricted to a bounded subset of (0, o).

PROOF (GINIBRE AND MOULIN [7]). Choose f € & (R™*™), and let p, and p,
denote the Fourier conjugate variables to x, € R™ and x, € R™. Decompose p,
into radial and angular variables | p,| and w,.

If k, = (k* — |p,»)'/> and m = m, + m,, then

M=y = K0 [ ik do

= [ 3k = 1eDIf(o) .
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Change variables to | p,|, w,, and p,, and compute the | p,| integral:
a(k 22 m-1y = Kk k(m,—2) fi kwy, 2 dw
I (R A z2¢sm— £p2|<k dp ki fsml_lV( 191 Pz)l 1

=kf dp ke | m (k)G P[22 gsm-ry

|pal <

where the last norm is computed for fixed p,, f denotes partial Fourier transform in
the second variable, and #,(k,) denotes the Fourier restriction map in the first
variable.

By Lemma ILS5, k[ !|7,(k)|* is uniformly bounded for k, € (0, k) from
Ly, R™) into L¥(S™ "', dw,), so

_ 2
"'”(k)ﬂliz(s‘"") < kf|p 1<k dp,k; l"”l(kl)" "f(’,Pz)"iJ(p)(R'"‘)
2|
- 2
< kC(k *s
OF (G o

= kC(k) f dx, ||If( xz)"if(n

= kC(K)|f)Zs 0 -

This implies the uniform boundedness for k restricted to a bounded subset of
(0, o). The strong continuity of #(k) follows from the norm continuity of =,(k,).
O

E. Dilation analyticity (Balslev and Combes [3], see also van Winter [38], [39]).

The unitary group of dilations on L%R") is given by (U(8)f)Xx) = e¢™/3y(e’x). A
simple computation shows Hy(8) = U(8)H, U(—8) = e~ *H, for all § € R. Hy(®)
clearly extends to an analytic family Hy(@) for all § € C.

Following Simon’s treatment [30] of dilation analyticity for quadratic forms, we
make the following definitions.

DEFINITION. Suppose a > 0. A compact operator v: IC,; — JC_, belongs to the
class 9, if and only if the family of operators v(8) = U(8)vU(— @) has an analytic
continuation to {#: |Im @| < a} as operators from IC,, into IC_,. If v(8):
3,1 — I _, is norm continuous in {#: [Im #| < a} and analytic in {#: |Im 8| <
a}, then v belongs to the class .

If v € ¥, for some a > 0, then v is called dilation analytic.

If H=Hy,+ZX,_;V;, where V;; = v; ® 1 and each v; € ¥, then H(0) = H(9)
+ 2,;V,i(0) may be defined by quadratic form methods. If D is a cluster
decomposition, then H,,(6) and the cluster Hamiltonians, 4,(8) may be defined.

Let D be a cluster decomposition, with cluster Hamiltonians 4, (1 < i < k). If
the potentials are dilation analytic, then we define =,(0) = {E, + E,
+ - - - +E;: E; is an eigenvalue of A(0)} and 2(0) = {0} U (U gpy52 Zp(€)) is
the set of thresholds of H().
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THEOREM I1.7 (BALSLEV AND CoMBES [3], SIMON [30]). Suppose the two body
potentials V; = v; ® 1 have v; € ¥, and are selfadjoint. The essential spectrum of
H(@) is oess(H(o)) ={z+ e‘”r z € 2(9), r €0, o0)}. If u = inf Z(0), then the
discrete spectrum of H(@) is contained in RU {p + z: —2Im @ < argz < 0} if
Imf >0, and RU {p+z: 0<argz< —2Im8} if Im@ <O0. The discrete
spectrum of H(@) can accumulate only at points of 3(8). The nonthreshold eigenvalues
of H are the real nonthreshold eigenvalues of H(8), and 2(8) N R = 3(0) whenever

Im 8| < 7 /2.

THEOREM I1.8 (BALSLEV AND COMBEs [3]). Suppose H = H, + 2, _;V,;, where the
two body potentials are dilation analytic. Then H has empty singular continuous

spectrum.

The following theorem proves exponential fall-off of bound states corresponding
to nonthreshold eigenvalues. Without dilation analyticity, O’Connor [21] has
proven this fact for bound states corresponding to discrete eigenvalues.

THeorEM II.9 (ComBEs AND THOMAS [4]). Suppose H = H, + Z,_;V; is
selfadjoint, with dilation analytic potentials. If HY = Ey and E & Z(0), then y(x) lies
in the domain of multiplication by e®™ for some a > 0. Moreover, e®*W(x) belongs to
the operator domain of Hy/? for some a > 0.

ProoF. Combes and Thomas [4] prove all but the last statement. Simon [34]
proves e“My(x) € D(Hy/?). O

THEOREM II.10 (BALSLEV [2], SmMoN [31], [32])). Suppose H = Hy + 2,V is
selfadjoint. IfN—2and V € G, for some a > 0, or if N > 3 and each Vi=1v;®
1, with v; € 5 /2> then H has no positive eigenvalues.

LemMA I1.11. Suppose M(z, ) is an analytic operator valued function in the region
{(z,8) € C*: Im 8| < a, z € C\ 6. (H(8)))}, with norm continuous boundary values
as z approaches o . (H(0)). Suppose U(p)M(z, )U(—¢) = M(z, § + ¢) for ¢ ER,
and assume (M(z, 0))? is compact. If E € R, then 1 € o(M(E + i0, 0)), if and only
if 1 € o(M(E, 8)) for all 8 with 0 < Im 8 < Min(a, 7/2).

PrROOF. Since (M(z, #))* is compact, 1 € 6(M(z,8)) if and only if 1€
o((M(z, 0))") for all n > 2. Thus, it suffices to prove 1 € o((M(E + i0, 0))") if and
only if 1 € o((M(E, 8))") for all n > 2.

If 1 € o((M(E, 8))") whenever 0 < Im 8 < Min(a, 7/2), then 1 € o((M(E +
i0, 0))") by continuity.

Next, suppose 1 € o((M(E + i0, 0))*) but 1 & o(M(E, ¢))") for some n > 2
and ¢ with Im ¢ small and positive. Since M(E + i0, ) = U(@)M(E +
i0,0)U(—6@) ford € R, 1 € o((M(E + i0, §))") forall§ € R.

Since 1 & o((M(E, $))"), the set of § € R such that 1 € o((M(E + i0, 9))")
must be a closed set of measure zero by a theorem of Kuroda [16] (see also Simon
[29, p. 127])).

This contradiction proves the lemma. []
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F. Existence of wave operators.

The existence of channel wave operators has been proved by Schechter [25] and
Simon [33] for the types of potentials which concern us. Simon’s proof is an
extension of a simple method due to Cook [5].

THeOREM II.12 (SiMON [33]). Suppose the two body potentials V,; belong to
LE(R™) + LP(R™) for somep > m/2 and 8 > 2. Then the channel wave operators
QF = strong- lim e"He #Tp,
t—>* o0

exist.

III. Many-body Kuroda completeness as a stationary problem. This section is
devoted to proving Theorem III.1, which reduces the many-body Kuroda com-
pleteness problem to the question of finding an appropriate formula for the
resolvent (z — H)™'. The idea of this theorem is not new. Implicitly, it appears in
the works of Faddeev [6], Hepp [10], Ginibre and Moulin [7], Thomas [36], and
Sigal [26]; explicitly, it may be found in Howland [11].

DEFINITION. Suppose H is a many-body Hamiltonian. The multiparticle limiting
absorption principle holds for H, if

L(D)
(z - H)_l = %(z - HD)-IPD Igl FipZ,p(2),

where
(a) there exists 8, such that ¢ € L3 (R ~Y™) implies Z, ,(z)¢ is an LARW~Dm).
valued meromorphic function in C\ o . (H), with continuous extensions to o (H)
from above and below, in the complement of a closed set & of measure zero; and
(b) for each / and D, F,;, maps L’R™~D™) into LZ(R™) ® L*R¥~2™), for
some p > 1 and p € (1, 2], where the first factor denotes functions of a Jacobi
coordinate for the motion of the centers of mass of the clusters of D.

THEOREM III.1. Suppose the multiparticle limiting absorption principle holds for H
on LXRW=DYm) where m > 3. If the channel wave operators exist, then they are
complete in the sense that P, = 3 QI Qr*.

As a first step toward the proof of this theorem, we prove several lemmas related
to the orthogonality of channels. Next, using the limiting absorption principle, we
obtain a formula for (23 *¢)", when ¢ € L3 (R™~""). This and Stone’s formula for
spectral projections are then used to prove Theorem III.1.

DEFINITION. Let H, and H, be selfadjoint operators on (. For each ¢ > 0 and
each Borel set A C R, the operators 2*(¢, H,, H,, A) are defined by

6, Q% (e, Hy, H,, A)¥) = %L((A +ie — H) '¢,(\ = ie — H)'y) dA.

LemMa II1.2 (HowLAND [11]). Let H, and H, be selfadjoint on IC.
Q% (e, H,, H,, A) are well-defined contractions on I for all Borel sets A C R and all
€ > 0. If H, has purely absolutely continuous spectrum and spectral projections E,(-),
then E\(A)Y = 0 implies lim, o, Q7 (¢, H,, H,, A)Y = 0.
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PROOF. Let §,(f) = (¢/7)/(t* + &)
The Schwarz inequality shows that the absolute value of the integrand appearing
in the definition of Q¥ (e, H,, H,, A) is bounded by

(e/ )|\ = ie — Hy) 9| A £ ie — H) 'y

= (/A = ie — ) ') *((e/mA = ie — H)'Y[)

= (G 8.\ = He»)'*(<ws 8,0 — H)W))
So, by the Schwarz inequality and Fubini’s theorem,

|<¢) 91(89 Hz) Hp A)‘P>I2

< ([ o000 H9) dx)( [ 8.0 = HDY dx)

1/2

= (6. + xO®ao, E0)( 6. * xMacw, £ ). Ly

Since [g8,(A) dt = 1 and ||x,|l., < 1, we have 0 < §, * x, < 1. So, the right-hand
side of (IIL.1) is bounded by |¢|||¢|>. The operators Q¥ (e, H, H,, A) are,
therefore, well-defined contractions.

The measure d{y, E,(-)y) is absolutely continuous with respect to Lebesgue
measure. As a consequence ([37, pp. 28-31]), lim, 45, * x, = X, a.e. with respect to

d{y, E,(-)¢¥). Moreover, 0 < 8, * x, < 1, so the dominated convergence theorem
shows:

lim [ (8, * x)NY EQW = [ X<y, EQ) = | E(AW"

Since

0.< [(8, * x )N, EN> <o
(I11.1) shows

limlzup |27 (e, Hy, Hy, A < || EL(A)Y
&

Therefore, E,(A)y = 0 implies lim, (% (e, Hy, H,, A)y =0. 0O
LemMa I11.3. Let H, and H, be selfadjoint on JC. For all € > 0,

Q% (e, Hy, H,, R)Y = 2¢ [ =% T etgitHrg=itHyy, gy
0

PrOOF. Consider only £~ ; the proof for @+ is similar. Fix ¢, ¢ € I and define
o\ = (e/7)'/*\ + ie — H,)"'¢ and ¢(A) = (¢/7)'/>(A + ie — H})~'y. Then, by
explicit computation,

¥(t) = (2e)l/zix(o,w)(t)e"‘e“‘”kp
and

¥(1) = (26)"Zixoe(r)e e .
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These formulas and Lemma I1.1 show

(b, @ (e, Hy, Hy, R)Y) = fn @A), YN dA
- fn @), $(1)> at

= 28Lw<¢’ e—zt‘eilﬂ;e—itl{“’,> dt

o0

= (¢, 2ef e~ Zelgitte —itHy, dr, O
()

LemMma I11.4 (HowLAaND (11]). Let H, and H, be commuting selfadjoint operators
on 3C. Assume H, has purely absolutely continuous spectrum and that H = H, — H,
has kernel {0}. Then, for Borel sets A C R,

wealfaﬁm Q%(e, H,, H), A) = 0.
PROOF.

Q% (e, Hy, Hy, A) = Q% (e, Hy, H,, R)E|(4) — Q% (e, H,, H;, R\ A)E,(A)
+Q% (e, Hy, H;, A)E,(R\ A),

where H, has spectral projections E(-).

The last two terms in this expression converge strongly to zero as ¢ -0 by
Lemma II1.2. Thus, it suffices to show weak-lim, , 2 (e, H,, H,, R) = 0.

By Lemma II1.3,

(¢, ¥ (e, Hy, Hy, R)Y) = 2 f % Ty, ety dt
0
= 2ef:°°e:2“<¢, e My dt
0
= +2ielo, (H F 2ie) " "Y).

As ¢ tends to zero, this quantity converges to —<{¢, Poy), where P, is the
orthogonal projection onto the kernel of H. Hence, the hypotheses imply it
converges to zero. []

LemMa 111.5. Let H, and H, be commuting selfadjoint operators on I, such that
H, — H, has kernel {0} and H, has purely absolutely continuous spectrum. Let F,
and F, be operators on I such that F} and F} are Kato smooth with respect to H,
and H,, respectively. Suppose ¢.: D.— X and y.: D, — I are continuous
Junctions, where D, = {z=x* iy EC:a<x <b,0< y <c}. Then

b - o
leiigej; (A ie — Hy) ' Fpp . (A % ie),

Axie— H) 'Fy.(\ £ ie)) dA = 0.
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PRrOOF. Assume, without loss of generality, that F; # 0, F, 0, ¢. # 0,¢y. # 0,
a < b, ¢ > 0. For convenience, consider only the + signs, with ¢ = ¢, ¥ =,

andD=D,.

Let & > 0 be given, and choose M such that ||¢(2)]| < M and ||y(2)|| < M for all
z € D. Since F, and F, have dense domains, there exist simple functions f:
[a, b] - D (F)) and g: [a, b] - D(F), such that || f(x)|| < M, || g(x)|| < M, [|¢(x)

= 8l <8, and |lY(x) — f(x)|| <9, for all x € [a, b].

By the continuity of ¢ and ¢, and the compactness of D, there exists y > 0, such
that 0 < ¢ < y implies ||p(A + ie) — ¢A)|| < 8 and ||Y(A + ie) — Y(A)|| < 6 for all

A € [a, b).

Thus, ||pQA + ie) — gA)|| < 28 and ||Yy(A + ie) — f(A)]| < 28 for all A € [a, b),
whenever 0 < ¢ < v.

Define:
A(e) = e[ <A+ ie = H) ' Fog(), (A + ie — H,)™'F,fA) dA

b
Be) = ef <A+ ie = H)™'Fys(V),
A+ ie — H) 'F[¥(\ + ie) = fA)]> dA
Cle) = ef <A+ ie — H)'F[6(A + ie) — W],

\ + ie — H) '"Fy(A + ie)> dA.

By Lemma II1.4, there exists y, < v, so that ¢ < y, implies |4(¢)| < &.
By Holder’s inequality and Lemma 1.2, ¢ < y implies

|B(e)| < e f., b||(A +ie — H))"'Fg\)|
X||A + ie — H)T'F [y + ie) — fN)]| 4A

< (s];b"()\ + ie — Hz)_'Fzg()\)"2 d}\)l/z

2 /
X (ej;b"(}\ +ie — H)T'F[ ¥\ + ie) — fOV)]| d}\)l i

< (Ex21mtin(suoteoon)’)

g

X (b —a ||F1||§;,(81;p W\ + ie) —f()\)")z)l/z

w
b—a
7

<2

M|\ Fy|| || Fo| 8-
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Similarly, when ¢ < v,

1/2
|C(e)] < (e f o+ ie = H)EL8 + i) - s d*)

1/2
X (e f b||(A +ie — H) P\ + o)’ dA)

k.

< ( b—a ||F2||H,(Sl;p 6\ + ie) — go\)")z)l/z

X (b —a "Fl"”'(s‘:p W™ + ie)||)2)|/2

T
b—a
T

<2

M|\ Fy|| || Foll -

Therefore, € < v, implies
|4(e) + B(e) + C(e)| <|A(e)| +|B(e)| +|C(e)|

b—a
% MIFl) Pl ,)0.

Thus, lim, A4(e) + B(e) + C(e) = 0, which is the desired result. []

REMARKS. (1) Let « and B be channels. T, and T are multiplication operators in
momentum representation, so they commute. Moreover, if D(a) # D(B) or E, #
Eg, then T, — T has kernel {0}. To see this, notice that 7, and T, are multiplica-
tion by different polynomials in momentum representation (because D(a) 7= D(B)
or E, # Eg). Therefore, T, — T, multiplies by a nonzero polynomial
Q(py; - - - » Pv—1ym)- Functions in the kernel of 7, — T,; must have support in { p:
Q(p) = 0). This set is a nontrivial algebraic variety, and consequently has measure
zero. Thus, T, — T} has kernel {0}.

(2) Suppose a is a channel with cluster decomposition D. Then H,P, = T, P, =
P,T, and P,(z — Hp) ' = P(z — T,)"'. Also, if P,F* is Kato smooth with
respect to Hj,, then P F* is Kato smooth with respect to T,.

(3) If D is a cluster decomposition, then P, = 2 p,,_ 5 P,. Consequently, (z —
Hp)"'Pp = 2 py=p(z — T,)"'P,. So, when the multiparticle limiting absorption
principle holds for H,

<(1+4

L(D)
(z - H)_l = %(2 - HD)_lPD 121 FI,DZI,D(Z)

L, Mo
= ;(Z -T,) P, lgl F, p@yZy,pa)(2)-

(4) In Propositions III.6 and III.7, we restrict some Fourier transforms to
ellipsoids rather than spheres. This is because certain reduced masses are not equal.
However, a linear change of coordinates shows that the results of §I1.D apply to
ellipsoids as well as spheres.
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The ellipsoids which we use are the surfaces in momentum space corresponding
to a given energy for a channel Hamiltonian 7,. In some clustered Jacobi
coordinates, T, = Z;2/(—2M,)~'A, + E,, where M, is a reduced mass. We choose
the “unit ellipsoid”

k-1
r= {q e R*-Om 3 2M,) g = 1}
I=1

as the analogue of the unit sphere. The mapping =, (k): Lf ® L*— LXT) is
defined as the analogue of 7(k): LF ® L* —» L*(S™"") from Proposition I1.6.

