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BY
C. W. ONNEWEER

ABSTRACT. In this paper we continue our study of differentiation on a local field K.
We define strong derivatives of fractional order a > 0 for functions in L,(K),
1 < r < oo. After establishing a number of basic properties for such derivatives we
prove that the spaces of Bessel potentials on K are equal to the spaces of strongly
L, (K)-differentiable functions of order a > 0 when 1 < r < 2. We then focus our
attention on the relationship between these spaces and the generalized Lipschitz
spaces over K. Among others, we prove an inclusion theorem similar to a well-
known result of Taibleson for such spaces over R”.

1. Introduction. In [5] we presented a definition for differentiation of complex-
valued functions on certain locally compact abelian groups and we gave a detailed
comparison of this definition with earlier definitions due to Butzer and Wagner [3],
Pal [6] and the present author [4]. In this paper we extend the definition given in [5]
to differentiation of positive fractional order for functions defined on a local field
K.

In §2 we introduce the necessary notation and we give the definition of
fractional differentiation on K. §3 contains some of the standard properties for
such derivatives that are needed later. In §4 we prove that the spaces intermediate
between L (K), 1 < r < 2, and D (D/*l), the space of functions in L,(K) that are
strongly differentiable of order a > 0, are equal to the generalized Lipschitz spaces
on K as defined by Taibleson in [10]. In the final section we first identify the spaces
) (D)) with the Bessel potential spaces on K. This identification enables us to
further elucidate the relationship between the generalized Lipschitz spaces and the
spaces D (D).

2. Notation. Let N, Z, R and C denote the natural numbers, the integers, the real
numbers and the complex numbers, respectively, and let K denote a local field.
Thus, K is a locally compact, totally disconnected, nondiscrete field. Let P, be the
ring of integers of K and let P be the (unique) maximal ideal in P, Furthermore,
let p be an element of P that generates P. Then P,/ P = GF(q), where q is the
power of a prime number p. Also, a nonarchimedean norm can be defined on K
which we denote by || - ||. For each k € Z we set

P.={x €K; |x]| < ¢g7*}.
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156 C. W. ONNEWEER

Then P, = p*P,, each P, is a subgroup of K*, K considered as an additive group,
and these subgroups are a complete system of neighborhoods of 0 € K.

Let m or dx denote Haar measure on K, normalized so that m(Py) = 1. Then
m(P,) = q *foreachk € Z.

The dual group K of K* can be described as follows. Choose a character X € K
such that x(x) = 1 for all x € Py and x(x) # 1 for some x € P_,. Then K = {x,;
y €K}, where x, is defined by Axy(x) = x(yx) for all x € K. For f € L(K),
1 < r < 2, the Fourier transform f is defined the usual way, see [11, Chapter II,
§§1, 2]; we use the notation f(y) for f(x,) For each k € Z the function A, on K is
defined by

k .
q ifx € P,
A = 1
(%) {0 if x & P,. W
Then, see [11, p. 23], we have
. R ify € P_,,
@0 =g et @

For additional information and results on harmonic analysis on K we refer to the
papers [9] and [10] and the lecture notes [11] by Taibleson. Note, however, that
Taibleson uses the notation R(x, —k) for the functions A,(x) defined in (1).
We now present our definition of differentiation of fractional order on K.
DEeFINITION 1. For f € L,,,/(K),a > 0,m € Nand x € K let

m—1
E, o f(x)= X (q"*V*-q")(f-A, * N)(x).

/= — o0

(@) If lim,,_, , E,, .f(x) exists, the limit is called the pointwise derivative of order
a of f at x, denoted by fll(x).

® If fELX), 1<r<oo, or fE€ CK) and if lim,,_,, E, .f exists in the
strong sense, the limit is called the strong derivative of order a of f, denoted by
D) if f € L (K) and by DI if f € C(K).

We set D (D)) = { f € L (K); D} exists}.

REMARK. For a = 1 this definition agrees with Definition 3 of [5] applied to K. It
is clear from [5] that, after some minor modifications, the present definition can
also be applied to groups other than K*. However, since presently we are mainly
interested in applications on local fields we have restricted ourselves from the

outset to this case.

