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MINIMAL EXCESSIVE MEASURES AND FUNCTIONS!
BY
E. B. DYNKIN

ABSTRACT. Let H be a class of measures or functions. An element A of H is
minimal if the relation A = h, + hy, h;, h, € H implies that h,, h, are proportional
to h. We give a limit procedure for computing minimal excessive measures for an
arbitrary Markov semigroup 7, in a standard Borel space E. Analogous results for
excessive functions are obtained assuming that an excessive measure y on E exists
such that T,f =0 if f= 0 y-a.e. In the Appendix, we prove that each excessive
element can be decomposed into minimal elements and that such a decomposition
is unique.

1. Introduction.

I.1. In 1941 R. S. Martin [13] published a paper where positive harmonic
functions in a domain D of a Euclidean space were investigated. Let H stand for
the class of all such functions subject to condition f(a) < co where a is a fixed
point of D. Martin has proved that:

(a) each element of H can be decomposed in a unique way into minimal
elements normalized by the condition f(a) = 1;

(b) if the Green function of the Laplacian in D is known, then all minimal
elements can be computed by a certain limit process.

J. L. Doob [2] has discovered that the Martin decomposition of harmonic
functions is closely related to the behaviour of Brownian paths at the first exit time
from D. G. A. Hunt [9] has shown that, using these relations, it is possible to get
Martin’s results by probabilistic considerations. Actually only discrete Markov
chains were treated in [1] and [5], however, the methods are applicable to Brownian
motion as well.

In [10] Hunt has studied Markov processes with a continuous time parameter on
a separable locally compact space and he has proved results of Martin type under
certain regularity conditions for the transition functions. The regularity conditions
were relaxed by H. Kunita and T. Watanabe [11] and by the author [3], [4]. Now
we are able to eliminate them completely and to develop a theory applicable to
arbitrary Markov processes in standard Borel spaces. In particular, the theory is
easy to apply to general diffusion processes without any restrictions on diffusion
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218 E. B. DYNKIN

and drift coefficients. (In the case of Brownian motion we get in this way a new
proof of Martin’s results.)

The decomposition of excessive measures and functions into minimal elements
was studied in [6] and [7]. In the present paper we concentrate on computation of
minimal elements. In the Appendix, we give a new proof of existence and
uniqueness of the decomposition into minimal elements. This proof is based on
constructing sufficient statistics for certain classes of Markov processes.

1.2. We say that a function f is positive if it takes values from the extended real
half-line [0, + o0]. We write f € B if f is a positive function measurable with
respect to a g-algebra B . If m is a measure on B, we write f € L(m) if f is
% -measurable and m-integrable, and we write f € L' (m) if in addition f > 0
m-a.e. We denote by m(f) the integral of f with respect to m.

2. Discussion of results.

2.1. Let (E, %) be a measurable space. A function p(x, B), t >0, x € E,
B € % is called a stationary transition function if it is % -measurable in x, is a
measure with respect to B and if

p(x,E) <1 foralls, x; 2.1)
f p,(x, &)p,(y, B) = p,,,(x,B) forall0<s<t,xEE,BE®B. (22)
E

If (2.2) but not necessarily (2.1) holds, we call p a generalized stationary transition
Junction.
We put

mT,(B) = fE m(dx)p,(x, B) (23)

and

Th(x) = [ pi(x &)h0). (24)

These formulae are meaningful for all measures m on % and all functions h € B.
We say that m is an excessive measure if it is o-finite and if, for each B € 9,
mT,(B)tm(B) ast]0. (2.5)
A function h € B is called excessive? if it is finite a.s. with respect to all measures
p(x, -) and if, for every x € E,
T,h(x)Th(x) ast]0. (2.5a)
2.2. Throughout this paper we assume that:
2.2.A. (E, ®) is a standard Borel space.

2.2.B. For each B € B, p(x, B) is a B, X B -measurable function (B, denotes
the o-algebra of all Borel subsets of the real line R).

2Hunt’s definition of excessive functions requires measurability with respect to the completion of %
relative to an arbitrary probability measure. This looks less restrictive than % -measurability. However,
under the assumption 2.2.B, both conditions are equivalent for functions & with the property (2.5.a).



MINIMAL EXCESSIVE MEASURES AND FUNCTIONS 219

In all propositions on excessive functions we assume in addition that:

2.2.C. All the measures p,(x, -) are absolutely continuous with respect to a
o-finite measure vy.

The role of this condition is revealed by the following lemma.

LEMMA 2.1. Under condition 2.2.C, a Radon-Nikodym derivative

p(x,y) = p(x, &)/ v(dy) (26
can be chosen to be measurable in x, y and to satisfy the relation
J_ 26 2) 1(@(r, ) = oy, 2) @7)

Jor all x,z € E, s,t > 0. If the measure y is excessive, then we can assume in
addition, that

J ¥(@p(xy) < 1 (2.8)
forallt, y.

We say that y is a reference measure if y(B) = 0 if and only if p,(x, B) = 0 for all
t and x. If a measure v satisfies condition 2.2.C, then

v(8) = [ Cdte fE v(dx)p,(x, B) 2.9)

is a reference measure. Obviously all reference measures are equivalent, and each
excessive measure y satisfying 2.2.C is a reference measure.

2.3. We fix a stationary transition function p and we denote by M the set of all
excessive measures and by H the set of all excessive functions.

All minimal elements of M can be obtained by passage to a limit from the Green
measure g,, x € E, and the truncated Green measure g, x € E, u > 0, which are
defined by the following formulae

5(8)=[ ” p(x, B) dt, (2.10)

2“(B) = fo “ p.(x, B) dt. (2.11)

We say that an element m of M is conservative and we write m € M, if
g.(l) = o0 as. m for all strictly positive measurable /. We say that m € M is
dissipative and we write m € M, if g, (/) < o a.s. m for all m-integrable positive /.

LEMMA 2.2. Each minimal element m of M belongs either to M, or to M,. If
m € M_ then mT, = m for all t > 0.

THEOREM 2.1. Let a minimal element m of M belong to M,. If @,y € L'(m),
m(y) # 0, then
m(e)/m(y) = lim (g/(9)/g:(¥)) (2.12)

u—>00

for m-almost all x.

Theorem 2.1 is true for all generalized stationary transition functions.
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THEOREM 2.2. Let a minimal element m of M belong to M,. There exists a
probability measure P on the space E* of all sequences x,, x,, . . ., X, . .. €E such
that, if g, ¥ € L'(m), m(y) # O, then

m(p)/ m(¥) = lim(g, (9)/g, (V) (2.13)

Jor P-almost all sequences {x}.

2.4. The following implications of Theorems 2.1-2.2 rather than the theorems
themselves are useful for practical computation of minimal elements.

COROLLARY. Let S be a countable family of positive B -measurable functions. We
write m = S-lim my if m (@) — m(@) for all m-integrable functions ¢ € S. Let m be
a minimal element of M. If m is conservative, then

m = §- lim c(u)gy for some x € E.
If m is dissipative, then
m = S-lim ¢,g,  for some x,, x,, ... EE.

Here c are constants (which can be expressed by formulae

c(u) =m()/g;(¥), ¢ =m{y)/8, (¥)
for an arbitrary function ¢ € L', (m)).

2.5. Now let y be a reference measure and let
o0
g(x) = fo pi(x, ) dt, (2.19)

g (x) = fo " p(x, y) dt (2.15)

where p is described in Lemma 2.1. We call g” the Green function and g the
truncated Green function.

Put y*(dx) = h(x)y(dx), y’(dx) = g”(x)y(dx). An element h of H is called
conservative if y”(p) = o y"-a.e. for each strictly positive ¢, and it is called
dissipative, if y”(p) < oo y*-a.e. for each y*-integrable positive . These definitions
are independent of the choice of reference measure. The set of all conservative
elements of H is denoted by H, and the set of all dissipative elements by H,.