(5) For convenience we identify the range of P, with 3(, = JC(D(a)), defined in
the introduction. The identification is given by the mapping ¢ ® y, — ¢, where
¢ ® Y, denotes an arbitrary element of P, JC.

PRrROPOSITION I11.6. Suppose the multiparticle limiting absorption principle holds for
H, and let « be a channel. Let (3, ..., 81, &ls . .., &k4y—1) be clustered Jacobi
coordinates corresponding to the decomposition D(a), and let (q,, . . ., q;_,) be the
Fourier conjugate variables to (§,, ..., %)) Let k(q) = CiZ]2M) ™" g2,
where M; is the reduced mass corresponding to the coordinate §;. Suppose the wave
operators Q exist, and that ¢ € Li(R™~D™),

If k* + E, does not belong to the exceptional set & for H, then (R)*¢)" may be
restricted to the ellipsoid

T(k) = {q € R*"D™: k (q) = k},
and

L(D(a))
'”u(k)(ﬂf)“l’ = '”a(k)Pa 121 FI,D(a)ZI,D(m)(k2 + Ea * i0)¢‘

PrROOF. Choose an interval [a, b] containing k*> + E,, but which does not
intersect the exceptional set & . Choose y, € I, = J((D(a)) so that ¢, is C* with
support in U ¢, (A)-

Consider only @ ; the proof for  is similar.

The existence of Q. implies that @ equals its Abelian limit (see [29]). So, if
‘P = ‘Pl ® 'Pa’ then

ST ®  —2etitH, —itT
anp—lelfg 231; e “e'e™ N dt.
Thus, by Lemma II.1,

(& Q74 = lim2e [ “ (e g, e~y dt
el0 0
=lim = [* (A +ie— H) ', (A + ie — T,) "'y dA.

el0 TJ_o
Lemma III.2 and the choice of y, now show

@9 =tim =[O+ it~ H) 0. (A + ie = T) 74> ak
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By Remark (3) after Lemma IILS,
. . o)
(z-H) = %(Z = Tp) Py gl Fypcg)Zioc (2)-

Hence,
{d, UyY) = llrg = fa (% 21 (A + ie — Tg) ™' PyF, pp)Zyp(p (2)9s

A+ ie — Ta)"\p> dA.

By Lemma II1.5 and Remark (1) after it, all terms with D(a) # D(B) or E, # E,
vanish as ¢ - 0. All other terms with a # B vanish because P;P, = 0 and P,y =
Y. Therefore, L(D(a))

<@mw=go;f<a+w—r)v 2 FuowZiow® + i,

A+ie—T)" .p) d\

For convenience put F; = F, p, L = L(D()), and ¢,(2) = Z, p(,\(2)¢, s0
$¢, Q¥

€ b . -1 N . -1
2 lim = f (A + ie — T,) P Fg,(\ + ie), (A + ie — T,) "'y dA.
I=1 €0 T Jgq

The identification of P, JC with IC, allows the inner product in this integral to be
computed as an inner product on J(,. Moreover, as elements of 3(,, ¥, and
P, F¢ A + ie) have Fourier transforms which may be restricted to ellipsoids by
Proposition I1.6. So, using ellipsoidal coordinates on R*~D™ to compute the I,
inner product we have

b proo
@9y =3 tm [ [
J a J0

=1 ¢€l0

e/m
(K + E, -\’ + &

X, (k)P Fipy (A + ie), m,(K)Y1) arydk dA,
where 7,(k): 3, — L*T) restricts Fourier transforms to I'(k), and then does the
scaling to yield a function on ' = T'(1).

The inner product in the last integrand depends continuously on k and has

support in [a, b] in the k variable. Thus, Fubini’s theorem and the dominated
convergence theorem may be applied to yield:

&b e/m
, QoY) = lim
@ 89 2, fa «l0 fa (K2 + E, — A’ + ¢
X <ﬂa(k)PaFl¢l(A + iS), ﬂa(k)‘l/l)l}(r) dA dk.
The limit may now be computed explicitly (Ikebe [12], Simon [29]):

b
{$, Yy = f <7ra(k)Pa2 Fiy(k* + E, + i0), wa(k)¢,> dk.
a ! LZ(I')
Since y, is an arbitrary element of a dense subspace of E“([a, b])I(,, the
proposition follows. [
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ProrosiTION II1.7. Suppose the multiparticle limiting absorption principle holds for
H. Suppose Q7 exist. Let [a, b] be any compact interval disjoint from the exceptional

set &. Let E[a, b] be the spectral projection for H on the interval [a, b]. Then,
¢ € Ly RW~D™) implies

|E[a. )¢ =S [

a<k,(q)+E,<b

+ - 2
(22 *6) ()| dq.
PrOOF. Apply Stone’s formula and the first resolvent formula:

|£[a 1o = tim £ fa"<o\ +ie— H) "6, (A + ie — H)"'¢> dA.

For simplicity take only the + sign (this yields the result for 7). Then use the
multiparticle limiting absorption principle formula:

5 L(D(a)) L(D(B)) )
|Eablef =3, 5 3 im

£
j=1 el]0 T
b . -1 .
Xf <0\ + ie — Ta) PaF},D(a)¢I,D(a)(>‘ + 18),
a

(A + ie — Tp) ™' PgF, pep yyn(s) A + ie)) dA,
where ¢, pa)(2) = Z; po)(2)9-

By Lemma II1.5 and Remark (1) after it, all terms with D(a) # D(B) or E, #* Eg
vanish as e — 0. All other terms with a # g vanish because P, P; = 0. Therefore,

. b L — 2
|E[a, b]9| = p) lim [ % Igl \ + ie — T,) ' P F, paybrom(A + ie)|| dA.

Proposition II.2 and the dominated convergence theorem show that the limit may
be taken through the integral:

E[a, b1ef =3 ["@m) 'S S

Jj
[<¢I,D(a)(}‘ +i0), (FZ‘D(‘,)()\ —i0—-T,)"'P, al;_;',D(a))‘#j,D(a)(A + i0)>

=<, p(ay(A + i0), (szp(a)O‘ +i0—-T,)"'P aF},D(a))'E,o(a)(}\ + i0)>] dA.
Lemma II.4 shows that this may be rewritten as

|E[a, &]8|”
b €
=3 [ tm

L

2
(A + ie — Ta)—lE“[a, b]PaZI F}’D(a)@'b(a)(X + ie) dA.

The quantity inside the norm in the integrand belongs to Ran P,, so it may be
lifted to JC, by the identification of J(, with P,JC. Ellipsoidal coordinates may
then be used to evaluate the norm on I, :
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b-E)"? e/m
"2 (k* + E, — A + ¢

E]a, = l
IEe bl =3 [ tim [¢5

dk dA.

LX)

7, (k) P, 2 F) p@y®r,o@A + 'e)

The limit may be evaluated explicitly (Ikebe [12}, Simon [29]). Proposition II1.6 and
a change of variables yield the desired result:

dv

LYT)

"E[a, b](p" = Lp (V)P 2 ED(G)¢1D(G)(V + E + 10)

f (@ *9) () dg. O
o« Jagk, (g +E,<b

ProOF OF THEOREM III.1. The wave operators are partial isometries, so it suffices
to prove

1Puctl = 2 23 *4|

forp € L;RM~Dm),

The complement of the exceptional set & is open, so it is the countable union of
compact intervals A4,, with rational end points, such that any two distinct intervals
intersect in at most one point. Since & has measure zero,

1Pactl” = S IEA,)o’

where E(A,) is the spectral projection for H corresponding to the interval 4,,.
Therefore, by Proposition II11.7 and Fubini’s theorem,

1Pt =2 3 [ @) () 4
n= a (@) +E,EA,
= Sl@z*e)| = Slextel”

IV. Resolvent formulas. Having proved Theorem IIL.1, the problem of asymptotic
completeness is reduced to the study of resolvent formulas which satisfy certain
conditions. Derivation of such formulas for the two, three, and four particle cases is
the goal of this section.

To begin with, the desired two-body formula is given in equation (IV.1). Next, a
generalization of equation (IV.l) is obtained for the N-particle case. This is
equation (IV.4), which involves 3 N(N — 1) X 3 N(N — 1) matrices. It coincides
with the Faddeev equation [6] when N = 3, but does not have the form required by
the multiparticle limiting absorption principle. Thus, various modifications are
necessary.
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A second N-body formula, equation (IV.5), is obtained from equation (IV.4), by
increasing the size of the matrices so that the individual matrix entries become
simpler. This formula is closely related, but not identical to a formula of Naro-
detskii and Yakubovskii [20). However, as was the case with the first N-body
formula, equation (IV.5) is not in a suitable form for scattering.

Consequently, for N =3 and N =4, a third formula, which does have the
correct form, is derived from equation (IV.5). Ginibre and Moulin [7] have used
this three-body equation, and their ideas have been generalized to give the
four-body formula.

For N > § analogous equations, having the proper form, may be written down.
However, it is not at all clear that the bounds required by the multiparticle limiting
absorption principle can be proved. This is due to the fact that we have not been
able to prove the absence of spurious zeros in the four-body case.

Throughout this section we assume that V; = U;W;, such that Uy(—4; +
1)"'/2 and W(—A; + 1)~'/% are compact as operators on L(R™), where A, is the
Laplacian in the x; variable. These assumptions imply the relative form bounded-
ness of the potentials with respect to H,,, with relative bound zero. So, when Re z is
sufficiently large negative, the perturbation series

(- H) ' = (G- H) '+ G- H) T DV — HY

+(z — Ho)_'g V(z — H@“% Ve(z — Hp) ™' + ...

is norm convergent.
When N = 2, this is particularly simple. Using geometric series, the perturbation
expansion may be resummed in the form:

(z-H) '=(z-H)™'
+(z = Hy) 'U[1 = W(z - H)™'U]"'W(z - H)™".  (IV.1)

This is the desired equation when N = 2.

For N > 3, the graphical symbolism of Weinberg [40] (see also Simon [29]) is
used to identify each term of the perturbation series with a graph. For example,
when N = 4, the term

(z - HO)_]VIZ(Z - Ho)_les(z - Ho)—lVlz(z - Ho)_l Valz — Ho)_l

is assigned the graph
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Using this symbolism, the sum of all nontrivial graphs is
(z - H)_l -(z- Ho)_l

l

Several definitions are now required:
DEFINITION. To each nontrivial graph

(z = H) "W, (2= H) 'V, -+ - (z = H) 'V, (z = Hy) ™,
there is associated a truncated graph
Wa,(z - Ho)_lVa,‘ - (z - Ho)_lVa.,,(Z - Ho)_l‘
A truncated graph is connected (respectively disconnected) if its associated graph is

connected (disconnected).
DEFINITION. An expression of the form
Wo(z = H) 'V (z~ H) ™'+ (2= H) 'V, (2~ H)'U,
is a barely connected part if

W (z— H) 'V, (z = H) '+ (z= H)" 'V, _(z = H)'V, (z = H)™'

is connected, but
W (z = H) Vo (z = Hp) ™'+ (z = H) 'V, (2~ H)™"
is disconnected.

DErINITION. @,(2) = (z — Hp)~'U,.

M, g(2) is the sum of all barely connected parts whose initial factor is W, and
whose final factor is Up.

C,(2) is the sum of all disconnected truncated graphs whose initial factor is W,.

LetG = W, (z — H)™'V,(z — H)™'- - - V,(z — Hy) ™' be a truncated graph.
Either G is disconnected or G is the product of a barely connected part W, (z —
H) W, (z—H)™'---(z~— Ho)_an, and a truncated graph G’ = W,(z —
H) 'V, (z— Hy™'---V,(z— Hy . By iterating this procedure G may be
uniquely decomposed as a product of k > O barely connected parts times a
disconnected truncated graph.

In order to compute the sum of all graphs, first sum all graphs containing
precisely k barely connected parts, and then sum over k. The sum of all nontrivial
graphs with no barely connected parts is the sum of all nontrivial disconnected
graphs: = @, C,. The sum of all graphs containing one barely connected part is

2458 M, 3 Cpq. Similarly, the sum of all graphs containing k barely connected
parts is

2 @“ %a,ﬁlmﬁl-ﬁzmﬂz»ﬁa e %plz-lvpk Gﬂk'
a»ﬂpﬂz, ey Bk
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Therefore, using matrix multiplication, (z — H)™' —(z — Hy) "' = @(1 + M +
M2 +...)C.

When Re :z is sufficiently large negative, the geometric series 1 + IM(z) +
M (z)* + ... converges in norm to (1 — M (z))~" and

(z = H) "= (z - H)™' + &2)(1 — M(2))"'€(2).

To obtain explicit formulas for 9N (z) and C(z) in terms of the resolvents
(z — Hp)™, it is useful to introduce strings and make several definitions.

DEFINITION. Suppose 2 < k < N — 1. A string is an ordered collection of cluster
decompositions S = (Dy, Dy_y, . . . » D), such that

() D, has / clusters, and

(ii) D, , is a refinement of D,, i.e., D, , is formed from D, by splitting one cluster
into two.

DEFINITION. A string S = (Dy, Dy_,, ..., D) is called long if k = 2. If k > 3,
then S is a short string.

DEFINITION. Suppose S = (Dy, Dy_,, ..., D;) is a string. Since Dy _, has ex-
actly one cluster containing two elements, it may be identified with a pair a. Define
Usg = U, and

és(z) = Wa(z - HD,,_.)_I( VD,,_z - VD,,_.)(Z - HD,,_,)_l

... (VD,‘ — Vok_.)(z - HD,,)_I° (Iv.2)

DEFINITION. Let S = (Dy, Dy_y,...,D,) and S’ = (Dy, Dj_y, - .., D/) be
strings.
0 if S is short,
Mgo(z) =10 if S is long and Dj,_, refines D,,
CsUs. if S is long and Dj,_, does not refine D,.

REMARK. fls,s, has been defined so that its nonzero entries are sums of barely
connected parts. The partition Dy, _, refines D, if and only if C~’3 Us. is not a sum of
barely connected parts.

Each disconnected truncated graph

G=W,(z—H) 'V, (z—Hy)™"...V,(z— Hp)™'

has an associated string determined by the following procedure. For j =
1,2,...,n, there is a unique cluster decomposition D(j), with a maximal number
of clusters, such that all the pairs a,, . . . , a; refine D(j). Since G is disconnected,
the sequence D(1), D(2), . . . , D(k) has the following properties:

(i) D(1) has N — 1 clusters,

(ii) D(n) has k > 2 clusters,

(iii) either D(i) = D(i + 1) or D(i) has one cluster more than D(i + 1), and

(iv) D(i) refines D(j) whenever i < j.
As a consequence, removal of the repetitions in the sequence D(1), DQ2), . . ., D(n)
yields a sequence Dy_,, Dy_,, ..., D,. The string associated with G is S =
(Dys Dy_ys - -5 D).



24 G. A. HAGEDORN

At large negative Re z, each resolvent (z — Hj)~! equals its perturbation series.
Substituting the series for each resolvent factor in C~s(z), C‘s(z) becomes the sum of
all truncated graphs whose string is S. Thus C,(z) may be written as the sum of all
Cy(2), such that S = (Dy, Dy_,, ..., D)), and D,_, is the decomposition de-
termined by the pair a.

Similarly, 9, z(z) is the sum of terms Il?s, sA2), where S’ is any string with D, _,
identified with B8, and the sum is over all S, with D, _, identified with a.

With 9 and € written in closed form, we have

(z—H) '=(z-Hy) "+ &)1 - M(2))""C(2). (Iv.4)

By the quadratic form methods of §IIB, &(z), 9R(z), and (C(z) are analytic for
z € C\ o, (H), and 9M(z) is compact. Therefore, the uniqueness of analytic
continuation shows that equation (IV.4) is valid for z € C\ o(H), except for an at
most countable set, where the right-hand side may have removable singularities.

ExaMPLES. (1) When N = 3, equation (IV.4) is a modified form of the Faddeev
equation [6]. This equation with U, = |V,|'/? and W, = |V,|'/? sgn(V,) may also
be found in Ginibre and Moulin [7]. Explicitly

@(2) =[(Z - Ho)_lUu (z - Ho)_lUn (z - Ho)_luzs]’

0 ' Wiz - le)_lUIB Wiz — H12)_1U23
M(z) =| Wiz - Hn)-lvlz 0 Wiz — H13)_'U23 ’
i Way(z — H23)_1U12 Wy(z - st)_lUn 0

_ Wz - le)_l
C(z) =| Wy(z - H13)_I .
Wa(z — st)_l

(2) When N = 4, the matrices have six rows or columns, and the entries are more
complicated. The following is a representative sample of the entries:

@y(2) = (2 - Ho)_lUw
Myz12(2) = 0,
Myp13(2) = Wip(z = Hyp) "' (Vig + Vau(z — Hp)7'Up
+ Wiz - le)_]Vu(z - le,:u)—lUls’
Moypsa(z) = Win(z = Hi) ™' (Vis + Vas)(z — Hyzs) ™' Usg
+Wiy(z = Hyp) "' (Via + Vau)(z = Hpp) ™' Usg
Cix(2) = Wiz - le)_‘ + Wiz - le)_l(Vu + V)2 - Hm)“l
+ Wiz - le)_l( Vie + Val(z — Hm)-l
+ Wiz = Hyp) ™' Vagl(z = Hipae) ™"
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For N > 4, several of the matrix entries appearing in equation (IV.4) contain
many terms. In order to avoid certain combinatorial difficulties it is necessary to
obtain matrices with less complicted entries. This can be done at the expense of
using larger matrices.

Fix N > 3 and let / denote the number of strings which occur in the N body
case. A(z) is the 1 X [ matrix with dg(z) = (z — H)™'Us. Mg g(z) is the I X
matrix whose entries are given by equation (IV.3). C(z) is the / X 1 matrix whose
entries are given by equation (IV.2).

Our second formula for the N-body resolvent is

(z= H) '=(z— H) "+ A(2)( - M(2))"'E(2). (1V.5)

The validity of this formula may be established by computing R(2)IM(2))*C(2),
with the entries of @IL(z) expressed in terms of the operators MS s42). The result of
this computation is A(z)(M(z))"C(z) Equation (IV.5) then follows from equation
(IV.4) by using geometric series.