3. Basic properties of fractional derivatives. In this section we present some of the
standard properties of derivatives of fractional order on local fields. The first result
indicates that such derivatives are similar to the Riesz derivatives of fractional
order on R or T, the circle group. Additional evidence for this fact is contained in
Theorem 3.
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THEOREM 1. (a) For each a >0 and x,y €K, x!"N(x) exists and x!*Y(x) =
711X, (x)-

(b) For each a > 0, k € Z and x € K, Al¥(x), DI¥A,, 1 <r < oo, and DA,
exist and

k
Aka](x)= 2 qla(Al_Al—l)(x)'

/= —o0
A similar equality holds for the strong derivatives of A,.
(c) For each f € L(K), 1 <r < oo, each a > 0 and k €EZ we have A, * f €
D (DY and

k
Dla](Ak +f) = DE“](Ak) »f= 2 qla(Al_Al-l) * f.

l= — o0
PrROOF. Part (a) can be proved by a straightforward computation of the
E,, .x,(x), compare [S, Theorem 3(a)]. To prove (b), fix k € Z. It follows from (1)

that for each / €Z and x € K we have A, * Ay (x) = A, (x), where / Ak =
min{k, /}. Consequently, for m > k we have

k=1
2 (g9 ""-g")(A-8)(x)

l= — o0

k
2 q Ia(Al_AI— D(x).

= — o0

Em,aAk(x)

Since the series defining E, ,A,(x) converges and is independent of m we have
(b). A proof of (c) can be given using the same argument as was given in (b).

Let S denote the set of test functions on K as defined in [9] or [11], thus f € § if
and only if fis a finite linear combination of translates of the functions A, (k € Z).

COROLLARY 1. Every f € & is differentiable of order a for all a > 0, both
pointwise and in the strong sense.

For the remainder of this paper we mainly consider strong differentiability for
functions in L,(K), 1 < r < 2. The reason for this restriction on r is that presently
we do not want to consider functions whose Fourier transform may only be
defined in the distributional sense. We hope to deal with the latter case elsewhere.
For later reference we state some theorems which generalize results obtained
previously in [5] for the case @ = 1 and r = 1. When no proofs are given we refer
to the proofs of the corresponding results in [5].

THEOREM 2. For f € L(K),1 <r <2,a >0,m € Nand a.e.y € K we have

WIf») iy € P_p

E,.[)(»)= .
(EN0) {q"“’f(y) ify & P_p

The next theorem gives a characterization for (D)) whena >0and 1 <r <
2. First, however, we state a lemma that is needed in the proof of Theorem 3. This
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result is a simple extension of Lemma 2 in [4] and can be proved by the same
method that was used there.

LEMMA 1. For each k € Z, a > 0 and x # 0, define V, ,(x) by

o0

Vk,u(x) = 2 q -Ia(AI_AI- D(x).

= —k+1

Then V., € L,(K) and ||V, ,|l; = O(g**). Moreover,

0 ify € P,

(Vead () = {M_a iy P

We use the following notation:
W(L, |v|*) = {f € L,(K); there is a g € L,(K) such that
£(») =|»|* A(») ae. on K}.

THEOREM 3. For a > 0 and 1 < r < 2 we have D (D" = W(L,, ||y|I*)-

PRrOOF. For r = 1 and a > 0 the proof is essentially the same as that given in [5]
for r = 1 and a = 1. Thus, we shall restrict ourselves to 1 < r < 2. First, take an
f € D(D/*)). Then there exists a g € L (K) so that

Jim || E,,of-g||, = 0.
Also, Theorem 2 implies that for a.e. y € K we have
Jim (E, .f)(») =|p||" /().

Therefore, it follows from Fatou’s lemma and the Hausdorff-Young inequality that,
with(N~ '+ () ' =1,

11" f)=8Oll, < lim inf |(E,,.f)~2]l,

m—o0

< lim inf | E,/-g]], = 0.

Thus g(y) = ||ly|I* f(») ae. on K, that is, f € W(L, ||y||%). gonversely, take an
f € W(L,, ||y||*) and assume g € L (K) satisfies g(y) = || y||* f(») a.e. on K. Then
a comparison of the Fourier transforms and the uniqueness theorem shows that
Em,af = Am *g + qu—m,a * (g-Am * g)'
Therefore,
I Emaf-2ll, <18m * 88, + 4™V -malls |18m * 8-8],-
Thus, using the estimate for ||V _,, .||, mentioned in Lemma 1 and the fact that
lim,,_, ||A,, * g-gll, = O, we see that lim,,_, || E,, .f~gll, = O, that is, f € D (D).
Once we have Theorem 3 it is easy to prove

COROLLARY 2. For a >0 and 1 <r < 2 the operator D}*! is a closed linear
operator on D (D).
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Consequently, we can define a norm on %) (D/*}) which makes this space into a
Banach space; we denote this norm by || - || pg,a):

oy =Il- + 1 DEH,-

Before stating the last theorem of this section we mention some results proved in
[9] or [11]. For each a € C there exists a distribution G, € &’ whose Fourier
transform, in the distributional sense, is given by