LEMMA 2.3. Suppose that condition 2.2.C holds for an excessive measure y. Then
each minimal element h of H belongs either to H, or to H,. If h € H_ then Th = h
Jor all t > 0.

THEOREM 2.3. Suppose that h is a conservative minimal element of H. If h is
integrable relative to measures & and m and if n(h) # 0, then

&h)/n(h) = Jim (&(82)/n(g2)) (2.16)

for y*-almost all y.
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THEOREM 2.4. Let h be a dissipative minimal element of H. Then there exists a
probability measure P on the space E*® such that, if h is integrable with respect to §
and m and if n(h) # O, then

£(h)/n(h) = Lim(¢(g”)/n(g™)) 217

Jor almost all sequences { y,}.

COROLLARY. Let S be a countable family of measures on (E, ®). We write
f= S-lim f, if &f,) = &) for all £ € S such that f is &-integrable. Let h be a
minimal element of H. If h € H_, then

h = S-lim c¢(u)g, forsomey € E.
Ifh € Hy, then
h = S-lim ¢, g” for somey,,y,, ... EE.

(Constants ¢ can be calculated by the formulae
c(u) = n(h)/n(g)), ¢ =n(h)/n(g”) (2.18)

where 7 is an arbitrary measure such that (k) < o0.)
REMARK. For §(B) = 14(x), formulae (2.16) and (2.17) can be rewritten in the
following form

hx) = Jim, c(wg(x) (216
h(x) = lim ¢, g”(x) (2.17a)

where ¢ are given by formulae (2.18). Let » be a o-finite measure such that
v{h = o0} = 0. By Fubini’s theorem, for y*-almost all y, formula (2.16a) is true for
v-almost all x. Analogously, for P-almost all sequences y,, formula (2.17a) holds for
v-almost all x.

2.6. Theorem 2.4 implies immediately Martin’s results on minimal positive
harmonic functions. The condition 2.2.C is satisfied for Lebesgue measure y. The
density p,(x, y) is symmetric and

J, g @ = fo'“’ v(do)p,(xy) dt = [ oy, D)di = EB

where B is the first exit time of Brownian motion from the domain D. For a
bounded domain D, the right side is finite and therefore all elements of H are
dissipative. Suppose that h is a minimal element and that h(a) = 1. According to
the remark at the end of Subsection 2.5, there exists a sequence y, € E such that
h(x) = lim(g”*(x)/g”*(a)) for y-almost all x € D. (2.19)
Take a convergent subsequence and, changing notations, denote it y, again. If
lim y, = y € D, then h(x) = g”(x)/g”(a) y-a.e., hence everywhere in D (because
both functions are superharmonic). If y € D, then the limit in the right side of
(2.19) is a harmonic function (g” is a harmonic in D\{y} and Harnack’s inequal-
ity implies uniform convergence on each compact subset of D). The sequence y,
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corresponds to a point of the Martin boundary and the function defined by (2.19)
is the minimal harmonic function associated with this point.?

We see how small the part of this picture which depends on the analytic
properties of classical harmonic functions is.

2.7. Although an explicit description of the measure P in Theorems 2.2 and 2.4 is
not important for computing minimal elements, it is instructive from the point of
view of stochastic processes.

Consider a decreasing sequence #,, n =0, 1,...,and a sequence of o-finite
measures », subject to the condition

I, . =v_, n=12.... (2.20)
Let / be a positive function and », (/) = 1. Formulae
mto(dxo) = ":o(dxo)l(xo), (221)

m’n‘n—] "‘lo(dxn’ dxn_.l, e ooy dxo)
= y‘n(dx'l)p',.—l—fn(x’p x,,_l) e pio—q(xb dxo)l(xo)

define a compatible family of finite-dimensional distributions, and by
Kolmogorov’s theorem, there exists a sequence X, of random variables taking
values in E such that m,, ..., is the probability distribution of X, , X, ..., X,.
In other words, there exists a measure P in E* such thatm, ... (T, X - -+ XTg)is
the measure of the cylinder with the base I',, X - - - XT,.

Now each minimal element m of M is either invariant, i.e., mT, = m for all ¢, or
mT,|0 as t — oo (in the second case we call m null-excessive).

If m is invariant, then (2.20) is satisfied for y, =», =--- =y =--- =m.
For m € M, Theorem 2.2 holds for every measure P corresponding to a sequence
v, = m,t,|—.

If m is null-excessive, then it can be represented in the form

o0
m= fo v, dt (2.22)

where
vT,_,=v» forall0<s<t.

Theorem 2.2 holds for every measure P corresponding to a sequence », , #,]0.

The random variables X, form a Markov process. It is natural to interpret the set
of minimal elements of M (with proportional elements identified) as the entrance
space for this process. This space consists of two parts: the entrance space at time 0
corresponding to the null-excessive elements and the entrance space at —oo corre-
sponding to the invariant elements.

3The points corresponding to the minimal harmonic functions form only a part of the Martin
boundary. The fundamental results on minimal positive harmonic functions described in Subsection 1.1
have been obtained originally by using a representation of harmonic functions as integrals over all the
boundary. The subsequent development has shown that not the entire boundary but only its minimal
part is of real importance.
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Using (2.21) for a fixed ¢, and variable ¢,, ¢,, ..., it is possible to define a
Markov process X, for all ¢ < t,. The statement of Theorem 2.2 remains true if ¢
tends to 0 or —oo over any countable subset of (-, #;). It can take all real values if
the paths of X, have certain regularity properties (as in the case of Brownian

motion).
2.8. To construct a measure P mentioned in Theorem 2.4, we consider an
increasing sequence f,, n =0, 1,..., a sequence of positive measurble functions

¢ subject to conditions
T’"_‘n_l(pl,. = (p‘,.-l’ n=12 ...,

and a measure » such that »(¢’) = 1. Let P be a measure on E ® corresponding to
the finite-dimensional distributions

m, (dxo) = v(dxo)e (o),
m‘0(| . .‘"(dxo, dxl’ s ey dx")
= "(dxo)P:.—:,,(XOa dxl) ttt pl,—t,,_.(xn—l’ dx,,)«p"'(x,,).

If a minimal element h of H is invariant (i.e., T,h = h for all ¢), then Theorem 2.4
holds for a measure P corresponding to ¢ = h, t,1 + 0. If h is null-excessive (i.c.,
T,h|0 as ¢t — o0), then

0
h = f o' dt (2.23)
— o0
where
T,_,9'=¢° foralls <t<0,

and we can use any measure P corresponding to ¢* and #,10.

The set of minimal elements of H, with the identification of proportional
elements, can be interpreted as the exit space at time 0 for null-excessive elements,
and at time + oo for invariant elements. (Time O can be replaced with any other
finite time s,.)

From a probabilistic point of view, it is more natural to consider a stochastic
process with random birth time a and death time B8 and to interpret elements of the
entrance and exit spaces as possible birth and death places (cf. Theorems 7.2 and
7.4).

3. Conservative minimal elements.

3.1. A function v(x, B), x € E, B € D, is called a kernel if it is a B -measurable
function of x for each B € %, and is a measure relative to B for each x € E. A
kernel v(x, B) defines a transformation of measures

mV(B) =Lm(dx)o(x, B)

and a transformation of positive measurable functions

Vo(x) = fE o(x, &)e(»)-
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Two kernels v and v* are dual relative to a measure m if

[ o) va(x)m(dx) = [ 9(x)V*o(x)m(dx)

for all p and y.
To each V there correspond the Green operator

Gol(x) = ,io Vio(x) @3.1)

and the truncated Green operator

n—1
G,9(x) = kzo Vi(x). (32)
The following proposition is one form of the Chacon-Ornstein ergodic theorem.