An alternative proof may be given. Notice first that each barely connected part
is the product of a disconnected truncated graph and a final factor Us. Therefore,
each barely connected part has an associated string determined by its initial
truncated graph.

Next, recall that each graph G may be uniquely decomposed as
A,B\B, ... B.G’, where B, B,,..., B, are barely connected parts and G’ is
disconnected. Let S, S,, ..., S;,, be the strings associated to B,, B,, ..., B,,
and G’, respectively. Then G determines the sequence S, S,, . . ., i, uniquely.

To sum all graphs, first sum all graphs with a given sequence of strings, and then
sum over all sequences. Since MS s4A2) is the sum of all barely connected parts with
stnng S and final factor r Ug, the sum of all graphs with sequence S, S, . . ., Si4
is: As Ms s,Ms, s, - Msk Ses .CS“. Thus, the sum of all graphs with sequence of
length k+1is A(z)(M(z))"C(z) Equation (IV.5) follows by using geometric series
and the uniqueness of analytic continuation.

REMARK. Equation (IV.4) involves a %N(N — 1) X 2 N(N — 1) matrix in the N
particle case. Equation (IV.5) contains a much larger matrix. For the N particle
case, itis [y X Iy, where /; = 3and [y =3 N(N — 1)(ly_, + D).

N =3: Iy =3,
N =4: Iy =24,
N=5 Iy = 250,

N=6 I, =3765.

Next, we give the final resolvent formula for the three body case. The same
formula may be found in Ginibre and Moulin [7]; similar equations may be found
in Thomas [36] and Howland [11].

For the moment, the operators p,,, p,3, and p,; will not be specified. They will be
chosen in §V so that certain bounds can be established. Algebraically, equation
(IV.6) holds for any choice of these p functions.
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Denoting (z — Hy)™' and (z — H,)™! by G, and G,, respectively, the final

three-body equation is:
(z—H) '"=(z—-Hy) "+ A(2)(1 = M(2))"'C(2), (IV.6)

where the matrices A(z), M(z) and C(z) are given in Figure 1.

We view A(z), M(z), and C(z) as 1 X 3, 3 X 3, and 3 X 1 matrices of 1 X 2,
2 X 2, and 2 X 1 blocks, respectively. In accordance with this viewpoint, we label
the entries A, ;, M, ;. ;, and C, ;, where a and B run over the pairs, while i and j run
from 1 to 2.

Equation (IV.6) holds because

A(2)(M(2)C(2) = @(2)(IM(2))*C(z) (Iv.7)

for k > 0, and because geometric series may be used at large negative Re z when
the p, are suitably chosen.

To prove equation (IV.7), consider a typical nonzero term in the expression for
@9M* C. It has the form

@“1%‘11#2 e %“k»ﬁku@“kn
= GoU, Wy Go Up Wo G U, - - WoGo U Wo G, (IV.8)

where a; # a; .

Let 0,, = (1 — P,) and Q,, = P, = (P,p,)p; 'P,), and replace each G, factor
by G,0,, + G,0,, in equation (IV.8). The right side of equation (IV.8) becomes a
sum of 2¥*! terms of the form:

GoUp WG @a i UnsWa.Go O U, ... W, G,

ayp ey ai Cay’ ayay L aan“upikn

=AM M, C (IV.9)

a,iy a.,i.;az,i;Maz,iz;a3,i3 MR N R AR SR AN
Summing over all indices and using the identity GV, G, = (G, — G,), equation
(IV.7) is obtained.

Equations (IV.4) and (IV.5) are not suitable for scattering because M (z),
C(2), A?(z), and é(z) are all singular as z approaches the essential spectrum of H.
The advantage of equation (IV.6) is that M(z) and C(z) are reasonably well
behaved as z approaches the essential spectrum, and the singularities all appear
explicitly in the factor A(z).

Equation (IV.6) was obtained from equation (IV.4) by the following procedure:
First, the inverse term in equation (IV.4) was expanded using geometric series.
Second, the factors (1 — P,) and P, = P,pp; 'P, were inserted after each G,.
Third, each term was decomposed as a product in a way which depended on the
sequence of projections (1 — P,) or P,. Then, the result was resummed to give
equation (IV.6).

The four body case is similar. Equations (IV.4) and (IV.5) are not suitable, so
equation (IV.10) will be derived from equation (IV.5). Again geometric series will
be used, and factors (1 — Pp), Pp, (1 — Pp), Pp, will be inserted, along with p’s
and p ~"s. Next, we “symmetrize” certain terms, which does not change the sum of
all terms. Resumming by geometric series, we obtain equation (IV.10).
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REMARKS. (1) In the three body case, no symmetrization step was necessary
because all strings contained only one nontrivial cluster decomposition. In the four
body case, some terms require symmetrization. This involves the replacement of
certain terms by a combinatorial factor times a sum of those terms.

(2) The symmetrization step allows us to prove asymptotic completeness when
the subsystems have embedded (nonpositive) eigenvalues. The equations used by
Sigal [26] are not symmetrized, and embedded eigenvalues are not treated by
Sigal’s asymptotic completeness proof.

(3) Equation (IV.10) is derived from equation (IV.5) by replacing the entries of
the 24 X 24 matrix of equation (IV.5) by 3 X 3 blocks. As a result, equation (IV.10)
has an unpleasantly large 72 X 72 matrix. An equation equivalent to equation
(IV.10) can be derived from equation (IV.4). This formula has a 42 X 42 matrix,
but the entries are complicated. So, we prefer to use equation (IV.10).

The final resolvent formula for the four body case is

(z=H) '=(z—-Hy) "+ A(z)(1 — M(2))"'C(2), (IV.10)

where A, M, and C are the 1 X 72, 72 X 72, and 72 X 1 matrices indicated in the
Appendix. A representative sample of the entries is given, and the number
associated with each entry refers to the proposition of §V in which that entry is
studied. A, M, and C should be viewed as 1 X 24, 24 X 24, and 24 X 1 matrices of
1 X3, 3X3, and 3 X 1 blocks, respectively. The entries are denoted by Ag,,
Mg ;.5 ;» and Cg;, where S and S’ denote strings, and i and j run from 1 to 3.

As in the three body case, equation (IV.10) involves some operators p;, p; 4, and
Py x> Which will be specified in §V. Also, equation (IV.10) holds because

A(2)(M(2))'C(z) = A(2)(M(2))*C(2) (v.11)

for k > 0. Equation (IV.11) implies equation (IV.10) in the same way equation
(IV.7) implied (IV.6). However, the proof of equation (IV.11) is more complicated
than that of equation (IV.7).

To prove equation (IV.11), consider first the case k = 0, and define Qp, , = (1 —
Pp) Qp2=Pp, Op3=1,0p,1=0@po=(10~—Pp), and Qp ;=Pp. If =
(D4, D,) is a short string, then

jsés = GoVD,GD,
= GoVp,Gp,Op,1 + GoVp,Gp,0p,2

= AS,ICS,l + As,zcs,z +0

3
=X AsCs, (Iv.12)
i=1

For long strings S = (D, D;, D,), the situation is not so simple because Ag; has
been symmetrized. For each decomposition D, with two clusters, let A, = {S’ =
(Dy4, D3, Dy): D; = D,}, and let I(D,) denote the number of elements of A, . Then
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2 js C.:s = 2 €} VD,GD,( VD, - VD,) GD,
S€Ap, D, refines D,

2

) GOVD3GD,QD,,i(V02 - VD,)GD,QD,J

D3 refines Dz -

+ X G Vongngg,a( Vp, — Vp;) Gp,0p,3

Dj refines D,

2
= 2 2 A, Cs,;

SE€Ap, i=1
1
+ 7 G V 'G ’ ’ V - V ’ G
Dj refines D, (I(Dz) D} regnes D, 0" D3 D’QD’J( P D’) D,QD,,B)
3
= X X A45Cs, (Iv.13)
SE€Ap, i=1

Equation (IV.11), for k = 0, is now obtained from (IV.12) and (IV.13) by the
following computation:

AC=3 4sCs= 3 4C+3 T 4G
s s short

D, S EApz

3 3
= 2 2 A45C;+2 X X A5Gy,

Sshort i=1 D, SE€Ap, i=1

3
= 2 2 Ag,;Cs; = AC.
S i=1

When k > 0, the ideas are the same, but more sums are involved. For each
sequence D{", D, ..., DM, let A; = A, .- Then, by explicit computation,

2 AsMs M, ... Mg Cs.,

S1EA, S>EA, S, EA,
2 3 3
S.EA. S2EA2 SkeAk il-l iz-l

3
2 Asl’ilMsl’il;sz'iz s Msk"'k;skﬂikncsknvikn (IV14)

kg1 =1

for any choice of S, ,. This is the generalization of equation (IV.13). Equation
(IV.12) does not need to be generalized because Mg = 0 whenever S is short.
Now equation (IV.11) follows from (IV.14).
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T . .
AMCE =3 3 ... 3 I AsM s .. Mg Cs
S 5 Sk Sk+1
=3 X S 3 A M ... Mgg C
e §,77%8,,8. * S, S,
S;long S, long S, long  Si ., ! 132 ° Ko Sk 41 Ska1
DY D Dgo S1EAL S2:€A,;
SkgAk s§| AS|MS sz : Ms"’s"*lcskﬁq
3
- 2 2 2 2 Asl ‘|MS| i13 8202
D{') e Dz(") S]EA] ...S,‘EA,‘ S,H_l LI e
° Msk”‘k;slc*l’ik*lcsk‘;-pik..|

AM*C.

This establishes equation (IV.11).

In the three body case, equations (IV.8) and (IV.9) show that individual terms in
the expression for AM*C correspond to products of blocks of 4, M, and C. This is
not true in the four body case, although something closely related is true. Products
of certain blocks of 4, M, and € (determined by the sequence DSV, ..., D{¥) are
equal to products of corresponding blocks of 4, M, and C. This is the content of
equation (IV.14). Equation (IV.11) is then obtained by summing over the blocks.

Having established equation (IV.11), the validity of equation (IV.10) is proved.
In §V, (M(2))? is shown to be compact, and the bounds required by the multipar-
ticle limiting absorption principle are proved. However, 4(z) must first be put into
the correct form. This is done by using the following identities:

(1) GoV;G; = G; — Gy,
¥)] Go(V.y (Ve + V/k) + VaGy(Vy + Vi) + ijij(V + V)G, ik
Gjx — (GyP; + Gy Py + G Py) — Gy(1 — P; — Py, — Py)
- Go(V, Gi(1 = Py) + Vi Gu(1 — Py) + V Gi(1 - ij))’
B) Go(V;GyViy + ViuGuV;) Gy
Gju — (G Pij + GuPy) — Go(1 — P; — Py)
— Go(V;G;(1 = Py) + V,Gy(1 — Pk,)). (Iv.15)

Notice that the symmetrization is necessary to put 4 in a form in which these
identities may be used to give a formula of the type required in §III. The other
reason for the symmetrization is to make M(z) well behaved as z approaches
O (H).

We give in the Appendix a representative sample of the blocks of the matrices
A(z), C(z), and M(z2).
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V. Estimates. Theorem III.1 and the formulas of §IV reduce the problem of
Kuroda completeness to the proof of certain operator bounds. These bounds are
established in this section under the following hypotheses:

() H= Hy + =, _;V,; on L2 (R™~D"), where m > 3 and N < 4. Each two body
potential V; is a selfadjoint multiplication operator U;W;, where U; and W
belong to L{(R™) + L°(R™) for somep >mand é > 1.

@) Uy: 3 - 3_, and W;: I, — IC are dilation analytic.

(3) No cluster Hamiltonian has a bound state or resonance at any of its
thresholds.

(49) When N =4, we assume the three body cluster Hamiltonians have no
positive eigenvalues.

(5) Each cluster Hamiltonian has exactly one bound state.

REMARKS. (1) Hypothesis (2) asserts dilation analyticity only. The boundedness
of Uj: - IH_, and W;: I, - I follow from Hypothesis (1) and methods of
§I1.B.

(2) Bounds established for the cluster Hamiltonians are required to prove bounds
for the full Hamiltonian. So, we need two body information to treat the three body
case, and two and three body information to treat the four body case.

(3) The threshold set 3(h) for a cluster Hamiltonian 4 is defined as in §IL.E. We
prove (z — )" ' =(z — hy) "' + A(z)(1 — M(z))"'C(z), where M(z) has norm
continuous boundary values M(E + i0) as z approaches E € R from above or
below. Hypothesis (3) states that 1 & o(M(E * i0)) whenever E € Z(h).

(4) By continuity, Hypothesis (3) implies 1 & o(M(E = i0)) for E in the neigh-
borhood of Z(h). We prove E & Z(h) and 1 & o(M(E * i0)) imply E is not an
eigenvalue of 4. Thus, 4 has no eigenvalues near its thresholds. Hypotheses (1) and
(2) imply that eigenvalues may accumulate only at thresholds (see Balslev and
Combes [3]). So & has finitely many eigenvalues. Therefore, Hypotheses (1)-(3)
imply H has finitely many channels.

(5) In §VI, we prove that Hypotheses (1) and (2) imply Hypothesis (3) for a
dense open set of couplings.

(6) Hypothesis (5) has been introduced merely for convenience. We denote
cluster eigenfunctions y,, ¥,3, etc., and let their corresponding eigenvalues be E|,,
E |3, etc., respectively. Define Yi;34 = Y13 ® Y34 Y1324 = Y13 ® ¥4, and Y423 =
V14 ® Yps. Similarly, let E 53y = E\; + Esy E\309 = Ej3+ Eyp,and E 53 = E |y +
E,,.

(7) Theorem II.10 gives sufficient conditions for Hypothesis (4) to hold. Yukawa
potentials, generalized Yukawa potentials and potentials of the form (1 + r)~27¢
are allowed.

Since there are finitely many potentials, Hypothesis (1) implies the existence of a
p >mand 8§ >y > 1, such that all U; and W, belong to L (R™) + L;°(R™). Fix
such a y and p.

DEFINITION. Let £ be the coordinate from the center of mass of particles i and j
to particle k. Let { denote the coordinate from the center of mass of particles i, j,
and k to particle /. Let n be the coordinate from the center of mass of particles i
and j to the center of mass of particles k and /.
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1 E k i k
n
X, ¢ Xij Xk
] l j 1

Define
pix® = (1 +£)7772,
pu(§) = (1 + )77,
pya(n) = (1 + 0?72

In the three body problem, we let p; = p;;; for convenience. In the four body
problem we choose functions p; arbitrarily as p;; = p133, P13 = P132: P23 = P31
P34 = P34 Pra = P1a3 ANd pyg = Pay 3.

These are the p functions introduced in §IV. The choice is certainly not unique,
and we have not made the same choice as other authors. However, our p functions
have the advantage of being dilation analytic.

The results of this section are summarized by the first three propositions. These
depend on the technical lemmas which make up most of this section.

PROPOSITION V.1. Assume Hypothesis (1). If N = 2, then the limiting absorption
principle holds for H. If Hypothesis (2) also holds, then the exceptional set & is
contained in (— o0, 0], and & consists of all eigenvalues of H and possibly the point 0.

ProOF. Equation (IV.1) states

(z=H) "=(z- H) '+ (z = H) 'U(1 — W(z — H)'U) 'W(z — H)™".

Let p(x) = (1 + x2)~/% Define F, =p, F, = U, Z,(z) =p~', and Z,(z) = (1 —
W(z — H) 'U)"'W(z — Hp)~'. Then

2
(z = H)"' = 3 (: = H) " 'FZ(2).

Holder’s inequality shows that F, and F, map L*(R™) into LI}R™) + L.f('R'”),
where g ' =p~! + 1/2.

Repeating the proof of Lemma IL.3, we see that W(z — Hy)~'U is uniformly
bounded and analytic for z € C\ [0, o), with norm continuous boundary values
as z approaches [0, o) from above or below. Similarly, W(z — Hy) ™' has these
properties as a mapping of L(R™) into L*(R™).

If U and W belong to L%(R™), then We ~"HolJ has an L? integral kernel for ¢ = 0.
Thus, We™"#oU is compact for ¢t # 0. When U and W belong to L2(R™) +
L;°(R™), we may approximate them by L? functions, and conclude the compactness
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of We~"*HoU for t # 0, by taking limits. Taking Fourier transforms as in Lemma
I1.3, we see that W(z — Hy)~'U is compact, and |W(z — Hp)~'U|| - 0 as |Im |
—s> o orRez—> — .

By the analytic Fredholm theorem and a theorem of Kuroda [16] (see Simon
[29]), (1 — W(z — Hy)~'U)™! exists for all z in the closed cut plane, except for
some set &. & N (C\[0, o)) is discrete; & N [0, o) is closed and has Lebesgue
measure 0.

If we & N (C\[0, )), then ¢ = W(w — Hy) 'Up for some ¢ € I. Since
w & o(Hy), (w — Hy)"'U is bounded, and ¢ = (w — Hp) 'U¢ belongs to ¥.
However, ¢ = W(w — Hy)~'U¢ = Wy, and ¢ = (w — Hy)~'Vy. Applying (w —
H,) to both sides of this equation, we obtain Hy = wy. Therefore, & C R and
& N (— o0, 0) consists of eigenvalues of H.

Ifw+i0 € & N [0, o), and Hypothesis (2) holds, then Lemma II.11 shows that
1 € o(W(@)w — Hy#))"'U(9)) for some § with +Im @ >0. If w0, then
8 & o(Hy(0)), and we can construct ¢ (as above), so that H(#)y = wy. Theorem
I1.7 shows that w is an eigenvalue of H. Since w > 0, this contradicts Theorem
I1.10. Therefore, & C (— o0, 0] consists of eigenvalues of H and possibly the point

0. O

PROPOSITION V.2 (GINIBRE AND MoOULIN [7], THOMAs [36], HowLAND [11]).
Assume Hypotheses (1)-(3); if N = 3, then the multiparticle limiting absorption
principle holds for H. The exceptional set & is at most countable, and consists of
eigenvalues of H and possibly some thresholds of H.