R 1 ify € Py,
(G)(») = —a
bl ify & Po
Moreover, if Re a > 0 then, actually, G, € L,(K) and ||G,||; = 1. Also, in [9,

Theorem 5] or [11, p. 142] Taibleson proved that if Rea > O then |y||* =
() (NG _,)(»). Here p, is the Borel measure on K defined by

e = 8g-Bo + DI*IAq,
where 8, is the Dirac §-measure concentrated at 0 € K. Observe that it follows
from (2) and Theorem 3 that

oy | IPIT ify € P
(1) (») {1 ity @ P: 3

THEOREM 4. If 1 < r < 2 and 0 < B < a then D(D*) c D(D}PY); the inclusion
is continuous.

PROOF. Let f € D (D/!*)) and let g = D*)f. Then

IIEA() = () (PG Y (MAY)
= (1) NG g) NG _ ) (WAY)
= (1) )(Gaz ) M(IWI* + (Bo-DI*86) (P)AY)
= (1) (P)(Go- ) (P)(&(») + (A-DI¥Ag) (VIA))-

Thus, since pg is a finite Borel measure, G,_z € L,(K) and g + (8,-D{Ag) + f €
L,(K), we see that || y||# f(») is the Fourier transform of a function in L,(K), that is,
f € W(L,, ||y||®). According to Theorem 3 this is equivalent to f € D (D}#}). Also,
it follows from

DIF)f = pg * G,_pg * (DI + (8g-Df*'A,) = f)
that
Moc.ey =IAl- +|| DY,
<|Al- + lesgll pell Ga— gl (I DEHY + (Nolly + | DEAo][) A1)
<|Al- + G DI, + ColiAl)
= Cop(N- +IDF M) = Coplifl v

This proves the continuity of the inclusion relation and completes the proof of
Theorem 4.
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4. Intermediate spaces for ) (D/*!) and L (K). In this section we identify the
spaces that are obtained as intermediate spaces between D (D/[*!) and L,(K) by
means of Peetre’s so-called K-method. For the definition and basic properties of
this method, see [1] or [2]. We shall prove that these intermediate spaces are
precisely the generalized Lipschitz spaces on K as defined by Taibleson in [10], or
[11, p. 180]. We repeat this definition here.

DEFINITION 2. Let 1 <r,s < o0 and a > 0. A(a, r, 5s) is the space of all f €
L (K) for which any of the following three equivalent norms is finite:

@ LF1l, + U LY SSC+RLCNEN I ),

®) 111, + CR-—wllg“ (-2 * NI/,

© I1Fll, + 3=~ ol g Bhsr=0) * £V,
with the usual change if s = co. We shall denote, with some abuse of notation, any
of these three expressions by || fllzc,r,s)-

THEOREM 5. For 1 € r < 2,1 <5 < 00 and 0 < B < a we have
(Lr(K)’ GD(DI[‘u]))B/a,:;K = A( B’ r, S).

This theorem is an immediate consequence of the following result due to Butzer
and Scherer [2, Theorem 4.1]. Note that here and elsewhere C will denote a
constant, not necessarily having the same value throughout an argument.

THEOREM (BUTZER AND SCHERER). Let X be a Banach space and Y a Banach
subspace of X. Let {U,}Y be a sequence of bounded commutative linear transforma-
tions of X such that there exists constants C > 0 and a > 0 for which

() lim,_, Uf= fforf € X,

(@) | Upf~Sllx < Ck™ [ fllyforf € Y,

(iii) U f € Y and |\ U,f||y < Ck®||fllx Jor f € X.

If0<B <aand 1 <s < oo then the following conditions are equivalent:

(a)f € (X’ Y)B/u,s;l(’

®) [ fllx + CR=1(kP | Uf~fll )k )Y < oo,

© Ifllx + CEao @I U~ ))* < o0.

ProoF oF THEOREM 5. We show that the foregoing theorem can be applied to the
following spaces and linear transformations. Let X = L(K), 1<r<2, Y=
) (D! for some a > 0 and, for k ENand f € X, let U f=A,fif ¢"' <k <
q". Clearly, {U,}{° is a sequence of bounded commutative linear transformations
of L ,(K), and we have (i) lim,_, . U, f = ffor f € L(K). (ii) It follows from Lemma
1 and Theorem 3 that for each f € D(D!*Y) we have f-A, xf=V_,, + DI
Therefore,

”f_An *ﬂlr < " V—n,a"I"Dlulf"r < Cq—m"f"D(',a)‘

(iif) According to Theorem 1(c) for each f € L (K) and n € Z we have A, = f €
D (D/*Y). Moreover, Theorem 1(b) immediately implies that

1D}, = )], =| DA, = fl, < Ca™|A|
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Thus

185 * Alogray < Ca™ I

Consequently, the three conditions of the Butzer-Scherer theorem hold and we may
conclude the validity of Theorem 5.