THEOREM 3.1. Let v be a kernel on (E, ®) and let a o-finite measure m on B
satisfy the condition

mV(B) < m(B) forallBE B. 33)

Then m = m, + m, where

3.1.A. The measures m, and m, are singular with respect to each other,

3.1.B. Gp = 0 or + o0 m-a.e. foreachgp € B,

3.1.C. Gp < o my-a.e. for each ¢ € L', (m).
These properties define the measures m, and m, uniquely. For each | € L, (m), we
have m,(B) = m(B N E_), myB) = m(B N E,) where E, = {x: Gl(x) = 0}, E; =
{x: Gl(x) < o0}.

The measures m. and m, are called the conservative and dissipative parts of m
relative to V.

The following statments hold.

3.1.D. If ¢ = 0 m-a.e., then Vo = 0 m;-a.e. and m(Vo) = m(g).

3.1.E. If V1 < 1 m-a.e., then the equality Y =0 m_-a.e. implies the equality
VW = 0m_a.e.

3.1.F. Suppose that m; = 0. Put B € B} if B€ % and if

f pdm =f Vodm forallo € B.
B B
The class B, is a o-algebra in B and
lim(G,9(x)/ G, (x)) = m*( £181,) (3.4)
for m-almost all x if € L'\(m), y € L (m). (Here m¥(dx) = y(x)m(dx).)

All these statements, except 3.1.E, are proved, e.g., in [14] (§8V.5 and V.6).

Let us prove 3.L.E. If V1 < 1, m-a.e., then m(V*¢) = m(y¥V'1) < m(y) for all
Y € B, and V* satisfies condition (3.3). Let G* be the corresponding Green
operator. Take / € L. (m). As we know, m_ and m, are the restrictions of m to
E, = (Gl = 0} and E; = {Gl < o}. Because of 3.1.C, there exists a function
[ € L'\(m) such that f =0 on E,, [ >0 on E, and m(iGl) = m(iGl) < o0. We
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have m(IG*[) < oo, hence m{G*i = o0} = 0. Let m, and iy, be the conservative
and dissipative parts of m relative to ¥*. By 3.1.B /{0 < G*/ < c0} = 0 and
#.{0 < G*I} = 0. However G*/ > >0 on E,. Hence m (E;) = 0 and, for all
B E B, m(B)=m(Bn E;) = rmy(Bn E,;) < myB). Because the roles of ¥ and
V'* are symmetric, we also have i, < m,. Hence i, = my, i, = m,.

Now let ¢ = 0 m;-a.e., ¢ = 0 m.-a.e. Then, by 3.1.D, V*¢ = 0, /i, = m,-a.e. and
m (W) = m(YV*9) = 0. Hence VY = 0 m_ -a.e.

REMARK. Using the relation G, , ,¢ = G,Vo + ¢, it is easy to prove that the limit
(3.4) coincides m_-a.e. with the limits

1im (G4 19(x)/ Gd(x)) = lim (G,9(x)/ Gy (). (3.5)

3.2. Now we apply Theorem 3.1 to investigating the class M of all excessive
measures associated with a stationary transition function p,(x, B). Let 7, be
operators defined by formulas (2.3) and (2.4). Consider the Green measure g, and
the truncated Green measure g introduced by (2.10) and (2.11).

We put

Ey= {x:p,(x, B) = Oforalls, B}
and we notice that, if / is strictly positive, then
g:(/) >0 onENE, (3.6)

Indeed, if g, (/) = 0, then p,(x, E) = 0 for almost all ¢, and x € E, because of
2.2).

LEMMA 3.1. Fix a strictly positive function | € B and consider, for each measure m
on B, its restrictions m_ and my to the sets

E ={x:g(l)=w)}, E;={x:g/()< o}

If m € M and m(l) < oo, then m, € M, and m; € M,. Moreover m, is invariant
with respect to operators T,.

PROOF. 1°. Since (3.3) holds for ¥ = T, we have a decomposition m = m/ + m}
where m/! and m satisfy conditions 3.1.A, B, C. For each ¢ € %

8:(p) = G¢(x) where ¢(x) = g;(9). (3.7)
It follows from 3.1.B and (3.7) that mi(E,) = 0, m{(E,~E;) = 0. Besides GT,/(x) =
I(x) on E, and, since 0 </ < oo m-a.e., we have m/(Ey) = 0 by 3.1.B. Let B,, B,
stand for the intersections of B € % with E, and E,. We have m(B) = m(B,) =
m!(B,) = m(B). Thus m, = m/. Analogously m, = m}.
2°. Let ¢, @, be the restrictions of ¢ € % to E_, E,. By 3.1.D and 3.1.E, we have
m(T,9) = m(T,9.) = m(T.) = m(q.) = m(9),
my(T,9) = my(T,9;) = m(T,@,)tm(@s) = m,(p) ast}0.
Hence m, and m, belong to M and m,_ is invariant with respect to T,.
3°. It follows from 3.1.B, C, (3.6) and (3.7), that g (¢) = o0, m, = m'-a.e. if

@ >0, and g,(9) < 0, m; = mj-a.e. if ¢ > 0, m(p) < 0. Hence m, € M,, m, €
Md.
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3.3. Evidently Lemma 3.1 implies Lemma 2.2. Theorem 2.1 follows from the
following result.

THEOREM 3.2. Let m € M,. Put B € ®T if B € B and

f edm =f T,pdm forallt > 0,9 € B. (3.8)
B B
The class BT is a o-algebra in E. If € L'(m), ¢ € L', (m), then

lim (£2(9)/5:(¥)) = m¥( 2187 (39)

for m-almost all x. If m is a minimal element of M, then the right side of (3.9) is
equal to m(p)/m(y).

PRrROOF. We apply part 3.1.F of Theorem 3.1 to ¥V = T,. Notice that G, in formula
(3.4) and g/ in (2.11) are connected by the relation

G,5(x) < g¥9) <G, ¢(x) fornt <u< (n+ 1)t (3.10)
where ¢(x) = g/(p). We can write (3.10) in the following form
G,/ c.(u) < g/(9)/c.(u) < G,y 1®/c,(4) (3.11)

for nt < u < (n + 1)t where ¢, (4) = G,{(x) for nt < u < (n + 1)¢t. Since m(¢) =
tm(gp) < o0, it follows from (3.4), (3.5) and (3.11) that

lim (82(0)/c,(w) = m¥( £18%), mace (312

It is easy to check that the right side of (3.12) equals tm¥(e/¢|®"). Since this
expression is equal to ¢ for ¢ = y, we have from (3.12)

lim (82(9)/8:(¥)) = m¥( 518%). meac. (3.13)

Denote by F the left side of (3.13) (on the set where the limit does not exist, we
replace it by lim sup). It follows from (3.13) that F € ®) for all ¥ = T,. Hence
F € BT and (3.13) implies (3.9).

It is easy to see that if m € M,, then its restriction my to any set B € BT
belongs to M. If m is minimal then my is proportional to m, hence m(B) = 0 or
m(ENB) = 0. Therefore each B -measurable function is constant a.s. m. The last
statement of Theorem 3.2 follows easily from this observation.

REMARK. In Subsections 3.2, 3.3, only the proof of Lemma 3.1 makes use of 3.1.E
and therefore depends on the part (2.1) of the definition of a stationary transition
function. The rest is valid for generalized transition functions as well.

3.4. PROOF OF LEMMA 2.1. We start from any version p,(x,y) of the Radon-
Nikodym derivative p,(x, dy)/y(dy) measurable in x, y and we put

pi(x,2) = [ e, (5, D) V()57 2)

= [Pz BB (r,2),  O<r<s.
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Weset z € E’ if, for all rational s > r > 0,
py(x, z) = p,(x, z) for y-almost all x. (3.14)
It is easy to check that

S, J, v@eCe v = [ [ v(ax)a(x, 2)v(dz)

for all B}, B, € % . Hence (3.14) holds for y-almost all z, and y(E\E’) = 0.
Now if z € E’and 0 < r, < r, < s are rational, then

pi(x,2) = [ P (% 501 2) = [ P (5 )O3 2)
= fps—rz(x’ @I)prz—rl(yl’ @2)ﬁr|(y2’ Z)

= fps—n(x’ d}’z)ﬁ.()’za z) = p,"(x, z)’

and we can define p,(x, z) for z € E’ by the formula p(x, z) = p/(x, z) for any
rational r € (0, s). For z € E’ we put p(x,z) = py(x, zg) where z; is a fixed
element of E’. Obviously p satisfies (2.6) and (2.7).