Proor. For convenience, we also assume Hypothesis (5).
As in the proof of Proposition V.1, we begin by writing

(z - H)_l = %(l - HD)-lPDEI FI,DZI,D(Z)’

This expression is obtained from equation (IV.6). The F, ,’s are U;’s, p;’s, and P;
p;’s- The Z, p(z)’s are made up of components of (1 — M(z))~ 1C(2).

C(2): LXR*™) - @ {.,L*(R*) is analytic and uniformly bounded for z € C\
0. (H), with norm continuous boundary values as z approaches o, (H) from
above or below. This is proved by Lemmas V.4 and V.8 below.

M(2): @S, L*R*™) —» @ $_,LYR>") has all the properties mentioned above for
C(z). In addition, (M(z))? is compact and ||(M(z))*| - 0 as Re z - — . These
facts are proved by Lemma V.13.

Let & be the set of z, such that (1 — M(z))~! does not exist. If z € & N (C\
6. (H)), then the compactness of (M(z))* shows that M(z)¢ = ¢ for some ¢ €

6

i=19C;

b = zMa,i;ﬂJ(z)¢pJ~
BJ
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Define n, = ¢,, + W,(z — H,)"'P,p,$,,- Then by the relation of M(z) and
M(2),

N = % M, p(2)mg = péa W,(z — H,) ' Ugng

=3 W,(z— Hy) 'Ugnp + ﬂg Wz — H) 'V (z — H) 'Ugng

B+a
= B%: W,(z — Hy) ' Ugng + W,(z — Hy) "' Uy,
a
= % W, (z — Ho)_lUB'nﬂ. (v.1)

Since z & o (H), (z — Hp)~'Ug is bounded. Hence, ¢ = (z — Ho) 'S 3Usm,
belongs to JC. Moreover, equation (V.1) shows n, = W,y, so ¢ = (z — Hp) " '(V,,
+ V3 + V). Therefore, HY = z.

If z+i0 €65 N o.(H), and z is not a threshold, then Lemma II.11 shows that
z € & implies 1 € o(M(z, 9)), for some § with =Im 8 > 0. Since z & o, (H(0)),
equation (V.1) shows H(8)y = zy for some ¢ € IC. Theorem IL.7 shows that z is
an eigenvalue of H.

Since M(z) depends continuously on z, & is a closed set. Since eigenvalues of H
may accumulate only at thresholds, & is at most countable, and has Lebesgue
measure zero. []

PROPOSITION V.3. Assume Hypotheses (1)—(4). If N = 4, then the multiparticle
limiting absorption principle holds for H.

Proor. Using equation (IV.10) and the identities (IV.15), we may write (z —
H)™!in the required form.

C(2): LZ®R™) - @ ]2, LA(R*™) is analytic and uniformly bounded for z € C\
0.(H), with norm continuous boundary values as z approaches o, (H) from
above or below. This is proved by Corollary V.5, Lemma V.8, and Propositions
V.15, V.16, V.25, and V.26.

M(z): @2, L}R*™) > @D 2L (R*) is analytic and uniformly bounded for
z € C\ 0, (H), with norm continuous boundary values as z approaches o (H)
from above or below. (M(z))? is compact, and ||(M(z))?|| — 0 as Re z —> — 0. The
compactness of M? follows from the fact that only the lower left corner entries in
any of the 3 X 3 blocks for M may fail to be compact. Also, these are the only ones
which do not approach zero as Re z —» — oo.

These facts about M(z) are proved by Lemma V.4 and Propositions V.15-V.20,
V.25-V.32.

The exceptional set & is defined as the set of all real z such that 1 € o(M(2)).
The analytic Fredholm theorem and a theorem of Kuroda [16] (see also Simon [29])
show that & is a closed set of measure zero.

The only facts remaining to be proved are the boundedness, analyticity, and
continuity up to o . (H) of certain factors which occur in A(z). These facts are

proved by Lemma V.8. [J
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LEMMA V4. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be distinct
indices. Choose coordinates &, {, and m as in the definitions of Py ie> Pijics and Py ke Then,
foralla, 8,8 €ER,

(a) pyuP; Uy is bounded from L2 z(R™, dx;) ® Li(R*", déd¥) to LYR™, dx,) ®
LiR*™, dgd).

() pji' Py Uy, is bounded from L2 z(R*™, dx;d%) ® L(R™, d&f) to LAR>™, dx,d§)
® L;R", d&f).

©) py, k’,P,.j,k, U, is bounded from L* ﬁ(Rz”‘, dx;dx,) ® LXR™, dn) to
LR, dxdx,) ® LIR™, dn).

Proor. First, we prove three inequalities involving coordinates:

20+ x)(1+ %) - (1-¢?)
=1+ 2xIx} + x5 — 2m(m, + mj)_lx.y» Xy
+ (2 - m}(m; + mj)—z)x,-jz-
> 1+ 2x}x; + (x,.,c - my(m, + mj)—'x,.j)2 >0,

where we have used (2 — m*(m, + m)~?) > 1 > m¥(m, + m)~2 Therefore,

(1+ &) <2(1 + (1 + x3). (V.2)
The same computation (but with different masses) shows
(1 + £ < 21 + x2)(1 + £2). (V.3)

Once again, the same computation (with different masses again) shows: (1 + 1?)
< 2(1 + £%)(1 + xZ). Combining this with inequality (V.2), we obtain

(1+ 7% <41+ x2)(1 + x2)(1 + x2).

Since Hypotheses (1)-(3) are satisfied, Theorem I1.9 shows that y,;(x;), (% €),
and y; ,/(x;> x;,) fall off exponentially. It is therefore sufficient to consider only the
case a = B = 0. Also, it suffices to consider only § = 0, because p;; k‘Py U, com-
mutes with multiplication by functions of £ and ¢, p,.J;'P,.jk U,, commutes with
multiplication by functions of §, and p;;P;;,, Uy, commutes with multiplication by
functions of 7.

pg'-,klP iU = PyUppiy
=[,(1+ =201 - 8)"?][(1 - 8,) 7 U(1 + x3)*7]
x[(1+3) 71+ x2) "5t .

The first factor is bounded because (1 + x7)*/3),; belongs to the quadratic form
domain of —A; (Theorem I1.9). The third factor is bounded because of inequality
V2).

The second factor is bounded if its absolute square, (1 + x2)%2U,(1 —
A,)7'U,(1 + x%)*?, is bounded. To bound the absolute square, we write it as a
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Laplace transform:
R A
[ eF(x,)e " dt,
0

where F(x;) = (1 + x3)% Uy ().

Suppose ¢ € L}[R>™). To compute || F(x;)e"“F(x,)¢||, we use coordinates x,, £,
¢, and first compute the L2-norm in the x; variable with £ and { fixed. The operator
e'® has an explicitly known integral kernel [22] and x; = x5 + €, with ¢ # 0,
since all masses are finite: F(x;) € L°R™, dx,) + L*R"™, dx,), for some p > m.
So, for each fixed £ and ¢, F(cyx; + 9)(x;;, & §) belongs to L'(R™, dx;) +
L*(R™, dx;), where r ™' = p~' + 1/2. If t > 0, e"* maps this into LR™, dx;) N
L*R"™, dx;) (where we have used the fact that r <2). Multiplication by
F(e,x; + c,t) maps this into L(R™, dx,). By keeping track of the norms at each
stage, we obtain:

f|e—I(F(xik)e’A”F(xik)‘p)(xy’ gy g)l2 dxy

< CFf(t)f|¢(xy, g, §)|2 dxg’,

where C;. is a constant depending only on F and [Q(f(2))"/? dt is finite.
Integrating over £ and §, we see that

| F(xa) ePF(xy)e™"o|| < Cr(A(1))' |9,
which belongs toL'((0, ), df). The Laplace transform now yields part (a) of the
lemma.
Parts (b) and (c) are proved by using the same methods, with inequalities (V.3)
and (V.4) in place of (V.2). [

COROLLARY V.5. Let i, j, k, and | be distinct indices. Let § € R.

(a) pjx» P> and pj are bounded from L}, (R*™) to L3(R*™).

(b) Assume Hypotheses (1)—-(3), and (5), and let n equal j, k, or 1.
For any a and B, the following operators are bounded.:

W, Py: L2 g(R™, dx,;) ® L}(R?", déds ) — L2(R™) ® LA(R*™, d¢d ),
W Py: L2 o(R*™, dx;d$) ® LE(R™, d§ ) — L2(R*™, dx,d$) ® L}(R™, dS),
WPy i L2 g(R?™, dx,dx,) ® LYR™, dn) — LY(R™, dx,dx,,) ® LZ(R™, dn).

PrOOF. Part (a) follows immediately from the definitions of the p’s and L2-
spaces.

If n #j, then Lemma V.4 yields the boundedness of W,,P; = W,.,,P.y.p,.;,,'p,.j,,, on
the weighted spaces, because p;, is bounded. If n = j, we use the fact that the
operator domain of W, contains the operator domain of HJ/? (see §11.B). Theorem
I1.9 shows that e“ly,; belongs to the domain of H{/? so W, P, is bounded on the
given weighted spaces.

The same methods apply to the remaining operators of part (b). []
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DEFINITION. Suppose A(z): LX(R")— L3(R") is an operator valued function,
which has the following properties:

(i) A(z2) is analytic for z € C\ o (H).

(ii) A(2) is uniformly bounded for Re z < C.

(iii) [|4(z)|| = 0 as Re — — oo.

(iv) A(z) has norm continuous extensions A(x *+ i0) to o, (H) from above and
below (A(x, + i0) = A(x, — i0) if x, = inf o (H)). Then A(z) is called well
behaved from LXR") to L3(R"). If a = B = 0, then we say A(z) is well behaved.

LEMMA V.6. Assume Hypotheses (1)—(3), and (5). Let i, j, k and | be distinct
indices. Let D, and D, be cluster decompositions. The following are well behaved:

Kl(z) = Wij(z - Ho)—lUika Ky(z) = Wij(z - Hkl)—IUik’

Ky(2) = WijPD.(z - HO)_lljik’ K((z) = WijPD,(z - Hkl)_ll]ik’

Ky(z) = Wij(z - HO)_IPDZIJik’ Ky(z) = W.j(z - Hkl)_IPDzL]ik’

Ky(2) = W:jPD.(z - HO)—lpbzljik’ and Ky(z) = WijPD,(z - Hkl)_lPD,(Jik'

ProOF. Lemma I1.3 yields the result for K, and K,. If P, commutes with W,
then Lemma II.3 yields the result for K; and K, also. If i and j belong to the same
cluster of D,, then Corollary V.5 shows that W;Pp, (1 + x,.Jz.) is bounded. However,
Lemma I1.3 applies to (1 + x7)™'(z — Hg)~'U, and (1 + x))™'(z — H,,)~'Uy. So,
it suffices to consider K; and K, when i and j belong to different clusters of D,, but
W,; and P, do not commute. In that case, Lemma V.4 shows that the adjoint of
W:.J.PDlp"' is bounded into some tensor product of weighted spaces. Thus,
W;Ppp~" is bounded. Lemma I1.3 shows that pPp, (z — Hy)™'Uy and pPp(z —
H,)~'U, are well behaved. So, K, and K, are well behaved. Of course, the correct
choice of p must be made.

The same methods control K, K¢, K;, and Kg. [

LeMMA V.7. Assume Hypotheses (1)—(3). Suppose N > 3, and a is any pair. Then
K(z) = W,(1 — P )z — H,)"'U, is well behaved.

ProOF. We may decompose IC as a direct integral of Hilbert spaces for the two
body problem determined by the pair a. K(z2) is fibered under this decomposition,
and it suffices to control the operators on the individual fibers. So, we need only
show W (1 — P)(z — h,)~'U, is well behaved on L*(R™):

Wo(1= P)(z = h)'U, = W,(1 = P)z— h)"'U,
+ Wa(l - Pa)(z - hO)_IUa(l - Wa(z - hO)-an)—lWa(z - hO)_an’

In view of Lemma V.6, it suffices to show that the factor of (1 — P,) cancels the
singularities of (1 — W, (z — hy)~'U)~ .

Let M(z) = W,(z — hy) " 'U,. The proof of Proposition V.l shows that (1 —
M(z))~! is singular when z is a real negative eigenvalue of 4,, and possibly when
z = 0. Hypothesis (3) implies that it is not singular at z = 0.
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The poles of (1 — M(z))~! are first order poles. To prove this, let z, be an
eigenvalue of 4, and consider the Laurent series

(1- M(z)" = ki (z - 20Le

where L_, # 0. Since L_, # O, there is a vector ¢ in the domain of U,, such that
L_,$#0.[(1— M)~ ' - 1]¢p = (1 — M(2))"'M(z)¢ must have a pole of order
n, so ¢ = M(zo)p = C(z,)(U,9) is a nonzero element of Ran C(z) with L_,J # 0.
Similarly, using

[(1 - M) ™" = 1] = M(z)(1 = M(2)) 7,
we see that every nonzero 1 € Ran L, has A(zy) 7 # 0. Therefore,

(z — b)) (Uy) = (z — b)) '(U,9) + A(2)(1 — M(2))™'C(z)(Us)

has a pole of order n. Since A, is selfadjoint, n = 1.

If Q= L_, is the residue at z, then Q is a projection onto solutions of
M(z,)¢ = ¢ (see Kato [14]). If P is the orthogonal projection onto all eigenvectors
of h, with eigenvalue z,, then PA(zy) = A(z,)Q. (This is proved in the proof of
Proposition V.1.) Therefore, for z near z,,

(1= P)A(z)(1 — M(2))™"

= (1= P)A(z)(1 = M(2))"" = (z = z)(1 = P)
X (z = ho) ' A(zo)(1 — M(2))™"

—AG1-0) 3 (- 'L—(1-P)
X (z - ho)"'A(zo)kil(z - z)**'L,

- A1 - ) 3 (2 - 2L~ (1= P)
X (z - ho)-'A(zo)kil(z - z)**'L,.

Thus, (1 — P)A(z)(1 — M(z))"! has a removable singularity at z,. Since (1 — P,)
= (1 — P,)(1 — P), the factor (1 — P,) cancels the singularities of (1 — M(z))~!
and the lemma is proved. []

LEMMA V.8. Assume Hypotheses (1)—(3), and (5). Let a, B, and & be pairs such that
a and § have at least one index in common. Then K,(z) = W, (1 — Pe)z — Hp)-lUs
is well behaved, and Ky(z) = W, (1 — Pg)(z — H,,)“l is well behaved from
L.?(R(N_l)m) to LZ(R(N— l)m).
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ProOF. Consider only K;; proof for K, is similar.

If B has no index in common with a, or if 8 has no index in common with §,
then Lemma V.6 applies. Thus, we may assume 8 has indices in common with a
and 6:

W.(1— P)(z — Hg) ™' Us

W, (1 — Pg)(z — Hy) "Us + W,(1 — Pg)(z — Hg) ™ 'Vg(z — Hp) "' Us
W,(1 = Pg)(z — Hp) Uy + W,(z — Hg)™'(1 = Pg)Va(z — Hy) ™'
Wa(l - Pp)(z - Ho)_lUs

+ (Wo(z — Hp)™'(1 — Pg) Uy )(Ws(z — Hp)~'Us)

+ (Wo(z — H)) ' Up)(Ws(1 — Py)(z — Hg) ' Up)(Ws(z — Hy) ™' Uj).
Apply Lemmas V.6 and V.7. [

LeMMA V.9. Assume Hypotheses (1)—(3), and (5). Let a, B, 8, and o be pairs with
a # B and B # o. If a and B have no index in common, assume 8 = 8 or that 8 and
0 have an index in common. Let D be any cluster decomposition, such that the indices
of a belong to the same cluster and the indices of B belong to the same cluster. The
following are well behaved:

K\(2) = W,(z — H))™'Vg(z — H)'U,

Ky(2) = W,(1 = P)(z = H,)"'Vy(z = H)~'U,

Ky(2) = W,(1 = P)(z — H,) 'Vp(1 = Py)(z = Hy)"'U,
K(2) = W,(1 = P,)(z = H,)"'VPp(z — H)"'U,,

Ki(z) = W, (1 — P)(z - Ha)-lVBPD(l - Py)(z - Hs)‘on'

PrROOF (SEE IORIO AND O’CARROL [13]). Lemma II.3 shows that K, is well
behaved if it has norm continuous boundary values. If a and B8 have an index in
common and S and ¢ have an index in common, then Lemma I1.3 shows K| is well
behaved.

If « and B, or B and o have no index in common, then, by taking adjoints if
necessary, we may assume 8 and ¢ have no index in common. Then, for Im z > 0,
Imw > 0,

[<e(Ki(2) = Ky(w))¥)]
[T [T, Weemitoy e isthoy iy i+ 95 — e+ gs dt‘
0 1]

< [T [T Wt tam HEOY, o=y | |43 — s v s
0 (1]

= foofoo|<Uze.mg(U:ei(:+s)(ﬂo—ﬂg)W:)¢’ Wpe-nﬂgwl
o Yo

X Iei(t+s)z - ei(l+s)wlds dt.
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Change variables by replacing s with r = ¢ + s.

<&, (Ki(2) — Ky(W)¥)|
< © poo U* itHg U: ir(Ho—H.f)W: , W, e—i(r—t)H@ e’ — ei™|dt dr
j; fo [KUge™(Uze )é, Wy W |

< j:oj:o" UEeitHe(U:eir(Ho—Hg)W:)‘P"
X " Wﬂe-i(r—t)ﬂglpll Ieirz _ ei’wldt dr

/

< fw(f‘”" Uzeitﬂg(U:eir(Ho—Hg)W:)(P"z dt)l 2

o \Jo

“wyee-outyp a) e - e

([l ) e - e

< f0°°C|| U.,‘eir(Ho—Hf)Wa(p" ¥l Ieirz _ e,.ml @

We have used the Schwarz inequality, Holder inequality, and Kato smoothness of
U} and W, with respect to H§ (see Lemma I1.2).

Since a # B and B has no index in common with o, a and ¢ have an index in
common. Therefore, as in the proof of Lemma IL3, ||U*e"Ho—HDp*g| is
dominated by an L' function of r which depends only on ||¢||. So, as in the proof
of Lemma I1.3, [{¢,(K,(z) — K;(W)){¥)| tends to zero uniformly in ¢ and ¢ as z
approaches w.