5. Bessel potentials and Lipschitz spaces on K. In this section we first study the
relationship between functions belonging to 9 (D!*)) and their Bessel potentials.
Once this has been done we prove an additional result relating the spaces D (D))
and the Lipschitz spaces introduced in §4. We repeat two definitions from [9] or
[11).

DEFINITION 3. For f € L,,,(K) its Littlewood-Paley function of order p, 1 < p
< o0, is defined by

o0

» 1/p
S, f(x) = (1 2 QAL = f(x)] ) .

=—00

DEeFINITION 4. For f € L (K), 1 < r < o0, and a > 0 the function J,f is defined
by J,f= G, *f. Furthermore, L(r,a)={f € L(K); f=J,g for some g €
LK)}

J,f is called the Bessel potential of order a of f. If we define || fl|,, = || gll, if
f=J,g, then L(r, @) is a Banach space with respect to || - ||, ,-

Our first result extends, at least for 1 < r < 2, a theorem of Taibleson who
proved that, for given a > 0 and 1 < r < oo, every f € S belongs to L(r, a) with
Al gr.ey = 11 /1l .00 S€€ [9, Corollary to Theorem 5].

THEOREM 6. Let a > 0 and 1 < r < 2. Then D (D!*)) = L(r, a) and the norms on
these spaces are equivalent.

ProoF. Take f € L(r, a) and let f = G, + h with h € L (K). For a.e. y EK we
have

N h(y) ify € Py,
fy) = Zap .
Il “h(y) ify & P
Thus, according to (3), we have || y||*f(y) = () ( »)h(y) a.e. on K. Consequently,
there exists a g € L (K) with g(») = ||»||%(») a.e. on K, that is, f € W(L, || y||*)
= &) (D/*)). Furthermore, a comparison of the Fourier transforms shows that
h =g+ (8g-Df*A,) * f.
Therefore,
e =15l <llgl- + (Bolly +[1DF20],)IAI-
< C(llgll- + A1) = ClAlan

Conversely, take f € (D)) and let g = D!*}f. Consider the function A = g +
(Ag-D[Ay) * f. Clearly, h € L (K) and we have

;:(y)={f(y ) vER
Wl f(y) ify & P,
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Thus f = G, » h and, hence, f € L(r, a). Also,
Ml- <1 Gallull2l- = 15|l

and

gl < U5l + (1olly + DR[| )IA- < CliA]-
Consequently,

Moy = IA- + ligll- < Cllall, = CiAlr.a-

This completes the proof of Theorem 6.

The next theorem is the analogue on K of part of a well-known result of
Taibleson in which he compares the spaces of Bessel potentials on R” with the
generalized Lipschitz spaces on R”, see [7, Chapter V] or [8].

THEOREM 7. For a > 0and 1 <r < 2 we have
A(a, r, r) C L(r, @) = D(D!) c A(a, 1, 2);
the inclusion mappings are continuous.
ProOF. We first establish the second inclusion. Take any f € (D) and let
g = D). For each k € Z we have
qka(Ak_Ak+l) *f=q % (D-Bys1) * 8
Thus for the A(a, r, 2)-norm of f we have

) 2 1/2
Wsars =W+ 30000 1)

=-—00

00

1/2
=\ + C( . DO (VR N B g||i)
- — 00

<|A-+C

=—00

(2 1ees ‘gl’)m

r

=|Al- + ClISA3),
<|Al- + Cligll- < Cloere-
The penultimate inequality is proved in Lemma 1.3 of [11, p. 197]. Thus, f €
A(a, r, 2) and the identity mapping from D (D)) into A(a, r, 2) is continuous.
Now we consider the first inclusion of the theorem. Take f € A(a, r, r). For
k € Z define f, by f, = A, = f. Then lim,_, f, = f in L (K), and, according to
Theorem 1(c), f, € D (D)) with

k
DE"]fk = 2 q'a(AI_AI—l) *f.