If y is excessive, then, foreach B € ®,s >r > 0

J @) [ etz 2)v(dz) = [ v(@x)p(x. B) <v(B)

hence for y-almost all z

f v(dx)p,(x, z) < L. (3.15)

Put z € E” if z € E’ and (3.15) holds. Since y(E'NE”) = 0, we can replace E’
with E” in the definition of p, and we get a function which satisfies (2.8) as well as
(2.6) and (2.7).

3.5. The investigation of excessive functions associated with a stationary transi-
tion function p can be reduced to investigating excessive measures associated with
another stationary transition function p.

Suppose that y € M is a reference measure for p and let p,(x, y) be the function
defined in Lemma 2.1. Then the formula

b(x, &) = yv(d)p,(y, x) (3.16)
defines a stationary transition function. Let f, be the operators corresponding to p.
Forallg,y € %,t>0

v(oT,y) = y(¥T,9). (3.17)
Hence
v(pgr) = gi(9),  v(eg*) = &.(9) (3.18)

where g and g* are defined by (2.14), (2.15), and
U = “ 7) = y
8:(B) = ["p(x B dti = [ 1(&) [ gl(x)v(d),
8.(B) = £2(B) (3.19)



228 E. B. DYNKIN

are the truncated Green measure and the Green measure for p. Denote by M the
class of excessive measures for p. Put

YH(dy) = h(y)v(dy). (3.20)
By (3.17) y*(T.¢) = y(¢T,h). Hence if h € H, then y* € M. Now suppose that
m € M. Then (mT)B) = [, a(y)y(dy)tm(B) as tl0 where a(y) =
f m(dx)p,(x,y). This implies the existence of a function h € H such that
a,(»)Th(y) m-a.e. as t|0 (see [6, §§4 and 5] for details). Obviously m = y*. Hence
the mapping h — y” defined by (3.20) is a 1-1-splitting of H onto M. 1tis easy to
see that under this mapping the sets of minimal, conservative and dissipative
elements of H correspond to analogous subsets of M. Hence Lemma 2.3 follows
from Lemma 2.2.
3.6. Now we prove Theorem 2.3. Let k be a conservative minimal element of H.
Then y” is a conservative minimal element of M. By Theorem 2.1, if ¢, ¢ € L'(y*)
and y”(y) # 0, then

YH(®)/Y" (W) = lim (£2(9)/84W)), v*ae. (3:21)

(Since Theorem 2.1 holds for generalized stationary transition funcions, we do not
need an assumption that the reference measure y is excessive.)

Let 4 be integrable with respect to a measure £. Put ¢(y) = [ £(dz)p,(z, y). We
have

Y"(9) = &(Th) = (k) < o (3.22)
g = [ [ fae 0 = ) - 8e). ()

Here £(g) < o y"-a.e. since
[ &aran) = o [ Ts) = st(h) < oo (3.24)

It follows from (3.21), (3.22), (3.23) and (3.24) that
&(h)/v"(¥) = lim &(gF)/c(u), v"-ae.
where c(u) = ¥ ‘(¢). This implies Theorem 2.3.

4. Time-dependent excessive measures and functions.

4.1. The space M of excessive measures associated with a stationary transition
function is a subset of a larger space TM of time-dependent excessive measures.
Put

p(s’ x; L, B) = pt—:(x’ B),
Tio(x) = [ p(s, x; 1, &)o(»),

(nT;)(B) = [ n(dx)p(s, x; 1, B).

Suppose that for each ¢t € R a o-finite measure n, on (E, D) is given and let
n,T;1n, as stt. Then we say that n is a time-dependent excessive measure and we
writen € TM.
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An important example of time-dependent excessive measures are entrance laws.
We say that an element n # 0 of TM is an entrance law at time s, (— o0 < 5o <
+ ) if n, = 0fort < 5o, n, T, = n,forsy <s <t.

4.2. Let a positive measurable function f* on E be given for each ¢t € R and let f*
be finite a.e. with respect to all measures p(s, x; f, —). We say that f is a
time-dependent excessive function and we write f € TH if f' < oo a.s. with respect
to all measures p(s, x; ¢, -) and T;f*1f* as t|s. An element f %= 0 of TH is called an
exit law at time ugp, — 00 <uy < + o0, if f* = 0fort > uy, T)f' = f* fors <t < uy,
It is easy to see that f° < oo a.s. n, for every f € TH,n € TM.

4.3. All these definitions are applicable also to nonstationary transition functions
P(s, x; ¢, -). (In the nonstationary case, the state space (E,, 9,) can depend on ¢
and p(s, x; ¢, B) is defined for s <t € R, x € E,, B € %,.) To get the definition
of such functions, we replace conditions (2.1)-(2.2) by

p(s,x;t,E) <1 foralls<tER,x € E, 4.1)

pr(s, x; t, dy)p(t,y; u, B) = p(s, x; u, B) (4.2)

foralls<t<u€ R, xEE BE®D.

We put p(s, x; t, B) = 0 for s > ¢. Obviously n(B) = p(s, x; t, B) is an entrance
law at time s, and f*(x) = p(s, x; ¢, B) is an exit law at time ¢.

4.4. Condition 2.2.B implies that, for each n € TM and every ¢ € B, n(¢) is
measurable in ¢. Indeed, for every finite set A = {¢, <, < - - - <1,}, the func-
tion

F,(t)=0 fort<t andt>1,
F\(t) = n, (THg) fory, <t <ty

is measurable in ¢, and F, (¢#) > n(¢) if A, is an increasing sequence with the
union everywhere dense in R. The same arguments show that if, for each ¢, n(¢) is
a measurable function of a parameter w, then it is measurable in ¢, w.

4.5. Let c(f), t € R, and /(x), x € E,be positive measurable functions and y be a
measure on E. Then

t
n(B) = [ dsc(s) [ v(dx)p(s, x; 1, B) (43)
— o0 E
is a time-dependent excessive measure, and
£y = [T die@) [ pls, x5t d)H(y) (44)
s E

is a time-dependent excessive function.

4.6. Let p(s, x; t, B) be a nonstationary transition function. Put x € E? if p(s, x;
t, B) = 0 for all #, B. (For a stationary transition function, E? does not depend on s
and coincides with E° defined in Subsection 3.2.) If f € TH, then f*(x) = O for all
x € E). Wesetf € TH™ if f(x) > 0 outside E®.

For each ¢ € TH *, the formula

PUs, x; t, dy) = q*(x) " 'p(s, x; t, dy)q'(y) for0 < g*(x) < oo,
=0 ifg*(x) =00rqg*(x) = o0 4.5)
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defines a new transition function. A function f is a time-dependent excessive
function for p if and only if

fi(x) = f{(x)/q'(x) for0 <gq'(x) < oo,
=0 otherwise
is a time-dependent excessive function for p?. Analogously » is a time-dependent
excessive measure for p if and only if nf(dx) = ¢‘(x)n,(dx) is a time-dependent
excessive measure for p?.

5. Markov processes.

5.1. A stochastic process on a random time interval is determined by the following
elements:

(i) a measure: (R, %, P),

(ii) two measurable functions a(w) < B(w) on £ with values in the extended real
line [ — 00, + 0],

(iii) for each ¢t € R, a measurable mapping x,(w) of the set {w; a(w) < < B(w)}
into a measurable space (E,, 98,).

The moments a and B are called the birth time and the death time.