Ky(z) = W, (1 — P,)(z - Ho)—le(z - Ho)_on
+ Wa(l - Pa)(z - Ha)-anKl(z)'

The first term is controlled by the methods used for K,(z). The result for K;(z) and
Lemma V.7 control the second term.

If B has indices in common with « and o, then Lemma V.8 shows that Kj(z) is
well behaved. If 8 and ¢ have an index in common, but a and 8 do not, then there

are two cases:
Case 1. B = §:

Ky(z) = W, (1 - Pa)(z - Ho)-le(z - Hp)—l(l - PB)Uo
+(W,(1- Pz~ H,)'U,)
X (W,(z = Ho)™'V,(z — Hp)™'(1 — P,)U,)
= W,(1 - P)[(z = Hp) ™' = (z = H)™']|(1 = P,
+ (W, (1 - P)z - H)'U,)
X (W.[(z = Hp) ™' = (z = Hy)™'](1 - P)U,).
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Since B # ¢ and a has no index in common with B8, a and ¢ have an index in
common. Lemmas V.6 and V.8 therefore apply to the terms which appear in the
last expression.

Case 2.8 #+ f3:

Ky(z) = W, (1 - P,)(z - Ha)_lVB(z - Ho)-l(1 - Py)U,
+ (Wa(l - P)(z - Ha)_le(Z - Ho)_lU.s)(Ws(z - Hs)—l(l - Ps)Ua)'

The methods used to control K,(z) apply to the first term. The first factor of the
second term has the same form as Kj(z). Lemma V.8 applies to the final factor,
since 8 and ¢ are assumed to have an index in common.

If B has no indices in common with o, then there are again two cases.

Case 3. B = §: Since B and ¢ have no common index and a # 8, a and ¢ must
have a common index. Apply the methods of Case 1.

Case 4. B # 8: Since B and o have no index in common and B8 # 8, § and ¢ have
a common index. Apply the methods of Case 2.

To show K, (z) and Ks(z) are well behaved, first notice that (1 + x2 +
x3Y*WyPp(1 + x2 + x})*/? is bounded (by Corollary V.5). Moreover, ¢ must
have an index in common with a or B. Using this information, K,(z) and K(z)
may be rewritten as products of factors which may be controlled by the methods of
Lemmas V.6 and V.8, when Uy is bounded. A density argument then shows that
the result holds for general Up. O

REMARK. Let £ be the coordinate from the center of mass of particles i and j to
particle k. With the inner product on R*" determined by the masses, ¢ and x; are
orthogonal. However, £ is not orthogonal to any other x,.

LEMMA V.10. Assume Hypotheses (1)—(3), and (5). Let i, j, and k be distinct indices,
and choose pairs a # (i, j) and B # (i, j), so that a and B have at least one common
index. The following are well behaved:

-1
K\(z) = Wa(z - I{y) Pijpij,k
and
Ky(z) = W,(z — H,)"'P;U,.

Proor. Notice first that (z — H,.j)"P,.j equals P; times a multiplication operator
in the momentum representation. This fact, together with the above remark, show
that K,(z) may be controlled by the methods of Lemma I1.3 or Lemma V.6. These
methods apply to K,(z) if B8 has no index in common with (i, j).

If B has an index in common with (i, ), then we may assume 8 = (i, k). K,(z)
may then be written as K,(z) = K,(z)p,.;,c'Py U,. Since K, (z) is well behaved,
Lemma V.4 shows that K,(z) is well behaved. []
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LEMMA V.11. Assume Hypotheses (1)—(3), and (5). Let i, j, and k be distinct indices.
Let a = (i, )), (i, k), or (j, k). Choose I such that « U {l} = {i, j, k}. The following
are well behaved:

Kl(z) = Pi;kng'Vik(z - Ha)—lPapa,l’
Ky(z) = py_kle Vik(l - Px_‘ik)(z - Ha)—lPapa,l’
Ky(2) = pjilPyVi(z = Ho) ™' Popi
Ky(z) = py—kle Vik(l - ijk)(z - HO)—‘Papa,I’
ProoF. If a # (i, k), then
Kl(z) = (py-,klljy ljlk)( pVik(z - Ha)-lPapa,l)'
Apply Lemmas V.4 and V.10.
If a = (i, k), then (z — H,) 'P, equals P, times a multiplication operator in the

momentum representation. This operator (z — K, — E,)”' commutes with W, as
does p, ;. Therefore,

Ky(2) = (o7tPy Ua(1 + x2)) (1 + %2) 7%z = Ky = Eo) ™ '0ug) Wik Po)-

ij
Lemma V.4 bounds the first factor. The proof of Lemma I1.3 controls the second.
Corollary V.5 bounds the final factor.
Ky(2) = Ki(2) = piPyVaPy(z — H,) ™ Papyy
= K(z) - (py-kIPy ka)( WikukPa—,ll)(Pa,l(z - Ha)—lpapa,l)'

Lemma V.4 bounds the first factor; Corollary V.5 bounds the second; and the
proof of Lemma I1.3 controls the third factor.
Proofs for Ky(z) and K,(z) are similar. [J

LEMMA V.12. Assume Hypotheses (1)-(3), and (5). Let a, B, 8, and o be pairs, with
a # 3 and B # 0. Let k be any index not contained in the pair 8. Let D be any
cluster decomposition, such that the indices of a belong to the same cluster and the
indices of B belong to the same cluster. The following are well behaved:

Kl(z) =W,(1-P,)(z- Ha)-lVB(Z - Hs)_‘PsPs,k’
Ky(z) = W,(1 = P,)(z — H,) 'Vy(z — H;)"'P,U,,
Ky(z) = W,(1 = P)(z = H,) 'Vy(1 = Pp)(z — Hy)™'Popyse
K(z) = W,(1 - P)(z — H,) "V(1 = Pp)(z = Hy)"'PsU,,
Ky(z) = Wa(l — P)(z - Hu)_lVﬂ(l - PD)(Z - Ho)—lPsPa,k-

PRrOOF. We consider only K,(z). The others may be treated in a similar fashion.
There are three cases.
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Case 1.8 = §:
K(z) = W,(1 = P,)(z = H)™'V(z — Hy) ™' Pyppy
+(W,(1 = Pz — H) 'U)W.(z — Hy) 'Va(z — Hg) ' Pypgy)
= W,(1= P)[(z = Hp)™" = (z = Ho) ™" | Pyopy

+ (W (1 = P)(z — H) U)W (z = Hg) ™" = (z = Ho) ™' | Pappy)-
Apply Lemmas I1.3, V.8, V.10, and the remark preceding Lemma V.10.
Case 2. B # 8; a and B have a common index.
K\(z) = (Wa(l - P)(z - Ha)—lUp)(Wp(z - Hs)_lpsps,k)-
Apply Lemmas V.8 and V.10.
Case 3. B # 8; a and B have no common index.

Ki(z)=w,(1 - P)(z— Ho)-le(Z - Hs)-IPsP.s,k
+ (Wa(l - P)(z— Ha)_an)(Wa(z - Ho)_le(z - Hs)_lPoPs,k)-
Proceeding as in Case 1, all the results may be proved, except for norm continuity
of the boundary values. However, a density argument shows that it suffices to

prove norm continuity under the additional assumption that ¥V} is bounded.
In that case,

Ki(2) = (W.(1 = P)z — H) (1 + )"
X(Vp(l + x§)7/2Ps(Z ~ Hy) 'oy,)-

Since a and B8 have no common index and 8 # 8, a and 8§ have a common index.
So, Lemma V.6 applies to the first factor. Lemma V.10 and Theorem I1.9 show that
the second factor is well behaved. []

LEMMA V.13. Assume Hypotheses (1)—(3). If N = 3, then M(z) is well behaved and
(M(2))? is compact.

PROOF. M(z) is well behaved by Lemmas V.4, V.8, V.11, and V.12. W;(1 — P;)(z
- ,-j)"U,.k is a norm convergent sum of connected graphs, when Re z is large
negative. Standard methods (e.g. Ginibre and Moulin [7]) show that each term is
compact. Similarly,

-1 -
Wij(l - Pij)(z - Hij) Val(z — Hy) lPikpikJ
and
0Py Viu(z = Hy) ™ Pupy

are compact for large negative Re z. Since these operator valued functions are well
behaved, compactness holds for all z.

The entries of (M(z))? are sums of terms, each of which contains one of these
compact factors. Thus (M(z))? is compact. []
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LEMMA V.14, Assume Hypotheses (1)—(3), and (5). Let i, j, and k be distinct indices,
and let o and B be distinct pairs. The following are well behaved:

K\(2) = pjiP;Va(z — Ho) ™' U,

Ky(z) = pi;klPij V(1 — Px]’k)(z - Ho)_lU,g,

Ki(z) = pi;klPijVik(l - P)(z - Ha)_lUps

Ky(z) = pi;klPij VikPa(z - Ha)—lup»

Ky(z) = pi;klpijllik(l - Pijk)(l - P)(z - Ha)_lUp,
Ky(2) = 0;4P; V(1 = Py)Pu(z = H,) ™' Up.

Proor. If B and (i, k) have an index in common, K,(z) is well behaved by
Lemmas V.4 and V.6. If B and (i, k) have no common index, then Lemmas I1.3
and V.4 yield the results, except for the norm continuity of the boundary values.
Given this, we need only prove the norm continuity when ¥V, is bounded. In that
case,

- /2 -v/2 -
K(2) = (pjiPy V(1 + x2) ) (1 + x2) 7%z — HY ')

Since B and (i, /) must have a common index, Lemma I1.3 controls the boundary
values of the second factor. Lemma V.4 bounds the first.
Proofs for the other operators are similar. []

PROPOSITION V.15. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be distinct
indices. Let n = i, j, or k. Then

K\(z) = I'Vy(l - Pij)(z - Hij)_l(Vik + ij)(l - Pijk)(z - Hijk)—lUnl
is well behaved and compact. Moreover
Ky(z) = W;(1 - P)(z — Hy)_l( Vie + Vi )Q = Py )(z — H.jk)_l
is compact and well behaved from L}R>™) to L’R3™), when 8 > 1.

ProOF. Consider only K,(z); proof for K,(z) is similar.
Using equation (IV.6), we have K,(z) = I(z) + 1I(z) + III(z), where

I(z) = Wij(l - Pij)(z - Hij)_l(Vik + ij)(l - Pijk)(z - HO)—lUnI’
I(z) = Wy(1 = Py)(z = Hy)”'(Vie + V3)(1 = Py)A(2)C(2) Uy,
mI(z) = pVij(l - Pij)(z - }Iij)—l(Vik + ij)(l - Pijk)A(z)(l - M(Z))_l
X M(z)C(z)U,.
Lemma V.9 shows I(z) is well behaved.
A(z)C(z) is a sum of terms, each of which contains only one resolvent. We
substitute this sum in II(z). II(z) then becomes a sum of terms which are well
behaved by Lemmas V.9 and V.12.

W1 — Py)(z — Hy)"( Vie + Vi)(1 — Py )A(2) is well behaved by Lemmas V.9
and V.12. M(z) is well behaved by Lemmas V.4, V.8, V.11, and V.12. M(z)C(z) U,
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is well behaved by Lemmas V.9, V.12, and V.14. So, III(z) is well behaved if the
factor (1 — Py) in the operator

u/y(l - Pij)(z - Hij)_l(Vik + ij)(l - Pijk)A(z)
cancels the singularities of (1 — M(z))~".

To prove this, we mimic part of the proof of Lemma V.7. IC is a direct integral
of spaces for the three body problem determined by (i, j, k). A(z), M(z), and C(z)
are fibered under this decomposition, and we consider their restrictions (which we
also denote by 4(z), M(z), and C(2)) to the individual fibers.

Let z, be a point at which (1 — M(z))"' is singular on some fixed fiber.
Hypothesis (3) and Lemma I1.11 show that (1 — M(z, 8))~! is singular at z, for
some 8 with z, & o,,,(H(9)) and |Im 8| arbitrarily close to 0. (1 — M(z, §))"! may
be written as a Laurent series 27 _,(z — z)*L, for z near z,. Mimicking the proof
of Lemma V.7, we see that L_,C(zy, 0)# 0 and that no ¢ € Ran L_, has
M(zy, 6)¢ = 0. By using G, = G, + G,V,G,, we see that A(z,, 0)y = 0 implies
M(zy, 6)¢ = 0. Putting these facts together, A(zq, )L _,C(zq 0) + 0. Equation
(IV.6) shows that (z — H(#))™ ' has a pole of order n at z,. Selfadjointness of H
and standard dilation analyticity arguments show n = 1. The rest of the argument
of Lemma V.7 now goes through, since equation (V.1) shows (1 — P)A(zy) =
A(zp)(1 — Q), where Q projects onto the eigenvalue 1 eigenvectors of M(z,). Thus
(1 — Py) cancels the singularities of (1 — M(2))"}, and III(z) is well behaved.
Therefore, K,(2) is well behaved.

It suffices to prove compactness at large negative Re z. Write K,(2) as:

Wiz = Hy) " \(Vae + V)2 - Hy) ' Uy
= WyPy(z = Hy)"'(Vy + Vi)(z = Hy) ™' Uy
- Wy(z - Hy)_l(Vik + V)2 - I{ijk)—lPiijnl
- -1
+ VVijPij(z - Hij) ](Vik + ij)(z - Hijk) Py Uy
Expand the resolvent factors as sums of graphs. Replace each W;P; by
Wy, (1 + )1+ )
and each P U, by
T+ x2+x3 + xﬁc)_l((l + x2 + x} + x3 )P, U,).

Then apply Corollary V.5 and any of the usual compactness proofs to each term.

O
PROPOSITION V.16. Assume Hypotheses (1)—(3), and (5). Let i, j, k, and | be distinct
indices, and let n = i, j, or k.
_ -1
K\(z) = P.'j,kle(Vik + V) = Py)(z — Hy) Uy,
is compact and well behaved.
Ky(z) = py_kle( Vie + Vi)(1 = Py )(z — Hijk)_l
is compact and well behaved from LZR>™) to LX(R*™) whenever § > 1.
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Proor. Consider only K(z); the proof for K,(z) is similar.
Using equation (IV.6), we have K,(z) = I(z) + II(z) + III(z), where

I(z) = Pg?kle(Vik + V}k)(l - Pijk)(z - HO)_lUnI’
1(z) = p ! Py( Vi + Vi)(1 = Py )A(2)C(2)U,,
l(z) = Py_kle(V;k + ij)(l - Pijk)A(z)(l - M(z))"M(z)C(z)Un,.

Lemma V.14 shows that I(z) and II(z) are well behaved. M(2z) is well behaved by
Lemmas V.4, V.8, V.12, and V.14. M(z)C(z)U,, is well behaved by Lemmas V.9,
V.12, and V.14. Lemmas V.11 and V.14 control p,.;,}P,.j( Vie + Vi)l — Py)A(2).

As in Proposition V.15, (1 — Py ) removes the singularities of (1 — M(z))~!. So,
K,(2) is well behaved.

It suffices to prove compactness for large negative Re z. Furthermore, a density
argument shows that we may assume all U’s and W’s lie in S (R™).

Under this assumption,

PPy (Vi + Vi) Pz = Hy) ™' U
= (p5uPy(Vie + Vi))(Py(z = Hy) ™ 0y )0 Py Un)-

Lemma V.4 bounds the initial and final factors. The middle factor equals P, (z —
Ky — E;) ™ 'pj, where K, is the kinetic energy associated with the coordinate
from the center of mass of particles i, j, and k to particle /. P, is (compact) ® 1.
(z — Ky — Ey) " 'py is 1 ® (compact). So, the middle term is compact.

Hence, it suffices to prove p; /P, (Vy + V) z — Hy;)™'U,, is compact when the
U’s and W’s belong to S(R™). Lemma V.4 shows that it suffices to prove that
(1 + x))~*(Wy + WyXz — Hy)™'U, is compact. We expand (z — Hy,)™' as a
sum of graphs. The only graphs for which compactness could fail are those which
do not connect i and j. It therefore suffices to prove the compactness of (1 +
x; T (Walz — Hy)™' + Wiz — ij)_l)Unl-

Expand (1 + x})™°W,(z — H,)~'U, as a sum of graphs. Use coordinates x,,
Xy and x,,, with conjugate momenta p;, p,, and p,;, respectively. Following Reed
and Simon [24, p. 128], write out the integral kernel for each graph in momentum
representation. If z is real and large negative, then the replacement of each factor
(z = Hp)™' by (z — p} — pi — p2)~" will increase the absolute value of the
integral kernel at every point. The new integral kernel is square integrable, so the
original one is, also. Consequently, each graph is Hilbert-Schmidt.

The proof for (1 + x2)™ W, (z — Hy)~'U,, is similar. ]

PROPOSITION V.17. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be distinct
indices; let n = i, j, or k; let p be any index not equal to n or l; and let a be the pair
not containing n or l. The following are well behaved and compact.

Ki(z) = VVl‘j(l - Pij)(z - Hij)_l(Vik + ij)(l - Pijk)(z - Hijk)_l

X V(2 = Hy) ™' Puipus,
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and
Ky(2) = u/ij(l - Pij)(z - Hij)-l(Vik + ij)(l - Pijk)(z - H(ik)_‘
X Vy(z — Hy)™'P,U,.

ProoF. Consider only K,(z); the proof for K,(z) is essentially identical.

For large negative Re z, W,P,(z — H,)) 'p. » is bounded, so compactness
follows from Proposition V.15. Similarly, it is clear that || K,(z)| tends to zero as
Re z - — oo. It is therefore sufficient to prove analyticity and the norm continuity
of the boundary values.