= — o0
In the following we prove that lim,_, , D!*), exists in L,(K). Since the operator D
is a closed operator, see Corollary 2, we may then conclude that f € ) (D/*}). For
s, k € Z with s < k define f, , by

k
Sk = Dla]fk'Dy']fs = 2 qla(AI_Al—l) * f.

l==s+1
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We first determine an estimate for the Littlewood-Paley function of order r of the
function f, ,. Because for all m, n € Z we have

(Am_Am+l) * (An_An+l) = 8m,n(Am+l_Am)’
we see immediately that

(B ) o foy = 0 ifl<sorl >k,
—B141) * Jsk gl A0, )+ f ifs<I<k.

Consequently,

0

8 (fx) = ( Y (BB + ,,k|')w

= — o0

k-1 , 1/r
- ( ; |g"* D(A-84) * ] ) .
-

Therefore,
, k-1 ’
IS = [ 2 142 Brb0)  f2) d
=5

k—1
= ES Ilq(l+l)a(Al_Al+ l) *f"” (4)

and we see that

18.(£.1l, < C(Alarn—IAl-

Next, to obtain an estimate for || f, ||, we apply the converse of Hélder’s inequality.
Thus take ¢ € L_(K) such that ||¢||,, = 1. Then, according to Lemma 20 in [10], we
have

a0 =[S @i+ £u-810) 900 &

= — o0

< fx( § (A4, y) "fs,k(x)r)l/’

= — o0

A Z 1680 W)r),,, dx

= — o0

= [ S8 (o)) dx
<I8.(£N, 184D, < IS L,

The last inequality follows from Theorem 19 in [10] and the assumption that
llpll,, = 1. Thus we have || f,;|l, < C|IS,(f£Il,- Since f € A(a, 7, r), for each e > 0
there is an M € N so that for all s, kK € N with M < s < k we have

k
12 "q,a(AI_Al+l) «fl, <e
=
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Thus, it follows from (4) that || f, |, — 0 as s, k — oo, and, hence, { D!, }7., is a
Cauchy sequence in L (K). Consequently, g = D!°)f exists, that is, f € D (D).
Finally we prove the continuity of the identity mapping from A(a, r, r) into
D (D). We already proved that
ekl < CI8 (LN, < CAlA@rn~IA)
for all k, s € Z. Since D), = lim,_, _, f,, for all k € N we see that
1Dl < S acarny=IAI)-
Consequently,
lgll- =1 DA, < C(acarn=IAI-)
so that

Noeey =IAI- + 118l < ClAlacarn-

This completes the proof of Theorem 7.

Our last result deals with the sharpness of the inclusion relations in Theorem 7.
Like in the case of R”, see [7] or [8], in the local field setting Theorem 7 is best
possible in the following sense.

THEOREM 8. Given a > 0 and 1 < r < 2 we have
() if s < 2 then D(D') ¢ A(a, r, 5),
(ii) if s > r then A(a, r, s) ¢ D (D).

PROOF (OUTLINE). (i) For / € N let y(/) = p~/ and let Xy be the corresponding
character on K. For a > 0 and s < 2 define the functions f and g by

F(x) = Ao(x) g g~ oy (%),
£(x) = Ag(x) §. 1= ().

Clearly f, g € L(K) and a long and tedious computation, in which we use the fact
that the series defining f is a lacunary series on P,, shows that G, * g(x) = f(x) a.e.
on K, so that f € L(r, a) = %D (D*}). Next, in order to estimate || f||5,s) We first
observe that for / > 1 we have

(A4 ) * f= Aoq_lal_l/’Xy(l)'
Therefore,

x s
MA@ > 121 la"(A-a..1) * A,
o0 s o0
= ,21 "I—l/sx)'(l)AO", = 121 (1-1/!)-" = 00,

thatis, f & A(a, 7, 5).
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(ii) Consider the functions f, g defined by

fx) = S g1t D=1 (6, (),

I=1

g(x) = g a1 BBy ().

Then f € L,(K) N L(K) and g € L,(K) and a straightforward computation shows
that g(») = ||¥1(») a.e. on K. Thus, if f € D (D)) then we necessarily have
g = D!“)f. However, another tedious computation shows that || g||, = oo for r > 1,
so that g & D (D!*)). On the other hand, for each k € Z we have

0 if k <0,
Beri=be) « /= {q“"*”‘"*‘/”(k + 1) (B -0y) ik >0,

and ||A,|l, = ¢*/”. Thus we see that

) 1/s
IV"A(a,r.:) < "f"’ + {kzo(qkaq—(k+l)(a+l/r’)(k + 1)—l/r2qk/r’).r}

] 1/s
<mﬁw{2w+n”ﬁ < o,
k=0
because s > r. Thus f € A(a, r, 5), which completes the proof of Theorem 8.
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