We say that @ path w is given if a point w(#) of E, is fixed for each ¢ of an open
interval I C R, and we say that a process x, is canonical if © coincides with the
space of all paths, if x,(w) = w(?), t € I = (a(w), B(w)), and if ¥ is the minimal
o-algebra in § which contains the sets

{a<t}, {B>t}, {a<t,x, €B,B >t} (5.1)
forallt€E R,BE R.

THEOREM 5.1. Let p be a transition function on a standard Borel space (E, B) and
let n € TM, f € TH. Then there exists a canonical stochastic process (x,, Pf) such
that

Plla<t,x, €EBy,...,x, €B,{t, <B}

- B .f;; n, (dx)p(t), Xy, by, dX3) « = - p(b_y, Xi— 1 s A% )f*(xy) (5.2)
1 'k

forallk =1,2,...,allt;, <t,<:--- <, €ERandB,,...,B,  €B. We have

PIQ) =<n.f) (5.3)
where {n, f) is the supremum, over all finite sets A = {t, < - - - <.}, of expres-
sions

k k
CA = igl n, (f") - izz nt,_,(Tx?_'f"')- (5.4)

(We put ¢, = oo if n,(f) = oo for some i.) Also {n, f) = lim €a, Jor every increas-
ing sequence A; with the union everywhere dense in R.

Theorem 5.1 has been proved in [6] for the case {n, f) = 1 and in [12] for the
general case. (An even more general situation has been discussed in [8].)
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5.2. Evidently <n, f) is linear in n and f. We remark that a = s, a.s. P/ if and
only if n is an entrance law at time sy, and, in this case,

n(f)Nn, f) astls, (55
Analogously 8 = u, a.s. P/ if and only if f is an exit law at time u,. In this case,
n (SO £ as fhug, (5.52)

A measure P/ corresponding to m,(B) = p(s, x; t, B) is denoted by P,{x. It
follows from (5.5) and (2.5a) that P/ (&) = f(x).
A simple calculation shows that

(n gy = [ ¥(f*)els) ds (56)
R
if n is defined by (4.3), and

(nf) = fR n(1)e(2) dt (5.7)

if f is defined by (4.4).
5.3. With each interval I, we associate a sub-c-algebra F(I) of the o-algebra %
generated by the sets (5.1) with ¢ € I, B € % . We use the following abbreviations

Fero=F(—00,1), T, =%(—o,t], T, =% +x),

For = F[t, +0), T, =) T, etc.
u>t

Weput4 €9, if {d,a <t} €F_,foralltERand 4 € G if (4,8 >t} E
¥, forallt € R, and we call ¥, and F, the germ o-algebras at time a and .

5.4. We need the following properties of the measure P/.

54A.1ff€ TH,q € TH*, n € TM, then for each Y € J,

P,{Y 1a<t<B = P,fo’(x,)/q'(x,).‘

IfA € 9, and Pi(A4) = 0, then P{(A) = 0. The same is true for 4 € F,.

54B.Letf € TH*.If X € F_,, Y € ¥, then

P(X 1,4, cp¥) = PUXF(x,)"'PLY).
54.C.Let f € TH™*. A measure P on (2, %) coincides with one of the measures
/. n € TM if and only if
P{x, € B|F_} =p/(s,x;t,B) as.Pon{a<s<PB) (5.8)
foralls <t€ RandallB € %.

5.4.D. A restriction of a measure P/, n € TM, f € TH*, to an arbitrary set
A € F,_ is again a measure of the form P/ for some /i € TM.

Properties 5.4.A and 5.4.B follow directly from the definition of the measures P/.
The necessity of (5.8) follow from 5.4.B and the sufficiency was proved in [6] (see
Theorem 3.1). To prove 5.4.D it is sufficient to check that P(dw) = 1,(w)P/(dw)
satisfies (5.8). This is easy to do using 5.4.B.

“We omit the factor 1,,. since f/(x,)/q"(x,) is not defined outside the set {a < ¢ < 8}.
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5.5. The shift o’ = 8,0 of the path w is given by the formula «'(f) = w(¢ + s),
a—s<t<B—s We put §,Y(w) = Y(6,w) for each function Y(w). Obviously
6,0 = a — 5,0,8 = B — s and the o-algebras ¥, and %, are invariant with respect
to d,.

Weputd € P if 4 € §,andf,1, = 1, as. P foralls € R,m € M, f € TH.

Let the transition function p be stationary.

5.5.A. The formulae

(ksn)t =Ny (ksf)t = fi*s
define transformations k; of the classes TM and TH, and
PI(0,Y) = PEY (59)

forallY € 9.

5.5.B. A restriction of a measure P,, mE M, fETH  toaset A € P is a
measure of the form P,{, where % € M. If m is a minimal element of M, then P/ is
trivial on §, (i.e., each §,-measurable function is constant P/-a.e.).

The statement 5.5.A is an implication of formula (5.2), and 5.5.B follows from

5.4.D, 5.4.A and 5.5.A.

6. Three lemmas.

6.1. In this section we prove three lemmas which make possible the computation
of dissipative minimal elements. In the first lemma the behaviour of the ratio of
two time-dependent excessive functions along a path is studied. The second one
establishes a fundamental identity involving two time-dependent excessive func-
tions and the ratio of their integrals with respect to ¢. The third lemma gives an
approximation of the birth time a by stationary stopping times.

6.2. We denote by TK the class of all measures P/, n € TM, f € TH. It follows
from Subsection 4.6 that the classes TK corresponding to the transition functions p
and p“ are identical for eachqg € TH *.

Let Y,(w) be a positive function defined for all w € Q, a(w) < ¢ < B(w). We say
that Y,, is a right TK-modification of Y, if ¥,, € ¥_,, and if, for each countable
everywhere dense subset A of R,

Y, = liin Y, forallt € (a, B)as. TK. 6.1)
rlt
SEA
The left TK-modification Y,_ of Y, is defined in an analogous way.

LEMMA 6.1. There exist a right TK-modification Y,, and a left TK-modification
Y,_ of the function

Y, = f'(x)/q'(x) 6.2)
for every f € TH,q € TH™. For each P € TK,
Y,=Y,=Y,_as.Pon{a<t<p} (6.3)

for all t except at most a countable set (depending on P).
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ProoF. Fix A and denote by N(v,, v,; s, u) the number of upcrossings of [v,, v,]
by Y, over the set A N (s, ¥), i.e., the maximal positive integer k such that there
exist 5y <uy < - -+ <s <u € AN (s, u) with the property Y,,..., Y, <v,
Yoo Y, >0, Put A(s, u) = {a <5, B >u, N(v,, v; 5, u) = oo for some v,
< v,}. The existence of Y,, and Y,_ and the equality (6.3) will be proved if we
show that P*4(s, u) = Oforalls <u, h € TH, n € TM (cf. [1, Theorem 11.2]). By
5.4.A, it suffices to check this only for A = g, and since P? is o-finite on the
o-algebra F_,, it is sufficient to prove that

f ZP3(dw) = 0 (6.4)
A(s,u)
for each P/-integrable Z € ¥ _,. By 5.4.A and (6.2)
PZ1, XY, = PIZ1,_,,pX foralls <t X € F,. (6.5)

Put P'(dw) = 1,.,Z PJ(dw). It follows from (6.5) that (Y,, F,, P’) is a super-
martingale on [s, o0). By Doob’s inequality

P'N(v,, 0y 5, u) < (v, — 0,) 'P(Y, + v))
which means that

PIZ 1, ,N(vy, vy 5, u) < (03 — 0)) (PIZ 1,pep + 0\PIZ 1, ).

This implies (6.5).

6.3. Now we suppose that the transition function p is stationary. It follows from
(5.9) that, if all measures P of TK vanish on 4 € %, then they vanish on all sets
0,A,s € R.