K(z) = I(2) + II(z) + III(z), where

I(z) = W(1 = P,)(z = Hy)"'(Vi + V3 )(1 = Py)(z = Hy) ™'
X V(2 = Hy) ' Pupuis
(z) = W,(1 = P))(z = Hy)™'(Vis + V)(1 = P)A(2)C(2)
X Vy(z - an)_IPnanz,p,
i(z) = W,(1 = Py)(z = Hy) "' (Vi + Vi)(1 = Py)A(2)
X (1 = M(2))"'M(2)C(2)Voy(z = Hy) ™' Pupiy-

Lemma V.12 controls I(z) after the factor (z — Hy)~'V,(z — H,)~! is replaced
byl(z = Hy)™' — (z — Hy)™'].
Since

A@2)C(2) = (2 — Hy) '+ (2 = Hy) ™"+ (2 — Hy)™' = 3(z — Hy)™
=[(Z - Hq’i)‘le_‘j +(z— Hy) "Wy + (z - ij)_lek](z =
Hz)= 3  W,(1—P)z—Hy) ' (Ve + V)

X (1 - P.jk)(z - Hp)_le[(Z - Hm)—l -(z- Ho)_l]Pannl,p
= % Wy(1 — Py)(z = Hy)"'(Va + V)1 = Py)(z — Hp) ™'V

X (z - an)_ananz,p
- % W,(1 = P)(z — Hy) ™' (Vi + Vi )(1 = Py)

x[(z — Hp) ' = (z - Ho)_l]Pannl.p-

Using the remark before Lemma V.10, Lemma II.3, and Theorem I1.9, we see that
(1 + x2)°Wy(z — H,) 'P,p,,, is well behaved for each B = (i, ) (i, k), or (J, k).
So, to control the first sum, it is sufficient to control

Wy(1 = Py)(z = H)) ' (Vi + Vi)(1 = Py )z = Hp) "' Up(1 + 53) ™",
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This equals
Wy (1 = Py)(z = Hy) ™' (Vi + V3 )(1 = PR)(1 = Py)
X (z = Hp)'Up(1 + x2) ™" + W,(1 = P)(z — H)'(Vie + Vi)
X (1= Py )Ps(z — Hg) ' Us(1 + x2) ™"

Lemma V.9 controls the first of these terms. The second is well behaved by
Corollary V.5 and Lemmas V.4 and V.12.

The second sum in the last expression for II(z) is controlled by Lemmas V.9 and
V.12

Next consider I11(z).

u’xj(l - Pij)(z - Hij)_l(Vik + ij)(l - Pijk)A(z)(l - l‘l(z))-I

has been studied in the proof of Proposition V.15. So, it suffices to control
M(Z)C(Z) an(z - Hnl)_lpnlpnl,p‘
Two types of terms appear here:

Ws(1 — Ps)(z — Hy)~'V,(z — H)) 'V,(z - Hnl)_ananz,p’
and
PogPsVo(z — H,)"'V(z ~ Hnl)—anlpan

where § and o have a common index. The first type appears in II(z), and has been
studied. The second equals

PquIPsVo(l - P,)(z - Ho)—,VnI(z - Hnl)—anlpnl,p
+ 05, PsV,P,(z — H,)"'Vy(z — Hy) ' Pyp,,.
The first of these is well behaved by Lemmas V.4 and V.12. The second may be
rewritten as:
- 2 —v/2 -
(psPsU,(1 + x2)"*)(W,(1 + x3)"’P,(z — H,)"'U,(1 + x2)"?)

X ((1 + xf)—Y/ZPnI(Z - Hnl)-lpnl,p)‘
Lemma V.4 applies to the first factor. Lemma V.4 and the proof of Lemma II.3
control the others. []

PROPOSITION V.18. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and 1 be
distinct; let n = i, j, or k; let p be any index not equal to n or l; let a be the pair not
containing n or p. The following are well behaved and compact:

Ki(2) = p; Py (Vi + Vi )(1 = Py)(z = Hy) ' VouPou(z = Hy) o
Kz(z) = Pg'_,k]Py(Vik + ij)(l - P.jk)(z - Hy’k)_ananl(z - Hnl)—an‘

Proor. The technique for extending the proof for Proposition V.16 to these
operators is the same as the technique used to obtain the proof of Proposition V.17
from that of Proposition V.15. In some instances, Lemma V.14 must be used in
place of Lemmas V.9 and V.12. J
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PROPOSITION V.19. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be
distinct, and let n = j or k. The following are compact and well behaved:

K\(2) = pi'PuVyPy(z — H,-,)-lp,-,',,,

Ky(z) = Piﬁcng'k VuPa(Z - Hil)-lUjk’

Ky(2) = oy PyuVaPu(z — Ha)-lpﬂ,m

Ky(2) = Py VaPu(z — Hil)_lUjk'
Proor. Consider only K,(z); proofs for the others are similar.

K\(2) = (Py_klPiiju(l + xyz' + x5+ xﬁ)a)
X ((1 + x5+ X+ x,) Wy Py(z — I{il)—lpil,n)’

Lemma V.4 bounds the first factor. Py(z — H,)™' = P,(z — K, — E;)”", where
K, is a multiplication operator in the momentum representation. The methods of
Lemma I1.3 may be used to prove that the second factor is well behaved. For large
negative Re z, (1 + x} + x} + x3)™°W,(z — H,)™' is compact because (1 + x7
+ x2 + xﬁ)“‘  falls off in all directions in configuration space. This implies
compactness. []

PROPOSITION V.20. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be
distinct; let n = j or l; and let p = j or k. The following are well behaved and
compact:

K\(z) = Piﬁclek Va(z — I{il)-l(V:;v + V,)(z - I{ib)-lpibpib’
Ky(2) = pp' Py Vy(z — Hil)_ly}k(z - Hwk)—IP it ik Pl jie>
Ki(2) = pn_';kllpy,kIVik(z - Hik)_l( Vin + Vi )(z — Hilax)_lpiknpikn’
Ky(2) = P.-Zkllp ij,leik(z - Hik)_l le(z - fIik,iI)—lP ik jiPik jl*
ProoF. Consider only K(z); proofs for the others are similar.
Ky(2) = p'PuVu(z — }Iib)-lPilppib
=P Py V(1 = Py)(z — I{il)-lPibpib
_pj;clPijk VuPy(z — Hil)—lpibpib'

The methods used to prove Proposition V.19 may easily be modified to control the
first and last terms. The middle term may be written as:

- - —v/2 2
- (p;'iklPiik Uil)( W,(1 - P,)(z — H,) l(1 + xi% v/ )((l + xizl)ﬁ Pippw)-
Lemma V.4 bounds the first factor. Theorem I1.9 bounds the third. The proof of
Lemma V.7 controls the middle factor.

Given the above results, it suffices to prove compactness when ¥, and V), are
bounded. In that case,

K\(z) = (Ptﬁ‘lek Vu(z — Hu)_l(V.p + Vp))((z - Hw)-lpippw)'
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For large negative Re z, the first factor is bounded. In the second,
(z - Hib)_lpilp =(z - Ky - Eigu)—lpilp-
Py, is (compact) ® 1; (z — K, — E;,)"'p,, is 1 @ (compact). This implies com-
pactness. []
In order to prove certain results involving (z — H;; ;)™ 1, a formula analogous to

equation (IV.6) must be obtained. To motivate the formula we will use, we first
give a simpler formula:

(z = Hy) ™' = (z = H) ™' + &(2)(1 - M(2))™'C(2), (V.5)

where

@(2) =[(z - HO)_‘(]ij (z - Ho)-lUkl]’

' 0 w.(z - H)™'U
%(2) = B y(z y) ki ,
i Wu(z — Hy) U; 0
[ Wz - H)
C(z) = oz V) o
] Wiu(z — Hy)

For large negative Re z, the inverse term may be expanded by geometric series.
Then, using the diagram symbolism, the formula is easily checked. Using the
uniqueness of analytic continuation, the formula is valid wherever both sides
contain only bounded operators.

If the relative motion of the centers of mass of particles i and j and of particles k
and / is removed, then the barely connected terms W (z — H,.j)"U“ and W, (z —
H,)~'U; are compact. So, the analytic Fredholm theorem shows that the inverse
term of equation (V.5) exists for z & o, (H;;,,) except at those z’s for which the
system of equations

¢ = Wy(z - Hy)_lUu‘Pkl and ¢ = Wy (z — Hy,)™'Uje;

has a nontrivial solution. Mimicking equation (V.1), we see that this occurs only
when z is an eigenvalue of H;;;,. Thus, equation (V.5) is valid for z € C\ o(Hj,).
As z approaches o (Hj;,,), various terms in equation (V.5) are singular, unless
P; = P, = 0. So, we require another formula. Because ¥, and P; commute, there
is no analogue of the p functions in this case. However, a formula very much like
equation (IV.6) is valid. Let G, = (z — Ho)™', G; = (z — H;)™', etc. Then,

Gy = Gy + Gy — Go + A(z)(1 - M(2))'C(2), (V.6)

where A(z), M(z), and C(z) are given in Figure 2.
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FIGURE 2

To establish the validity of equation (V.6), we expand the inverse term of
equation (V.5) and insert projections P, (1 — P;), Py, and (1 — P,;) before the
resolvent factors. We then sum the resulting series to obtain equation (V.6). This is
completely analogous to the derivation of equation (IV.6) from equation (IV.4).
The absence of spurious zeros for equation (V.6) is proved by mimicking the proof
of Proposition V.2. Below, we will prove M(z) is well behaved, and (M(z))? is
compact (when the motion of the center of mass of particles i and j relative to the
center of mass of particles k and / is removed). A(z) and C(z) are analytic for
z € C\ 0 (H;;4), so equation (V.6) is valid for z & o(Hj;;,).

In the two and three body cases (with finite masses), M(z) was well behaved. We
have not been able to prove this for equation (V.6) (or for the three body case with
an infinite mass, in which case an equation like (V.6) is used in place of equation
(IV.6)). However, (M(z))’ is well behaved. The next few lemmas prove this.

LeMMA V.21. Assume Hypotheses (1)—(3), and (5). Let i, j, k, and | be distinct.
K(z) = W(1 = P}z — Hy)"'Uy is analytic for z € C\ 0. (H;,,); tends to zero
as Re z > — oo; and has strongly continuous boundary values on oo (Hy;,) from
above and below. If the motion of the center of mass of particles i and j relative to the
center of mass of particles k and | has been removed, then K(z) is compact for
2 € C\ o (Hj; )

ProOF. Except for compactness, Lemma I1.3 yields these results for the operator
valued function W (1 — P,z — Hp)~'Uy:

K(z) = u’xj(l - Pij)(z - Ho)—lUkl
+ (W,:j(l - Pij)(z - Hq)_llj:j)(Mj(z - Ho)_lUkl)-

Lemmas I1.3 and V.7 apply to the various factors here.
To prove compactness, we expand the resolvent in K(z) as a sum of graphs. The
standard compactness proofs apply to each term at large negative Re z. [J
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LEMMA V.22. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be distinct.
K(z) = P;W,Py(z — Hk,)“U,.j is well behaved. Moreover, if the relative motion of
the centers of mass of cluster {i,j} and {k, 1} is removed, then K(z) is compact.

PROOF. K(z) = (W Py ) (P Py(1 + xi,2~ N1 + xgz' "Nz - Ky - Ekl)-lljlj)'
Corollary V.5 bounds the first factor. The second is compact on L%(R?>™). Lemma
I1.3 controls the third. [J

LEMMA V.23. Assume Hypotheses (1)-(3), and (5). If the relative motion of the
centers of mass of the clusters {i,j} and {k, 1} is removed, then M(z) in equation
(V.6) is analytic in C\ 0. (H;,,), with strongly continuous boundary values on the
cut. (M(2))? is compact and well behaved.

PROOF. All results, except for compactness and norm continuity of (M(z))? up to
the cut, are consequences of Lemmas V.12, V.21, and V.22.

(M(2))? has four types of nonzero terms.

Type 1. Wy(1 — Py)(z — Hy)~'V,(z — H,)"'Uj.

Lemmas V.9 and V.12 imply the continuity. Compactness follows from Lemma
V.21, since Uy(z — Hy,)~ 'U,-j is bounded for large negative Re z.

Type 2. P;W(z — Hk/)_lUij-

This equals

P;Wi Py (z — Hkl)_ll/ij + P;W,(1 — Py)(z — Hkl)—l(jij'
So, Lemmas V.21 and V.22 show that it suffices to prove the continuity when W,
is bounded. In that case,
PyWi(z = Hy) ™' Uy = (WP (1 + )" ) (1 + %2)"(z - Hy)™'Uy).

The first factor is bounded. The second is well behaved by Lemma I1.3.

Type 3. Wy(1 — PV (z — Hkl)_lej(z — Hy)P;U,.

G; — Gy = G(V; — V)G, so the operator in question equals

W;(1 = Py)(z — H,)"'Vi(z — Hy)™'P,U,
- W.j(l - P:j)(z - Hy)_qu(z - Hkl)_ng'Ukl
+ Wij(l - Pij)(z - Hij)_lel(z - Hkl)—lel(z - Hij)_leUkl-

The first term here is zero, since the P,; commutes with (z — H,;)~'V,(z — Hy)~".
By Lemmas V.21 and V.22, it suffices to prove the continuity for the remaining
terms when V,, and U,, are bounded. The second term is controlled by Lemmas
V.9 and V.12 after factorization as

= (W;(1 = P)(z = Hy) " 'WVu(z = Hy)™'(1 + x2) ") (1 + x2)*P;Us)-
The third term equals
(Wij(l - Pij)(z - Hij)_leI(z - sz)_l(l + xi,z')_u)
X ((1 + x3)°PUu)( Wiz — Hy) ™' Uy,).
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Lemmas V.9 and V.12 control the first factor. The second factor is bounded. The
third is controlled by Lemma I1.3.

Type 4. P,Wy(z — Hy)™'Vy(z — Hy)~'P;U,,.

This equals

PyWy(1 = Py)(z - Hkl)—le_‘i(z - Hij)-ng'Ukl
+ (PijWklPkl(z - Hkl)—lqu)(PkvijPaj(z - H(/’)—IUH)’

Compactness follows from Lemmas V.21 and V.22. Lemmas V.12 and V.22 imply
the norm continuity of the first and second terms, respectively. [J
REMARK. C(z) in equation (V.6) is well behaved from LZ(R>™) to LXR>™). Also,

G; = G;P; + Gy(1 — P,.j) + GoV,.jG,j(l - P,.j)
and
le = GkIPkl + GO(1 - Pkl) + GOVkIle(l - Pkl)'

These facts, together with Lemma V.23 and Theorem III.1 imply asymptotic
completeness for Hj;,,, when Hypotheses (1)—(3) hold. Much easier proofs of this
fact exist, but this result is a simple by-product of our methods.

LEMMA V.24, Suppose A(z) is a strongly continuous bounded function with values in
the bounded operators on IC. Suppose B(z) is a norm continuous function with values
in the compact operators on 3. Then A(z)B(z) is norm continuous and compact.

PrOOF. The compactness of A(z)B(z) is a well-known fact.

Suppose ¢ > 0 is given. Fix z, and let N = sup|4(w)||. Choose a finite rank
operator C, such that ||B(z) — C|| < &¢/6N. The restriction of A(w) to the range of
C is norm continuous. Therefore, there exists § > 0, so that |z — w| < & implies
I(4(z) — A(W))C|| <e/3N.

If |z — w| < &, then by the triangle inequality,

|4(2)B(z) = A(w)B(w)]
<||(4(2) = A(w))(B(z) — C)|| +[|(4(z) — 4(w))C]|
+||A(w)(B(z) — B(w))|
< 2Ne/6N + ¢/3 + Ne/3N=¢. [

PROPOSITION V.25. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be distinct

indices.
-1 -
K\(z) = Wij(l - Pij)(z - H.'j) sz(l - Pij,kl)(z - Hij,kl) IUik
is compact and well behaved.
Ky(z) = Wij(l - Pij)(z - Hij)—]Vkl(l - Pij,kl)(z - Hij,kl)_l
is compact and well behaved from LZR*™) to L*(R*™), for any § > 1.

Proor. Consider only K;(z); the proof for K,(z) is similar.
Compactness for large negative Re z is easily proved by expanding the resolvents
as sums of graphs. It therefore suffices to prove K,(z) is well behaved.
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Using equation (V.6), we write K,(z) as a sum of four terms.
I(z) = VVij(l - Pij)(z - Hij)—lel(l - Pij,kl)(z - Hij)_IUik’
1(z) = Wij(l - Py)(z - Hij)_]Vkl(l - Pij,kl)(z - Hkl)_lUik’
I(z) = - Wij(l - Pl_’i)(z - H.j)_lel(l - IJu’j,kl)(z - HO)_ll]ik’
IV(z) = W(1 = P,)(z = Hy)™ ' Vig(1 = Pyu)A(2)(1 = M(2)) ™' C(2) Uy
Lemmas V.9 and V.12 control I(z), II(z), and I1I(z). Lemmas I1.3 and V.21 show
that W,(1 — P;)(z — H,.J.)"Vk,(l — P;)A(2) is well behaved, except that the
boundary values are only strongly continuous. Lemma V.23 shows that M(z) has
similar properties.

By mimicking part of the proof of Proposition V.15, we see that the factor of
(1 — Pj;,,) in IV(z) removes the singularities of (1 — M(z))~ !. Thus,

Wij(l - Pij)(z - I{ij)_lel(l - Py,kz)A(z)(l - M(z))_l

is well behaved, except that the boundary values are strongly continuous. Lemma
V.24 now shows that it suffices to prove C(z) U, is well behaved and compact.

The first and third entries of C(z)U, are compact for large negative Re 2,
because they may be written as sums of connected graphs. The second and fourth
entries are compact by the compactness argument used in the proof of Proposition
V.16.

Lemmas V.9 and V.12 show that the first and third entries of C(z)U, are well
behaved. The second entry equals

PiWi(1 — Py)(z — H,) Uy + PiWuPy(z — H,) "' Uy
Lemma V.6 controls the first term. The second may be written as

(Py(1 + 3 a)( WkIPkl)((l +x7) "z - sz)_lUik)~
Apply Lemma I1.3, Theorem II.9, and Corollary V.5. This shows that the second
entry of C(z)U,, is well behaved. The fourth entry is handled in the same way. [

PROPOSITION V.26. Assume Hypotheses (1)—(3), and (5). Let i, j, k, and 1l be
distinct.

-1
K\(z) = PijWkl(l - Pij,kl)(z - Hij,kl) Ui
is compact and well behaved.
Ky(z) = PijWkl(l - Pij,kl)(z - I{nj,kl)—l
is compact and well behaved from LXR*™) to L*R*>™), for any & > 1.

ProoF. Consider only K,(z); proof for Ky(z) is similar.
P; and W(1 — P;,) commute. Py(z — H;.)~' = Pz — E; — Hy)™', where
H}, = Hy, — H{P. Moreover, (1 — P,,)P; = (1 — Py)P;. Therefore,

K(z) = (szWkl(l - Pkl)(z - Eij - Hl:l)_lpij,k)(py?klpijljik)
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Lemma V.4 bounds the second factor. P; is (compact) ® 1;

Wy (1 — Pkl)(z Hkl) Pijx = 1® X(z).

X(z) is compact for large negatlve Re z. The proof of this is the same as the
compactness of the three body operator Wy(1 — Pz — H;)~'U, on L*R*™).
X(z) is well behaved by the proof of Lemma V.8 and the remark before Lemma
V.10. Thus, K,(z) is compact and well behaved. []

PROPOSITION V.27. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be
distinct, and let n = j or I. The following are well behaved and compact:
Ki(z) = Wy(1 = Py)(z = Hy)™ V(1 = )z — Hyp) ™'
X Valz — Hy) ™' Py
and
Ky(z) = Wij(l - Pij)(z - Hy)—lel(l - Pij,kl)(z - Hij,kl)_l
Vi(z = Hik)_|Pikpilc,n'

ProOF. Consider only K,(z); the proof for K,(z) is similar.

For large negative Re z, W,(z — H,) 'P, U, is bounded, so compactness
follows from Proposition V.25. Hence, it suffices to prove K,(z) is well behaved.

Using equation (V.6), we write K;(z) as a sum of four terms:

I(z) = = W;(1 — P;)(z — Hy)"' V(1 = P}z — H)™
X Vilz = Hy) ™' Py Uy,
1(z) = W,(1 - P,)(z — H,) ' V(1 = P, )z — H))™"
Vil(z — Hyp) ™' Py Uy,
II(z) = W,(1 = P,)(z — Hy) ™' Viu(1 = Pyu)(z — Hy)™'
X Valz — Hy) ™' Py U
IV(z) = W;(1 = Pj)(z = H,) 'V (1 = P,)A(2)(1 = M(2))™!
X C(2)Vi(z — Hy) ' PR U,
I(z) = Wy(1 - P))(z — H)~ 'V, (1 — ,-,-,k,)[(z — Hp)™' = (z = HY) 1P, U
This is well behaved by Lemma V.12.
Ii(z) = —1(z) + W;(1 — P;)(z — Hy) ' Vi1 = Py)(z — Hy)™'
XV,l(z = Hy) ™' = (z = H)™'|P, U,
= —1(2) + (W, (1 = P)(z = H)) "'Vl = P0)(1 = P)(z — H,)™'U)
X (Wyl(z = Hy) ™' = (z = Hy) 7' |P.Uy).
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Apply Lemmas V.9, V.10, and I1.3:

I(z) = —1(z) + W,(1 = P,)(z = H,)" V(1 = Py )z — Hy)™'
X Vkl[(z -H,) ' = (z- HO)—I]Pikl]jl

-1(z) + (Wij(l - Pij)(z - Hg)_lel(l - Pij,kl)(z - Hkl)_l

X Uy(1 + xii)_u)((l + x3) WPy (z — Hik)-lsz)

-1

- Wij(l - Pij)(z - Hij) Vkl(l - Pij,kl)
x[(z - Hy)™' = (z - H)"']P, U,
Lemmas V.9 and V.12 control the last term. Lemma V.10 and the fall off of ¥,
control the second factor of the middle term. If U,, is bounded, then Lemmas V 4,
V.9, and V.12 control the first factor. When U, is unbounded, a density argument

shows that it suffices to prove uniform boundedness of the first factor. To do this,
we rewrite this first factor as

W, (1 — Py)(z — Hy) ™' V(1 = Pyyy)z — Hy) ™'
X P, Uy, (1 + xi%c)—a + Wij(l - Pij)(z - I{ij)—l
X I/Icl(1 - Py’,kl)(z - Hkl)-l(l - PkI)Ukl(l + xil;()_"“

Lemmas V.8 and V.21 show the second term is uniformly bounded. Corollary V.5
and Lemmas V.4 and V.12 control the first term.

To control IV(z), we proceed as in the proof of Proposition V.25. This shows that
we need only prove C(z)Vy(z — Hy)™'P, U, is compact and well behaved. Since
Wu(z — H,)™'P, U, is bounded for large negative Re z, compactness follows from
arguments in the proof of Proposition V.25. To prove C(z)V,(z — H,)™'P, U, is
well behaved, notice that the first and third entries are of the same form as III(z),
above. The second entry may be rewritten as

Pkaz[(Z - Hik)_l - (z— Ho)_l]PikUjI
+P;Wy(z — Hy) Wz — Hy) ' Py, Uy
—PijWkl[(z - sz)—l -(z- Ho)_l]Pilijl‘
Replace each (z — H,,)” ' in these expressions by (z — H,,))”'P,, + (z — H,)~'(1
— P,,). The only terms which are not controlled by various lemmas are those
containing the factor P,,. To control them, notice that W, P, and P,U,, are
bounded. Then use Lemma V.4 and the fall off of ¥; and ¥, to obtain factors

which are controlled by Lemma II.3. This controls the second entry of C(z)V(z —
H)™'P, U;;- The same method applies to the fourth entry. [

PROPOSITION V.28. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be
distinct, and let n = i or j. The following are well behaved and compact:

K\(z) = ijWkl(] - sz,kl)(z - Hij,kl)—lVik(z - Hik)—lpikUjl
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and

-1
Ky(z) = Py sz(l - Pij,kl)(z - Hy,kl) Va(z — 1k) Pypign-

PRrROOF. Consider only K(z); the proof for K,(z) is similar.

For large negative Rez, W, (z — H,)™'P, U, is bounded, so compactness
follows from Proposition V.26. It is therefore sufficient to show K,(z) is well
behaved.

P; commutes with W, and Py(1 — P;,) = Py(1 — Py). So,

K\(2) = Pijsz(l - Pu)(z - Hkl)_lVik(z - Hik)-lPikUjI
- -1
+ P;W,, (1 — Py)(z — Hy) lVij(l - Pq‘,kl)(z - H;,,)
Va(z — Hy)™ 'p, wUj
Lemma V.12 controls the first term. Proposition V.27 controls the second. []

PROPOSITION V.29. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be
distinct; let n = i, j, or k; let p be any index not equal to n or I; let q be the index not
equal n, l, or p. The following are well behaved and compact:

Ki(2) = ol Py (Vi + Vi )(z = Hy)™'(1 = Pyy)
X [Valz = Hy) (Vo + V) + V(2 = H,)'(V,, + V)]
X (z - Hn{p)-anlppnb
and
Ky(2) = piPy(Vi + V3 )(z — ijk)_l(l - Py)
XVy(z — Hy)™ qu(z nl,pq) Pnl,qunl,pq

Proor. Consider only K;(z); proof for K,(z) is similar.
For large negative Re z,

Wu(z — Hnl)_l(Vnp + V,)(z = Hw)_anIan@
and
W,(z = H,) \(V,, + V)(z = Hy) ' Pon,

are uniformly bounded, so compactness and limg, , ,_ || K;(2)|| = O follow from
Proposition V.16.

Let X(z) = P,, Py(Vi + VyXz — y‘k)_l(l = Py).
Ky(z) = X(z)(V,, + Vpl)(z anp) )
~X(2)Vu(z = Hy) " Poppuy = X(2)Vpi(z = Hy)) ™ Py

The second and third terms can each be broken into two terms which are
controlled by Proposition V.18 or Lemma V.8 and Proposition V.16.
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Since {i, j, k} = {n, p, q}, the first term equals:
P.-;kng‘( Vi + Vi)(1 = Py )(z - H@)_I(an + sz)(z - Hmp)_l
X Poiybup + 0Py (Vi + Vi )(1 = Py )(z = Hy)™'
X (Vg + Voo )Nz = Hy,) ' (Vy + V,)(z = Hyp) "' Py
This may be rewritten as a sum of four terms:
I(z) = p:j_,klPij(Vik + V)1 = Py)(z - an)_anqun@»
I(z) = = pPy(Vie + V)1 = Py)(z = Hyp) ™ Prypbny
II(z) = p;Py(Vi + Vi )(1 — Py)
X (z = Hy) "'V + Vo) )(z = Hyp) "' Pupprpy
IV(z) = _pij,kPij( Vi + Vi)(1 = Py)
X (2 = Hy) " (Vag + Vo )z = Hy) ™ Pyt

I(z) = p,,tk‘a{< Vi + Viz = Hyp) " 'Poypn,
=Pk Py(Vie + VidPy(z — Hop) ™ 'Proppry-

The first term in this expression equals
(i Py Uit + x3)" ][ (1 + x) " Walz = Koy = Eop) ™' Pryuy ]

- « -a -1

+[p,.j’k'P,.jUjk(l + x; ][(1 + x3) “Wy(z - K,, — E,;) P,,,ppw].
Lemma V.4 bounds the first factors. The methods of Lemma II.3 control the
second factors. The second term in the last expression for I(z) equals

- (Py-kleU,k)( Mkuk)(Rjkanan;l)(Pn@(z - Hnb)_lpnb)

- - -1
- (px_'/‘,kIP ij Ujk)( ijP.jk)(PykP nlppnbl)(pnlp(z - Hnb) anp)-
Lemma V.4 bounds the first factors. Corollary V.5 bounds the second factors. The

proof of Lemma V.4 bounds the third factors. Lemma II.3 controls the final
factors.

I(z) = Py_kle(Vak + ij)(l - Py’k)(z - Hijk)_‘an(z'_ Hn(o)_anqun@
- -1 -1
+P.'j,klij( Vie + ij)(l - Pijk)(z - Hijk) qu(z - Hn@) P;.q,P,.w
Since (z — H,,)"'P,, = (z — K,,, — E,;)"'P,,, Lemma V.4 and Lemma IL3
show (1 + x% + x2 + x2)°*W, (z — H,,)"'P,,p,, is well behaved. Following the
proof of Proposition V.16,
- -1 -a
pij,klPij(Vik + ij)(l - Py’k)(z - Hijk) Unq(l + xia + x + le)

is well behaved. This controls the first term in the last expression for III(z). The
same proof controls the second term.

Since {n, p, q} = {i, ], k},
I(z) + IV(z) = _pi;klPij(Vik + ij)(l - Pijk)(z - I{J_'ik)—IPnlppn@'
The proof of Proposition V.16 shows this is well behaved. []
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PrROPOSITION V.30. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be
distinct. The following are compact and well behaved:

K\(z) = PlekI(l - ij,kl)(z - Hij,kl)—l

X [ Va(z — Hik)_lel + V(2 - sz)_lVik](z - Hikﬂ)-lpij,klpy,u,
Ky(2) = P.'j Wkl(l - Pij,kl)(z - II:j,kl)—l

X[Vik(z - Hik)—l(ij + V) + Vul(z - ij)-l(Vik + Vu)]

x (z - I{xjk)_‘Pijkpijk’
Ky(2) = Pkal(l - Pij,kl)(z - H.'j,kl)_l

X[V,,(z — H) 'V + Vi) + V(2 — Hik)‘l(ViI + Vlk)]

X (z = Hy) ™' Pipbin-

PrOOF. Compactness and the limiting behavior as Re z —» — oo follow from
Proposition V.26 and simple bounds.
Let

X(z) = PijWkl(z - H.y,kl)_l(l - Pij,kl)
= Wkl(z - Hy,kz)—lpy(l - Py);
K\(2) = X(2) (Vi + V) (z - Hikﬂ)—lpik,ﬂpakﬂ
= X(2)Vy(z - I{ik)—|Pik,jlpik,iI - X(2) le(z - lljl)—lpik,ﬂplkﬂ'

Trivial extensions of Proposition V.28 control the last two terms. The first term
equals:

[PijWkl(z - Hy,u)—l(l - Pg‘,kl)ljik(l + xyz' u]

X [(1 + x;)_awik(z - Hik.il)“lPilepile]

+[PWiu(z = Hyu)™'(1 = P Uy(1 + x3)°]

X [(1 + x,%)-"Wﬂ(z - Hik,il)_lPilepile]‘
Due to the fall off of ¥, the proof of Proposition V.26 can easily be extended to
show the first factors are well behaved. The methods of Lemmas I1.3 and V.4 show
the second factors are well behaved.

Ky(2) = X(2)(Vie + Vi)z = Hye) ™' Py
~X(2)Vilz = Ha) ' Pupy = X(2)Vye(z = Hy) ™ Pyapye

The last two terms can each be written as sums of two terms, which are well
behaved by Proposition V.28 or Proposition V.26 and Lemma V.8. The first term
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equals:
PyWu(l - P;’i,kl)(z - Hg’)_l( Vie + ij)(z - Hyk)-lekuk
+ PiW,,(1 = Py )(z - Hij,kz)—lel(z - Hij)-l(Vik + ij)
X (z - Hyk)-lekuk'

We write this as a sum of four terms:

K(z) = PyWu(l = Pyua)z = Hy)™ Pyebye
I(z) = _P(jWkl(l - Py’,kl)(z - Hi})_lpy‘kpg'lc’
II(z) = Pij Wkl(l - P.-j,kz)(z - Hij,kl)_leI(z - Hyk)_lp ijkPijres
V() = ‘Pkaz(l - ij,kl)(z - H.'j,kl)_lez(z - I{y)_lpijkpiik‘
1(2) = (PyWi(1 = Py Py Yoz = Hy) ™ o).

Apply Lemmas V.4 and 11.3 to control this.

II(z) = (P;Wu(1 = Pyu)(z = Hyp) ™ Uu)(WisPyupii)
X (py(z — Hi]k)_lpyk)'

The proof of Proposition V.26 easily generalizes to control the first factor; Lemma
V.4 bounds the second factor; and Lemma I1.3 controls the third.

-1
II(z) + IV(z) = _PijWkl(l - Py,kl)(z = Hyu)™ PPy
The proof of Proposition V.26 generalizes to control this term:
Ky(z) = X(2)(Vy + Va)(z = Hy) ™' Pypus
-X()Vu(z - Hu)—lPiklPuk - X(2)Vul(z - Iiik)_lPiIkpiIk

The second and third terms are of a form studied in the proof for K,(z). The first
term equals

[PyWi(l = Pyu)(z = Hy) 7' U(1 + x5)°]
X[(1+ x2)" Wiz ~ Hy) ™" Pupous |
+[PyWu(l = Pyu)z = Hyp) ™ Up(1 + x0)°]
X[(1+ x2) Wiz = Hyo) ™" Pubun -

The first factors are of the same form as terms which have been controlled in the
proof for K,(z). The second factors are controlled by methods of Lemmas V.4 and
IIL.3. O
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PROPOSITION V.31. Assume Hypotheses (1)-(3), and (5). Let i, j, k and | be distinct.
The following are well behaved and compact:

Ki(z) = Wy(1 = Py)(z = Hy)™ (Vi + Vi )(1 = Pz — Hy)™'
X[ Valz = Hy)"'(Vy + V) + Vuz = H) 7' (Vi + 7,) ]
X (z— Hw)_]PyIPg-b
Ky(z2) = Wij(l - Pij)(z - IIij)—l(Vik + ij)(l - Pijk)(z - Hiik)-l
X Vi(z — Hkl)_th_‘j(z - I'Iy,u)_lpy,kzpy,kb
Ky(2) = Wij(l - Py)(z - Hg’)_lel(l - Pij,kl)(z - Hii,kl)_l
X [ Va(z — Hik)_l(ij +V,)+ ij(z - ij)_l(Vik + Vij)]
x (z - Hq‘ik)_lpiikpijk’
Ky(2) = Wg(l - Pg’)(z - Hy)-lez(l - Pij,kl)(z - Hij,kl)_l
X[Vik(z - Hik)—leI + le(z - Hjl)—lVik](z - Hakﬂ)—lpy,up.-j,kl-
Proor. Consider only K;(z); the proofs for the others are similar.
Since
Wy(z — Hﬂ)_l(VjI + V)z = Hi;‘l)—le/Pyl
and
W,(z - sz)-l( Va + Vy)(z - Hiil)—lelpijl

are bounded for large negative Re z, compactness of K,(z) at large negative Re z
follows from Proposition V.15.
Let

X(z) = pVij(l - Pij)(z - H;’i)—l(Vik + ij)(l - Pyk)(z - H;’ik)-l'
Then,
K\(z) = X))V, + Vﬂ)(z - Hiil)_lPijlpij
-X(2)Vy(z - Hu)-IP.ﬂPiﬂ - X(Z)le(z - Hﬂ)—leIPyl'

The second and third terms can each be broken into two terms which are well
behaved by Proposition V.17 or Lemma V.8 and Proposition V.15. The first term
equals

Wi(1 = Py)(z = Hy) ' (Vi + V3 )(1 = Py)(z — Hy) '(Vy + V)
X (z - IJ:_’iI)_lelp'y'l
+W;(1 - Py)(z - Hij)-l(Vik + Vi )(1 = Py )(z - Hyk)—l(Vik + Vi)
X (z = Hy)"'(Vy + V,)(z = Hy) ™' Pypy.
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This may be written as a sum of four terms:

1(z) = W,;(1 = P,)(z = Hy)(Vie + V)1 = Py)(z — Hy) ™' Pypys
I(z) = - W;(1 — P,)(z — H) ™' (Vi + V)1 = Py)(z — Hy) ™' Pypys
IMI(z) = Wy(1 — P;)(z — Hy) ' (Vi + V)1 = Py)(z — Hy) ™'

X (Vi + Vi )(z — Hy) ™' Pypy,
IV(z) = = W,(1 = P)(z — Hy) ™' (Vi + V3 )(1 = Py)(z — Hy)™'

X (Vi + Vi )z — ) Pypy.