Let

0.Y,=Y,, forallsand/ (6.6)
and let Y,, be a right TK-modification of Y,. Then both 4,Y,, and Y, , are right
TK-modifications of Y, ;.. Hence

0.Y,,=Y,,,, forallzas. TK. (6.7)

If m € M, h € H, then, by (5.9), P}{Y, #Y,,} is independent of ¢. It follows
from (6.3) that

PH{Y,#7Y,,}=0 forallt. (6.8)

6.4. A function 7(w) is called a stopping time if a(w) < 7(w) < B(w) for each w
and {r <t} € F_, foreveryt € R. If §,r = 7 — s as. TK for all s € R, we say
that 7 is stationary.

Weput A €9, if A€ F and (4,7 <t} € F_, for all t € R, and we put
A€ 65‘3 if, in addition, §,4 = A4 a.s. TK for all s.

LEMMA 6.2. Let m € M, f € TH*, h € TH and let functions

F(x) = fR f(x)d, h(x)= fR h'(x) dt
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be finite m-a.e. Suppose that v is a stationary stopping time, X € B and Y,, is a
right TK-modification of

Y, = h(x)/f(x) (6.9)
Then
PIXY , =PIX 1 (6.10)
PROOF. Put
T+8
F(8) = P,{,Xf Y, dt, &>0,
Z, = X 1,cocr+8Yor f'(x0)/f (x0)- (6.11)
We have

F(8)= | PI(8z)dt=| PlzZ dt
R R

and, by Fubini’s theorem,
F(8) = PL[ Z,dt = PIX 1, corrsYou-
R
By (6.8), Yy, = Y,as. P/, and by 5.4.A and (6.9)

Fxs) ==Iﬁ$¥l7<o<f+&

The right side is independent of f. Hence F(8) does not change if we replace f by A,
and, by (6.11), (6.9),

T+6 T+8
PLX f Y,, dt = P*X f lcicp dt.
T T

Dividing by 4 and tending é to 0, we get (6.10).

6.5. LEMMA 6.3. If m € M is dissipative, then there exists a sequence of stationary
stopping times 7, such that

T.la as. Pk (6.12)
for all h € TH.
PRrOOF. Fix / € L}, (m) such that m(/) = 1 and put

atx)= [ " Ti(x)dt =g (), g(x) = f e~ Ti(x) at,

f(x) = g,(q))-

Wehavef,q € TH* and 1 — f/q = q,/q > 0. Denote by Y,, the right modifi-
cation of Y, = f(x,)/ q(x,), and put

a, =f“’\'g(1 -v,)a.
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We prove that

6.5.A. For PZ-almost all w,

)0<a, <a,foralla <u <u, <B,

(i)a, < oo foralla <u < B,

(iii) a, is continuous in ¥ and a,]0 as u}a.

65B.a, €%_,.

6.5.C.0,a, = a,,, foralluas. TK.

First, we remark that g — f = ¢, > 0 on ENE; and g < oo m-a.e. By Lemma 6.1
there exists an at most countable set A such that

1-Y,=1-Y,=gq/(x)/q(x)> 0as. P2 on{a <t <pB}foreacht €A

(6.13)
which implies 7.1.A, (i). We have

q ql(xu) — ®
P’”a"_—q(x“) —j(; F(s) ds

where

q ql(xu—s) q (xu) — q_
Fo) = PR G = (5 Ta)

Therefore

9,(x,) ( af )
Plag——=m|l— | <m <m(l)=1
q(x“) q (ql) ( )
Taking into account (6.13), we have 6.5.A, (ii). The property (iii) is an obvious
implication of (ii), and 6.5.B, C follow from the fact that Y,, € E’}'<,+ and (6.7).

For each ¢ > 0, we set
1. =inf{t:a, >¢}, 7,=p ifa <eforalls
This is a stationary stopping time. Indeed, {7, <t} = {a, >e} U {B <t} € T,
by 6.5.B, and §,7, = 7, — s a.s. TK by 6.5.C. If ¢,0, then 7, |a a.s. P, and (6.12)
follows from 5.4.A.

7. Dissipative minimal elements.

7.1. THEOREM 7.1. Let m be a dissipative element of M,f € TH™*, h € TH and let
{m, > < o0, (M, ) < oo. Suppose that the functions

f(x) = f f(x)dt, h(x)= f h*(x) dt (7.1)
R R
are finite m-a.e. Then there exists a function Y,, € %, such that
Y,, = lim (h(x,)/f(x,)) a.s.Pg (72)
’SéaA
for each countable everywhere dense subset A of R and each ¢ € TH. Moreover
P/!XY,, = P'X forall X € P (73)

and, if m is minimal, then
Y,, ={m hy/{m ) a.s. P (74)
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PrOOF. If 7 is a stationary stopping time, then so are 7 + u for all ¥ > 0. By
Lemma 6.2,if s < ¢, X € %, then
Pr{lXY‘r+t+ = P:|X11-+t<ﬂ < P,:X lr+:<B = Pr{nXYf+s+
where Y, is defined by (6.9). Hence

(Yesrw> Frares Ph)iso
is a supermartingale. It follows from (6.10) that P.Y,, < {(m, h). Let N, be the
number of upcrossings of [v,, v,] by Y, over (7, o). Since Y, is right-continuous
in t a.s. P/, we have

P,{,N, < (02 - Ol)_l(<m’ h> + vl<m’f>)'
Applying this inequality to the sequence 7, and passing to the limit, we get the
inequality P/N, < co. Put @ = {N, < 0}, 2" = @\Q. Obviously £ and Q"
belong to 9 and P/(R")=0.Put Y,, = lim,, ¥,, on &, Y,, =0 on Q”. Then
Y,, € ¥ and (7.2) holds for ¢ = f. By 5.4.A it holds for all ¢ € TH.
By Fatou’s lemma, it follows from (6.10) that

P/Y, , <lim P/Y, . =lim P*1 ={m, h) < 0.

mia+ min+ m r,<B
Hence Y,, < o as. P/ and, by 54.A, Y,, < o as. P! as well. Thus, for each
e > 0, there exists ¢, such that P2{Y, > c,} < ¢, and, by (6.10)
Pily .Y, , <PL{Y,, >c}<e

Hence Y, , are uniformly integrable relative to P/ and (6.10) implies (7.3).

If m is minimal, then, by 5.5.B, there exists a constant C such that Y, = C a.s.
P!/. We have P.Y,, = CP/(R) = C{m, f) and, by (1.3), C = {m, h)/{m, f.
This proves (7.4).

7.2. We apply Theorem 7.1 to the excessive functions

#(x) = [ p(s %3 1, B)o(y) = T,_9(x) (1.5)

and

P = [T dte) [ psx 6 dW0) = [ Ta(x)els ~wdu (16)

s

wherey > 0, ¢(¢) > 0and [, c(¢) dt = 1. Obviously f € TH *,
(mfy=m@), <mh)=m(e), [(x)=g), h(x)=2gl(9).

Hence, in this case,
Yo, = lim (2, (9)/28,(¥)) as. P? (1.7)
relA
and we arrive at the following result.

THEOREM 7.2. Let m be a dissipative minimal element of M. Then for all
@ E L\(m),y € L\(m),q € TH

m(e)/m(y) = lim (8 (9)/2,(¥)) as. Pl (7.8)

reA
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(The meaning of A is the same as in Theorem 7.1.)

7.3. COROLLARY. If

m= L v, ds (7.9)

where v € TM, then (7.8) holds a.s. P?.

Indeed, the relation (7.9) implies that m = [ kv ds. Let @ and Q” be the sets
defined in the proof of Theorem 7.1. We have

0= P(Q") = | P[ (Q")ds
n@) = [ PL(@)
and, by (5.9),
PI{'V(Q”) = Pl{(o.rﬂﬂ) = P{(Q”)'

Hence P/(2”) = 0, and (7.8) holds a.s. P/. By 5.4.A, it holds a.s. P7.

REMARK. It has been proved in [6] that each m € TM has an integral representa-
tion m(B) = [ n(B)u(dn) where p is a finite measure on the space of minimal
elements of TM (which are entrance laws). It has been proved also that if m is a

minimal element of M and if / > 0, m(/) = 1, then for each ¢ € L'(m) and
p-almost all n

n(@)/n(1)—>m(p) asIfR

where n,(p) means the integral of n(g) over a finite interval I. If m is a
null-excessive element (i.e., if m7T, — 0 as ¢ — o0), then p is concentrated on the
entrance laws at finite times and ng(/) < oo. Hence m(¢p) = ng(9)/ng(/), and (7.9)
holds with », = ng(/)~'n,. It holds also for all entrance laws k,». Thus (7.8) is
satisfied a.s. P? for some entrance law » at time 0. This justifies the construction
described in Subsection 2.7.

7.4. To investigate dissipative elements of H we introduce a backward transition
function

B(s, dx; t,y) = y(dx)p,_,(x,y) (7.10)
and we denote by TM, TH the corresponding classes of time dependent excessive
measures and functions. The notations M, N, TM * have an analogous meaning.
To each m € TM, f € TH there corresponds a measure ﬁ,{,, and we set (m, )’ =
PL().

Considering reversed time direction, we get the following version of Theorem 7.1.
THEOREM 7.3. Let m be a dissipative minimal element of M and let f € TH *,
q € TH, (m, )’ < o0, (m, 9 < oo,

F(») =f f(y)ds < oo, a(y) =f q*(y)ds < © m-a.e.
R R
Then there exists a function Yg_ € F% such that

Yp_ = lim (3(x,)/f(x,)) as. P,
M7
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Jor each countable everywhere dense A. Moreover
PIX Y, =PiX forallX € %
and, if m is minimal, then
Yoo ={m,q)/{mf) a.s. ﬁ,{,.
7.5. The following result follows immediately from Theorem 7.3.

THEOREM 7.4. Let h be a dissipative minimal element of H. If f € TM and if h is
integrable with respect to measures ¢ and v, then

§h)/n(k) = lim (&(g™)/n(g™)) a.s. Py (7.11)
reA
To prove this statement, we apply Theorem 7.3 to the measure m(dx) = y”(dx)
= h(x)y(dx) which, according to Subsection 3.5, is a minimal and dissipative
element of M, and to the functions

¢ = [ Hap () L) = [T cls+u)du [ n(dxp,(x).
(i
By simple computations we get the formulae

hay=4h), hf)=ak), ) =&g), FO»)=u(g)
and we notice that the measure P/, corresponding to p, y*, f coincides with the
measure P}).
7.6. As in Subsection 7.3, we prove that, if

p— t
h= fR @' dt (7.12)

where ¢ € TH, then (7.11) is fulfilled a.s. P¥. If h is null-excessive, then (7.12)
holds for some exit law at time 0.

Appendix. Decomposition into minimal elements.

0.1. Let p,(x, B) be a stationary transitive function in a standard Borel space
(E, ®) and let M and H be the corresponding classes of excessive measures and
functions. For every / € B, we put M' = {m : m € M, m(I) = 1} and we denote
by B (M’) the o-algebra in M’ generated by the sets {m : m € M’, m(B) < u},
B € %, u € R. For every measure » on B, we put H” = (h: h € H, »(h) = 1}
and we denote by % (H”) the o-algebra in H” generated by the sets {h : h € H”,
§(h) < u}, §is a measure on B, u € R. Our objective is to prove the following two
results.

THEOREM 0.1. Let T be the set of all minimal elements of M which belong to M'.
Suppose that | € B is strictly positive. Then T € B (M') and, for each m € M’,
there exists one and only one probability measure p. on B (M") concentrated on T such
that

m(B) = j; n(B)p(dn) forallBE % . (0.1)
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THEOREM 0.2. Let T be the set of all minimal elements of H belonging to H”. Let v
be a o-finite measure with the property:

0.1.A. There exists an excessive reference measure y and a strictly positive function
I such that

v(lh) < v(h) forallh € H. 0.2)

Then T € B (H”) and, for every h € H”, there exists one and only one probability
measure p on B (H") concentrated on T such that

h(x) = fr f(x)u(df) forall x € B. (0.3)

0.2. Comments to Theorem 0.2.

(a) If v is a reference measure and if A € H, then h < o as. y. If h # 0, then
y(h) > 0 and y(/h) = 1 for some strictly positive function /. The measure »(dx) =
I(x)y(dx) obviously satisfies 0.1.A, and h € H”. Hence each h € H can be decom-
posed into minimal elements. (The analogous statement for m € M is obvious.)

(b) Let y satisfy condition 2.2.C and let g” be the corresponding Green function
defined by (2.14). Suppose that the function ¢(y) = »(g”) is finite y-a.e. and
strictly positive. Then the measure » has property 0.1.A. In fact,

7i(B) = fE »(dx)g,(B) = fB 9(»)v()

is an excessive reference measure and v,(/h) < »(h) for all h € H where

) =907 [ Cdte J, (@ (x, )

is strictly positive.

(c) In case of Brownian motion remark (b) is applicable to Lebesgue measure y
and any measure » concentrated at one point.

(d) If y is a reference measure, the o-algebra B (H”) is generated by the sets
{h:he€ H", y(lh) <u},] € B, u € R. This follows from the relation

&(h) = lim y(4h) where [(y) = [ &(dx)p(x»)

(e) The function f(x), f € H, x € E is B (H”) X B -measurable. In fact, it is
easy to see that [ r(x, y)y(dy)f(») is B (H”) X B -measurable if r(x, y)is B »% B-
measurable, and measurability of f(x) follows from the formula f(x) =
lim, o [ p/(x, )¥()A(»)-

(f) By remark (e¢) and the Fubini theorem, it follows from (0.3) that §(h) =
Ir £(f)p(df) for each measure &.

0.3. Theorem 0.2 follows easily from Theorem 0.1. First, if »(dx) = I(x)y(dx)
where y is an excessive reference measure and / > 0, then the mapping (3.20)
establishes a 1-1 correspondence between H” and M' (we use the notations of
Subsection 3.5). Obviously this mapping is measurable. By 0.2.d the inverse
mapping is also measurable, and the representation (0.1) of the measure m = y* €
M'is equivalent to the representation (0.3) of h € H”.
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Now let » satisfy condition 0.1.A and let »,(dx) = I(x)y(dx). We note that
0<w(h) <1 for all h€ H*. Put Hy' ={h:h € H", v(h) < o0}. Formulae
Fy(k) = h/v,(h) and F(h) = h/v(h) determine inverse measurable mappings F, of
H’ onto H}' and F, of Hj' onto H’. Evidently they preserve minimal elements.
Therefore to prove Theorem 0.2 for the measure », it is sufficient to check that each
element 4 € HJ' has a unique integral representation through minimal elements of
H which lie in H}'. Since Theorem 0.2 has been proved for the measure »,, there
corresponds to every h € H”' a unique probability measure p on % (H”") con-
centrated on the set I'; of minimal elements such that

h(x) = fr FCe)u(dr).
By 0.2.f this implies an equality
v(h) = fr v(f )l )

and since »(h) < oo, the measure p is concentrated on I'y N Hg'.
0.4. The rest of the Appendix is devoted to proving the following statement.

THeOREM 0.3. Let I > 0 and let
e = * T (x)c(s — u) ds (0.4)
0

where c(t) > 0 and [ c(t) dt = 1. Let %, be the o-algebra defined in Subsection 5.5.
There exists an M'-valued function n® on Q with the properties:

0.4.A. n“(B) is %-measurable for every B € B .

04.B. PL(Z|®} = PL.Z as. P, forall Z € F,me M".

Properties 0.4.A, B mean that %/, is an H-sufficient o-algebra for the class K of
probability measures P/, m € M’, and Theorem 0.1 follows from Theorem 0.3
because of the general relation between H-sufficient statistics and minimal ele-
ments established in [7] (see Theorem 3.1).