I(z) = (W;(1 — Pz — Hy)~ l(]xk)(ka 1Pyl l)(Py z— Hy) o)
+(W(1 — Py)(z — 1j) U)Wy Pipyy )(pyl(z Hy) o)
—(Wy(1 — Py)(z — Hy) ™' Up)(Wy ykP Pyt )(pyl(z ijl)-lpg'l)
-(W,(1 — Py)(z — Hy) U (W Py Pypyy )(pyl(z ijl)—lpijl)°

Apply Lemmas V.4, V.8, and II.3.
III(z) and II(z) + IV(z) are well behaved for the same reasons that III(z) and

II(z) + IV(2) in Proposition V.29 are well behaved. The only difference is that
Proposition V.15 must be used in place of Proposition V.16. [

PROPOSITION V.32. Assume Hypotheses (1)-(3), and (5). Let i, j, k, and | be
distinct.
Ki(2) = Wy(1 = Py)(z = Hy) "' (Ve + V;)(1 = Pz = Hy) ™'
Vil(z - Hil)—lek(z - Hil.,'k)—lﬂukpwk
is well behaved and compact.
If Hypothesis (4) also holds, then the following are well behaved and compact:
Kz(z) = "(1 - P")(Z - Hij)_l(Vik + ij)(l - Pijk)(z - Hy’k)-]
[ Va(z = Hy) "'V + Vi) + Vig(z — Hy) ' (Ve + Vil)]
X (z = Hy) ™' Pypi-
Ky(2) = Wy(1 = Py)(z — Hy) "' V(1 = )z = Hyp) ™'
X [ Vaz — Hy)) "\(Vie + Vi) + Vilz — Hp) (V. + I/tl)]
X (z = Hy) ™' Pupis

Proor. Consider only K,(z); proofs for the others are similar. The extra assump-
tion is required for K,(z) and K;(z) because they contain P, rather than P, i
Hypotheses (1)-(3), and (5) imply E,; < 0; Hypotheses (3) and (4) require
E, <O.

Compactness for K;(z) follows from Proposition V.15 for large negative Re z,
since Wy(z — H,)" 'V (z — Hy ;)™ "Pyupui is bounded for large negative Re z:
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Ky(z) = Wy(1 = Py)(z = Hy) ™' (Vi + Va)(1 = Py)(z = Hy)™'

X Vy(z - Hu,ik)-lP it jkcPil jk
= Wy(1 = P)(z = Hy) "' (Ve + Vi)(1 = Py)z = Hy) ™'
X Vy(z — Hil)-lpil,ikpil,ik‘

By Proposition V.17, the second term is well behaved. The first term equals

Wy(1 = P,)z = Hy) " '(Vae + Va)(1 = Py)(z = Hy) ™
X Vy(z - Hil.ik)_lPiukPﬂ,ik
+ ”’y(l - Py)(z - Hij)_l(Vik + ij)(l - Pijk)(z - Hijk)_l
X (V; + Va)(z — ij)-lVil(z - Hil,ik)-lPil,fkpile

= Wy(l - Pn_'i)(z - Hy)_l( Vi + ij)(l - Pyk)(z - HiIJk)_lPiljkpiIJk

- w,(1- P)(z - Hy)_l(Vak + V)1 = Py )(z — ij)_'PiukPa,ik
+ Wy(1 = B)(z = H) "' (Vi + V)1 = Py)(z = Hy) ™
X (Vy+ Va)z = Hil,ik)-IP it jkPit jk
- Wij(l - Pij)(z - Hij)-l(Vik + ij)(l - Pijk)(z - Hijk)_l

-1
X (Vi + Va)(z — Hy)™ Piyjubuje-
This may be written as a sum of seven terms!

I(z) = Wy(l - P:_'i)(z - I{y’)_lI/ik(z - Hil,ik)_lPil,ikPu,ik»
1(z) = Wij(l - Pij)(z - H.j)_lek(z - Hil,ik)_lPil,ikPile,
(z) = = W;(1 = Py)(z = Hy)™'(Vie + Vi) Pye(z = Hipge) ™ Pugebugeo
IvV(z) = - W.y(l - Pij)(z - Hij)—l(V:k + ij)(l - Pijk)(z - ij)—lPil,ikPile:
V() = Wy(1 = P)(z = H))"'(Vae + V)1 = Py)(z = Hy) ™'
X (Vi + Vi)z = Hil,}k)_lP il jkPit k>
VI(z) = = W;(1 = P)(z = Hy) " (Ve + V)1 = Py)(z = Hyp) ™ Pugubugeo
VII(z) = W;(1 = Py)(z = Hy) ™' (Vi + V3 )(1 = Py )z = Hy) Puyebuec
I(z) = (Wy(1 = P}z — Hp) " "Up X Wy Piyjsii) Puyu(z — Hy )™ o)
Apply Lemmas V.4, V.8, and I1.3:
1(z) = W.'j(l - Pu_'i)(z - HO)_lek(z - Hil,/k)—|PiI.,'szka
+ (W, (1 - P))(z - H,)™'Uy)

X (Wij(z - HO)_Iij(z - Hil,jk)—lpil,ikpiuk)-
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Lemma V.7 shows the first factor of the second term is well behaved.

-1 -1
(Z - Hu,ik) Py = (z - Eiljk - Kil.,'k) Pil,ik
and (z — E;; — K, Jk)‘l commutes with V. Moreover,
- -1
(z — Hy) I(Z - Eil,jk - Kiuk)
_ -1 -1
=[(z — Hy) - (z - Eyu — Kil,ik) ](Ho(x") + H{™ — Eil,ik) .

The second factor of the second term in the expression for II(z) can now be written
as:

(Wij[(z —Hy) ' - (2 - Eyj — Kiz,,'k)_l]l’ﬂ,,‘k)
X ((Ho(x") + H{% — Eil,ik)_ll/jk)(u/jkpiljk)'

The methods of Lemma I1.3 control the first factor; Corollary V.5 bounds the last
factor; Theorem II.10 and Hypothesis (3) imply E, ; is negative, so the middle
factor is bounded (for K, and K; we need Hypothesis (4) at this point). The first
term in the expression for II(z) is treated by the same method.

III(z) may be controlled by using Lemma V.4, the methods of Lemma II1.3, and
Corollary V.5.

IV(z) = Wij(l - Pij)(z - Hij)—l(Vik + ij)Pijk(z - IIjk)_lPil,ikpil,ik

- pVij(l - Py’)(z - Hij)-lVik(z - ij)_lPiUkPﬂ,jk

- W.j(l - P.y)(z - I{ij)—lek(z - }Ijk)_lpil.ikpil,ik‘
The first term may be controlled by the method used for III(z), above. Lemma
V.12 controls the remaining terms.
If Proposition V.16 is replaced by Proposition V.15, then the argument for III(z)
in Proposition V.29 shows that V(z) is well behaved.
VI(2) is well behaved by the proof of Proposition V.15.
VII(z) is well behaved by Lemma V.12. [

VI Generic couplings. Hypotheses (1), (2), and (4) of §V hold for a large class of
potentials (by Theorem II1.10). However, Hypothesis (3) fails for some elements of
any reasonable vector space of potentials. In this section, we show that Hypotheses
(1) and (2) imply Hypothesis (3) for all couplings in the complement of a closed set
of measure zero.

For the two body problem, Hypothesis (3) trivially holds, because there are no
nontrivial cluster decompositions.

When N = 3, there are three nontrivial cluster decompositions, with cluster
Hamiltonians k; = h{*’ + A;V;. Hypothesis (3) states that 0 is not an eigenvalue or
resonance energy for ;. This means 1 is not an eigenvalue of A; W, (0 — hg)~'Uj;.

When A; = 0, \,;W,(0 — h))~'U; is the zero operator. Moreover, A W50 —
ho)"U.U. is a compact operator valued analytic function of A;. So, the analytic
Fredholm theorem shows that Hypothesis (3) fails only when A; belongs to some
discrete subset A; C R.
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Since {(A;2, Aj3, Ay3) € R*: some A; € A} is closed and has codimension 1, the
set of couplings where Hypothesis (3) can fail is closed and has Lebesgue measure
zero in R>,

For N = 4, the situation is more complicated because Hypothesis (3) imposes the
above conditions on the two body subsystems, as well as conditions on the three
body subsystems. For each cluster Hamiltonian

hy = h§*) + ANV + NV + N Vi
we construct M(A;, Ay, Ay, 2), as in equation (IV.6). Hypothesis (3) requires that 1
not be a eigenvalue of M(A;, Ay, Ay, z), whenever z is a threshold for hy.
M, Ay Ajp» 2) is analytic in the A variables, except when some A, belongs to A,,,.
At this point, M is discontinuous, and the argument used above for N = 3 is not
valid.

For the nonzero thresholds (which must be negative), we can modify the
argument so that it is valid in the four body case:

LemMMA VI.1. Suppose N = 4 and Hypotheses (1) and (2) hold. Let T, C R® be the
set of couplings {\;}, such that Hypothesis (3) fails for H({\;}) = Hy + 2, N, V; at
a negative energy threshold. Then the closure of T’y has Lebesgue measure zero.

PROOF. Since the two body subsystems have no negative thresholds, the conclu-
sion of the lemma is a statement about the three body subsystems only.

If hy, is a three body cluster Hamiltonian, then a negative energy threshold E for
hy depends only on one coupling constant, which we may assume is A;. Fix
A; & A;. The operator M(A;, Ay, A, E(\;) = i0) associated to h,, has a compact
square and is analytic for (A, A;) € £, where

Q= {()‘ik’ i) € R: N\, € Ay, A € Ajk}’

Q is a union of open squares, and on each square A there are two possibilities:

@) 1 & o(MQAy, A Ao EQ\y) + i0)) for some (A, Ay) € A.

(D) 1 € (M, A, A, EQ\)) £ i0)) for all (A, Ay) € A.

When the first possibility occurs, the analytic Fredholm theorem shows that
1 € a(M(\;, Ay, Ny, E(A) * i0)) only for those (A, Ay) € A, which belong to a
measure zero union of analytic varieties. The union of the boundary of A and these
varieties is closed in R2.

Since hy; has finitely many thresholds (see Simon [29]), we see that the intersec-
tion of T, with any compact set is contained in a finite union of closed sets of
measure zero, if possibility (ii) above, never occurs. Thus, it suffices to prove that
there is no square A such that M, N> Ay, EQ\;) £ i0) has eigenvalue 1 for all
i M) € A

M@, 0,0, EQA;) % i0) = 0. So, if such a square A exists, we may assume (by
changing squares if necessary) that A is adjacent to a square A,, on which
possibility (i) occurs. Moreover, without loss, we may assume that it is possible to
move from A, to A by increasing A;.

Fix A, so that (A4, Ay) € A, for some A, and let N\, 2) = M\, Ay, Ay, 2),
where A, is chosen so that (A, A;) € A,. As we increase A, N(A;, z) is analytic
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until A, approaches w € A,. At this point, P, (A;) has a discontinuity. However,
by representing P,(\,) as a contour integral, we see that it has an analytic
continuation P;();) from the region A, € (w — ¢, w) into the region A, € (w —
€, w + &), where g; > 0, ¢, > 0.

For 0 < Ay — w <&, Pu(Ay) — Pj(Ay) is the projection onto the new eigen-
functions of A, (A;) ® 1, which appear as A, passes through w. Let S(\;) be the
infimum of the corresponding new thresholds for Ay

Replacing P, (\;) by P;(7;) in Lemmas V.4, V.8, and V.11-V.13, we see that
N(A\y, 2) has an analytic continuation into the region A\, € (w — €, @ — ¢,), as
long as z & [B(Ay), ). Since E(A;) <0 and B(w) =0, NQ,, EQ\,) = i0) is
analytic for w — &, < Ay, < w + ¢&;, for some &; > 0.

When w < Ay < w + &, (A, A) € A. So, there exists a vector

¢.~,~,1(>‘ik)
¢.~j,2(>‘ik)
Gir,1 (M)
buie) |
B (Aik)
Di2(Aie)

such that ¢(A;) = M, Ay, Ay, EQ\) = i0)p(A,), whenever A, belongs to some
open subset of (w, @ + &,;). Define

o\y) =

r -

Dyl ()

®52(Aik)

[¢ik,l(xik) + N Wi (P (Ni)
Yk =] = Piie)) Gie N )b 2 Aa) ] |-
PN )b 2 (M)
Bt (k)

B 2(Aik)

Then y(A;) = N(Ay, EQ\)) = i0)y, (A,) for all A, in the same open subset of
(w, w + &5).

The analytic Fredholm theorem now shows that 1 € a(N(A,, E(Ay) % i0)) for
w — & < Ay < w. Since this is true for all choices of A, such that (A4, A;) € 4,
for some A, we conclude that M(A;, Ay, Ay, E(A;) * i0) has a constant eigenvalue
1 for all (A, Ax) € A,. This contradicts the choice of A, and the lemma is proved.
O

REMARK. The above argument fails for the zero energy threshold, because the
new thresholds appear at zero when A, passes w. To avoid this problem, we move
Ay around w in the complex plane. The next lemma shows that we may do so
without having the cuts of Ocss(hyx) cross the negative real axis.




ASYMPTOTIC COMPLETENESS 67

LEMMA VI1.2. Assume Hypotheses (1) and (2) for the two body Hamiltonian
H@\) = Hy + AV. There is an open complex neighborhood X of the real axis, such
that A\ € X and Im X % 0 imply that H(\) has no eigenvalues in the real interval
(— 00, 0]. Moreover, A\ € X and Im A # 0 imply H(\) has no zero energy resonances.

PROOF. The analytic Fredholm theorem shows that 1 € sAW(0 — Hy)~'U) only
when A belongs to a discrete subset A of the complex plane. There exists an open
neighborhood X of the real axis, such that A N X C R. Since HQA) has a zero
energy resonance or eigenvalue if and only if A € A, we need only show that
Im A # 0 implies H(A) has no eigenvalues in (— oo, 0).

Suppose HA)¢ = E¢, where Im A # 0 and E < 0.

(b, Hop) + Mo, Vo) = Ep, $) < 0.

Since {¢, Hyp) > 0, A(¢, V) must be negative. Since (¢, ¥'$) € R, Im A must be
zero. This contradicts Im A # 0. [

ProPOSITION V1.3. Assume Hypotheses (1) and (2) for the N < 4 body Hamiltonian
H({);}) = H, + ‘%)‘ﬁ%"

Let T denote the set of all couplings {N;} such that Hypothesis (3) fails for H({A;}).
Then T is closed and has Lebesgue measure zero.

PrOOF. T is closed because eigenvalues and thresholds depend continuously on
the couplings.

When N =2 or 3, the discussion at the beginning of this section proves the
proposition. When N = 4, Lemma IV.l shows that we need only study the
threshold at zero energy. ‘

The method of proof used for Lemma VI.1 may be applied to the zero energy
threshold, with the following change. We cannot analytically continue N(\,, 0 =
i0) through the point w € A,,. However, Lemmas V.4, V.8, and V.11-V.13, and
V1.2 show that we may continue N(\,,, 0 = i0) from the region w — &; < Ay, < w
(A« € R) into the region

R={N=w+re”:0<r<e0<argf <2r}.

These lemmas also show that M(A;, Ay, Ay, 0 + i0) and M(A;, Ay, Ay, 0 — i0) have
analytic continuations from the region w < A < w + § into regions which inter-
sect R in open subsets of the complex plane.

Using the fact that the analytically continued M operators have constant
eigenvalue 1, we conclude that the analytically continued N operators have
constant eigenvalue 1. (This is done as in Lemma VI.1, by explicitly constructing
the eigenfunction of N from the eigenfunction of M, for A, in the open set to
which both operators have been continued.)

This argument shows that M(A;, Ay, A, 0 = i0) has constant eigenvalue 1 on the
square A,, as in the proof of Lemma VI.1. This contradicts the choice of A, and
proves the proposition. []
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ReEMARK. The coupling constants A; and A, are treated very differently in the
proof of Lemma VI.1. So, our results say nothing about the case in which various
coupling constants must be equal.

Appendix. Representative sample of the blocks of the matrices A(z), C(z), and
M(2) discussed in §IV.

The Matrix A(z)
A (2) -[c U.. GV, G. P o, 0 ]
ij o ij o ij ij ij ij

1
AL ® o Uij 6oVi3%5Pi5%55,k 3% 0Vi;%5 ViV * VarCik Vi tVind

* Vi85 Vi *Vid 165 5xPijkPijk

A - 1 + V. G V.,
ij, 15,k @ 6o Yi5 %6Vi3C%i5%i;5%: 7%055% 5k * ViaCiaVi!

* G5, kePij, kePij ke

The Matrix C(z

W;jGyij(1-Py5)

-1
ij Pij Py

0

WyiGs5 (1-P35) (V#5065 53 (1-Py 530

ij
-1
L - P (V. +V. )G, . (1-P,.
€ij,15k) #55,k15 Vi30S P
-1
°ijk Pijk
[ w. G .(1-P. )V G 1-P 1
15%5 P15 Ve85, ke APy )
= | P W 6 1-p
s, cig,k0 @ LT TRTAGRITRTL

-1 P
Pij.ke ij,k2




W20y (1P p) (V3#V,55)6p 55 (1P 00U

-1
P12,3P12 (V3% Va3) Gy -Py 5900
V.16
e
P1237123714
L V.4

12612 (1-P12) (Vy5#V,3)G) 23 (1P 50Uy

V.15

1 X
f12,3P12(V13*V23)61 25 (1-Py53)Usy

.1 o
P123"123%54
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12, 123; 14, 124

12012 (1P ) (Vy3#V)3)Gpg
(1-P53)V14614P14P14 2

V.17

Ty e e
P12,3P12 0V 3V23) 605 (1P 55)
e

V146147 14P14 2

V.18

-1

P123P1sY

123135148 14014 2

12, 123; 34, 134

Wy2615 (1P HV 54V )Gy 53 (1-Py )

V34634P34P34 1

V.17

X

1 ,
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V34634P34°34 1

-1 .o
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V146 24524 V12
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x

DIPRES TR

7012,3 1237 V23) 6125 (1P 55)
V04 V9 20)V24C20 V12V
1 2P124P124

V.29

oy 123V1400 V1Y) G 0a P10y

V.20

1
12612 (1-P2) (V3+V23)6y 53 (1-Py 53)

x

V34034 (V13V14)*V14614 (V13*V34)]
G134P134°134

V. 32

x

1 -1
7°12,3P12(V13%V2396123(1-Pyp3)

V34034 V137190 V14614 Vi 3V39) ) %

6134P134°134

a1, .
P1237123Y34%34 V137V14061 347134134

V.20

X

x

x
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