0.5. In each standard Borel space (E, ®) there exists a support system W ie., a
countable family of positive bounded functions with the properties:

0.5.A. If , is a sequence of probability measures on ® and if lim p,(¢) = q(¢)
exists for every ¢ € W, then there is a probability measure p such that u(¢) = g(9)
forallo € W.

0.5.B. If a class S of positive functions contains W and is closed under addition,
multiplication by positive constants and if & contains together with each increasing
sequence its limit, then S contains all functions ¢ € B.

We put x € E’ if the limit

Jlim (gy(e!)/8:(1)) (0.5)

exists for all p € W. By 0.5.A for each x € E’ there exists a probability measure p,
such that the limit (0.5) coincides with pu(¢). We put ¢’ = /™!, n(dy) =
p ()1 ~'(»). Obviously n,(/) = 1 and

lim (g:(9)/8:(1)) = n(9) ifx€E,9'EW. (0.6)
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Let A, be the set of all rational numbers. We put w € Q' if x, € E’ forallr € A,
and if
’
im .. ()
rei,
exists for all / € W. Again by 0.5.A, for every w € &, there exists a measure
n“(p) such that n°(/) = 1 and
n“(p) = lifn n (9) forallw € X, ¢’ € W. (0.7)
ria
rei,

We shall see that E’ and &’ are not empty (except the case where M’ is empty, in
which case our theorem is trivial). Let '

E” = ENE', Q" =\,
Fix arbitrary points x’ € E’ and ' € @ and putn, = n,. for x € E”, n® = n* for
w€E Q.

The function n“(¢@) is F-measurable if ¢’ € M. By 0.5.B, the same is true for all
¢ € B . Therefore n* satisfies the condition 0.4.A. Theorem 0.3 will be proved if
we show that, for each m € M/,

Pl{n"€EM}=0 (0.8)
and 0.4.B is fulfilled. We check this separately for dissipative and conservative m.
0.6. Suppose that m € M is dissipative. Obviously (0.6) holds with

n(9) = g.(9)/ (1), (0.9)
if g,(/) < oo. Hence E” C {x: g,(I) = oo} and m(E") = 0.
Let ¢’ € W. Comparing (0.7), (0.8) and (7.7) and applying Theorem 7.1, we
conclude that P£(Q") = 0, that the function n“(¢) is %’ -measurable and that

Pl Xxn“(p) = Pix (0.10)
with A%(x) = T,_,p(x) forall X € %, ¢ € R. By 5.4B and 5.4.A, fors <1,
PL[ X1, f'(x) " 0(x)] = P4 XF(x) 7" PL ((x)f"(x)7")]
= Pr{l[Xf‘(xs)—lh’(x:)] = P::(Xla<.r<ﬁ)°

Since 8 = t a.s. P!, we get by setting s1¢

PL[Xf'(x)'p(x)] = PAX. (0.11)
It follows from (0.10) and (0.11) that
PLf'(x) " 9(x)X = PLXn“(p). (0.12)

Established for ¢/ € W, equality (0.12) can be extended for all ¢ € % using 0.5.B.
Suppose that

o(x)=PLz, Zeg,. (0.13)
Since X 1,, € ¥_,, formula (0.12) and 5.4.B imply that
P/ Xn“(p) = PLX1,,4Z. (0.14)
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We apply this formula to t = — u < 0 and Z = y(x,)/f%x,) and we get

PLXn*(T,y) = PLX1, <_}Po((’;‘;)) (0.15)
On the other hand, it follows from (0.12) that
PLXn“(¥) = PLXY(x0)/f (x0)- (0.16)
Comparing (0.15) and (0.16) we have
n*(T,¢) < n“(y) as. P (0.17)
and
n®(T, ;) > n°(y) as. Pl (0.18)

The set C = {(u, w): n*(T,y) > n“(y) for some Y’ € W} is By X F-
measurable and all its u-sections have P,{, measure zero. By Fubini’s theorem, there
exists a set @, € F such that P/(2\Q) = 0 and (u, w) ‘€ C for almost all u and all
w € Q,. Using 0.5.B and the semigroup property of 7,, we prove that n“(T,y) <
n“(y) for all w € Q, and all u € R. Because of (0.18), there exists a set 2, C &,
such that PL(@\Q,) = 0 and n“(T,/,¥) > n“(y) for all w € R, and all ' € W.
Applying 0.5.A and 0.5.B, it is easy to prove that n* € M for all v € Q,.

To prove 0.4.B, we establish that, for each Z € ¥,

(i) PLZ coincides P/-a.e. with an %)-measurable function,

(i) PLXZ = P/(XPLZ)forall X € %.

It is sufficient to check this for Z = 1,,f(x,,..., x)l,5 where t <,
<+ -+ <t, <uand fis a measurable function on E". It follows from (5.2) that in
this case PL.Z = n“(¢p) where ¢ is given by (0.13). Both conditions (i) and (ii) are
satisfied (the second one follows from (0.14)).

0.7. Now let m be a conservative element of M’. Then by Theorem 3.2,
m(E"”) = 0 and (0.6) holds with

n(ep) = m’(%l%;), m-a.e. (0.19)
The following two lemmas establish relations between the o-algebra B7, and %,

LemMmA O.1. If F is a bounded BT-measurable function, then there exists a
%, -measurable function Y such that, for each countable everywhere dense set A,

Y, = lm F(x). (0.20)
rj—oo
reA
Foreach F € ®T and eachp € B,t ER
PLYpn“(9) = PLYro(x)f'(x,)” g (021)

PROOF. Let Z and ¢ be as in (0.13). By 5.4.B and (5.2), we have for s <{¢,
YEBR,

PLF(x)¥(x)Z = PLF(x)¥(x)o(x)f'(x)" = m[ FT,_,(y9)]. (0.22)
Analogously
P,{,F(x,)‘p(x,)Z = m(Fyp). (0.23)
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Since F € BT, the terms on the right side of (0.22) and (0.23) coincide. This
implies the relation

PI{F(x)|%,,} = F(x,) as.Pjon{p >t} (0.24)
Hence, for each u, (F(x)1g-,, Fs0r P/) is a martingale on (— o0, #) and the

existence of Y, follows from the theorem on convergence of a bounded martingale.
By (0.19) and (3.8)

f m(dx)F(x)n (9)T,I(x) = f m(dx)n,(9)l(x)F(x) = m(Fp) = m(FT,_.9).
Therefore, by (0.4)

PLF(x)n, (9) = [ m(dx)F(x)n(@)f (x) = m(FT,_,¢)

= PLF(x)(x)f'(x)”"
Letting r —» — oo, we get (0.21), first, for @' € W and then, using 0.5.B, for all
pEBD.

LemMMA 0.2. Every bounded function Y € % coincides PL-a.e. with Y for some
Fe®T.

PRrOOF. We choose a function F € B such that P/{Y|x,} = F(x,) a.s. PJ. For
allt > 0,y € B, we have

m(FT ) = PLF(x¥(x)f"(x) ™" = PL{Y¥(x)f (x)7'}.  (029)
Since Y1, € ¥, and ,Y = Y as. P/, it follows from 5.5.A and 5.4.B that the
right side of (0.25) does not depend on ¢. Hence F € ®7.
Now, by 5.4.B, P/ YY(x0)Z = P/ F(x)¥(x)Z for all y € B, Z € F,. Hence
PI{Y|F,0} = F(xo) as. P} and, by (0.24)
PL{Y|%,,} = PL{F(x)|%s,}) = F(x,) as.PL.
Letting t - — oo, we see that Y = P/(Y|¥,} = Y. as. P..

0.8. Suppose that ¢ is given by formula (0.13). It follows from (0.21) and 5.4.B
that

PLYn“() = PLY1,, 4Z (0.26)

for Y = Y. By Lemma 0.2, (0.26) holds for all Y € % . Formula (0.26) coincides
with (0.14) and we establish (0.8) and 0.4.B in the same way as in Subsection 0.6.
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